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EX^niACT FROM Tim l^REFACE IX) Tim 
FIRST GERMAN EDITION 


A irriill the (liH(5ovory of Hptwkal aualysiB no ono ti'ained in 
phyHicH could doubt tl\at tlic problem of tlio atom \YOuld 
1)0 Holvod \\]\m pliyniciats liad loarjvod to umlcrntand tho 
hmfjrua^o of Kpo(‘tm. So manifold wn8 iJic onormouH amount of 
imitorial Miat luid boon accninmlated in nixty yoar« of spoctroBiJopio 
roH(uii“(^li that it Hoemod at brat beyond tbo poBsibility of dLsou- 
tanglomont. An almost greater onliglitonmont has rcaultod from 
tlio Hovon yt^ai'H of llbntgon spoctroHcopy, inaBinucli as it has 
attacked the prol)lom of tho atom at its very root, and illuminatcfi 
tlio interior^ AVhat wo are nowadayH hearing of tho language of 
apeotra Ih a true " musio of iJio sphoroB ” witlun tho atom, oliorcis 
of integral rolationHldpa, an order and harmony that bocomo over 
more perfect in apite of the manifold variety. tlioory of 

spectral linoH will bear the name of liolir for all time. But yet 
anotlmr name will bo permanently asaooiated with it, that of 
Planck. All integral lawH of Hpeetral lines and of atomic theory 
H])ring originally from the quantum theory, It is the mysterious 
orf/anon on which Nature plays lier music of the spectra, and 
according to the rhythm of wliich slio regulates the structure of 
the atoms and nuclei , 
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AUTX-IOE/S PREFACE TO THE Vll^TB 
GEKMAN EDITION 


I N this new edition tlie subjecfc-niattcr will bo Kubdividx'd, and will 
a2)3)oar in two vohimej?. The present vohniui, which constitutes 
the fust portion, contains tlie older quantum tlicoiy, and is in part 
an abbreviation and in part an extension of tlic Fonrtli edition 

of the original work. The second volume will he an (dabcnuition and 
completion oE the supplementary volume, which originuliy uppiuired 
under the title AVave Mechanics.*' 

It has become clear that it is possible to understand tJu'. mnv tlieory 
only by building it up from the old tlieory, ll’or this purposii tlu^ 
present volume necessarily treats not only of the l)asio (‘-xporjineiital 
facts, but also of the orbital ideas so far as they are required for intro- 
ducing the quantum numbers, and for serving as models for tlui ^vav(^- 
mechanical caloiilationa^ The final results are alwaJ^s giv<ui in tlm 
form in which they are presented by the new tlieory, Gonseqiuuitly, i!; 
1 ms been necessary to I'efer frequently to tluv supploinontary volume, 
and to leave occasional gaps in the proofs. 

The first seven chai^ters have in the main boon abbroviat(M'[. TJiu. 
methods involved in Hamiltonian mechanics, which I ventured to 
place only in the Appendix previously, have lioro been talaui up in the 
text, as their technique has now become generally familiar, (kmversely , 
I have transferred the instructive method of ’.Hubiuowic/i for dmlving 
tlic selection rules, which were previously given in tlui t(>/Xt, to tlu^ 
Appendix. Cliapter YIII,, whicli treats of multiplot structures, lutn 
been extended by the inclusion of the model of tlio spinning electron 
and of Pauli's Principle. Chapter IX., on Band Spectra, lias Ixurn k(q)t 
short, and does not claim to he in any way complete ; it contains only 
what is essential for wave-meclianios. 

Special thanks are due to iny colleague. Dr. K, Ihicliert, Ho has 
not only sacrihoed miicli time in checking the formulte and in (correcting 
the proofs, but also in inaldng several independent contrihutioiis, for 
example, to Clmptors VII,, VHT., and IX. Mr, lb llaetlier kindly 
preparod the index, 
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{ vV NST jVVO ir S F A CK 


T he Fjnglisli rondoviug of tho latest edition of Fr<)f(‘SiHor 
Soininerfekrs clussio work will, it is IiojkhI, be no l(^ss w(‘Jeonie 
tliaii tlie previous Knglisli edition. It cowmn at a time wlum 
a certain delinite stage lias been arrivexl at in onr knowledge of tlio 
structure of tlie atom. Much Hiat was speoiilativci only a few years 
ago has now become conlirimal by subsequent (^xpiu’imental vt)- 
searches, whereas in some eases our views liav(', had to Ixi modified . 
As a uselul modid for interpreting tln^ main features of sp(ictroHCOpic 
])h(ui()meua tlu‘. J.lutliorford-Bolvi: atom must still bo regarded as indis^ 
])ensabh^ No liarm (am come from its jirovisiouul or conditional 
ue(M‘.ptan(H^ so long as it is not treated too litiu’ally or too r(^sp(U5tfully, 
Although wave-me(ilianics and (luaiitnm mecJuinics are available 
whenever dilliouUu‘s arise in tlici last details of ndinenumt of .Hj)e(5tro- 
scopi(i evid(mc(5, tlie less-mathcmatically minded physi(;iKt will probably 
prider to dtnil with a coiujrete model to tlie deliciimciits of whi(jh lie is 
not blind. 

It was the exjn’cssed wish of the author that the translation should 
not; bi‘, too litiual and tlvat slight modilleations should b(‘. left to tlie 
disenstion of tlu^ tj’anslator. It is hojied that the (5xercJs('. of this 
jirivilege has caused no change in sense while. confeuTing freedom of 
i<1iom, I wish to take this opportunity of again thanking Frofessor 
Hommcrteld !m Ids repeateil assistances and (a>urt(?sy, II<*, lias earned 
tlie gratitude of physicists tliropghout tlie world for (uirrying out so 
suc(jessfuUy tlie monumental task of giving a compr(»h(msiYe and lucid 
exposition of modern atomic physics, He, liimself, and his (jollabor- 
a tors have cjontributed no mean sliarii to thesti results, indeed, a great 
deal more than may be gatUeriul from the author’s own modest statC'' 
nusnts and referencijs. 

Acknowledgment must be made io Dr. E. Uwynne Jones (Beit 
'l.b^searoh h\*llow of tlie Imperial Colic, g(j of Siaence and formerly 
llesiavroh Scholar of University Colh>gn, Nottingham) for writing 
the section on hyper-line structure, wliich has received the approval 
of tile author. The addendum at the end of the text has beini add(id 
by the translator. 
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Atomic Structure 


The thanks of the translator are due to Mr. E. G. Horner, B.A., 
for kindly dice king and coiTectiiig the proofs, a task to wliidi lie lias 
devoted much time and care. The index was preparcul with tlie help 
of Miss Barbara Hitchcock, B.Sc. 
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CHAPTEK I 


TNTHODUOTOIIY FAOIVS 

§1, Retrospect ot the Development o£ Eleotrodyimmios 

I N tlio first half of the ninotcoiitli contury Elootroilyiuiinum (MuiHintcKl 
of a aerloH of diaoonnoototl olemcntary hwH* 'Foi'IUchI anaUjgoUHly 
to Nowfcoii^a Laws of Gravitation, thoy aHHOftod fcho oxiatoiKto ul: 
(lii’oot action at a distanco, wliioh, starting (l•on^ tho Hoat of an (doctrio 
oluirgo or of magnetism and leaping over tlu» iiitorvouing h]uujo miH 
supposed to act at the seat of a Hocond olootrio or magnotio oluirgtn 
Opposed to this thoro arose in the sooond half of tho niiu^teontli 
century a view which followed tho course of ilio continuously oxt<mdcd 
electromagnetic field from point to point and inonunit to nioiuunt ; it 
was called the Field 'riicoiy ” in contradistinction to tho ** 'l.'heory of 
Aetion at a Ihstaneo/* i t was propoundcKl l>y Ifamday, ^vorktul out by 
Maxwell, and (jompleted by Heinrhdi HerU, According lit> this vi<nv 
tho oleotromagnetie field is reprosentod l)y thei cKiurso, in Hpa<?(» and time, 
of the electi'ie and magnetic lines of forc?c. Maxweirs equations ti*ach 
us how electric and magnetic lines of force arc linked with oiu^ anotlKM', 
liow magnetics ohangos at any point of tho ihdd call up clcotrlcut forces, 
and how electric eiirrents are surrmmdod by niagnotio IbrtK's. d'hc 
intervening medium, even if non-conducting, is HUjjpoHcd to have a 
certain transparency (pormcahility) and receptivity ((liolootric capacity) 
towards magnetic and electric lines of Ihrco ; liciKio at (^vcl:'y point (jf 
space it influonoes tho distribution of tluj eloetroiuagnotio flohl according 
to its constitution at that pt)int. 

^rjjo greatest triumph of this view ocoiiLTod wliou Hcrfc% HUcceodcHl In 
conneoting UglU, tlie phenomonon of jihysioal nature with which wo arc 
Jmost familiar, wifcli eleciro77iagneliamt which was at that time tlic most 
^perplexing phenomonon. After Maxwell had already Burmisod that 
light was an alternating eleotromagnotio field (lio Huoooedcd in oalmdat- 
ing the velocity of light from purely olootrioal jnoaBiircmontB made by 
Kohlrausoh), Hertz produced his "rays of oloctrio force/* which, just 
like liglit, aro roflooted, refraotod, and brought to a foous by approjiriatc 
mirrors, and whioh are in’opagated in space with the veloci ty of ligJii, 
The olootrio waves produced by Hertz had a wavodcngtli of sovomi 
metres. From tliem an almost unbroken chain of phenomona Icadn 
by way of lieat rays and infoa-red rays to tho true light rays, whoso 
voi,. I.— 1 



^ Chapter L Introductory Facts 

^vavo-longtha n-nioiint to only fraotioiiH of n, Th(' gi’('a.t('st link in thi8 
chain oamo lator as a dimcfc result of Hertz’s oxj)erhne-nts, luinudy, the 
waves of wireless telegraph^^ whose Avave-kingths luiv(5 to he r(^<?ltoned 
in IdlomotroH. (JSTauon sends out waves luiving a wave-length oi, 12 
kilomctreSj or 7^ miles) ; tho smallest and most delicate Jinlc is added at 
tlio otlior end of tho chain^ as wo sliall see, in tho form of lidntgem rays, 
and the still si) or tor y-rays whicli arc of a similar natiin^ ; like wise 
tho ultra-y- or cosmic radiation (but soo tho closing pai’agraph oi §5). 

Hertz died on 1st Jan., 1894, at the ago of thirty-sovon years. J.t 
would be natural to conoludo tliat the lator years of Jiis short lift) and 
tho work of his followers were ocoupied witli tho dovol()pm(uit of l)is 
wave experiments and of Jiis theory of oleotromagnetio flelds. But tlio 
last exporimontal paper by Hertz, ** Concerning tho Passage of Cathode 
Bays through Thin Metallic Layers ” (1891), already pointed in a nenv 
direction. 

The field theory had diverted attention from the origin of linos 
of force, and had chiefly served to illuminato their general e<)urse in 
a rcgulai* distribution of the field, Tho next question was to .study the 
singulanties of tlio field, the charges. The best oonditioJis for doing so 
are olfored by caihoda ray lubes ^ whicli have a very higli vacaunn (Ex- 
ceeding that of the so-called Geissler tubes (which were investigated by 
Plucker and Hittorf). Here wo Imvo electricity in a purtE form, un- 
adtiltorated by ordinary matter, and, in addition, moving in a straiglit 
lino at an extremely high speed ; cathode rays are oorpiisoitlar rays of 
negative olcotrioity . Tt is true tlmt Hertz as well as his ominont pupil 
Lonard first oinng to tho ojEposito view, namely, that tlio rays wore 
undulatory in oharactor ; but Hertz Imcl recognisod tluE important 
value of the investigation of cathode rays for tho future. Thus Jio had 
in this way Imlped personally in attracting workers from tho field of 
pliysical knowledge just opened up by Jdm toward.^ ])ionoor work in ‘ 
a now field. In tlio sequel, the greatest interest boeamo eon trod not in ^ 
tho propagation of tho lines offeree but in the ohargos, as tlio origin of ( 
those lines of forco. Tho original theory of Maxwell which had boon 
perfected by Hertz retained its significance for phenomena on a largo 
scale, such as those of eleotroteclmios and wireless tolegrajiliy, and gavcE 
an easy means of determining the moan values of the oloofcrical phase 
quantities (i.o. quantities that define the stato of tlio field). But to 
render possible deeper research leading to a knowledge of olGinontai'y 
phenomena a deepened view became neoessary. Maxwell’s Electro- 
dynamics had to give way to Loroutz’s Dynamics of tho Elootron ; tlio 
theory of tho oontinuous field beoamo replaced by the discon tin nous 
theory, that of the atomioifcy of olootrioity, So tho theory of action at 
a distance and tho theory of action through fields was suocoedocl by 
tlie atomistic view of electromagnetism, tlio theory of electrons. 
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§8, Tlio Aloniicify of Electricity. Ions ami Electrons 

'I'ho tlidoi'y of kilo atoniioiky of matter has existed ever since there was 
II wdoiico of cliciuistry ; it is indispensable if the fundamental chemical 
law, that of innitipie i)roportions, is to be intelligible, bfevertheless 
tliot'ct Ims boon 110 lack of opponents to atomicity. Qoethe was one of 
tlicjn. ft was repugnant to him to destroy the beautiful appearanoe of 
jih(fUoin<!na by flismoinboring matter and adding human elexneuts. The 
<(mincnk seientist and pliilosophor Ernst Mach regarded the “Atomic 
Ilyiiothosis ” ns merely transitory. He favoured tlie description of 
(ivonts in terms of oonthiuously distributed matter and continuously 
acting laws. Tlio last opponent of atomic theoiy was the keen-witted 
author of works on Enei’gotic.s, Williolm Ostwald {who has now been 
converted to a belief in atoms). Objections to the theory have died 
into silence in tlio face of its .sweeping successes in all branches of 
physical knowledge. The perfect explanation of the Brownian molec- 
ular movements which confirms by ocular demonstration in the case 
of (liiidH the branoh of atomic hypothesis concerned with the theory, of 
heat iuiH eontributod much to this acceptance. No less impressive is 
( ;]u) confirmation of the atomic atruoture of solid bodies which was given 
by 1/auo’s discovery and which will bo discussed in Chapter IV. 

A iKKiossary consequoneo of tho atomicity of matter is tlie atomicity 
of elcotricity. This was stated simultaneously by Helmholtz and 
Htonoy, Helmholtz remarked in his Earaday Lecture * of 1881, as a 
result of tlio laws of olootrolysis whicli Faraday discovered and expressed 
numerically : “ If wo assiunc atoms of chemical elements, we cannot 
escape from lirawing tho further inference that electricity, too, positive 
as well as nogakivo, is divided into definite elementai-y quanta that 
lichivvo like atoms of olcotricifcy. Each ion,t as long as it is moving m 
the liquid, must remain assooiated with an electrical equivalent ior 
eiioli of its valency iniibs.” 

Ewaday’s Law of Electrolysis actually states : One and the same 
(nmiUlH of eleclricUy, in discharging through mtious decirojgtes, always 
Uh fm cimnimlly egmvahnt guanHUes of f he dmociated frod'Mts. _ in 
the case of univalent olomonts quantities are called chemically eqmva- 
lent Wlion they aro in the ratio of their cori'espondmg atomic weights, 

thiiH 

107-9 grms. of Ag. 


1 grin, of H. 


36-5 grms. of Cl, 


tlio .L'l-uuoodiiigs of tho ^ ‘Svandering " oonstitusats of eleoti-olytos 



4 Cliapter L Introductory Facts 

To Jiburate tlicao qiniiititicH, alwayn roquij’t?, to 

'Famday'H Law, to inako the «aino qmmtily of oloolricity X)ass bhrougli 
the electrolytes, iiamel^^ Faraday's cons taut : 

I? = 90,49^1: coulomhs * ^=: 9049 *4 e.g.s, luiits. 

Tlie constant ratios of woiglit (1 grjn. H., 35-5 grms. 01, and 107 ’9 
grma. Ag) become iiitelligiblo to m on tlio supposition of tJio atomicjity 
of matter : 1 grm. of H is composed of just as many atoms of II as 
35*5 grms. of Cl eoniains Cl atoms, or 107 d) gnns. of Ag contains Ag 
atoms, The equivalent charge F wliicJi is the same for eacJi tln^n 
becomes clear to ns in the same way if wo accept tlio atomicity of 
electricity : the equivalent oJiargo F consists of just as many atoms of 
eleotrioity or elemonbary charges e,” as 1 grm. of H contains H atoms, 
or 35*B grms. of 01 contains Cl atoms, and so fortli,' There is as*scciatc{l 
with every univalent atom (or more generally with every univalent ion) 
an elementary charge e, whilst there are associated with every divakailJ 
atom or ion. two elementary charges, and so forth for atoms of higlau' 
valency, Jxist as the atomicity of matter is a direct outcome 
fundamental chemical facts, so tlie atomicity of oleotrloity is a direct 
outcome of fundamental electrochemical facts, 

For the sake of brevity of expression we shall define two furl-lua' 
terms. Following Ostwald wo shall take a mdl to bo that number of 
grammes which is given by the number expressing the molecular weight 
of the substance in question, TJiua 1 mol of HgO — 18 gnus., and 1 mol 
of Hg — 2 grms, (In the case of monatomic olemoiits we use tlic term 
grammatoin instead of mo], c.g, 1 grammatom of H 1 grm,) Furtliev- 
moio, Loschmidt^s number L denotes the number of molcoulcH (or 
atoms, rcspeotively) contained in one mol (or grammatom) of the ,sxil>* 
stance in question. For example, in the case of water, or disHociabed 
hydrogen, this iiumbQr will bo defined by the equations 

18 grms. = L^>^IT^o and 1 grjn, = Jmn re,spcotively, 

wlioreby Wji denotes the mass, nioasurod in grammes, of a liydrogon 
atom, and ?uir„o denotes the mass, similarly measured, of a moleoulc of 
water. With regard to this term it must be mentioned that recently, 
in German physical literature, the expression Avogadro's number is 
often used in x>lacG of “ Losoliuiidt’s number,^' for the reason that it also 
plays a part in Avogadro's law of gases. But as Losohmidt >vas the 
first to doterniiiio this number auccossiully (by means of the kinotic 
theory of gases), it seems more in keeping witli the facts to assooiato his 
name with it. TJio fact that he made his calculations for the cubic 
oontimotro, and not for the mol, is a mere matter of form. If necessary 
the niiiuber L as defined above could be called LoschmidFs number 
per mol” 

♦ A eoiilamb =:=: .(V of the ao’ called obsoluto unit of charge, that is the imit of 
charge defined in the e.g.a. ayatem and measured eloctromagnotically. 
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0 (|ni valent cliargo E contains, as ^Yo san^ just as many elemen- 
tary (iJmrges e ns 1 gnn. of liycLrogeii. contains atoms of mass mu, orj 
flH yvo may now say, tho electrochemical equivalent contains L ele^ 
jnentary (jluirgos e. Wo tlierefore nTito 

e.g.«, units ^ Le 1 grm. = Lmn 


^vll(UUH) 


==-- 9(5494 ^ g””- 


= L 


W 


in\{ grm. mn 

'I’lu^ j.‘alio of the ohargo to tho mass is called the specific charge of tlie 
ioti in quontion. In the case of the x^ositive hydrogen ion, this specifto 
oJuirge is thus IKMO-d, whereas for the divalent positive copx)er ion it is 

mcii 63 ’6 

and. for tho i ml valent negative chlorine ion, it is 
mc) 35*6 


and so forth. 


Mlntd-rnlyNiK sfunvs, as Holniholt'ii cut, that xiositivo as well 

as negu.tiv(' elcetricnty is composed of elonioiitary quanta ± c. But 
Iht^ro is a great (fifforoinjc liotwooii x>o>sitivo and negative electricity in a 
enriaiu roMpeot. AVo know positive olcetrioity only ns tin ioii, that is, 
UHSocvialKMl iiuliHsolubly Avith ordinary matter : m wo saw above, nega- 
tive oleotrh^ity also ])roseuts itself in electrolysis in tho form of ions* 
But we also Icnow the latter in itn free state, dissociated from all orcVmary 
matter, an tlotaehcd olootricity, so to speak. This is an all-important 
I’osult of tlie researches on oathodo rays, to which we have already 
roforrecl in the preceding paragraph, and to Avhich wo shall again refer 

ill tlio lU'sfc. ... 

'I'lio \)()Hibion occupied by nogjitivc oleotvicity, its ocoiuTcnoo 

as niu'o atonw of oleotrioity, ou-lla for a special name. IToilowing the 

oxampio of Sfconoy,^ wo shall call the negative atom of eiectmity 

the clflotcon. On tho other hand, wo shall follow Rutherford m calling 
tho Hinallcst po.sitivo ion, namely the hydrogen ion, tho proton ; m spite 
of its heing burdonod with the mass of the hydrogen atom it plays 

tho part of tlio atom of positive electricity. 

Rv Ravina that tho electron is not oncumhored by ordinary matter, 
wo do nob iinply tliat it is devoid of inertia. On the contrary, the mere 
pvosonce of elootrio ohargos, or, generally, of energy of every kmd, entads 
I certain mass olfoot. Tho m^a which is — ^ ^ “ 

lv\ thw wivv nwJtl to bo called “ eleotroinagnotic mass. ihiB term is, 
however, m the lunvor dovolopmeuts of fundamental "“”3* 

tions in the theory of relativity oompol us to recognise, too naiiow . not 

. . t-v II' -niv'i fa/rn Vnl 4 Jn tlio mfithomfl-tical (lovolopiuout 

* Of IVaUK, Y Wciw 7 .\Aii MUnvpt at a Theory oj MeclHcal 

of tho llioory of oloolion*^ uy 1'/ ,r>nt 7 Sp}t Loidoii 1896), tho word olootrQu Uoos 
,md Opdeat l’lmxom»m w this 

no(* 0 (!<!ur : Unwit/ rotama.tho word )on iii Una oaaa.v 
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Chapter L Introductory Facts 

only do electric oUarges produce a mass effect, hut so docs tlio cohesive 
energy that Iteeps the charge together and prevents it, in a way as yet 
unknown to us, from exploding. Therefore wo Jiowadays prefer to 
spealc outright of the eleclronio mass m, and to regard it as a fact pre- 
sented by our experiments with cathode rays. 

A great gap divides the electronic mass, a.s regards its juagnitude, 
from the ordinary masses of atoms and ions. The electronic mass m is 
about 1 800 times as small as the mass mu of the lightest atom . Accord- 
ingly, the spmfic charge of the electron ^ the ratio of the olcmontaiy oliargo 
e to the eleotronio mass m, is in the same iiroportion greater than 
the specific charge of the hydrogen atom. From optical observations — • 
measurements of spectral lines, to which we shall refer in Cliaptor 11, 
and measurements of resolved spootral lines, to which wo shall I'ofer 
in Oliaptor VI — wo have as the best value of tliis ratio according to our 
Icnoudcdge of tlio present time : 

- = 1'761.10’ .... (2) 

m * 

J!)ircct ineasuroincnts, however, carried out with catliode rays, whicli 
are dofleoted by magnobio and electric fields (of, § 3), give a somcwluit 
greater vnluo,* nainoly, 

- = 1-769.107 .... (2ft) 

m ^ * 

Thci.'o are good roa«ona for assuming that (2) rojjrcsonts the correct 

valuo,t 

The general eoiirso of the refraction of light in passing through 
transparont bodies (solids and gasses), as calculated on Drudo’s 'il'licoiy 

of Dispersion, gives xxh values of of the same order of magnitiido. Now, 

wo see elootvoiis at work in the conduction of currents through metals, as 
also in radioactive processes, in the production of Rontgon rays (X-rays), 
in the photo-elocfcrio olleot, and so fortli. From this wo conclude : the 
eUctron is a universal element of structure of all matter, Whotlior it is 
flowing along slowly in an electric current, or hastening t1u‘ougli spacu> 
at an extremely lilgli rate as a cathode ray ; whether it is omittod in 
radionotivo clisriiption or in a photo-electric jn'oeoss ; wliotlior it is 
vibrating in our lamps (or, as we should nowadays prefer to express it, 
"^jumping ” in our lamps) ; or whether it effects the course of liglit in 

* Gf . for tills and tho subsoqiiont luimorioal data tho mofeiculoiis disouHsion of 
all fuiKlainonfcal physical coiiatauts by K. T. Birgo, Phys, Bov. Sum^loinont, 1, 1, 
IDSO* 

f Kvidonco in support of this view is given by the resnlts of oxporiinoiitH 
whioli have )jcon vory oarofiilly carried out by P.Kirohnor in tho i^hysicjs clopart- 
mon t of Munich Univorsity. They nro based on tho direct moa8in'on\oub of tlio 
velocity of Iho eatbodo rays along (bo linos of a somowliab old inothotl duo to 
E. Wioohert ; thoso rosiilts havo not yot boon publishod, but iihey aro known to 

give proeisoly tlio spoctroseopio vnliio of — . 
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cloHcnpcs, i(i iH always tlio aamo physical unit, proving its identity l^y 
^>:Wlvitiug tho snmo ohargo mid the same mass,* in particular by keexiing 
die ratio o£ cliargo io mass constant. 

lE ^yi\ now n'isli to form a piotnra of the electron in accordance with 
Am foregoing Htatoinonts, only scant material offers itself. An eleotmii 
s » like ovory negativG charge, essentia]l3»^ nothing more than a place at 
^vhicli the olccitrio Huca of force from all directions end. In the ease of 
clct.'itrnn at rest, tliese lines of forces are straight lines that come in 
Linlfcn’Jtnly fw>in all directions. But the same j)icture holds, according 
to the ideas of tlio tliopry of relativity, for an electron moving in any 
way wluitsoover, ho long as the picture of the lines of force is regarded 
as being concoivod by an observer moving Avitli the oloetroii, that is il 
XsUe Hues force arc drawn in a space that partieij^ates in the motion 
of the cil( 5 Ctr<n\. In othor cases, when the electron moves Avith regard 
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tuho * V (voUs mtiltipliod hy I'lio formula (wliicli ia nothing 

more tlian the law of tho oonscrvatioii of onorgy) m 

-5-==cV,. = ,^2_:v ...(]) 

A good apparatiiH for studying cathode ]*ays is a Wolinolt tube 
(potonthil diffor(iiico 110 volts, prossiiro about O-l nun. of jnorcury, 
catliodo oiiiTying a spot of CaO, whioli* at a reel lioatj aHsistn tlio omission 



2a. — Wohnolt t\ibo. Bootilinoai* motion of olooferona in tho ubfionoo of 
oxtornnl forco«, 

of oleotroiis). I’lio phononiDua of illumination in tho tube, whioli are 
very striking, aro duo only indiroctly, a« wo munt mnntion at tbo outHot, 
to tlio oatliodo ray olcotrons, and arise from tlio impact of tho latter witli 
the romains of tho gaseous content avIiosg atoms aro thus oxoitod. By 
means of our tube wo now oonfirin ijho following n\ecbanical laws ; — 

1, In the almnce of external forces a hody deseribes a siraighl line wUh 

* Tlio potoiitinl dllToi’oiujo oxpiessoil in volia ia oonvoriod into abRnlnto olortro- 
magnotio o.g.s* iinila hy multiplying by 10", 
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C 07 ist(int velocity, CoiTCsponding to this law wc aoo in Fig, 2a liow tlio 
beam of cathode rays aro omitted porpondioularly to tlio oathorto K, 
and diaax)pcar into the anti-cathodo AK. (Above the boani of cathode 
rays we sco in tins and in tho foUowing piotnro a bright image that is 
formed by roflootiou from tJio gla^s sides, ) Tlio anti-oatliodo is not in 
general coniiootod with tho source of voltage, and is to ho distinguished 
from tho anode A. Tiic fact tliat tlio beam of oatlinde rays divorg(^H 
(bcoomos soatfcorod ”) as its distance from its source inereusos, is duo 



Fto, 2n,— Oironlnr or spiral motion (aa tho caso may ho) of olooirona in tho 
mngnotio Hold of a bar niagnot StM. 

to tlm iniliionce of the roniaining gus inoleeules on the paths of the 
elootrons* Tho higli value of tlio volooitios of tlio (decjtrons (50in pared 
with tlio relatively small voltage of 110 volts is worthy of notice. From 
(1) it follows, tliat, in round fignros, 

V 0.10® ams, per ace, o, 

Avhoro c ^ 3 . 10^*^ cnia. per see. velocity of light. 

2, Under the influence of a centripcUil force, that one tohich is every- 
lolicre ferpendicxilur to the orbits a body describes a circh nt a consiani 
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rate. n,1io eontripotai force is equal to the inertial resistance which is 
directed perpendicularly to the orbit and is called tlio centrifugal 
force/’ Wo shall produce the centripetal force that is necessary for the 
experiment by a magnetic field, which arises from an ordinary bar- 
niagnct MM. A magnetic hold acts on moving oharges (^‘ euiTeut- 
elements ”) with a force that is perpendioular to the magnetic linos of 
force and to the direction of motion. In Yig. 2b tlio magnotio lines of 
force run from the back to the front, so that the centripetal force in 
question lies in tho piano of tho page. Wo see the beam of cathode rays 
bccoino curved under its influence into a circle (or into a spiral,. if tho 
initial direotion of tlio cathode rays and tho direction of tho magnotio 
field are not exactly porpondioular to one another : in our case we 
should tlion got a curve of variable curvature bcoauso tho magnetic 
field is not homogeneous). It is pretty to .see how tho oirolo incroasos 
or decreases as the magnet moves away or approaclics, Expressing 
this in a formula avo find that if H denotes the intensity of tho magnotio 
field, p tho radius of tlio oirolo (more generally tho radius of curvature 
of tlio curve), then 

ei;H = . . (2) 

P 

On tlu'. left is tho centripetal force due to the magnotio field, on tlie right 
is tlie inertial resistance of tho elootron, or, expressed sliortly, tlie 

♦ 6 

centrifugal force. In tliin oa>so, too, ns wo see, the ratio --- occurs ns 
a rlotormining factor. From (2) ivo got 

( 2 «) 

Ik In a homogeneous and ^taraUel field of force^ ns, for mtnvple, is 
represented by gravity on the eaMs surface, a body describes a parabola ^ 
ilic form of lohich depends on the mhie g of the acceleration in falling, or, 
more generally, on the acceleratio7i in the field of force in gnestion. In 
our tube avo generate tho nooossary field of force as an olectrie field l)y 
charging the afiti-oathode negatively, (us by connecting it with tlie 
eatliode by liand. Tho field that results in this Avay is confined to the 
iieiglihourhood of the anti-cathode, and is tolerably liomogencous there. 
Tho eatliode rays tliat previously disappeared at the anthcatliode are 
now bent backwards into a parabolic sliape (of, Jfig, 2a, p, 12). (Aliovo 
tlio anti-cathode there is a Icind of dark space that sonieAvliat disturbs 
tho regularity of the parabola.) If F is tlio field intensity, then avo got 
for tho aooelorativo force that acts in this case. 



MMioso and similar experiments clearly load to determinations of 
— liy Awioiis methods. Wo may, for example, combine (1) and (2a), 
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oliminatc v, and dotcraiinato — Irom the bhroo iuoaaiu’a))lo quantities 

H, V. This A'^aluo, when it was first discovered, led. to the rlhmvmj of 
ike ekclrori, For as it was almost 2000 times greater tlian the value of 

^ tliat was derived from oxx)oriuionts in electrolysis, it pointed to tho 

oxistonoo of a niicro-jnass which is almost 2000 times smaller tlian tlio 
jnass of tho hydrogen atom. 



2c , — Pambolio motion ol olootvons in a homogonoons olootHo Uolfl 

Certain rosiilhs conneoted with tlio absorption of catliodt^ rays aro of 
partioular intorost for questions of atomic structure, Lonnrd was tho 
first to lead tho cathode rays out of tlioir captivity in tho tube by allow- 
ing them to enter into the air through extremely thin metal folia (so- 
oallod Lonard windows). Although they here also soon oiimo to a dead 
stop owing to ropoated olxstruotion by aiiv molomdes, they never tlioloss 
cloarly oxhihitod tlieir corpiisetilar oxistonce indoxxmdcntly of tlie ju'o** 
cliicing tube. Systematio oxporinients on absorption now showed that 
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to tlieir rrvcTHod (slinrgo. RohMom (hia, tho, <l(',(lco(iion us tJotiNhltTahly 
til an in tlin caiao oC ratlioflo rays. For jT tliaHo (io(!o(5lion ex pari- 
iiioiitM am used to dotorinintj tlio spooifio oliargo of tho partiebs in the 
oanal rays, “Wo fiiul a value having tin*, oj.^der of iimgnitiida of tlio 

oleotroolioniieal enuivalonfc, and indeed \yo got the exact valiui , as 

given in § 2, Fig. In, in the oiiHe of (ianal raya of Iiydrogon, that is when 
the tube in filled wifcJi hydrogen ; w('. get a valuo 200 tiiiK^s as snuiU in 
the ease of caned rays of jnereiiry (atonuo weight of inerenry — 200), 
that in wiion tlio tube contains niorcury, and so fortli. It may he mon- 
tionod tliat in t!io latter case, wo also get nniltijilos of this valia?, a fact 
that ijoiiits to a ninltij>le charge of tlio mercury atom (to the mnnher 
of ciglit oloincntary (pianta, according to J. J, Tliomson), In the 
former enso we observe in addition to tlio full ecpuvaloiit cliarge, also 
lialf of tliis quantity, and this points to tlio formation of positively 
charged: hydrogen nioloculos (mol-ions as contrasted witli atonidons). 

AltogeDicr, the conditions in tlie case of oanal rays are not so 
typically simple and easy to grasp as in tlie case of cathode rays, ^riiis 
is due to tJio frequent transforonco of oliargos among the ions of the 
canal rays (W. Wion). They become neutralised after a short distanco 
by taking up elcMjtrons, and become positively cluirgcd again tlirougli 
tli .0 lofjs of one or more oloetrons in subsoquont collisions (sonie- 
times tlmy liecoiiie negatively ohargod owing to the absorption of cdcic- 
trons). On the otbor hand, for this very reason the plienomeiin in the 
case of canal rays ai.'o nnioli more manifold and instruotive, inasnuicli 
ns the canal rays, as ions, possess the po^vor of emitting light of tlieir 
own (J. Htiirk). The luminescoiit phenomena of oanal I'ays (cf. (lliap. 
VI, the Ktnrk efleot) have furnished modoru pliysies witli invaliiubte 
material in just the province tlnit concerns tih liere* 

Tlie coiitniry <5haraofcor possassod by ions and eleetrons manifests 
itself, too, in tlio velocities of canal rays and catliode rays. 'l^Jio mla- 
tivcly largo mass of the ions of canal rays, for a constant voltage of tlie 
tube, aHsimies a much snuiUor velocity tlian the small mass of the 
electrons oj cathodt) rays. ^Lliio oorrcHpoiuling velocities are tlieoreti<5- 
ally in the ratio of the stjnaro roots of the masses of the elocitrons and 
the ions, since equation (1) roinains valid for velooities that are imparted 
to tlio ions of oanal rays. In the oaso of cathode rays we get tor a 

tension of 110,000 volts, for example, a velocity of 10^^ oms, jxu’ H(ie. ; 

•S 

in the case oi canal rays wo searoely got beyond 2 . 10^ eins. pin' sein 

c 

160 ' 

jSo far, in tho ease of both tlio ion and the electron, wo havi^ boon 
concerned only with the moa.snroinont of the sjyecific olinrgo, Oji thi^ 
other hand, wo also mentioned tho abaohiie value of the elementary 
charge c at the end of the preceding section as being an equal, invariable, 



15 


§ 3 . Cathode Rays and Canal Rays 

and iinivcH'sal (juantity for ions and olca^tronw, \\U\ nuisi tlunHvfon^ 
coinploU^ our aocoiinb iiy stating lio^v tlu^ olenuaitaiy cjluirg(^ itsolf! may 
bo (lotornunod. It is obvious that if wo know tlio ai)S{)luto ohargo thou 
(by comparing it with the specilio charge) wo can also find the electronic 
mass m and the absolute mass of tiu) liydrogcn atom Wji, as weU as the 

Loschmidt number and the nmss of all other atoms. The values of 
mu 

m, ?^iT, and L found in this way are also noted at the end of the pre- 
ceding aeotion. 

There are many ways of deriving the elementary charge e. The 
pioneer work in this question, as in otliers connected witli electron 
tiieory, was done by Sir J. J. Thomson,*'^ From onr disenssions about 
tJie theory of spectral lines wc shall get a spcotrosoopic determination 
of e winch promises to give us the most accurate value (of, the final 
paragraph of Oliap, VIII). At present, however, the surest road seems 
to bo that which has been followed with particular success by Millikan 
A macro -ion, that is a charged particle of matter composed of many 
atoms, preferably a drop of oil on account of its shape, is kept suspended 
by balancing an olcotric field against its weight, or it is allowed to drop 
slowly by altering tlic field or its own charge. By means of radiation 
from radioactive bodies or Rontgeii rays (X-rays) the charge may be 
varied to the extent of one or several units of charge e. By noting the 
times taken to fall in the case of one and the same particle, we got the 
data necessary for calenlating both the size of the particle and. also its 
charge, 'rhe result of measurements repeated by Millikan over a span 
of several years is :[ 

c - (4*774 ± *004)10-10 , . * . (4) 

In contrast with this the spectroscoiiio determinations, which are, 
however, not yet complete (reficotiou of X-rays by an artificial grating), 
give a higher value, namely, 

G 4*80 . lO'io .... (4a) 

In (4) and (4a) the elementary charge is given in so -called electrostatic 
units (E.S.U.). Wo may express its value in olootromagnetio units 
(B.M.TJ,), which are usual in the case of the speoilic ciiargo, by dividing 
the above value by c — 3 , 10^® ; § 

G ==: (1*601 ^001)10-20 E.M.U. . . (5) 

This was the value noted at the end of the jucceding section. 

* It must bo inoutionod, howovor, that tho first valuo for g was obtainod hy 
S- Townaoiid in tho Cavondish Laboratory. Soo in this conuoxiou A. A, 
Millikan^B account in his book, Tho Mectmu — TranaL 
t Phil. Mng. (0), 34, \ (1917). 

:j: Birgo {loc, ciL) obtains from MilUkaids obsorvations tho value 
e (4*7ft8 ± 0'005)lO-*o. 

§ The. exact vnhio of o is 2* 90 7 00 ± 0*00004, 
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§ 4. a- and ^-rays 

Not only are canal myw and cathode rays in-odiiccd artificially, but 
they also occur naturally* being emitted during the disintegration of 
radio-aotivc olcinonta. The positively charged a-rays correspond to the 
canal rays, and the negatively charged j3-rays correspond to the cathode 
rays. Thoso natural corpuscular rays are nuich nioro violent and t(un- 
]]ostuoiis than those j)roduocd artificially. In this way they testify 
directly to the iminonso stores of energy available in the interior of the 
atom, wiiich cminot oven bo approached by tlio energy of th(^ partieh^a 
pi’odiiccd in the best modern X-ray tubes. 

^fka velocity of the a -rays of radium C amounts to 2 . 10^ tuns, per 
SCO . It is about ten bi mca as great as tlie velocity attained by canal rays , 
It follows from equation (1) of the preceding section that the energy that 
is necessary to produce this ton times greater velocity is 100 tinu^M 
greater tlian, or, if wo take into account the carriers of tlio a-rays (mde 
below), oven 400 times greater than the canal rays of hydrogen . lleiuH.' , 
whereas we work a canal ray tube by means of a potential dilVermuJC of 

30.000 volts, i,c.'30 kilo-volts (KV), wo should rocpiiro a voltage of about 

12.000 KV to produce the energy of oc-rays. A comparison of cathode 
rays with /3-rays gives similar results. We may produce artiluual 

catliode rays having a velocity ranging from to wliereus naliiiral 

j3-rays are known whoso velocities <linbr by only 1. ])er cent, and Ichh 
from c. Since, m wo sliall see later, tho velocity of light, r, repn^seiits 
an unsurjjassabio limit of velocity for all material ])ai’tieles, u limit 
wliicli may, be approximated to only when the energy tip|)liod is in- 
creased without limits, wo see that to a velocity whi(jii a|)proaehes U> 
within 1 per cent, of c, there corresponds a voltage of the same ordiu* of 
magnitude ns was just given for cc-rays. 

For cases in Avhieli tlio velocities of the /3-rays approximate so el()s(^ly 
to tho velocity of light, it is clearly convenient to ex])ress these .velocitic‘H 
by giving thoir ratio to c uiatead of giving their absolute values v in (unn. 
\)(iv second, Thin ratio, whioii is always a proper fraction, is usually 
denoted by the letter thus : 

^==1 0</3<l . . . . (1) 


Prom oxporimon bs on the deflection of and /3-rays the spool lie- 
charge lias been found to be half the value of the e(juivale7it charge - - 
ill tho case of a-rays, and considoraMy greater in tho case of /3-ray h, 


(* 

namely, of tho order of inagnit'ude of the sj^ecific charge of the eleciron, — . 

The latter discovery confirms our above statement that /3-rays are ])ar- 
tioiilarly rapid cathode rays. But the former discovery (jonfrontt^d 
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^7 


wktli. a dUfimilt ulioico from whicli cxperimeiit« on deileotion 
nndr(’<l un (.'«i?apo only alter the en'eut oE each single a-parfcielc could be 
auctJ< ‘Hsi;ully clcinoiistratod, that is, after a means of counting cc-partieles 
had lu'.ou difiebvered. A decision had to be pronounced in favour of 
oiH^ of tlvo three following possibilities, all of which were compatible 
w ith tlu^ value of the apcoilic charge of the a-ray particle : — ► 

J ^ , i.c. the a>particles, are singly charged hydrogen molecules 

(tiulfc U luolocules, each of which carry a unit charge)* 


i.o. the a-particles arc singly charged atoms of an element *a% 
liiih(U’tc) unknown, and having the atomic weight 2. 

II. , i,o» tlic oc-par tides are doubly charged helium atoms (atomic 

wtdght of Ho is 4*00)* 



Vm. Wilsou-photograph at a-particloa starting out from the end of a wire 

fioatod with radionctivo material. 

d'lte experimental researches mentioned have demonstrated the truth 
of tho third suggestion. This means that the radioactive elements are able 
to produoa from toithin themselves doubly charged positive helium atoms. 
lly proving the presence of lines of the He spectrum physicists succeeded 
in ijonlirnvnig this conclusion by direct observation. 

Ill consoquenco of this we now understand the difference between the 
yonoml properties of a- and jS-rays. On account of tlieir great mass 
{4w„). tho «-rays pursue their patlis wth gmat persistency They 
Hhabtor tho obstacles which they encounter in the form of air molecnles. 

latter in this way become ionised, that is, they become split up into 
positively and negatively ohai-ged ions. And, indeed, the «-rays m 
thoir passage through atmospherio air form several thousand ions ii 
ovory millimeter of their paths. The ^-rays, on the other hand, being 
of extremely small mass, arc much more easily dedected from then 

von. I. — 2 
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paths, Tliey exert a coinparativoly anuiU influence on the air molecules 
Avith wliioh tlioy uonie into contact and form ions only now atul then 
(/5 or 10 per mm, accoixling to their velocities). 

'.rhese properties of a- and wore exhibited in a strilcing way hy 
some beautiful pl)otograx)hs of C. T, R. Wilson,^* which have often ))een 
rejn’oduccd and which wo must couBider here also. His motluxl (ion- 
sisted in bringing a radio »aotivo sub stance into tlio vicinity of a HcaUsl 
Yosaol which contained supor-saturated water vapour ; by this moauH, 
a- and j8-rays were introduced into the closed chamber. Fho gaseous 
ions whicli are formed by these rays serve, just as in tlio caso of the 
gaseous ions or particles of dust that are instrumental in tlio produc- 
tion of rain in the atmospiicro, uk 
nuclei about which the super- 
saturated water vapour may con- 
dense when the moist air is 
suddenly allowed to expand, Tim 
drops of water wliioli thus form 
and collect rapidly are wliat wo 
see on the pliotograj)hs. 

The path of an a-pavtiole is 
characterised on the j)lates as u 
dense, apparently continuous, mark 
(indicative of strong ionisatioii), 
but, in reality, it consists of in’- 
dividual drops of condensed vapoury 
In general, its course is a straight 
lino (due to its groat inass). Fig* 
3a shows a sheaf of a-rays wliioli 
start out from the end of a wini 
Fia. an,— Wil8on-]>hotogmj)h of a- ■which has been made radioaetivtu 
IDni-tioJcs I largo masB, small (lovk x<'ig. 3n was produced by fl-ravrt 

tion» strong loniHation, At tho , < . / , ^ 

oncls of sovoral tmeUs hoolca nro tliat originate at a I)Oint C)1 
clonrly visiblo. convergence outside tho irioturo. 

Several of them show, towards tho 
ends of their paths, whore their speeds have already been muoU 
reduced, iironounced hooks (sudden bends), Wo hero call particular 
attention to this apparently subsidiary phenomenon for tho reason 
that, as we shall see later (Oliap. II, § 2), far-roaohing coiisoquencoH 
arise througli it, 

On the other hand, the path of a p-paiticle is dolieotod much moru 
often and much more easily (on account of its small mass), and is i)Uim- 
tuatod only rarely with drops of water vax>our, as is manifest on tho 
pliotographlo negative (this indicates feeble ionisation), In Fig, 4 wo 
see in particular, besides diffusely scattered drops of Avater, the paths of 

* Tho moflt rooonfc tincl most comploto picturos aro given in Proo, Boy, Soo, 
104 , 1 mul 102 (1923). 
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tho undufloclod point i:f tlio olectronio niass in worn constant, IJiat in, tlio 
mine for all vcJrjcitloH, Ah an cxpei'imental lact tJu^ two hraiujluvs do 
not toncli (of. tlu^ itvjigontf:^ t and I' Avliicli havo loeon Hkolohial into 
Pig, 0), but run into one another at a certain angle. Prom tliis it is to 



Fia. fi, — Wilson -photograph ot an w-pavtielo and a j3-partiolo tukou togothor, 
At tho on<l of tho track o£ tho a-particlo is a distinct hook, 


1)0 inferred that the declronic mms depeiids on the vdociiy and iliai ?7 
inoreases beyonil all limiU as it {the velocity of the electron) a2i2m(iches 
that of ligU. 

This roHult excitod great astonishment, as is easy to iindorstand, for 
it aliattorcd tljo time-honoured dogma that mass 



Pia, 0, — Kftufmanii. 
photogmpli of tlO' 
ilGcted p-nxya. Tiio 
olooti’io mid mag- 
notio ilokls aro 
paralloi to one 
luiothoi* and to 
tho pliofogmpliic? 
plato, 


is constant. But Kaufmann wished to vend still 
more from his negatives, He wished to leavii 
from them aooording to what law the mass of 
the electron alters Avitli tho velooity. In tliis 
connexion tliero were two oj)posing theories wliloli 
led to different forms for this law, namely, the 
older theory of the absolute other (the original 
theory of Loreiitz, elaborated in particular by 
Abraham for the questions hero under considoi'a- 
tion), and its younger rival, the theory of the 
relativity of motions (founded by Einstein), 'riuj 
latter theory gives rise to a particularly simple 
form of the law governing the ohange of juush 
with motion, namely to the formula : 


m — 


ntp 

Vl-/3» 
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,ln ii; /3 is vnlooity, as explained in equation (1), expressed in terms 
of velneity of light c ; is the '' rest mass corresponding to the 
velotaly p 0 ; ni is the mass of the moving electron. The theory of 
relativity nssmts tliat this foriniila is true nob only for the electronic 
niasH '»i., ])ut also for any arbitrary mass of matter. This means that 
iworfi nrlyilrar}/ mass must increase as p incrextses and inust becorne 
hrfinitel!/ (freat when j8 ^ 1. From this the thesis, stated right at the 
hi'gimiing of this section, that tlio voloeity of light represents for all 
v(0f)eiti<m of material l)odics a limit that cannot be execeded, i.o. that 
th(^ velo(uty of light can only bo approached asymptotically but never 
w(>\il(l already follow as a natural oonsccjuenco. 

It can ('-asily bo grasped from this that the dofloetion experiments of 
/j-rays wcr<H rt'garrlcd for a long time as the experimenlum crucis whicli 
was to dc(ud(i for or against the doctrine of the relativity of motions, and 
that they were thus to determine our fundamental views of space, time, 
motion, and the ether. So far as Kaiifmann^a experiments are con- 
et^rned, it lias lieon proved that they were not sufficiently accurate to 
give a d(Mnsive. atiswcr. Later experiments have established more and 
mon^ delinitoly tlio correctness of the rolativistio formula for mass (2). 
In oiir sp(Hdroscoj>ic discussions later we shall likewise arrive at a con- 
iirmalion of this formula hy a method that far oxeoods all others in 
aeeurucy (siu^ ttio final section of Chap, VIII). 

We might well close our brief survey of corpuscular rays hero, were 
it imt tliat we have still to discuss several general questions dealing witli 
tlu^ nature of elc(3tricity, Are wo to regard electricity as unitary or 
dvalislic ? Is it made of matter or of energy, of substance or of force ^ 
'I 'he ([uestion ns to whether it is of one kind or of two kinds was 
])i'()pos(sl long ago jiarticularly witli roforonce to Voltaic currents. Boos 
only one tyj)e of electricity or do tAvo contrary types, move (in opposite 
directions) along a conducting Aviro ? Tiro controversy remained 
unfruitful for a long time. It Avas only avIiou XI. C. Tolmaii used the 
• most highly roKnod methods of modem experimental technique that 
tlu^ (picstion Avan settled, Wo may noAv assort that Avhab floAvs in a 
eon ducting Aviro is negative electricity ; ovovy coiiduetion current in 
imdals is a mirreut of electrons. In this domain our vienv is uniiary. 

In the rcnlni of atomic jibysics, Iioavoaw, aao arc inclined to take the 
dvialistic^ vioAV, A positive charge signiRos more than the absence of a 
iH^giitive eluirgo. Positive eleclricUy is alioays associated with atomic 
masses. Wo have thus to deal Avitli tAvo types of electricity that difl'oi' 
not ouly in sign but also in nature, 'riioy are ropresontod by the 
electron and the proton. 

n'luwe is no rcinson Avhy avo should not claim these two representatives 
as neijative and posUiva electrons, respectively, dust ns all negative 
eliHdrieity (foiisistH of the ordinary iiegatiAm eleetrons, so all matter, 
U(!Cording to tho old liypothesis of Trout and the iicAvost result^ of 

* Of. » for oxamplo, Phya, llov., 21, 525 (1923)^ 
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cathode ray particle, carries its electroinagnetic licld along with it, and 
lionco does not radiate.) Consequently tlie intensity of tlie radiated 
held is ill general proportional to the acceleration v of the charge ; in 
particular, in the direction r = OP (of. Fig, 7, in which 0 is the position 
of the cliarge, P that of the observer, briefly called the referonco p<hnt 
(Anfjntnht)^ it is proportional to the component of aecoloratioii v„, 
which lies in the plane through v and r, and which is pcrpondicular in r. 

We describe a sphere through 'P, about 
0 as centre, with tlio radius r, and 
mark as its north and soutli poles N and 
S, the two points at which the aocolora- 
tion vector, when produced, inoetH the 
sphere. Let us fix the position oil P on 
tlio sphere by moans of tlio angle 0 
(complement of the geographioal lati- 
tude). Then 

v„ — V sin 0. 

'!rJie electric force lies in the meridian 
piano ONP, the magnetics force is the 
tangent to the small circle I^P'. Those 
forces are of equal niagniiude if, ns is 
natural, wo measure B in tlie oleeiruj 
C' electrostatic ”) system and H in tho 
magnotio eleotromagnetio ”} system, namely, 

E-H = j ....(]) 



Fm. 7.— Tho Hold, tU!«oi'(liiig to 
chiHsienl oloctrodynaniins, of 
a olmrgo situated at 0 mov- 
ing non -uniformly with ae- 
coloration v* 


(the cliarge e is measured in electrostatic units, just like E). ^J'Jio do- 
pendonco of these quantities on r, as expressed in the equation, may 
easily bo seen a priori. During the process of omission of radiation, the 
same flux of energy passes through each sphorioal shell. Since the 
surface of oacli increases proportionately to r^, the specific flux of energy 
8» the BO -called Poynting vector, must decrease as increases. But, it 

Q 

'WO disregard tlie factor — which depends on the system of meosiirc- 

^TT 

moiit, S is equal to the product of E and H (at least, when E and H are 
perpendicular to one another) ; thu.s in our case : 



, ^ 2^2 (> 2^2 
4:ncV‘^ 


. siii’*^ 0 


m 


* Following Nowfcoii, wo inclicato tho mereaso with rospoot to tinio l>y a dot 
thus ; 



in tho casq here considored in which tlio velocity is supposed to have a constant 
direction, it denotes the valu^ of Y when tho clirectiou is disregarded. 
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From til is (by integrating over the Biirfaco of the sphere) wo get for the 
total flux of energy : 


S 


2 cH^ 
3 *^ 




Onr representation (1) of the (ieUl is a necessary oonsoqucnco of 
tlio established principles of olecdrodynainiijs. It shows the iransvemtl 
characler of the, fidd (E and H are porpondioular to f,.tliat is, to tlie 
direction of the ray S). In addition, it shows tliat in lha loiigU'ndinal 
direcMony Idmt in lha dmetion of the acceleration V, the emimon of 
radiation becomes mv (sin 0 — 0), Tliis fact is used practically in 
wireless telegraphy : in the direction of the antenna (tliat is, of the 
alternating current, coiTeaponding 
to our v) the oinission is zero ; it 
is a maxi mu in in the direction at 
right angles to the antenna, W'ho 
position of H, too, corresponds to 
the well-known cjireinnstanees that 
attend the passage of alternating 
currents through a wire ; the lines 
of magiudlo force arc circles around 
the wire (corresponding to our 
small circle PP' in Jfig. 7), 

After those preliminary re- 
marks, wo have now to imagine 
secondary X-rays to bo ])roduced 
in tlio following circumstances : 

Every body, wliothor solid, liquid, 
or gaseous, is built up of electrons 
and positively charged matter. In 
Fig, 8, lot 1 bo tiio direction of 
the primai'y beam from XI (Rdnt- 
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Fiu. 8, — ^'J’ranHvorHal nature of Hout- 
Ron rays* XJapolarimMl rays vi- 
brating ill th<^ (lirowtiouH 2 iiud 3 
aro omittod by the tubo at 11. 
Tho Boooiidary rays from K in 
tbo diroobion 2, vibrato in tho 
' dirocitinn 3 only. Tho tertiary 
rays from K' in tlio diroetkm 1, 
also vibrato in tho dirootion 3 
only, whilo tho intonsity in tho 
<Urootion 3 from K' vanishos 
altogothor. 


gen, or X-ray, bulb), to K (the 
scattering body). Wo assume that 
at the outset the primary ray is unpolarised. I^ot us then resolve 
the electric force, as shown at tho bottom of the liguro on tho left, 
along the two perpendicular directions 2 and 3, which are perpen- 
dicular to 1 ; wo got two equally intense component forces along 2 and 
3. WJien tho oomponont 3 has arrived at tlic surface of K, it sets tho 
electrons in motion along tho direction 3, TJioso olcctrons thus become 
the aourcG of a now radiation. This radiation gives us, as wo saw, no 
intonsity along 3, but maximum radiation in tlio dirootion 2. In tho 
same way tlio component forco 2 sets tho elec Iron s of K into motion, 
•[rho radiation thus produced gives no intonsity in tlio direction (2), but 
maximum radiation in tho dirootion 3. From this it follows that the 
secondary radiations which ai‘o propagated in tho direction 2, are 
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derived from electronic vibrations in the direction. 3 and liken' ise 
vibrate in this direction. Tk(^y are> ilms com'phidy 'polarised. (3Fe 
same is true of the secondary rays that are propagated in the direction 
of 3 and whicli vibrato in the direction 2 ; audit is true of all secondary 
rays tliat are propagated at right angles to the primary direction I . 
The secondary rays that arc obliquely inclined to 1 are partially 
polarised.) 

But how can wo recognise the complete polarisation of the secjondary 
ray seeing that wo have no Nicol at our disposal for X-rays ? By 
repeating the process, we place a second scattering body K' in tlu^ path 
of the secondary ray .5 and measure tlio tertiary X-rays, ^riiese are 
produced by electronic vibrations that take place exclusively in th<^ 
direction 3. They omit maximum radiation in the dirootioii KM, an<l 
none at all in the direction K'3. Tha perimulimlar set of lines in 
the directions 1, 2, 3 proves by the vamsUng of the inlensity of the tertiary 
rays K'3 both the compute polarisation of the secondary rays and ihv. 
transversal nature of the primary rays. 

In Barkla’s exporimonts the soatteinng bodies K. and K' consisted 
of charcoal TJio intensity of the tertiary rays was moaHiired eloctro- 
Hcopically by their ionising action on the air spaeo ot a eondens(M‘ 
(ionisation chamber), which is very sensitive towards X-rays and whi(’h 
bad already been perfected in the original oxxierimonts of Jldntg(un 
Provided that the primary radiation was fully itupolariscd, K2 and 
ICS would have to show the same degree of intensity under similar 
conditions of moasuroment. In reality, as Barkla, and later IBasslor, 
found, tlie secondary rays already show diiloronces of intensity with 
direction. They thus indicate a partial 2 '>dlarisation of the primary 
radiation. 

The latter oiuoiiinstanoo loads ns still more deeply into the process of 
production of the primary X-rays. In Fig. 9 lot K bo the plato-8hap(ul 
cathode and AA the anti-cathodo, When the cathodo rays strilco tiu? 
anti- cathode, they are aimstcd ; their average direction of retardation 
is represented in the flgiiro by the arrow v. This change of velocity 
causes radiation to bo produced, which is the shorter in wave-long tli 
and the naoro intense, the greater tho change of velocity. This radia- 
iio7i is to be regarded as the reason (or bettor, a reason) for the occurrence 
of X-rays, Who resultant hold is described by tho earlier Fig. 7. In it 
the direction SN is now represented by tho dirootioii KA of the eathod(^ 
rays. Tho electric force lies in tho meridian planes, that is, now, in the 
plane KAR through tho cathodo ray and tho X-ray. Tho process of 
formation of X-rays thus points directly at a favoured iilano for tlm 
electric force. The observaiions (of Barkla and others) have confirmed 
this posiiim of the plane of 2 }olarisaiion, 

According to our arginnont wo should actually expect a eomplote 
polarisation of tho primary X-rays if the rotardation wove to occur in 
Olio dciinite direction, liamcly, in that of the arrow v in Fig. 9. But tliis 
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certainly not tho oaso. Rathor there arc ohaiigcs in tlio direction of 
5 impinging cathode rays whik^ they arc l)oing brought to rest by 
5 material of the anti- cathode. Throiigii tlicm the direction of tho 
"O w V and hence also of the direction of polarisation becomes blurred. 
.t> there is a stilbdeoper reason for tho incom]dctenes8 of tho poUvrisa- 
IV. 

J.3ai’kla lias discovored that every material substance when honi' 
L^clcd with cathode rays omits a radiation characteristic of the suli- 
moe (called characteristio radiation’’ liigmstTahhing), Whereas 
^ may compare tho radiation considorod just above (<* impulse radia- 
■IV ” Bninsslraliking) with the forced vibrations that occur in 
iolianics — as a .necessary consequence of tho sudden stoppage — this 
cxraotoristic vibration corresponds to the free or natural viliratioiis of 
?!C3lianics. Tlirougli the agency of the cathode rays tho olcotrona of 
o material of tho anti-cathode are thrown out of their positions of 
(or out of their stable orbits) and tend to return to these. In doing 
they omit tho frequencies 
/bnral to, or charaoteristic of, the 
ixtorial of wliioli tho anti-cathode 
composed . This oircums taiujo 
V"cs tlio process a rcsomblanoo to 
> trioal fluorcscGlico, in which, like- 
iHc, a frequency of vibration 
sours, which is ohar act oris tic of 
LG fluorescent matorial but differs 
oiTi tho frequency of the incident 
ucliation. Tho phenomenon occurs 
ooly, being excited by tiic 
viiliode ray but, Gspecially in re- 
xx'd to direction, is not sulijcet to conditions, Thus iM cJiaradanHik 
i^cZialion is un^jolarisuly and the, total radiaUo7i {knpidse radiation -b 
^ccracleristic radiaimt) is only partially piolarisoxL 

As a result of the polarisation experiments above discussed, there is 
o doubt that tho radiation of X-rays is of the transverse wave type, 
Nowadays wo speak of Rdntgon light or X-ray light and distinguish 
from visible light only by its greater hardness (ponotrativo power). 
Mvis general character of Rdntgon light is shown very strikingly in a 
dvotograph, here reproduced in Fig, 10, by C, T, R. Wilson, In oon- 
vtvst with the former photographs (Figs, 3, 4, (5), wo see hero no rcoti- 
Livoar or curved corpusoiilar paths, but a thick beam of rays tliat 
x^avorso tho space of the condensation chamber in a liorii^oiitiil 
Lirection, This beam of rays is made visible to us photograjihically 
lot directly but indirectly by tho secondary cattiode rays (see p, 23), 
■Ivat is, by tho electrons that have been sot fi.'cc from air molecuiles and 
woleculos of water vapour liy tho X-rays, and Aviiuvli (ly out laterally 
md irregularly, and cause the water vapour to condense, 



Kio. 0.— Diagvmnmafcio vopr08(^iiUp 
lion of tiio’ rotai’datioii oxpori- 
oncocl in. tlio luiti-oafchodo A. by 
tho cathode rays coming from 
tho cathode K, Tho ‘H(iiitg<ni 
rays are emit tod hi all cUvecstiona. 
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^J^hc hardness of Rontgon light represents wliat wo usually call colour 
in the case of ordinary light. Great hardness denotes groat frotiuoiKiy 
of vibration or small wave-length. Moderate hardness or grc^alei* 
" softness ” denotes smaller fre(|ueuoy and greater wave-length. ’Diis 
terminology introduces no difficulty in tlio case of ehaniotoristie radia- 
tion. Wo called this free vibration and are tempted to nseribo in it 
a period (or a scries of periods) of vibration oharactoristio of tlie matorinl 
of the anti-oathodo. This we may actually do, for oxperini(’-ntiil 
researches liave fully confirmed this conclusion. Who eliaraeteristie 
radiation is not only characteristic but also 'MioinogonoouH.” It 
consists of a fcAV sharply defined kinds of vibration, each of wliitffi 
corresponds to a homogeneous monochromatic type of: light. Wium wo 
have become acquainted with tlie spectral resolution of X-rays (Chap. 
IV), wo sliall see that the characteristic radiation assumes tlio form of 
a line-spectrum. 



JPiG. 10. — Wilson -i^hotograph of soconclary cathode rays pro(liu?o{l in watiir 
vapour by a primary beam of Bontgoii light passing from right to loft, 


To supplement our earlier statements we must add the following ; 
As the atomic weight of the body emitting the characteristic radiation 
increases, so does the hardness and the intensity of the oharaoteristie 
radiation. Anti-cathodcs of heavy metals produce copious and hard 
characteristic radiation, whereas charcoal, xjaraffiu, etc., produco only 
scant oharaotoristic radiation, which is soft, being absorbed after tra* 
versing only a few centimetres of orcbhiary atmospheric air, and which, 
therefore, hardly deserves the name of Rdntgeii radiation. ;Eonco wo 
understand why Barkla, to prevent being disturbed by the oharaotcu’- 
is tic radiation of the scattering body, had to use bodies of small atomic t 
^veight for his experiments on x)olarisation. On the other liand, jualccrs 
of X-ray appliances had to resort to Jxeavy metals for their anti- 
oatliodcs so as to make use of ohaTaotenatic vibration as well as 
impulse radiation. 

Our explanation of hardness does not seem to bo so readily applicable 
to the case of impulse radiation. The process of impulse radiation is 
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a singtn ('vtqii ; Ik to Hay, it is non ^por iodic. Oonscquenily the con- 
o[ (K'l'itHl of oHciilalaon and wavc-longlli here seem out of piace. 
Now, it is a sinijjU\ nuitlienuitical trutli that a single uuperiodic occur- 
rom^D may bo Rvpresoutotl as comjDOscd of ii iminbor of purely periodic 
< Kamrmneos suporposed on oac5h other. Ror example, the crack of a gun 
may hv. I'eprnsoutod by a continuous series of musical tones, if these are 
(du)Hoii of tlic proper intensity and xdiaae (Courier’s integral representa- 
tion of an arbitrary functio]i). 'Wio pliysical realisation of this mathe- 
inutujal inotl(^ of representation is called the spedruyn of the, ocGiirrence 
in epu^stion, Ifrom the moment tliat the spectrum of such an event can 
bt' spt^eiUed, tlio sx>i’t'fral jheturo will bo ])roforred on account of its 
lixe(t (|imntitativo clvaracter. This moment had arrived, in the case 
of X-rays, when Lane made his discovery. Since then, we speak of 
i in) spoctriini, wave-length, and frequency of vibration in the case of 
ini|)\ilKO radiation too. Accordingly the spectrum is not, as in the case 
of the oharaotoristic radiation, a line-spectrum but a coniinnon^^ 
.y>ectrmn. It rosomblcs the spectrum of white light, and is therefore 
mumsionally called the xdhite llonigm apQclnim, The difference between 
the white lldntgcn spectrum and that of tiro white light of the sun, for 
(example, lies only in the order of magnitude of the dominant region 
of wavc-longths, of the region of maximum intensity. The mean 
wuwe -length of this region is in the case of X-ray spectra 10,000 times 
HiiiallDi: than in that of the solar spectrum. 

Ah we sec, tlie hardness of the charaoteilstio radiation depends on 
tb(^ atomic weight of the emissive material of the anti -cathode. On the 
(it her luvnd, tho hardness of impulse radiation deptnda easmiialhj on the 
vollaga of the X~ray bulhi or on what is tho same, according to equation 
( 1 ) of § 11, the velocity of tho impinging cathode rays ; as is well known, 
Mie luirdnoHS ineroases with the voltage of the bulb. In tho language of 
Mpectra this means that tlu^ region of tvave-hngihs of greatest intC7i8ity 
til lhv> contiu'iwus Hpectruni shifts towards the smaller wiwe-leugihs as the 
voUage. increases. We shall pursue this fundamental law furtlier in the 
next piiragrajih. To do so, wo must discard the view-point of classical 
el(.5etrodynamicia here adojytcd, and must build uxi on the basis of the 
Tiiodorn qviantum theory. 

Ifor our sx^^'Oial ])urx)osc — atonuo structure and spectral lines— ^tlie 
(duiraoteriHtio radiation with its line-spcotrum, which is characteristic 
of the emitting atom, will of course be more important than the impulse 
radiation with its contimious spectrum essentially conditioned by the 
voltage of the tul)C. But first we have yet to call attention to various 
( >l )S(irvations about the latter that are intelligible on the basis of classical 

oloetrodyiiamics and mechanics, ^ ^ -x* 1 

Wo iiujiiiro into tho total scallered secondary radiation that is emitted 
per unit of time by a body (radiator) struck by iirimary X-rays. The 
Hcattoi’od secondary radiation, in contrast with tho simultaneous secon- 
dary oliarftotoristio radiation of tlie radiator, lias the same hardness, or 
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in moro precise terms, the same continuoiis speetruni as the 
radiation. Compare, however, § 7 of tin*, present cliaj)ter. Us iiii(*ii - 
sity, calculated for a single ejuitting electron, is given hy equation (lO - 
Wg shall write it clown here for unit vohnno of tJie radiator and iuJti ■ 
n as the lunnber of atoms x>or unit volume, / the iiumher of 
X^er atom. ('Flie radiator is assumed to l)e a chemical altmvMl ; in t in * 
case of a compound the various atoms would liave in he dilferentiah'cF ) 
We then obtain from (3) 


s = 

3 c” 


{O 


Tliis implies tlio assumxition that the quantities of energy emitted l)y i h 
individual electrons of tlie atom become simjdy superpoHcd, an asHUin | > - 
tion whioii no longer holds for white light (cf. Note 1) and wliicli t^voii 
in the case of excitation by X-rays is not true for all directions of {\u* 
scattered radiation (cf. again Note 1), 

Tile aocoleration v of the individual electron is closely <Jonnetdt'iJ 
witli tlie electric intensity of field E,, of the primary X-ray whhdi in* - 
pingos on it hy the equation 

7rtV eEj, , , . . (5) 

In (6) we have assumed the olootron to be free, If it is ])oiind to a 
IDOsition of rest, the restoring force has to bo added* In the nl' 
sufficiently hard X-rays, wc may discard this force; in tim east^ uf 
optical frequencies it must bo taken into aceoimt (id. Note 1). 
inserting (fi) into (4) wo got 




('») 


On the othor liancl, we detcviniiio tlio onovgy P ot tlw priniiii v 
radiation tlmt fallH pov unit time on unit area 'ol: tho radiator tmii 
excites secondary radiations in it. Wo got (of. oipi. (2), in wlii.-li 
H = E = Bj,), 


P 




Prom (flj and (7) we got 


S 8it 


P 


= _ «7 

3 


(7) 


(X) 


Tho energy S is produced at tho expense of tho energy P and heiifi* 
causes a deoreiiso in the latter, an “absorption tlirongh scattering. ” 

The ratio ^ is called the “ absorption coeffleiont duo to scattering ’’ imil 

is designated bj' a. From it we pass on to the absorption coofHcienO of 

mass ~ by dividing by tho density p. Wlieroaa a is a moasviro of llu« 
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siaiLUa iiig jh^- imil, vnliiiius ^ in a inaiHuro of tho aoattering pof unit 
of mass. Ndw 


P " ■jmuM — u-^ . . . . (9) 

in wliidh M.ih tlio atomiu woight it hydrogen === 1 ; andthus wmM is the 
innHH ol a Hingln atom, and mHuM is tlio mass of tiro atoms contained 

in nnit volume, i.o. it denotes the density g; L = — is (see p. 4) 

1*1 I >1 ‘ 

Liwdinndt'H lumibor por mol,” 

1^'fcnii (H) itnd (9) wo got 

p"' “"a * M ' ^ 

\v]ikili iw J, ,1, ^riioinson’s formula, 

'^riio factor K is a universal quantity indepemlent of tlie nature of 
ilic ra(liat()i\ Its value may bo tmlculatcd according to the data at tlio 
*Hul (.)f § 2 in b^lgH. 1.A and In. In doing this, it must be observed that 
MM 1 bavo lioro I'oelconcd r in olootrostatio unitsj and lioneo according to 
tho remark at tlie end of § 3 we must divide it by c to reduce it to 
eltHstromuguotie units. We then obtain 


e 

and lionc !0 


b77 , 10’, — 9<G5 . 10^ ^ 1*69 , lO'^o 

c * a 

Kt=^0'40 , . , . 


( 11 ) 


Z 

Wvom th\H W(5 can dotermino the ratio from (10) if the absorption 

aoolTieient of muss is found l)y obsorvation. Such observations have 
V>eim imule by Barkla (for air) and by Barkla and Sadler (for 0, Al, Gii, 
Ag), Tn the etiHo of air, G and Al, tho value obtained (in cnis. and 
griiiH,) is ' 

- = 0-2 . . * . . . (12) 
P 

For On and Ag, groatoi’ values ^ (0*4 and 0*5) wero found, but in their 
esasoH wo are no longer dealing with pure scattering, for secondary 
oluii'ae tori Stic radiations occur, as well as soattox'ed secondary rays, and 
thoHO increaHO tho doinancl for primary radiation and hence increase the 
nlmorptiou cocflioient of mass. Taking this into consideration we may 
Hay i for small atomic toeighis measummnls lead to the iiniform value 0*2 

for 'ioherms for greater at(micr weights ike values obtained do 7iot eoiu 

tradicl the ass^m2)tion that the same value holds generally to a certain 


* Appro oi ably fliiiallor vnluos than 0*2 nro obtainocl i£ very bard rays nro nBo<l 
for tliu inuklont light. Wo rovort to Mb question in 1:^0 to I, 
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d agree of approximation so long as we are concmir.d onli/ ivilh (hr ahs<ff /* 
lion due lo scallerhaj. Now, from (10), (11), and (12) tlio ronuu’kul* 
result follows : 


{i:0 

M*^04() 2 ’ ' ’ * ^ 


The number of electrons per aiom is half as great as (he aUmvie 
(proved for atomic Aveights smaller tlian 27). 

From the secondary rays we retiirn once more to the primary 
and inquiro wliether their mode of generation (sudden si(>ppug(^ 
cathode rays at the anti-cathode) can be proved in greater detail 1 
observations. To answer this wo must lirst gonoraliao forimiUu ( ^ ) 
a little. These formulae related to the radiation emitted by a 
cloctron that was subjected to an aoceleration v, but that possi^HHc^-* ^ 
no velocity comparable witli c. /riiey cannot, tlierofore, be applied 

rather rapid cathode rays (p — without some modilit'*^ " 

tion. They must bo replaced, if p is not very small, by * 


E-H- 




cV(l — P cos 0)^ 


ev sin 6 
ch (i -- p cos 


(3>i) 


ill which 0 denotes, as in Fig. 7, the angle between the direction of 
X-ray under consideration and the direction of v (being the sanu^ uh 
direction of the generating cathode ray). As regards tJie sysiinn <>L 
units the remarks oiv page 24 again apply Jiero. In place of (3) » 

then got for the energy radiation S at tlie angle 0 and measuretl 
unit of time and surface : 


sin^ 0 

“'J^^yi^/feoslp 


(lfS> 


This is the radiation emitted during any arbitrary moment of Ivl lo 
process of stopping according to classical oIcctrodynaniicH ; p denof t ^^ 
the velocity still left at this moment, divided by c. It can be .hIu)\a^ 
that essentially the same formula represents the olomontary protu^HH < 
emission according to the most recent wave -mechanical vknv of 
quantum theory. Wo take the term elementary process to stand 
for the retardation caused by an individual atom of the anti-csatluKlo , 
assuming tliat the velocity Vi decreases down to a dofinito iinal viilii<5 • 
The quantity p that occurs in (15) thou denotes tlio ratio of the arild v - 
metic mean + vf^j2 to c. 

Whereas formerly it was possible to use only massive anti-cathodtis? , 
physioisis Iiave recently succeeded in aj)j>roximating to the ideal csaMo 
of the elementary process by using very thin metal foil (only a fo^v 
/x’a thick). The dotted curves a and h in Fig. 11 represent some of tlio 


* These formula) are obtained from the equations (1) by moans of a rohibivihy 
tranaforitiation. Of., for example, Riomann-Wober, 7th odn,, 1029, Vol. J I* 
p. 421, cqn. (20). 
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rrHuUs nliUtiiHHl l>y H. KulniikaniplY,’^ in partkuilar tlioHO for wliitih 
n (nlkcn-b wavo-limit of tho continuous spoctnim ; of, p, *\\), 
,U(»HnlcH Mg. 11 shows the thoorctical curves given by form u In 

(15), namely, for the A'^aluos ft ^ and The experimental curvets 
a and h eorrosjiond to the values p = 0*124 and p ~ 0*182. 

'Tlni ^igure must, of course, be extended to three dimensions, by 
rotating ib about the direction of the cathode ray. For ^ 1. w(^ 
shuuld obtain a pear-shaped curve for the emission with a maximum 
m?ai* 0 0. For 0-^0 itself, and also for 0 — ISO'" the emission would, 

jjy (15), on account of the factor sin^ Oy bo equal to zero in all oire\nn- 
HtauiHis, as has already 
hoe II diseuHsed above in 
the case of socomlary 
radiation . Consoqviontly , 
thiH inf<5ronce is not in 
genmval coniirmed, either 
liy the more accurate 
waviMnookanioal calcu- 
lations or by observation. 

Willi regard to the di- 
numsioiml rolationshii>8 
in tlie Piguro, wo must 
remark that all tlio 
theortdical curves are 
drawn for the same v> 
wlioruan in the experi- 
jiiental curves the scale 
(diosen, wliioli is in itself 
arbitrary, is such that 
blioy approximate to the 
Hoaie of tlio theoretical 
curves. TJio maxima of 
tho tlieorotioal and ox- 
pojnmenfcal curves have 

W^HOo'Thfit tho oxpoi'iinontal maxima fifc in well witli tlu’ 

"'^''^ThirprogrcBBivo^afc of Ihe maximum was derived by the aiillior 
llUBneSly as long ago as 1909.t Besides ih. differences of mUm.li, 
in'imarv X-W radiation exhibits differences tn hardnm. 

' ' 'Uo imlioaotivo y-rays bear tho same relation to X-rays ns «■ and 



Via, 11. — ^l-^lar tlingraiu (radius-vGCtor — iult'ii' 
Hity) of iho intonsity diatvibution of Uio con- 
tinuous llontgoii rays. Compavo tho mirvijs 
roprosontiug equation (16) (unbroken Hhoh 
ij.valuos shown against the ourvea) with Uiu 
oxporimontal results of H. KulonkainjjlT 
(broken linos—a eorrosponda to p ~ 0* U'l ♦ 
b to 0'182). For tho sako of ehiiu’iioMS 
tho curves for 6 and P ~ i are not uliowu 
bo tween 00“ and 180“, 


* yVnii. d. 1‘l.ys., 87. 032 (lU3fi). 
VOL. I. — 3 


t Physik. Zoitsohr., 10, 060 (lOOli). 
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IJio point of nun-dofloction on tlioao. Tlio y-raya, too, may in ja'inripl^" 
ho rcKolvccl Hpoctrall3^ Tlio roniilb luis ])oon a lino- spectrum of y-rm lial i » * ■ * 
wiiich links vip continuously avIUi the lian lest uluirHcteris tic X-rays ® 
extends towards the region of decreasing wavedongths to wiivi^s 
twenty times smaller. In any case the diileronco in hardness bclsvn’ 
X-i’iiys and y-rays is far from being us great as that l)otwe(m vjnil«l«^ 
light and X-rays (the ratio of the wavedcngtlm is in tl\e lattm* 
given by a factor of about 10"^). Whether, in addition to t)ic lin*"* 
spectrum, there is also a co7itinuoiUH background m the y-iipectrim 
not yet been xn’ovecL KxporiinGiits carried out by Edgar Meyi*r * itiii* ® 
Koyarikt seem to favour a one-sidedneas in the emission of y-nt^' H- 
Himilar to that which oocurs in the ease of llontgen rays, hut, in c*m * " 
formity witli the greater hardness, this cliaraotoristio is oorr(?sp()(\dih)MC^ly 
m o re strongly pronounced , The y-rays, too, in'oduco scattered sceoiu 1 u i >' 
radiation and secondary /3-radiatiom In radium‘thera])y, y-radiiil » 
alone is ofl'cetive r it is surmised that its ofteotivoncss is due solely l(» t U* ^ 
secondary j9-radiation generated in tho diseased tissues, whieli 
caimes their disintegration (of, Fig, 10, in Avhioli the eorrespomliiii^ 
process is exhibited for the case of air that is traversed by i . 

In particular, it is the y-rays of RaO and MsT)i2 (of. Table 1 (d § 7 i»< 
tiiiw olmptor) that are applied in inodioal practioe. 

All tilings considorod, there is no doubt about tlie similurily iti 
iiaturo between y-rays and X-rays. 

A typo of radiation which exceeds y-radiation in hardness is vosrs* • 
or %Mm-y-7’‘adialmi (also called Ihmolie HtrahHng in Germany, uflei’ i I 
cliacoYoror Hess), Its hardness exceeds that of y-radiation by u fnrt* >i 
of about 20. Tiie origin and nature of this radiation is a s\il)jeul 
lively discussion at tho iDrosont time, It is probable that it will 
us information on extraordinary atomic prooo,s8es which eanimlr Im-^' 
observed on the oarth (building up or dismembering of atomic 
transformation of atoms or protons into radiation, Zerslrahhmg), 1 1 * ^ 
cosniio origin of this radiation would be established with oorlalidy it 
the observation becomes confirmed that the radiation varies poriodlual 
with sidereal time. On account of its similarity to y-radiatioji, it 
liitlierto been regarded as obvious that cosmio radiation is U 7 utubff**r f/ 
in cliaractor. This assumption has recontty been called into dunbl | it # i 
favour of a corpuscular interpretation, in whioh oosmio radiatinji *?«*. 
regarded as consisting of extremely rapid oorpusoles, Actually titi-* 
properties of jS-rays of a velocity very nearly ecpial to that <»t | 

approximate in every resx)eot to the i^roporties of wave-radiation ; 
acquire an inoroasiugly greater power of penetration and becojnt^ nit *rm^ 
and more diihoVilt to deflect. On account of tho uncertainty of 
subject, wo arc compelled to close tho discussion with thcHO bri*>f 

Ann, d. Phys., 37, 700 {1912] j of. also E. BuchwaUb idem, 39. 41 (19) a). 

t Rev., 14, 170 (1910). 

\ W, BoUio and W. KolhCrstor, Zoits, f, Phyeik, 66, 761 (1020), 
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rciotu'lis, alUioUfjfii cnMmic radiation pronmes to reveal important 
iufoi’mul ioii on Uie prohlcni ol the origin and destruetiQn of matter,* 


S 0. Tho Photo-electrio Effect and its Converse, Glimpses of the 
Quantum Hypothesis 


liilu^ ilu'> inodorn developiuent of the doctrine of cathode rays 
(cf. S 2), so tlu^ knowledge of the photo-electric effect is to be traced 
l>u(?k to a paper )>y H, Hertz (Oonce'tiiing mi Effect of Ultra-violet Light 
oif Electric Dinchargcy 18H7). Eollowing in Hertz's footsteps* HaUwachs 
showed that when a metal plate is exposed to short wave radiation, it 
h(‘eonu‘s jiosibively charged ; and it was Lenard t who recognised that 
IIm* li'iie mwHi) of tluH whole category of phenomena was to be sought 
in Ihc luiipuKcular negative rays, the photo-electric cathode rays. Their 


s| K'cilit; t^luvrgc' - was found to be equal to that of ordinary cathode rays, 

lull' tlit'ii’ v«l()((ifcy was found to be many times smaller than the latter. 
Wlit'i't'as in tlie Welinolt tube we met with iiarticulai-ly slow cathode 
lays i^xeitisl by a voltage of 110 volts, the photo-electrio cathode rays, 
when nidiKicd In tlio samo Avay to an imagined excitation voltage, 
tuirri'HpoiKl to only ono or two volts {according to etiimtion (1). p. 9). 
'I’hey thus have a volooity that is ton times smaller than the velocity 

111 liio Weiinelt tube (of. ]). 8). . . + 

'I'lio following dmcovorioa of Lenard are of very great importance.^ 
'I’lio inU ihvhi of tho exciting light lias wo inauenee on the velocili/ of the 
exidlcil plioto-oluutrui oathodo rays ; the intensity dotormmes oiily the 
nitmhvr of electrons omitted, which is exactly proportional to the m- 
leimilv lint the velocity of tlie escaping electrons depends primarily 
ou £ roC of tho cxdting light. Ultra-violet light produces the 
(iniekest iihoto-elootronH, and that is why its photo-electric activity 
ius diHcolered lirst (by Horte). Red hght endows the P 
with HO Hinall a velooity that in the case of most metals (it is difficult t 

"'"'a hw i»gh(,r (logrco of photo-electric activity than that of ultra- 
violet light is poHseHsed hy . T^eculiarity of tliese dis- 
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dynanikjH in Huh eoniK^xion. Tliermodynamlos investigates coiuhi ' 
lions Unit govern the iniiisfonnatkm of heat into work and, in partioula 
Ihoji, tho production, of kinetic energy. It teaches ns to recjogius*’ 
temperature as the inoasuro of the work-value of heat. Heat of 
temperature is riclior, is more readily able to bo traiusfornicd into wofk 
tlian heat of lower temperature. Work may he regarded as lieat of un 
infinitely liigh temperature, as unconditionally available heat, 

In the case of tho photo- electric effect, too, we arc dealing with tl»*- 
production of kinetic energy, Avhicli is drawn from the energy sup])ly < ’ f 
the incident radiation (the fraotion tliat is absorbed). We shouhl 
expeot more intense light to xn’odnce a greater photo-electric eilot^fci 
than, less intense light. But this, as we saw, is not true. Tho work- 
value (Weriiglceit) of the light is not determined by its intensily but hy 
its frequency. Blue light has groat efficiency, red light but little, '.Pin- 
intensity determines only the quantity, but not the quality of tlK^^ 
Xjlioto-elcotrie action. These facts are very strange, and dojiart greatly 
from the usual theoretical conceptions : they could not bo explaincul 
on the basis of olassical mechanics and optics, The key to tlioin wan 
furnished by the modern theory of quanta, 

Tlic quantum theory is a child of the twentieth century. It caiiu? 
to life on l^th December, 1900, when Max Planck gave tho JMiLscha 
Physikalische OeeelhcJiafl a method of deriving tho law of black body 
radiation, discovered by liim shortly before, on tho basis of a novol. 
physical idea. As is well known, wo apxdy the term black body radiation 
to that condition of equilibrium of heat radiation which comes alnm b 
in a space enclosed by bodies of any kind, but at the same stoutly 
temperature, Tho term itself is duo to the fact that radiation i>f 
precisely this intensity and spectral composition is also omitted by a. 
black body, that is, a non -reflecting body at tho same tomx>oraturo , 

The xn'oblem of radiation is rooted, on the one hand, tlion, in tliornio- 
dynamics, in tho laws of tho equilibrium of heat and, on tho other hand , 
in electrodynamics, in the laws according to which light- and hcat- 
vibrations arc excited, and absorbed, Planck spent yimvH 

of consistently planned work in seeking to x^onotrato into tho realm 
of electrodynamics with thermodynamic principles. To retain agnen- 
iiiont with observation and experiment ho finally saw himself comi>olUHl 
to take a bold step leading away from the high road* of our usual wavo 
theory and to prox)ound his hypothesis of energy -quanta. He x)ostulatt^c I 
tl\at energy of radiation of any frequency v whatsoever can be emitted uiul 
absorbed only in whole multiples of an elementary quantum of energy^ 

e = hv (J.) 

h is Planck’s quantum of action. Prom measurements of radiuticjii 
Planck soon succeeded in determining the value of his constant ; 

A 0*55 , lO***®’ erg sec. , 


• ( 2 ) 



§ 6, Tlic IMiotocIcctric E(Vcct Jind its Converse 37 

(Its (liinonHinnK ai o : energy x tin\e, the same as those of the mcjclian^ 
ical “ action that ocenrs in the Principk of Leant Action.)^ 

Tins postulate dnoK indeed upset our usual ideas of the wave tluuny* 
If Avavo energy is propagated (jontinuoualy in sj>aeo and becomes dis- 
persed, how can it tlum condense at individual places so as to Ijc. 
absorbed in (pianta of finite size 1 Moreover, how can it bo omitted hi 
finite quanta if, according to the laws of (dassieal olcotrodynamicH ((d., 
for (example, equation (2) of p, 24), every change of motion of tlie (UMitrc^ 
of vibration, wlneli emits m<liation, is accompanied by an instantaii(^<Mis 
emission of radiation ? 

'ttie hypothesis of energy -quanta, however, also affects elassh^al 
statistics, that is, the method liy whieli, for example, in tlie Idnetie 
theory of gases wo calculate the average result of many individual 
events which are not known to us separately. Like every prohlem of 
lieat, so the problem of the equiUhriinn of radiation is ultimately a 
statistical question. 'I’lio radiation that we observe is composed of an 
immens(‘. number of separatt^ rays and separate events that oeeur in 
tlu*. {unitting htxly. Now, l?lanek’s investigations simwed that classiiNd 
ineehanu^s could ni^ver lead to X’lancjk’s law of radiation, which has laum 
verified by (disinwation so brilliantly, and tliat, on the contrary, it 
would lead to a H|)e(5truin of lieat radiation that would bo in llagraut 
contradi(5tion to the finds of experience. 

Tt was precisely this statistical aspect of radiation that engaged the 
speifial attention of tlu^ discoverer of the quantum theory. He pur- 
posely brouglit the elementary atomic phonomona which lie at the liiisis 
of radiation under one selienus liy operating Avith a liarmonic 
oscillator,^’ a ism figuration that emits and absorbs radiation in a 
manner dilTorent from that of the real atoms. Funstoin (and also 
Stark) maintained tlie opinion that the quantum conception must h(» 
valid not only in the statistit'al equilibrium of radiation, but also in I he 
elementary atomic }) hen omen a. Einstein *1* called his extension of the 
]>rin{fipleK of tlu^ quantum idea a heuristic view-point concerning llu' 
production and transformation of light.” 

‘.Disregarding for the present all obstacles wo shall folkw klinstifin 
and (les(iril)c tlu^ photo-ek^ctrie effect thus, WUe radiation that is active 
photo-el(Hdrieally is absorbed in enei’gy-ipianta hv according to cipiation 
(1), and, in a maimer do])eiuling on its vibration number r, it may 
generate an amount of kinetic energy Iw in the electrons dislodged 
from the metal. In this iiroeess tlie kincdic energy that wo measures in 
our ohsm’vations is less than tliat originally absorbed since the ol(i(4;ron, 
in ])ussing tlirough the surface of tlu^ metal, has to perform work to gefi- 
away. ^Tliis worlc of ('si^apo V keeps the free oh’.etroiis hack in th(^ nudal 

* 'I’lu' viil>u' wliirli Ih 1'^* iniiHl corrtnit al> Hio |)r(>H()ut tiiiio iH 

h ■■-■■■ (ii-nn ± iHmH) . i» oikhw!. 

t Ann, (1. l’hyn., 17, liW (lllOr.); rf, iilmn, 20, IM (ItHHl), Zur miirw </<r 
JAclile.rzMtyung vnd Al)m>r)ilim, 
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if thoro is no photo -oloc trie excitation, and it in different for dilTer<nit 
oondiiotora* The difference in tlie valnos of P for two dilTennit inrtnl?* 
finds expression in Volta’s series of contact potentials, and is ecjiml 
the difference between the two contact potentials. Accoi'ilin^ly, 
got for blie Yelocity of escape v of tlic electrons, if ni denotes tlie- oh'« ^ 
tronic mass : 


If we arc dealing, not with the ordinary photo-elec tri(? c*H‘eri n* 
a rnotallio surface, hut with the corresponding fleet at the indiviflii*» i 
atom (in a non-conduotor or a gas), then P does nob denote tlie work < 
escape from the surface of tlie metal Imt tlio work of escape from f K*" 
atom (the so -called Y^ork of ionisation). 

At the time tliat Einstein sot np thd relation (3), only qualilal " 
evidence was available on which it could he based : the vehanty 
olccbrons emitted photo-eleotrically increased with inorcaaiiig fn^(|uc‘iu\v 
of tho oxciting light (greater Jw) and with the increasing ole(5troji(»sil i\ 
cluirnoter of tlic metals (smaller P) ; nltra-violot light liad been hum* I 
to he more offootivc than red light; potassium, Ydiieh is sitimbHl 
at the oxirome end of the electropositive metalH, ^vas more 
than copper and silver. Quantitatively, Einstein covdd coidinn 1li«- 
law only so far as order of magnitude was ooncernod. 'J’he 
length of blue light is 

A — ()’4/ji — 4 , 10"** cms. 

The vibration mimbor (frequency, or number of vihratioiiB per si^eoiu I f 
corresponding to it is 

V = ^ , !{)»*► HOC"^ 

A 4 

and the corre 82 :)onding energy-quantum according to equation (1) iw 

hv (155 . 10-27 , ^ iQifi f) . crgs. 

According to (3) tho kinetic energy of the escaping clco Irons is jiiHl 
as groat, provided that wo disregard tho work of escape P for tli*" 
present. Now, if we oalcnlato tho xioiontial V Avhicli a Gathod(^ rn> 
tube would have to possess to produce tho same kinetic energy ii« 
a cathode ray tube, wo also got 

cV == 5 . 10-^2. 

If wo take for e its value in tho eleotromagnotic system, that is, 
ft ~ I’d . 10“2fl (ftee p. 15) 

wo got 

V =:= 3 4 1.0*^ eloetromagnctie O.G.S, units 3 volts. 

Tho saino oiTlor of uiagnitude, namely, 1 to 2 volts, eharaeteris(‘H th*"- 
eon tact differonco of potential between Ivwo somewhat distant junta! s t 
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V<)lt»i<t HorioH, and lienco also our work of escape P (which is, so to 
^^,cak, tlu' flilTeronoo of contact potential of the metal relative to a 
^ tho kinetic energy of the escaping electrons there then 

^.tijiuiins, acutording to (3), if wo take P into account in our calculation, 

I { Itcwist' an (unouut of 1 oi,' 2 volts, corresponding to the above-mentioned 
(jl'th'r of magnitude of tho results of observation. 

'I'lu' ordcu’ of magnitude changes if we pass from visible liglit to 
l-l(5nlgtm light (X-rays). Tho wave-length of the latter is, as wo 
mentioned in th<i preceding paragraph, about 10'* times smaller, and 
their vibration fioquonoics about 10'* times greater than the 
(•<»rrt'sp''i'ding (jnnntities in tho visible region. If we carry out the 
t^iime (uilciilatiouH foi* X-rays as made just above for blue light, we get 
f<ii‘ the kinetic energy of X-ray photo-electric cathode rays, or for the 
^loUmtial eoiTcsponciing to this energy, in place of 3 volts, 30 kilovolts, 
that is, a voltage such us is usual for working a moderately hard X-ray 
tiilH'. ( lleiu'ly, the work of escape P, being only of a few volts, is to be 
ju^gli'iitetl in eompai'iscm with a voltage of this magnitude. Wo tlius 
n rrive at an amount of energy that corresponds to that of the secondary 
tiutlmdc' rays mentioned on page 23, of which Ave said that it is ecpial 
in tliat of the corroaponding in'imary rays. This sboAvs that the 
Hi'fondiiry ctathode rays are to be regarded as a plioto-electric effect of 
tli(A primary X-rays and that their energy, too. is expressed by Einstein s 
riirmula- wi far ns tho order of magnitude is concerned. . 

'iVn vears alter Ifiinstoin Irad propo.secl his law, it became clear that 
it was nob only true in order of magnitude but that it also gave tho exact 
nuimtitative e.'C))reHHion for the photo-electric effect. This was « ^ 
in niu'timilar liy Millikan * for the ease of tho sharply defined greatest 
nil rgy ivhio.li uumochtomatic light (light corresponding to a definite 
« tml line) is capable of generating. For if we plot the g eatest 
o iemiort that arc obtained by using various spectral lines m a diagiam 
nlw, enevLfies UH ordinates and tho vibration fi-eqnonoies of the spectial 

the ciiimtiint h. onerev generated and that just 

this and not some inotvn vain kleas. For the energy- 

in fniib, tn he exjiectod accoit “^8 ^ . incident radiation initially 

,,uimlum hv denotes the electron for the purpose of 

puts as a maximuni at P i^^deed, he reduced through 

I ihoto-elootrio omission. I n' SY , . jx „ever he exceeded. 

Lumiulavy losses of energy of energy 

We liavo. ‘^\p,teriJmecl by the theory of quanta. It 

as being iirimni’iVv S'von and d Y Einstein’s law very ae- 

iippnars tliat l.liis maximum of onoigy y 

enrutely. 

■» It. A. Millilom, A Direct VMo-eledrio . 
llnv., 7. :iM(HII0). 


3 BeUrmination of Planck x h, Phys- 
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Wo dcinoiiatrato tliisin the following diagram (I^'ig. 12) by Millikan, 
winch iia^^ been obtained for the case of litliimn ; tlio msidt for Hodiuni 
looks quite similar* Millikan used as a source of light live morciny linen 
ill succession. The corresponding five jiointa of observation are in- 
dicated in the figure by small circles. 'Hio froqnoncy number of the line 
coiTcsponding to the shortest wavo-lengfcli, tiui so-called resonanccj-line 
of mercury A ^ 2536 A (A — Angstrom unit “ .10*"^ cins. — in 

V ~ ILB . 10^^ ; this number and the frcquoncies of the otlior lines (^uii 
1)0 road off from tho figure along tlie a*- ax is at the top. Opposite the 
Li -plate is a so-ca-lled [Faraday cage (carefully sheltered from electro- 
static influoiiccs) which is coniiooted with the electrometer: tho plate 
gives iij> the photo-eleetric civtliodc rays, roloased by incident radiation, 
to this li'araday cage, TJio plate and the cage are kejit in a vacuum. 
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Fio, 12.' — X*roof of tho Linafcoin pliofcooloetric of|iiaUon, Tho fliiuill aiixlliiiry 
diagram showfi liow Millikan dotorminod iho rovorHing potonllal for whirL 
fbo pliotoolootrio ouvroiit produced by tho inoidont light (Tig, A = SnaU) 
just aqnnl« v.oro* Tii the main flguro tho froquoiiny luunhor of tijo light 
iiociessary for tho libomtion of pho(;o-<doo()roim is plnttnil. against tho 
<!orreapondijig rovorsing potoutiuh 

If tlie 2)late is now charged positively, the ejected electrons exporloiu^n 
a restoring force. A certain intensity of charge just suMoes to turn 
liack all cleotvons, inoliuling tlioso that are emitted perpend ioularly io 
tho plate with the maximum velooity. The reversing potential , in 
volts, corresponding to this charge is at the same time, according if) the 
law of energy, a nicasnro of tho inaximiun kinetic energy of the escaping 
plcctrons, Oorrosponding to every vibration frequency of the inoid(vnt 
light there is a difforent photo-electric maximum of energy, tliafc in, 
a diflhront voltage of the reversing potential. Millikan next proceeds, 
by means of an auxiliary figure (see Fig. 12, the right-hand hot torn 
corner), to detcrniino graphically tlic voltage of tlie reversing potentinl 
for whUih tlie photo -olcctric current becomes just ecpial to zero.’^ 

* Of, also tho oritieism of thia iiiodo of proocMluro by (). Kloinnoi'tu’, f, 

Phymk, 16, 280 (15)23). 
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In the main part of Fig. 12 this voltage numl)or is plotted as the 
ordinate, and the same is done in the ease of the other four fref|iienoics. 
The points obtained lie beautifully on a straight lino {departing from it 
by less than OT) per (jont,). T"he inclination of tlic lino, expressed in 
G.G.H. units, is 


h (i‘58 . Id '®’' erg sec^. in the ease of la 

and h ()*f)7 . 10“^’^ erg sec. in the case ol Na. 


These values agroi^ siinicnently well vdth I^Ianck’s value of h in equa- 
tion (2). ■ 

In the realm of X-rays, too, we may regard JSinstoin^s law as an 
VAVact expression of tl\o facts and not only as being correct in oitUu' of 
magnitude : luu’e we may state it in the simplified form in which the 
work of escape V is omitted (ef. p. fit)). ’[Phus wo write 




2 


==3 JlV 




If vm mtd Ihii^ rqmlion from r/(//d lo hfly it represents tlu'. pr()(50ss of 
generating He(U)n(lary cathode rays by ])r unary X-rays : it (let{n’inines 
from the fre(|uein?y v of a jnonoehromutio llontgen radiation tlie 
maximum velocnby v of the cathode rayu wdiicii this radiation is able 
to release when it impinges on any arbitrary substance, and it like- 
wise dotermines the (jorrosptmding voltage that is equivalent to the 
maximum velocity gimerated in the catlioclo rays, Wo here have, ns 
in the photo-electric cfi'cct, IM iranajormatioii of tvam-mdialion into 
corpuacyular radiaiion. The saino equation, liowever, represents iha 
Iranaformntion of corptimdar radiation into ivctm radiation. For if we 
read it/?*om left to righlf V denotes the voltage of tlio X-ray tube, This 
])rodui‘-oK the primary eathodo rays of velocity v : wdicii the latt(u' strike 
the anti-cathode, they produce X-rays, jiainoly, charactoriKtio radiation, 
and impaot I’adiation. 'Phe K|K?ctv\im of tiro imjnilHo radiation is, as 
we saw in tiro previous paragraph, continuous. Tins sjrootrunr stroUJuis 
from a small (soft X-rays) up to a aharphj defined limit in the region of 
short freqne.ncieHt which. (K)rresponds -witli tiro hardest X-rays that can 
ho prodruaul by tlu^ voltage Y ; tho frequency corresponding to tlris 
limit is given l)y equation (4). Ho, hero too, tho relation beltvem the 
voUage V of the tube and the. limiting frequency v is e^cpressexl by liinMeMs 
Ihiear law. Ah V increases, tho short wave limit of the contiinions 
spectrum moves to higlicr Ircquoncies. T*he frequency of the greatest 
intensity, as also the average hardness of the radiation, hocjomes dis- 
])laccd in the same sense. 'IMm well-known law (ef, p. 21)), that tiro 
hardness ineveases Avitli the voltage of the tulro, is thus likewise a con- 
soquono(’^ of ICiii stein’s law ; it is, in a sense, a more sketchy form of it. 

In partUadar, we get as a tlirect result of the double reading of 
BinsteiiPs law tlie equality, emphasised above (p, 2fi), hetwetm tlio 
velocity of primary and socoiidary oatlrodo rays. The produotian of 
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secondary cathode rays from xn'imary X-rays appears as the couvtn'so 
of the phenoinonon of the i3rodiiction of primary X-rays from priiimiy 
cathode rays. 

The exiatonco of the short wave limit of the continuouH spectrum is 
a leading feature in the complete picture of X-ray phenomena. V\mv 
seems no possibility of success in attempting to explain it from Ibe 
point of view of the classical theory of radiation. However we niny 
care to picture the details of the phenomenon of impulso radiation, I hi^ 
resolution of the radiation emitted into Fourier terms would, according 
to classical elcetrodyiiainies, load to a speotrum that would strch^li ((» 
infinity on the side of higher frequencies, Tims the oxistoneo of l lu^ 
short wave limit is an unmistakable hint that wo must go fnrtlier than 
tJxo classical tlieory of radiation and work out a quantum theory. 
Einstein’s law formulates this fact as compactly and prooisoly as can 
bo desired. As i]i the case of the pliota-oleotrio effoet, tlie moasurenuMd 
of the sliort wave limit of the contimions X-ray spoetriim may Im* 
elaborated so as to lead to a precise dotermination of the constanl; at 
radiation h. 

We have now to take only one stop further to arrive from EinstfUirn 
law at one of tlio main pillars of Bohr^s theory of spootral lines. 

Wo liavo scoix how energy of iixonoohromatio froquonoy hv is taluui 
up by a metal atom and how it reappears as kinotie energy of a plint o- 
elootron. If wo now sui)poso that the absorbed energy of vil)rati<m 
does not siiffloo to roloaso the olecti’on from the atom, thou it will oxxly 
effect a re-adjustment in the atom, in which the atom passes from n 
lower to a higher step of energy. Wo can imagine tliis transition t(» )m» 
similar to that of a wTught which is lifted from a lower initial position 
tq a liighor iinal position. If and (> t/q) are the initial and lintil 
energies of the atom, respectively, then we get, as a eovinterpart In 
Einstein’s plioto-cloctrio equation, Bohr's fundammtal aquation for n 
2 )henomcnon of oqdical absorplion : 

Jiif = 1 = , , , ( 5 ) 

Hero the primary energy originates in the inoidont radiation ; ilu^ 
consoquonco is a change of configuration of the atom. If, however, wu 
suppose that tlio primary energy originates in the change of configura- 
tion of the atom, of wliicli the initial energy is Wi and the final emugy 
thoix v'O may horo, too, expect a radiation to appear tlius : 

/ h}f — — . ♦ . (d) 

Tills radiation is now strictly monochromaiiCi if wo assume tixat in UiiM 
ease ^V 2 ns well as is fixed as a discon tiiiuoua quantity by the eon- 
figuration of the atom. In equation (0) we liavc fu7iflamcui(fl 

eqnalion for iJic, pJiemoincnon of ojdical einission. 

Like Einslcin’s law, this extension of it by Bohr clainis to be valid 
with abHohitc accuracy in tijo entire spectral region from the h1ow(*s(- 
heat rays to tlio most rapid X-rays and y-rays, 111 us this quaniuin 
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law rcgnlatoH in tho same way m Kin»tcin's law the tranRition of wave 
radiation into corpUROular radiation as well as tlie reverse process ; it 
govorjis tho xdienoinona of alisorption as well as those of omission, in 
optical rogi(mH as welt as in tho region of high freqnonoies. There is 
no doiiht that wo are hero dealing with one of tho most mysterious of 
physical laws. 

§ 7. Wave Theory anfl Quantum Theory* Compton Effect 

Heinrich Hort'/*,* in his discourse at the Hcidolberg Session of the 
Soieneo IloH(Mirch Sooioty {Nalurfomhergeselhcliafl) in 1889 , drew eortain 
general eonolnsions from his experiments on oleotrical waves and made 
the following romarlcs al)out tho nature of light : 

Wlnvt is light ? Since tho time of Young and Trcsnol wo know 
tluit it is a wave-motion. Wo know the velocity of tho waves, we know 
their lengths, and wo Icnow that they are transverse, In short, our 
knowledge of the geometrical conditions of tlio motion is complete. 
Any doubt about those things is no longer possible ; a refutation of 
these views is unthinkable by the physicist, Tho wavcvtlu3ory of light 
is, from th(3 point of view of human beings, a certainty.” 

Mas this (certainty meanwhile boon sliattorod ? Yes and no 1 In 
all (juestions of inierjemica and lUJfraclion tho wavo-tlioovy has not only 
maintained its position, hut lias actually gained new gro\md. It has 
extended its range of validity towards tho side of small wave-long tlis 
as far up as Itdnlgcn and y-rays, and towards tho side of groat wave- 
lengths as far down as the waves of wireless telegraphy, whose length 
is measur(3d in kilometres. In all questious, however, which, in 
Kinsteiids language (cf. p. 87 ), concern tlie 2'>^*odncMon and Ircmjorma- 
lion of light we must ()])orato with “ light quanta ” (pliotons), that is, 
witli centres of energy which move away from tho sourco with tho 
Y(docity of light. 

It (Iocs not ax>poar that the dnaUfuny light-wavo and light- (xuantum, 
is capable of being overcome, This conviction is strengthened by the 
cirmimstamje that in tlio ease of corpuscular radiation and of matter 
generally a similar dualism has manifostod itself, TIio now wavc- 
me(?hanms, whleli will he diseussed in tlie second vohime of tlioprcisont 
work, signiiUm that matter must, be treated partly as ivave and partly 
as corp^isde., as the former in iirohloms involving dellootion and diffrac- 
tion, us tlie latter in questions involving transforenco of energy, as also 
ev(m in th(3 fonnulation of the fundamental wave-equation, A more 
penetrating (witieal analysisof physical oxporionoe (given by Heisenberg’s 
Uncertaijity llolation) makes it possible for tho two methods of do- 
scri])tion, tli(3 wave and th(3 eor|)uscular view, to avoid coming into 
oonilic^t with one another. But this aspect, too, wo shall reserve for 
th(3 siHunul volume, 


* (loRuminolto Wodm, 1, IMO, 
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CluipCcr I. Introductory Facts 


Wc shall mnv deal with tlio corpiiKOular view of light, whicfi lias 
oil joyed its greatest trhimpli in the Ooniplon effect. Wo shall initiate 
our cliaeussion by first fixing our attention on the Dopphr effecL 

It is well Itnowii from astro -physics that the Hpoetniin of a Htiu' is 
slightly displaced to the violet or tlio red end of the Hjiootruin acconliijg 
as the star moves towards or away from the observer, '.flie i-el alive 
displacement is equal to tlio ratio of its velocity in the line of vision lo 
tlie velocity of light, tliat is 


V 


AA __ V 
A 0 


cos 0 


( 1 ) 


wOioro 0 denotoH the angle between the lino (?oinuurting the star with 
the observer, and the direction of Iho velocity v, Wliat holds for Hlinw 
and their spectra also Jiolds for every radiating atom. Equation (1) 
therefore gives m the oliango in tlio wave-length of any Hpootrii! line 
(for example, the D-lino of the sodium atom), wliicli the atom lno^dng 

relatively to the ohsorvor (unihs 
as eompared with that omilled 
by an atom at rest. 

It seems almost impossihle to 
understand the Doiipler (dhsd. 
except from the point of vi(nv 
of th('. einssieal Avave-thcory : if 
tlio emitting source is approiu fil- 
ing us tlio Avave-surfaoes Ix^iioine 
oompre.ssod togotlior, and 
liavo a shortening of the Avave- 
length (A A < 0) ; if the souiee 
is moving away from us I he 
Avave-surfaees heeonie dra av i i 
apart, and Ave luiAai an iiimeasi? 
of Avavc-lengtli (AA > 0), and avo arrive directly at formula (I), hi t ht^ 
face of these remarks it is extremely instruetivo to see liow av(^ can 
understand the same formula equally Avell from the point of view of 
hght-qiiaiita.* 

Wo assume that the radiating atom docs not emit a spliorhuvl Avavi^ 
but that it omits a quantum in one direction, for example, in the diiei% 
tion or tOAvards the observer (Fig, 13). This quantum has the energy 
hv. It imparts to the omitting atom a recoil in the reverse direction. 

';i4io magnitude of this recoil is ^ . If avo do not Avish to pvoiMM‘d 

0 

primitive corpuHCular lines avo can base this assumption on a very 
general consequence of the theory of relativity, namely, tlie Law of 
Inertia of Energy. 



h'j«. 13. — Monioiitum oxoluingo in tho 
Popplou offoot. TJio pnrbiclo hns 
initial momentum tho ninittod 
light qiinntum inomoiitiim hvic, and 
tho pni’tiolo aftor oinlsBioii inoinon- 
tiim Miig. 


* Cf. E, SohrudiiiBor, rhysiknl. 28, 301 (1022). Our tmituiant diifi'rrt 

in form from that of Solirodingoi*. 
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n^gardw l\m law a a the niosi- iin]K>T'taiil n'suUr of tho HjaMaal 
llitu)ry of rc^ialivity. li- : (wrrn uviownl of omrmf a 

notfiH. iCiu^ru amonnt of in molion Tepntmmlti a inommtum. The 

wngnUiide of the rnami /.v equal to the viagnitnih of the energi/ (Uvided by 
Aeeonling to this law the mass wliioh moves with (Mir light-quantum is 





h 

cK * 


m 


Since j like its eqnivakmt energy^ it moves witli tlie velocity of light c, 
it 1ms th(^ momentum (impulse) : 

hv h 
uG -- — . 

’ c X 


n^hus, the law of couMmUion of 'inoDWikiniy which is tlm fmmilation 
pillar of mia5hani(3s, and of which the law of cxmm'vathn of energy is 
only a cimseqnence, demands that the atom should experience a recoil 

—* — as was asserted above. 

0 


Using th(3se two laws of oonsorvation, wc now (jonstmet the cliange 
of direction and tlie change of vehnsity of the atom diu*. to the iHicoil, 
Let Vi 1)1^ the original velocity, Mvi tlie original momentum, ami 
the velooity and momentum after the emission, Lot the omission 
occur at an angle 0 witli respect to the original direction of the velooity, 
Let the angle with respect to tlic changed diroijtion of the vedooity he 
0 “f* A^^. We construct tlio latter by draAVing the recoil ()!B at tlie 
continuation OA of tlie original momentum.' We mark oil "" OB 
and Mvi OA, and so obtain in the lino UA the change in tlie value 
of the momentum. We calculate it from the triangle AB(J, which avo 
may assume as approximately rectilinear and right-angled, We get 


MA?; M('yi cos 0 , . . (11) 


W(J have thus applied the hvAV of conservation of momentum . We 
still liave to make use of the laAV of conservation of energy. Let 
ami be the energy of tlie atomic conllguration before and after tlie 
omission. According to the ])reocding section, equation (h), the 
folloAving frequency is emitted by the atom at re.st in the change of 
conllguration wq : 

. (4) 

The frequency emitted liy tlie moving atom dillors from this : lot it bo 

^'1 * 

V H- Ai^. It folloAVS from the energy-equation thus : d' wq is tlie 

M 

total energy of the atom before omission, d- ‘L h(v -I* Ar) is 


■*‘11 is obvious that tbo roHli-masH of Urn light- quautiun is iiqual to wsro. 
OtliersviHo ilio irmnH nioviug with tho velooity c would have lu ))« iiiiluitoly groat. 
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tlio ojiorgy of the atom after eniission ~|- (energy of Uie (anittiul liglit- 
quantiiai. Heiicjo 

—V,® -1- Wy_ = -!- i«a H- Hv -I- Ar) . . (5) 

Substituting from (4), wo obtain 

Mp = V ” V) = M'A . . . (0) 


If wo write d for tho arithmetic moan of tlve volooities Vi and and 
aubatitute for tho ohaiigc of momentum MAu, its vahion from (IJ), tlioii* 
dividing by Ar, we liavo 


V 


- cos 0 
c 


(7) 


which is precisely equation {1), witli tho tlilTercnco tliat v now takes tbo 
place of V, whicli is of no consequoncc. It is a eharaeteristie feature 
tliat h cancels out in passing from (b) to (7). 'J.^liis oircinnstaneo, wliieli 
is in a certain senso accidontal, helps us to understand why wo can 
explain the Doppler ofteot just as well from tho point of view of tlm 
classical wavo-tlieory as from that of the <piantum-theory, wliieh avo 
liaA'^e hero adopted. 

In the above tlisoussion we have apparently boon inoonHistfuit in 
sotting the recoil equal to^ instead of to 


If wo \m tho 


latter value instoad^ our result beecunoH changed only in tenuH of tho 
second order, that is, in terms involving (v/c)^. But if avo Avished to 
take into account sucli terms, wo aliouki have to caloulato rolativistically 
from tho outset and should, in imrticular, havo to Avrito <l()wj\ a diilereJit 
exprossion for tlio kinetic energy of tho atom, In this ease, as has lioeii 
oniplia»Hised by Bohrdclingor, avo slioiilcl obtain tlio rigorous .Doppler 
formula in tlio sonso of tho theory of relativity, 

Wonowcomo to tho c(Toot Avliich Avas diBCovored by Arthur Oomjjton * 
and explained by him on tho quantum theory. Tliis elYoet oeours Avhon 
X-rays are soattored ; it is domonstratocl by an apparatus similar to 
that on page 25. Hard X-rays (for example, from a molybdojuim 
anti-cathode) fall on a radiator of Ioav atomiowoight (carbon, paraHia)- 
The incident and also tho Hcattored radiation is resolved spectrally 
(of, Chap, IV, § 2), It i» thou found that a part of tho secondary 
spcotriim is displaced witli respeot to tho immary spcetriim toAvnrds 
tho side of tho long Avaves by an amount AA Avhicli depends only on the 


_ * Tim oadioat oonumuiicutians by Compton wi’oj Idiys. Bov,, 21t 'X8S (11)2 ’3) j 
l^hih Mag., 46, 807 (1023). Of, in particular Fig. 1 of tho laat-montionod roforonoo 
wliioh oloaiiy shows tho way in w3iioh tho change of wavodongt)\ dopoiitlH on tho 
nnglo of Bcattoring Oi Tim theory givon by Dobyo in Physikal. /oits,, 24, BU 
(1028), obiToaponds almost exactly with ComptonV own tlmory. 
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Hcuttering tingle 0, Thu of uxporiiiiunt agree perfectly witii tho 

tlieorotioul formula ; 

AA — 2A 8111^ “ whore A' = — . , ♦ (y) 

/I is a iinivorsal lungtii having tho luimorioal value 

A -- 0*024 . 10“« om. 0*024 A. 

Its physical inoaniug may he eliaracterised as follows by equation (2) : 
it is the wave-length of tho light- quantum ivhose mass {i is equal to iiie 
real mam of the electron. 

To bring out clearly tho fundamontal signillcanco of Compton’s 
result, wo must hear in mind that tho scattering of X-rays is similar 
in nature to tho reflection of ordinary light. Botli phenomena arc 
explained according to the claasioal theory (cf, Note 1 of the Appendix) 
by tho sympatliotie vibration of tho elootrons on which tho light or the 
X-rays iiupingo. This sym- 
pathotie vibration occurs, from 
tho classical i)oint of view, ex- 
actly in rhythm with the incident 
wavG-radiatiou, It obHorvation 
shows tliat in a part of tho 
soattored X-ray beam there is 
in fact a uliango of wave-length, 
this ttigniljOH that the classical 
wave-ttioory can account for 
only a i)art of tho phenomena 
(tho unchanged radiation). 

Equation (8) is derived by 
CojuptoJi and Debye, oxaotly as 
above In tho Doppler oileet, by 
simply a])plying the laws of con- 
Rorvation of momentum and energy. Tho earlier figure applies to our 
jmosont case it we suppose the oorpusoular momenta MVjj, formerly 
used, to be now replaced by tho momenta of tho incident and scattered 
wave-radiation, respectively, and tho oai'lior ray ]w by a corpiisoular 
Htroam oi elootrons. Instead of the closed momentum triangle OAB of 
I?ig. 18, wlioso sides are l^bon get the closed momentum 

triangle of E‘ig. 14, wlioso sides arc h(v — Av)/c, 7nv. Here 6 is tlio 

angle of scattering, namely, tho angle between tho deflected ray OA and 
tho oontinuatioii of tho primary ray OB, Tho fundamental phyaloal 
assum])tion of ('ompton’s theory is : if an X-ray quantum is deflected 
by an atom , tlion some electron of the atom takes up energy and momoii- 
tuni difToronoes that become liberated in the process. Tho electron 
that is alone ollcotlvo in this act is treated as a free electron, in spite 
of its belonging originally to the atomic configuration ; this is justified 



Fro. 14.— MomonUim oxclinngo iu tho 
Compton offotst, Tho inoidont light- 
quantum has momotitnm /u'/c, tho 
omitted light-quantum inoinontum 
— Av)/c, and tho recoil oloofcron 
momentum wv, 
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in view of tlic groat energy of i-lio X-ray qnaivtuiii, at loartt for tiio 
more loosely attaohofl. elockoiis of tlio atom. (loflootioii of l\n) 

X-ray quantum, by the amount 0 of the angle of scattering lienee 
becomes possible only because an electron experiGnecs a roactioii o£ 
such a direction and magnitude as satisfies tho laws of conservation. 
[V\m postulate fixes uniquely not only tlio eluinge of frequency and 
waA"o -length of the X-ray quantum, but also the magnitude and diree- 
tion of tho motion of the ejected electron. 

In tho triangle OAB of Kg. 14 we have by the cosine law, 


coH 0 

Neglecting the term we ivritc for this ; 


( 0 ) 


. ( 10 ) 


Tiie energy law gives 

h>^h{p-Av)-[-^v\ . . . ( 11 ) 


that ia, — hAv, 

Ifrom (10) and (11) it follows that 

Aw = ^(l — — )(1 — cos fi) 
wc®\ V / 


for whioli wo may aiow write 

V l = 2A8iu^|, A = ~ = 0-02dA . (12) 

v(v -* Ar) 2 ' me ^ ^ 


We now shoAV that the left-hand side denotes just tlio change of wave- 
lengtli AA observed by Compton. Aotually wo liavo 




6 oAv 

V v{v — Ar) 


. (12«) 


Thus equation (12) is identical with our assertion (8), except that in tho 
doliiiitioii of A Ave have instead of the rest mass tho mass m of tho 
motion, whioli may bo set equal to mo in the noii-rolativistic broatment. 

If wo Avisli to take into aocount tho refinomonts of relativity, Ave 
must set m mo/Vi — (9), so that (9) noAV becomes 


mi 


2j32 


//4w\« Av\ 


Av\ 




, /hAv\^ 


/I OV 
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Hero the torni ^vhieh wna previously noglcoted is taken account of in 
tlio last tonn on the right-hand side. Oorrospondiugly, wo numt write 
for (11), . 


. . . (M) 

According to the theorem of the inertia of energy, the energy of the 
moving electron is ocpuil to vic^ and the energy of tlio stationary oloetron 
is so that the excess of energy of the moving electron is given by 
the dift’erenee of these expressions, that is, the kinetic energy of the 
moving electro ji : 

Ext,, == (m - mg)c^ - - l) . . (15) 


which we shall use in equation (14), Erom (14) 

1 




WioCV 



or, if we take the 1 across from the right to the left-hand side, and 
multiply throughout by 


It is very striking that when we equate the right-hand sides of eq\iati(3ns 
(13) and (16) the quadratic term in Aj^ cancels out. In this way 
Compton^s result (12) comes out, even wlmi no terms are neglected, with 
the dermition given for A in (8). 

Besides the wave-length of the soattored radiation the nnignitude 
and the direetion of the velocity of the expelled electron aro given 
uniquely by the preceding formuloi. The ratio of tlio Iciuetie energy 
of tlie electron to tlio energy hv of the incident light-qviantvnn is, hir 
example, by (15), (14), (12) and (12a) : 


kin _ A*' _ 9 A .g 0 V — Av _ 2A sin^ 012 
hv V 2 * c A + 2A sin^ 0j2 


(17) 


In the last stop of the transformation avo must replace v — Av by 
A ~h AA and AA in accordance with equation (8), Tlio ratio (17) tluiH 
ahvays comes out as a rather small value, oven for very bard X-raya ; 
for example, when A 10, A — 0'24 A and 0 — 7r/2, it becomes equal 
to only 1/11, and amounts to 1/2 only Avhen A A and 0 — 7r/2 . In 
oomparison with tho photo-electrons, avIioho energy is of tho order of 
magnitude of tho incident hv, the Oojnpton elootrons ** have a eon- 
sidorably smaller value, Tho dirootioii of their momojitum depends of 
oourso on tho direction 0 of tho soatterod ray, but always has a piositive 
and, in gonoral, predominant component in tho i)i'olongation of tlio 
incident ray, part of Avhoso momentum it is, of course, that is trans- 
ferred to tho Compton olootron, 

YOU, I, — 4 
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The fact tluvl) ill addition to the displaced scatitu'cul nidiatiou lui 
undisplaced radiation, which is coliorent witli tlic primary radiation, 
also prcHcntH itnolC oan bo reconciled witli the- aliovo Huh >17, We luxal 
only suppose that in this process the momentum of tlie primary radiation 
is taken up by the ivliole atom ; the change in tho frequency of tlie 
light- quantum then becomes inapprcoiahlo, ef, (8) whore the electronic 
mass would in this case liave to be rcplnecd by tluj atomic 
mass M. 

We must oall si>eoial‘attention to a oharactoristic feature of formula 
(8), as contrasted with formula (1) for tho Doppler eJTect, tluit AA is 
inclopondent of the ahsolnte value of the wavodengbh. iL^rom thin it 
follows that tho rehlive change of wavedength becomes the more 
marked the smaller tho wave-length itself is. In tlie ease of hard 
y-rays, ivhcre A is of the order of magnitude of our A, the change 
A A becomes comparable with the jirimary wave-length A of the y-radia- 
tion, According to Compiton there is evidence of this in experimental 
results. 

''Jhis is not tho place to enter into the question of the experimental 
conrirniation of tho preceding theory, for example, in photographs 
obtained with Wilaon^a cloud ohambor (of. Fig. 10, § 5, of the present 
ehaptcr). This confirmation leaves praotioally notlnng to he desired 
at the present time, which is seven years after Ooinptoids discovery. 
But there arc other questions, such as tho intensity of tho displaced 
Compton lino as compared with the undisplaced lino and its doponcl- 
enco on the nature of the scattering atom which cannot be answered 
at all on the above simple corpuscular tlieory ; rather, they require 
tho methods of wavo-incolmnics and hence can bo treated only in tlic 
second volume. 

It suggests itself to us to inquire whotlier a Himilar to that 
obtained with X-rays is to be expected in tlm visible tH^gion, It i.s 
elcar that compared with tho weaker onorgy-tjuania of the visihlo 
region even tho moat loosely bound valency electrons cannot be regarded 
aa free. [\%o energy of the incidonb light-quantum docs not, therefore, 
siifiicG to produoo a recoil electron ; tho moniontum of tlic scattorccl 
light-quantum beoomos transferred, as in the case of the undisplaced 
Compton lino, to the atom as a whole, Moreover, it is not hng since 
wo have become acquainted with an oxitical ofl'eot which in many 
reflx)eots forms a eountorx)art to the Compton oiTect, namely, tho 
Raman * oflEoct. Raman has shown that the energy of tlm light- 
quantum can bo modified by tho scattering moleeulo, in tlie seattorlng 
process, in that either a part of its energy is retained as internal 
energy of tho molooulo or internal energy of tlie molecule hocojnoa 
added to tliat of the light-qiumtiim. This brief outline of tlio Raman 

* The first commimloationB on tho offoot wore : C. V, Raman and K. H. 
Krialnmn, Iiulian Joiirnal of Physics, 2. Maroli, U)28 j (d. also Naturo, iku fiOL 
and 122, 12 (1028), 
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nllVclxjoulaiim in il coi’iiusoiilar theory wliicJi was given by Siuekal * 
long before Raman nnuh^ Iiis diseovory. 

.liutiapituiaiiiig, we may say that tlie Compton eft’eeti doiuoiistiutcs 
very impressively the (Ivuil nature of radiation : the main features of 
tlie plienonicnon, the transfercneo of energy and momoiitum, are 
n^presenteil i^iost naturally by the light- quantum theory of radiation 
anti the eorpuseular theory of the electrons, whereas the liner features, 
the questions of intensity and distribution, are represented by the 
wave-theory of light and tlie wave- modi anios of electrons, which lias 
heon modelled on it. 


§8. Radioactivity 

Hitherto we have considered only the physical manifestations of 
radioactive pi-ooesses, A few remarks about the chemical carriers 
involved must now bo added. 

A charactcristie feature of radioactivity is that it occurs essentially 
only in the case of the elements of greatest atomic weight. Uraniinn 
{XJV’Uhn -- original ancoMor of the radium family) is tlie heaviest 
olomont, having an atomic weight 238d4, Thorium, the parent sub- 
stance of tlio thorium family, is tlie second heaviest of the elements 
that were known before radioactivity (as its atomic weight — 232*12). 
It is thoroforo allowable to regard atoms that are too heavily loaded 
with matter as hypertrophic condgurations that are unstable and 
disintograto into simpler forms, 

Wo sliall take for granted tbo sum- total of radio-ohomioal resoaroh 
in the form of tho genealogical tree given in Table 1 , How it became 
])ossil)le to set up these lines of desoont will bo made dear below (in tho 
theory of disintegration), and also partly in tlio next chapter (§ 5, Laws 
of Displaeemont I t need only bo remarked hero that without this 
theory as a kind of Ariadne^s tlnWid it would have been impossible to 
find a means of locating tlio members of this manifold series of now 
dements. On tlio other liand, wo must mention that it is only the 
extraordinary sensitiveness of olcotroscopic observations of radio- 
activity, a sensitiveness whidi far exceeds that of tho balanoo, that has 
enabled us to prove tho oxistoiico of tho products of disintegration, for 
tlicflo are often present in only very minute quantities.^ 

Wo distinguisli three radioaotivo families, the imnium-radi^uin^ tho 
lliorhiini and the actinium families. It is very probable that the 
actinium series brandies oil from tho uranium series, on account of 
tho ciroiimstanoG that uranium and actinium minerals occur together. 
But it is not yot known how this branching occurs in detail. Accord- 
ingly, wo trace tho aotiiiium desoont only as far back as proto- 
actinium, which was discovered by Hahn and Meitner. 

* A. SmekaJ, Natnrwisflonsdiafton, 11, 873 (J023). 
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Our lines of descent exhibit in the xij)por row the d(W(Oi»pnn‘ni 
the parent substanco to the tlirce emanations (imui gast’s) ; In 
lower row tlie development is shown from the emauntiun \\> a 
product, having the character of lead. In the acstiniinn series il ^ 
AcD (actinium lead) ; in the thorium series it is Thi) (thorimn h * 
In the radium series the analogous product Bal) is not tlio iinal | n ^ 
since the members RaE, RaF (= polonium), and Ilatl {— radium b 
are linked with it q>s later products. The similarity of th(^ Ihrm Un’* 
of descent between the emanations and the D-prodiuds is sliown 
only in the number of products of disintegration and. tlioir posit in n 
the natural series of elements (cf. the table of isotopes in § 2 of ( liapr 1 1 ^ - 
but also in their mode of disintegration (denoted in our Irv 
letters a and p printed above the arrow used to signify transtornmt ini s ^ 
y denotes that y-rays are present). At corresponding poBiti<inH in 
genealogical trees the disintegration is elTeotod oitlmr by an 
formation (emission of helium) or a transformation (oleotron ^ 

The notation hero adopted takes duo account of tliis iiaralhdisin in 
disintegration. It has been suggested by Stefan Moyer and S(?li \vn5ilb 
and differs from that formerly in uso (whicli arose historically ami whi * I ^ 
is thus less systematio) in the names given to tlio 0- and I)-pi'<nliu* b‘» 

Below the symbol of each element wo have recorded the hall*«valu# 
time ; this is the time whicli has elax:ised wlien lialt the body 
integrated. It is inoportional to tlie mean duration of life of 
element. We shall explain later how it is dotormined, Tlu^ nldurii 
tions a, d, h, m, s, denote ; year {aiimis)^ day, hour, minut(?, Hununl 
We thus have long Jived elements with spanu of life Htrotijhiiip: 
millions of years (UI has a half -value time of 4’6 . 10® years, Hint 
has one twice as long) and sliort-lived olomenbs whicli live only 
seconds or fractions of a second. TJio olomonts whose lives aro 
are to be found among those designated by 0' : 

RaC' has 10^« seconds, AcO' 5 . 10•^^ TliO' 

These numbers, like all the bracketed half-valiio times, liave liceii rntiinl . 
not by observation, but by calculation. There js also a 
parallelism between the half-value times of the tlireo fainili(‘H| in |m»i 
ticular in the above-mentioned region between tlie emanation aiul 
lead group. 

The branching between BaO and RaD over ItaC' and RaCf, and I 
. exactly corresponding branching of the Tlv and Ao- trees in of 
interest. The fact that RaO is transformed into cliiTcrent prcHliirl>. 3 r 
(BaO^ and RaC") according as it disintegrates by a /S- or an a- trails 
formation, is intelligible. But the fact that tlieso prod ue Is, 
subjected to the same transformations but interchanged (i.o. liy 
ot- and a ^-transformation respectively), resolve into the same olonirnic. 
EaB will be made plausible by the displacement laws of Chaj). 111, f "il 
but it is not empirically oertain. (The transitions which are inioortnini 
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in this sense are indicated by dotted lines in the table,) 
branch leads to XJZ, which was discovered l)y Hahn;* its 
evolution is not yet known. 

We tiuis see that in virtue of these rainifications tliore aiv 
isented in our genealogical tree not only eliildroii and grand-cdnldm i 1 * » » ^ 
also brothers'; 

Our next stop is to give a short acqount of the laws of radiom*! H 
disintegration. These laws arise directly and are of an oxtraordhur » i 
simple type. Being fully independent of toinporatnro and jiroHNiii''''^^ 
they thus differ fundamentally from the laws tliat goviu’ii ordini** > 
cliemical transformations. Nor are they dopondont on wlK^tlior 111 *" 
active substance is present as an element or a salt, wliother it U pni 
or mixed with other substances. Everything scomH to siijipoi l 
view that we are not dealing with an action of one atoin on anotlior i*t%t 
rather with some inner atomic process, 



ITio. IC. — BisG and fall of tho fi-rdy omission for If and UX. 'Hio UX tfuiii 8 

in a If -preparation is separated out ohoinioally at tijiio t II, 
(clirmnishmg) ^.ray omission of this TJX and tho‘ (ineroaftiiiK) oniiKMiiui 
tno U, always add up to tho same initial value of unity. 


In Fig. 15 wo consider a partioularly simple case, namely, tlmt cif 
the decay of UI to UX^ and UXg with tho further braueli Icadin^jj i*n 
XJZ, or, as we shall find it simpler and briefer to express it in tlio HCq 
from U to UX; this is the process which stands at tho boginninjf 
our genealogical tree. 

Let us take the ^-ray activity as an indicator. 'Lliat ia wo mIihU 
suppose the «-rays to he eliminated by absorption for tho sako of our 
IJresenb argumeut.t Oaily tho and y-rays peuotrato into tlio ('loot ro . 
scope, jomso the air, and produce a charge whioli flows into tho loivw®. 
of tlie electroscope, and which serves as a measure of tho aiumlioi* of 
jons formed. But since y-rays are inoffeotivo in forming ions as (unu -. 


t. phyS£A£ '“*1. Ml 

t ih nrni- o( Al to abtorb (iis mwt n,pl,| mildly. 
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l^arod with ^-rayn, wo noecl liero regard tbo activity as rofcrring solely 
to p-nxy activity ; inactive means producing ’* no j3-rays, 

".riio preparation with whicli wo start is not jniro iirani\im but already 
contains a certain very small porcontage of UX. It is possible to 
precipitate the latter from the iiranivim by repeated application of 
b ariuin sulphate. Who UX thus isolated carries away tlio whole activity 
of tlio preparation with it, and the TJ itself is left behind entirely inactive 
at first. In tlio figure wo have thus sot the initial aotivity of U equal to 
7.ero, and that of UX equal to 1. From those initial states onwards the 
activity of the UX diminislics regularly to zero, whereas tliat of U 
simultaneously recovers and increases from 0 to 1. By comparing tlio 
two curves we see tliat their ordinates at each eorresponding point add 
up to 1. If d\(l) is the aotivity of UX at tlic time and J2(0 tliat of U 
at the same momoiit, then wc have 

J2(0 = 1 . . ♦ (1) 

t 

Hence although these products are distinct from one another 
(ohemically, and, for example, separated hy a considerable (listauoe in 
space) they yet continue to act in full accord with one another : tlio 
aotivity lost by the one is gained by the other ; the sum of their 
activities is constant just as would liavo hcou the case if wo liad 
not separated them chemically. 

According to the disintegration theory of llutherford and Soddy, the 
explanation is as follows. The constitution of the atom, and this alone, 
invests any ai'bitrarily chosen atom with a coi’tain ^^robahilily tliat it will 
disintegrate in an arbitrarily olioson unit of time. Tliis probability is 
called the radioactive constant (or decay con.stant) of the atom. From 
this there follows tho essential principle of the theory of clisintogratioii : 
The number o! atoms that decay per unit of time Is equal to the radio- 
active constant multiplied by the number of atoms still present (namely, 
equal to the probability of decay of an atom multiplied by tho numbor of 
atoms). On tlio other hand, tho aotivity of tho propared substauco is, 
except for a constant depending on tho apparatus, equal to tho numbor 
of atoms that decay per unit of ‘time (in our case tlio atoms disintegrated 
by tho transformation). In oonjunotion with tho above principle, 
this leads to 

J(0 VAn (2) 

whoro J' aotivity at tho time t, 0 the apparatus constant, A — tho 
radioactive oonstant, and n — tlio number of radioactive atoms at tho 
time I, 

We next apply this principle to tho two curves of Fig, Ifi. 

I. In tlie case of UX isolated from its parent .substance, the numbor 
of atoms n is changed only thro ugh the decay of tho atoms present. 
Therefore tho number of atoms that decay in time dMs — dn: Ihvm 
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this» and from tho principle <)£ the disintegration theory wo got tlio 
following differential equation for tho disijitogration of UX ; 

^ dn^ hidt , , . . (3) 

l^henoG it follows that if denotes the initial nuinijer of atoms of UXj 
and if e is the base of natural logarithms, 

n = (4) 

and, by ( 2 ), 

J{1) ^ . (5) 

In our figure we ohose our unit so that iT(0) — 1, Hcnco wo must sot 

CA^o = 1 (h) 

and thus get 

JiW - e*-'' * • . • • (7) 

The curve in Fig, 15, which tvas obtained from direct observaliorif agrees 
exactly iviih this exponential la^o. Its rate of doolino allows us to 
detormino the decay or radioactive constant A, 

II, In tlio case of tho U that has boon purified of UX, lot N bo tlie 
number of uranium atoms at the time i, Nq tho initial nninbor, A tlio 
radioactive constant of uranium . l^he decay again takes place according 
to tho law (3), which now assumes the form 

N^NoC-A/ , . . ( 8 ) 

Now, tho radioactive constant A of tho uranium is oxtroincly small com- 
pared with the radioactive constant A of the UX, i,o. 

A < A ( 0 ) 

Hence, witliin a poriocl of observation that is not reckoned in millions of 
years, Ave may reasonably sot 

Af=- 0 , . ( 10 ) 

and hence, by ( 8 ), 

N-No, -i^^ANo . . . ( 11 ) 

Measurement of the activity in this case discloses nothing of this change, 
since it is an a-transformation, For this measuromont doponda only 
on the /^-transformation of the UX. Now a UX-atom arises from 
, each U- atom. If the, latter jwerc not to decay, Ave sliould Ixave simply 
dn — — and, by ( 11 ), 

J = ANo, = • . . ( 12 ) 

The number n of UX-atoms and therefore also the activity J(i) of UX 
Avoiild thus increase uniformly Avith the time, and Avould thus bo repro- 
seiited by a straight lino in Fig, 16, namely, tho initial tangent of the 
curve there shoAvn as But the increase does not continue indoR- 


§ 8, Radioactivity 57 

jutoly, for the UX -atoms decay in their turn : a state of equilibrium is 
gradually reachccl, in whicli just as many UX-atoms decay as are 
formed. If is the niinibor wlion equilibrium is rcaohed, then tlio 
number of UX-at{)ms which decay per unit of time is, according to (3), 
An^j, tliG nnnibor of those being formed is equal to the U-atoms that arc 
decaying, and equals ANq, by (U). Hence, in radioactive equilibrium, 

A^o-^ANo ...» (18) 

In ihe slate of radioncUve equilibrium, the number of atoms of pareni 
substance ami lyroduct are in the inverse ratio of Ike corimpoiuling 
radioactive constants. 

TJiis state of equilibrium existed during the initial separation of the 
U and the UX. '.riio equilibrium number just calculated is thus 
identical with the initial number of atoms of UX in equation (4). In 
the state of equilibrium the activity of UX will bo, according to (2) 
and (G), 

dg — OA?io — I- 

Our curve J 2 (/) wlu(;h was originally an oblique straight lino thus griulvi- 
ally curves round into a horizontal straight lino, whicli is at unit distance 
from the time axis. 

If, further, wo wish to find the law of curvature, wo must complete 
(12) thus : 

by taking account not only of the production of the UX-atoms but also 
of their decay. As a result of (13) this equation may bo written 

^ -I- Amp 

and may he integrated by simple mathematical rules, if wo talco into 
consideration tlio initial conditions n I 0, thus : 

n ^ %(! — 

By multiplying this by OA wo got tho activity Jji(0 — 0A?i. Ifrom (fi) 
we got for the latter, 

. (14) 

Thus J^ii) increases according to the same expoimitial law as that by 
tvhich t/j(i) decreases. Ja(/.) and Ji(0 s«ni up to unity. 

This is tlio full explanation of Pig. 15. The same diagram gives us 
the semi-decay time of UX. Por this, tho relation liolds, 

^ 1 or i . . . ,(16) 

The abscissa of Wie point of intorsootion is thus tho time which has 
elapsed when the exponential funotion has diminislicd to a lialf of its 
initial value, j.o. since the time 1^0* In our case tho curve tolls us 
that the haU-valuo (or filomhd<5cay) time hi equal to 23*8 days, 
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In addition to the half-vahio time we also arrive at the radnm. t* * 
constant. For from (16) it follows that 

A<,i - log„ 2 = •603 .... 

The radioactive constants are in the inverse luilf-val 

times. The values of these times are given in 1 able 1 . 

Closely related to the conception of half- value tune we ht».\e 
conception of mean length of life or average life- if ''Vo i nno .e n a 
by fc, wo get in place of (10), 




For, as in social statistics, we define the moan length of lifo )»,\ Iti '»■— 
multiplying each age by the relative niunhor of the indiviauals that, jii “ 
attain this age bat do not exceed it and then summing all thaw prodnr * 
of age and relative number. In our caso, wo flco froni (d) and ( t I 
— dn is the number of atoms which at the tiino I decay within Iho I iin* 
interval dl, and n^ the total number of atoms initially proseiifc, lhif< 

- zi^ = xe-m 
% 

signifiea the relative number with which wo aro lioro ooimortH’tl. 
multiplying it with the coiTesponding I and summing for all / n, 
get tlie required average length of life : 

0 0 

Equation (17) follows simply from this cloflnition if wo multiply linlls 
sides of (18) by A and introduce x as a now variable of integral ioit 

<o 

A^i, == ^ 1, 

0 

By comparing (16) with (17) wo see tliat wo got the average’' leiiglli^ 
of life of the radioactive elements by dividing tlie numbers of 'IV hie I 
by *693. 

In general, conditions are nob so simple as in the example v>v hav 
so far discussed. This simplicity was duo in tho first place to tlio fai-ft 
that the life of U is very long compared with that of Wo 

USD of the resultant simplification (A < A) in passing from equation (H | 
to equation (11). Tho fact that TJX was to oompriso Both tho prod nr 
UXi and TJXa has already been mentioned above. Bu b then tho furlhr r 
fact comes into consideration that tho life of UXg {/n: M7 niiuulm| 
is very short compared with tho life of UX^ (of. 'riiblo 1), and that \\\%^ 
life of UII is relatively again oxtraordinarily long (/n |h|()« 

The result is that immediately following on tho disintogratioji of rarli 
UXi^atom, i.e, at intervals of probably about a minute, the decay of 
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tlio now-boni UXa-atoni and the transition to tho Ull-atoin takes 
place. Tiio dooay is accompanied by and y-radiation, and thoroforo 
increases tho ionisation produced by tlio decay of UX^. Tho addition of 
tho decay of UXg doG.s not, liowovor, l)ring about to any appreoiablo 
extent a delay in tho rate at which tlio activity dies down, or a oliango 
in the oxponontial law givon by tho curve* This allowed us to use tho 
short tom UX,” as roforring to a uniform product, in our oxplaiiaiiou 
of Fig, 15, thus treating the two olomonts UXi and UXa conjointly as 
was tho practice forinorly before tlieso two olemonts had been Boparatccl. 
Nor does the activity of UII, which remains after tho decay of UXi and 
UXg, cause a change in tho course of tho activity curve, sinco, being an 
a -activity, it evades nioasuroinont. 

We get a complete jnoturc of the great possibilities of the theory of 
decay only wlion we consider tho course of tho activity in a case in 
which scvoval products of axiproximatoly tho same longtii of life j)ar- 
tioipato, Tlio classical oxaniplo is givon by tho precipitate which is 
produced by radium emanation. This precipitate consists of a mixture 
of BaA, RaB, BaC, which bcconioa transformed into tho longdivod 
!RaI), [Vho tlioory of decay enables us to separate the contributions 
of those diftorent oomponoiits to tlio total activity and to determine tho 
half- value period for each of thorn. Wo oamiot, however, go into 
furbhor details bore, and shall thoroforo moroly touch on several points 
of general signilioanco, 

'Che Goigor-Nuttall rule establishes a relationship between tlio life- 
period of tho a-partiolos and their velocity ; the shorter the life-period 
the greater the veiocitj/. In other words, tho more unstable an element 
is, tho more vigorous tire explosion. If wo plot tho lifo-poriod as 
fclic logarithm of tho half-value period against tho velooity as the 
logaritiim of the range, the Goigor-Nuttall relation is represented by 
a slraighi line in tlio case of every family, and those straight lines are 
approximately parallel for the difforont families, Deviations from 
straightness occur only at tho ends of those linos, tliat is, only in the 
case of cloiiionts of very short or very long life-periods. 

Wo next inquire : is radioactivity a peculiarity of the heavy metals 
uranium and thorium, or is it a general property of matter ? 'l.'Jio only 
certain result that can ho adduced ns ovidenoo is that potasskm and 
rubidmvi exhibit a weak ^-activity. Hence, althoiigli tho high atomic 
weiglit undoubtedly favours radioactive disintegration, it is not tho 
only (locisivo factor. Tho conditions for potassium are fairly accurately 
known. TJiero are two kinds of potassium (isotopes, of. Ohap. Ill, 
§ 2), one of atomic woiglit 39 and another, which occurs loss often, of 
atoinio weight <11, According to Hevosy it m only tlio latter that is 
I'adioacitivo. 

Tlicn there is the second question : WJionco does the energy of 

* For oxainplo, tho range ns nionsurod in air {s proportional lo the ouho of tho 
volooity, 
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radioactivo actions como ? At the boginiiing of § 4 wo saw tJiat tlio 
energy of the a- and /9-rays is many times more tlian tiiat whieli any of 
oiir present technical means will allow ns to produce in the case of canal 
and cathode rays. When the rays are kept back in the prepared sub- 
stance, they produce and maintain an increase in tlie temporatnro of tJie 
substance, which is several degrees Jiigher than that of the surrounding 
air, The heat energy generated by 1 grm. of radium amounts to about 
100 calories per hour. A familiar problem of long standing asks how 
the energy wliioh the sun loses by radiation is continually replaced. In 
this case, too, reference lias been made to the apparently inexhaustiblo 
supplies of energy derived from radioactive processes. Wlionoo does 
all this energy come 1 The answer is : from tlie interior of the atom, 
or, more precisely, from the innermost i)art of the atom, from tlio 
'' nuoleiis '' of the atom. We thus indicate the r61e which has to ho 
assigned to radioactivity in our theory of the atom. Tlio sources of 
energy wliicli thus manifest themselves to the outei; world are of an 
order of magnitude quite different from the energies of other physical or 
oliemical processes, "J^’hey bear witness to the powerful forces tliat are 
active in the interior of the atoms (in the nuclei). This inner world of 
the atom is generally quite shut off from tlie outer world. It is not 
influencod by the temperature or pressure conditions that exist outside. 
It is governed by the law of probability, the law of spontaneous dooay 
that can in no wise bo influenced. Only ns an exception is a door loft 
open whioli leads from the inner world of the atom into tlic outer woi’ld. 
The a- and /8-rays that are liereby omitted are emissaries frojn a world 
otherwise closed. 
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H.Y.DKOaKN STOOTKUM 

§ 1, Nuclear Charge and Atomic Number^ The Atom as a Planetary 

System 

T he abHorption of cathode mys and the doponcicneo of the 
iibHOi'ption on tlic velocity led to tlic view (of. Cliap. I, § 3) that 
matter lias a perforated struoturc. 

I?luthorford eamo to the same con elusion, expressed in a (xuantitative 
form, by experiments on the scattering of a-rays, In passing through 
thill metal loaves a beam of a-rays at first undergoes a general scattering. 
Just as the sliots from a gun at a target, so the points of impact of 
a -I) articles olustor about a mean position of greatest iirobability, tlio 
prolongation of tlie inoidont beam of a-imrticlos, and occur less and loss 
frequently in all other directions as wo move outuwds from this moan 
Xiosition, A ihiorcsoont sereon, such as is used in si)inthariscopos, 
allows us to observe and count the imxiaots of individual particles 
owing to the scintillation produced. But there are occasional dopavfc- 
ures from the incident direction, whioli amount to as much as 160°. 
I^lioy are few in number (o.g. in the case where platinum is tlio scattering 
loaf and a-rays from radium G are used for the scattered radiation, only 
L in 8000 of the incident particles arc deflected through angles > 90®) : 
but this number is much greater tlian is to bo oxpootod aocording to the 
luAV of scattering for small angles. Rutherford * and his collaborators, 
Geiger and M'arsdon,f made an acourato investigation of the distribu- 
tion of the.so abnormal dofleotions among the various angular segments 
for a series of metal laminaj, using a-rays of various velocities. Wo 
have already met with oorro8i}onding abnormal deflections in Wilson’s 
photographs, in tlio form of liooks at tlio end of the a-ray traoks 
produced, not by atoms of motal, but by air moleciilGs. Wo roproduoo 
in l^ig, 16 tlio picture of a particularly striking case (this is an enlarge- 
men ti of a portion of our former jneturo, Fig. 36). 

WJiat has happened to tlio a-particlo at this bond ? Rutherford 
ti’accs the oiTect back to very intense olootrio flolds that start out from 
a very small olomont of space, the miolous,” Since the magnitude of 

♦Phil. Mag., ai, 000 (1011). 
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tlie abnormal clefleofcions increasos Avith fclio utomie AVeight f)f ( Im drib < ^ 
ing elemont, the intensity of tlio dcfleeting iiold nuist also inort'ust’ u if 
the atomic Aveiglit. If avc consider tlie field prodiuiiHl by a ] )f>i i » iH-ha f k* 
concentrated in the nucleus, and if Ave suppose tin's charge to not ari^< *i ^ t 
ing to Coxdomb’s laAv, Ave can calculate tlie magnitude of the (diarg<* I h 
is necessary to account for the observed deflections. At tlie m^ggesl ^ 
of Kiitherford, ChadAvick * made veiy careful nioasiU’onieiit« 

deflections caused by thin Jamime of Ht, Ak 
and Gu, and succeeded in detorniiuMig 
an accuracy of about 1 per cent, tlio 
that must bo assumed in the 
nuclei. He obtained the numbers 77**1, Id il. 
and 29*3 for Pt, Ag, and Cu rospecOiv'cdy, 
pressed as multiples of tlie elomontary uhnig** *' ^ 
Tliese numbers agree, Avithin the limitn <if (♦rn**'. 
Avith the position of the coiTosponduig oh'JiU 'n* 
in the periodic system, namely, Avitli tlio ulnini*’ 
numbers 78, 47, and 29. Thus, follmviiiK 
Eiitherford, Ave onimoiato the fundanioul^H 
thesis : The nuclear charge is equal la Mr 
aioniio number mmerically. If in tlio gournil 
case Ave designate the atomic niimlun* by Z. 
then the nuclear charge of each olomont ih /jv 
T he nuclear charge, in itself, might junt 
m Avell be negative as positive, that in, flu* 
deflections might be regarded just m wv\l \m 
due to attractions instead of to reptilHlcMi«. 
Bat our general obsorvatioits about itum ujul 
electrons lead us to d(3aido in favour of (hi’ 
positive sign for the nuclear elungi^H. b\tr 
the nuoJous must possess not only a fou’* 
siderable oliargo but also a higJi r<wlMf/vf» 
power, that is, must have a groat nnius, in 
Older to bring about tlie great dofleotknm of 
fllinvbA {of r. oi\ 4 - a^partiolos. How it Avas the pOHUivr^ 

matte with 

matte, whereas the negative oharge was a proiioi'ty of the liKht untl 

mobile electron. Electrons, as centres of negative ohargos nuvv lie 

adduced to expiam the small defleotion in the regular® skttodug 

following summarisod statement. The 

'rs r 

* PWI. Mag., 40, 734 (1020), 



-Wilsoii-photo- 
g^apti of a-parfcieJefl 
in water vapour. 
The distinct hook on 
the loft sliowa where 
scattering by n posi- 
tive nucleus has 
taken place. 
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mickm Ifutrc Lh an {tlmosphm^ of neyativa chargefi, e.hclrons^ by which the 
cf.^partich xh allmded, 'IdicHo altniotiou.s, Avhich are «ujJorpo8ed accor^ 
cling to iJuj lawH of uluinun, explain fclio rvAjitlar milUirmg of sUghl angidar 
(lefleclioUt Avlnlst ropiilnionH explain tlio compamlively rare bends of great 
angle. 

Observations of a-rays also allow us to make deductions about the 
mx) of the nuclei, ^riio distribution of the deflections among various 
angles was oaloulaicd by liutlierford and Chadwick on the assumption 
that the Jiuoloar ohargo is concentrated at a point. »So far as the ob- 
served delloetions agreo with those calculated, tlioy thus show that the 
fiixo of the niielous did not intorforo with the paths of the particles. 
Ill the ease of gold, Darwin * lias obtained a value 3 . 10'”^’^ cma, as the 
possible upper limit for the ” size of the luiolous ; in that of water 
ho obtained 2 . 10 ^^^ ems, This estimate by no means precludes the 
nucloua from being aotually smaller, but it cannot bo larger if a dis- 
agroeinont with the observations of oc-rays is to be avoided. We may 
thus at least aiWrin with certainty that the miclms (as also the electron, 
SCO p, 8 ) ca?i be at moat of sub-atomic size. 

On tlio wliole, atoms must bo electrically noutml. Consequently 
the number of electrons f atom must equal the number of olemen- 
tary positive charges conoontrated in the nucleus. Hence we get our 
second thesis. The atomic number is equal to the nuclear charge {mmeric- 
«%), and both are. equal to the 7mmber of electrons around the nuchita, 

■ This tlie.sisuH supported by a result arising from tlio theory as well 
as from tlio moasuromont of KOntgon radiation— tho value found 
for tlie amount of soattorod radiation per atom, As wo saw earlier 
(Chap, I, § 5 , cqn. (13)), tliis amount led us to conclude that the 
numbor of exoited electron, s per atom that omit soattorod radiation is 
C()ual to lialf tlio atomic weight, Whorcas in tho case of optical waves 
only tho oritsitlc or loosely bound electrons (so called dispersion 
or valency i^lectwjos) perceptibly vibrato in sympatliy — ^tho inner 
cleotrons aro too rigidly fixed to be affooted by the optical oxoitation 
to ’wliioli tlioy aro exposed — tho X-rays, wliioh are of higli frequency, 
affect tho inner cleotrons (those nearer tho nucleus). The above result 
about tho scattered radiation was interpreted by us earlier as follows. 
The total number of oUctrons in the atom is approximately equal to half 
the atomic weight a 7 i(l is exactly equal to the atomic nwxiber of the element^ 
which, for its part, is approximately equal to half the atomic weight. 

So far our theses arc supported by a ooiuparativoly meagre numbor 

* C, Ch .Darwin, Pliil, Mag,, 500 (lt)14) j of. Kuthorforcl, ihid.t 404 (1014). 
t Tn more fuiciimfco langiuigo, wo moan tho numbor of oloctrona prosont in tho 
atom oxitside the mtehus. For, lator, tho facts of mdiouotivifcy will compel ue to 
aBsnmo tluit fboro aro also olootrons in tho in tori or of the nuoloim. In dotorminliig 
tho nuoloar ohargo thoao ai’o sub tr noted from tho positive olini’go prosont, Honoo 
nuoloar obnrgo"* <lonoto«, not tho positivo ohax’go of tho nuclous, but /Ac algehraio 
sum of ihcpomliva charge of the nuclear 7nalior ana the nqfative charge of the clectro7is 
contained in tho 7 wclens. Foi* further romarks soo § (1 of Chapter III. 
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of ohservations. In the next two chaptora wo shall imo ihii fiu'ls « 
the periodic system and of X-my spectra to cstaldisli the ahovr ntuM" ■ 
inents on a firmer basis. Assuming these results for the jnoiiiriit« ** 
affirm : for each step forward in the pter iodic system of the f/t* 

nuclear charge grows exactly by one unit and Ilia nuclear mass hrnitfri* 
increased by approximately two units. Ifor since the electrouH rinit * ^ 
bute only a vanishingly small amount to the atomic Aveight, tbr liii 
must be represented essentially by the mass of the nucUuiH. ,Am»* 
further : each element in the periodic system contains one electron 
than the preceding element (aa^o do not hero take into coJiHidoriiliim I 
nuclear electrons mentioned in the last footnote). 

Historically it Avas van den Broek * who first formulated tlH«« hi on * 
an order number (atomic number) Avhicli inoroasos Avitli tlu^ nvirU'n^ 
charge and number of electrons; lie adduced choinical facts In hui**’ 
port it. 

The question arises ; Hoav can tho electrons of the atom imiiiiluiit 
themselves in opposition to the attractive action of tho nuek^ar (vl i ii i>i f 
Will this action not cause tliem to fall into the nuoloua ? Tho. 
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Fig. 17.— Scattoring of a boam of 
a-rays by tho nuolous imd olec- 
troiis of au atom of atomio 
rnimbof 2. 


larly simple and Hatisfiudoiy 
furnished by the conditionn of 
solar system. The earth failM l.«* 
fall into tho siui for tiw' *i » 

that it develops contrifiif^ivl fni.'i-:?® 
owing to its motion in itn i.wi* 
orbit, and those forces ur»« ii« 
equilibrium with tho sun's Htlni** 
Won. If wo transfer thesd 

at the following view. The atom i? plailSly Vtm in whiol^ 

Coulomb'skw/thesokriro aKS^^ 

they undergo a«rocfion not only from’tho 8mrbut^W°^‘^^7‘“’^^ 

Bearing in mind the nirfnm nf vi 7 ^ ^ Horn tbomHnlvi+jssiji^ 

again eonsider the pheLnenon We'' T 

F:g. 17) and is attraeted (scattered) only ^igl^by 


♦Pliysiknl. Zoits., 14, 32 (1013), 
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]).huic 3 tw, lUil if it strikers the sun ditxicjtly or pa^iscH near by (centrai 
patJi of Mg. 17)3 iti inidergoos a comparatively great and immediate 
roimlsion. It then desoribcis a hyperbolic orbit, in the focus of Avhicli 
is tlio nnolons ; tlio angle of doneotioii is equal to the angle hetweoii 
tlio two asymptotes of tlio hyperbola, 

'rids astronomical description of tho phenomenon hints, too, at the 
inefchod of calculation, and Kutherford was tho first to apply it in the 
disexissiou of tlio moasuronients of a^ray deflections and on it ho founded 
luH nncloar theory. 

But must ompliasiso even at this early stage that tho vivid and 
piotiiresqiio planetary inodol has had to bo given up as a result of tlie 
developments of tho last decade, and has had to give way to a less 
concrete and more dllTuao idea. Wave mechanios forces us to ascribe 
to tlio revolving oleotrons definite places at definite times, and wo must 
bo satisfied witli oaloulating tho statistical mean of such places . Never- 
theless, c?ssontial features of those orbital types (both of elliptic and 
hyporbolio orbits), namely, tlioir quantum numbers, and enorgios are 
also talcoii \\]) in wave-meolianics, It is therefore indispensable to 
elaborate this picture of tho planetary system in the present first 
volinne in order that wo may refine it still further by wavenneohanioa 
in tho second vohnno, 

In tho next chax)tor ^ve shall dcsoribo tho atomic models to wliioli 
we sliall 1)0 led by adopting the idea of the planetary system. In this 
chapter avu i.-cstriot our remarks ossoivllully to tho model for hydrogen, 

I'Jio reason for this is easy to tmdorstand ; it is only in tho case of 
tho liydrogon atom that wo arc dealing Avith the simplest j>roblein, that 
of hvo bodies ; all tho other atoms bring us face to face Avith the 
notorioua diffloiiltios of the problem of three and more bodies. 

1 , The hydrogen atom (Niels Bohr,* 1913). The simplest atom is the 
hydrogen atom ; for tliis, Z === 1. It consists of ct iviiclms with one 
imiiive, ckargCf and oj an eleci/ron lhat revolves about this nuclc'ics, llie 
orbit of tho electron is, as in Kepler’s planetary problem, an ellipse at 
Avhioh tlio nnolous Is situated. We liave as a particular ease a circular 
orbit, Avliero tho nuolous is situated at the centre, 

2. The hydrogen ion or proton. After it lias lost its only oleotron 
the hydrogen atom consists solely of a solUai^ nucleus of vmiishinghj 
smalt s^Htiial dhnensions as compai^ed with atomic dmensions, 

Krom this model avo may immediately infer that U is impossible to 
pickire as a physical reality a hydrogen ion carrying two positive charges. 
IE a ohoinist shmdd over sucooed in producing such a one, avo should 
bo coinpollcd to deolaro all tliat follOAVs in this book to be false. 
W. Hainnior f proved its nou-existonco and corrected an older and 

* The wpitiiigs of Boliv tliafc laid tho foiiiulatioii to this theory appoarod under 
the title s ** On tho ConBtifcntiou of Atoms and Molooiilos," 1013, iuPhih Mag., 86 , 
h 470, 807, 800 also “ Three Lootiiros on Atomic Physics,” N. Bohr ; of, a-lso tho 

roforunoo to J 7, page UB. t Ann. d, Phys., 43, 080 (lOld). 

VOI-. I. — 6 
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contrary result of J. J. Thomson.* The impossibility of hnvifi>^ 
hydrogen atom Avith a double positiv^o charge is eoimeettsl uilh Hi*' 
general diiforcuco betwooii positive and negative eliarguss, wliirli 
emphasised at the end of Chapter I> § 4.- : a negative charge in iiy ^ 
inoreased to any extent, a positive ciiargo only to a (Kuiiiin liinil . 
namely, to that at which all electrons have been rmnoved froni 
atom. 

3* The ionised helium atom. Whoroas tlio nenti-al ludium ulojia 
(one nuoleua and tAA^o electrons) represents a problem of threi^ In m I 
and so does not come up for discussion lioro, the positiAmly 
helium atom, the Ho-ion, that is, a helium atom from wliudi 
electron has been removed by olcotrical or thermal iiUMvns, is again vn y 
simple. Consisting of a doubly charged nucleus and (me eledron, ii 
represented by the same picture as the hydrogen atom. It is hyilnigi* i * 
like {wassersloffdhnlich), and so also comes imder tlm simple 
matioal scheme of the Wo-body problem, 

It differs from the H-atom only in size, It is easy to und<'rMl«t*«dl 
that the tAVO-fold attraction of the He-niioleus on the olootron dimininhi 
the orbit of the rotating electron as oomi>ared Avith that of tlm cicid i » 
that rotates around the singly charged H-nuoIous, and, in<lc(Ml, it im 
reduced to one -half the size, 

4. The a-ray particle. The next pioturo, that of doubly ! 

lielium, the helium atom -with tAvo positive olomontary oluivgcs, is vrry 
characteristic and satisfactory. It is, like the simply poai tivo liydn ft 
ion, a mere nuoleus Avithout real extension, The unique part pi ayes 1 I ty 
this system as an a-particlo in radioactive phenomena now 
clear. The enormous penetrative poAVor of a-partioles, tJuur coimd-lik»t* 
intrusion into the planetary systems of foreign atones, their duiil*l«'* 
positive charge, AvJiich corresponds to the loss of all olectroiiH in 
helium, the non-existence of three-fold positively charged lielium, 
it a special idle, In addition, the ciroumstanco that, hitliorto, a ehur- 
acteristic light emission of oc-rays has never been observed, Hpoakw lift 
favour of our model. In the first chapter avg sfioko of tlio lununeHet»nw» 
of canal rays and of the similarity of nature botwoon oanal rays niicl 
oc-rays. This similarity, as Ave now seo, cannot extend to tJio 
escence. We are acquainted Avitli lielium , canal rays that ooiiHint kmI 
neutral and also of simidy ionised helium atoms. TJioso are I'occ^gn iiWHl 
among other methods, by the oharaoteriatio lines that they radiate mn . 
To lender this emission of spectral lines possible, there must bo pnwtMil 
at least one electron, Avhioh alters its position during the jn’OCCHH 


the, emtfritv It 1D13. 'PhomBOii oinplut^iW^ 

1) csitomty of this sfcatemont by the following wonlg on v> 6!) of tliin Uiuil. v 

"No hydrogen atom with more tlU ono ohargo h«a ovoi- boo^i toffluSi 
M the hydrogen lines ooom- pmotionlly on every iiloto more obsorvatioim lirtvw 
been made on the hydrogen lines than on those of any otlior nioinnnf '• ll..* 
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emisHion. 13 ut; the doubly ioiiimul ho Hum atom m devoid of eleetrunH, 
anti Iienoe of Uio meaiiH of radiating. It beoonios imimMluikdy obvious 
that the ho Hutu niudcMm, in travoUiitg as an a-ray through the abino- 
S])hero or other matter with its enorinoua velooity (almost , velocity 
of light), cannot carry an electron with it on tho way or clraAv one to 
itself.* 

It must also ho niontionod that already in Fig. 17 wo have made use 
of the exceedingly minute size of tho a-partiole. When, arguing from 
this iiguro, wo derived an upper limit for tho nuclear size of an atoin, 
deduoing it from tho deflection of a-ray comots, we assumed tacitly 
tliat tho a-partieles could be justifiably treated as points, In moro 
Gorreot language, this determination of size gave us the sum of tho 
nuclear radii of tho atom in question and of tho lioliiini atom, Inasmucli 
as tho sum was found to be sub -atomic, it was oloar that, besides tho 
atojuic nucleus under considGratioii, tho a-particlo itself can havo no 
appreciable size, 

Whoroas objections may bo raised against tho la tor sx)ootral ovidenoo 
of our atomio theory, on tlic ground that it requires diverse thoorofcioal 
inter mediate ste])s, the observable xH’oporticR of tho a-partiolo follow 
dirootly from our fundamontal views of nuolear ohargo and nuclear size, 
of atomic n\nnbor, and the number of associated electrons in tho atom. 

Our picture of the a-partiole is so convincing that it seems justifiable 
to infer from it that there is no gap between liydrogon and helium in 
tlie porioclio system, Rydberg imagined tliat tliero wore grounds in 
tho ohomioal systom of arrangement of tho elements which led liim to 
oDnolude that two olomonts existed between liydrogon and liolimn. In 
that case, liowovor, Ho would not havo tlio nueloar charge 2 but 4, 
Tho a-partiolo would not bo a pure Ho-iuiolous, but an Ho*iiuolou 8 
until 2 external oleotrons. But this would bo incompatible witli tho 
goiioral results obtained exporimontally with a-partiolos, Moreover, 
tlie exact calculation of X-ray spectra furnishes ovidenoo against a 
general inoreaso of tlio atomic-number Z which would booomo neces- 
sary for tho remaining olomonts if two unknown elements liad to be 
interposed at the beginning of tho periodic table. Wo shall thoroforo 
regard tlio atomio number Z 2 to liave boon proved to bo oorroot 
for helium, 

5 , Doubly ionised lithium (Li“ ) and trebly ionised beryllium 
It lias looontly boon found possible to follow tlio analogy of 
tho singly charged helium atom by producing tlio next suooossivo two- 
body systems, namely, tho doubly charged lithium atom (Li ‘ ‘ I, with its 
throe positive nuolear units of ohargo and one electron, and tho trebly 

* Exporimonts by Hondorsou (Jh'oo, Boy, Soc,, 102, 'tOO (102!))) and Lord 
Kuthorford (Naluro, 112, {106 (11)28)) havo ehowu tluit ovon a fast a-pavtiolo vory 
often attaohos nti olootvoii to itsolf in its flight, but that tho diatanoos ovor whioTi 
it exists na Ho‘‘ avo oxtromoly amall oomparod with tho distances ovor whloJi 
it is a pure Ho-nuoloua. With dooroasing voloaity (at tho ond of its mngo) tlio 
X)robability liiorofisos for tho Ho » -ions and neutral Ho-atoms also coour, 



68 


Chapter II. The Hydrogen Spectrum 

cliargotl berylliiun atojn ), with its four units of positive eJmrgi^ 

in the nu clous and its one electron. Like Bh'*' they cojne into tiie 
simple scheme of the hydrogen problem. We shall discuss this question 
more fully in § 6. 

§ 2. Empirical Data about the Spectra of Hydrogeut The 
Principle of Combination 

Before we deal with the spectra of the simf)lest element H, for whi(fli 
Z ^ L it may be convenient to make some preliminary remarks about 
si^eotra in general. 

Whereas solid bodies omit a continuous spectrum when tlicy glow, 
we observe in tlie case of gases and vapours (in addition to continiiouH 
regions) line-spectra and band-spectra. The former belong to the atom, 
the latter to the molecule, whereas continuous emission spectra can 
occur in tlie case of atoms as well as of molecules. Hence in a Goissler 
tube the hydrogen must first dissociate into atoms before its line- 
spectrum can appear. In the case of iodine vapour, on the other liand, 
the band-spectra disappear in ])roportion as the dissociation of .1^ into I 
progresses. The lino-spectra consist of individual woll-delinod lines 
or complexes of lines ; the band-speotra appear, if the disjjersion is 
small, as shaded bands (often accompanied by flutings Kamielie- 
nmgen but they resolve under higher dispersion into a great 
number of neighbouring lines. 

Within the lino-spectra regular sequences of lines may bo gro\iped 
together into series. The distances between successive linos dcoroase 
according to definite laws in eaoli series as we proceed towards the 
violet end, and the lines accumulate at a series limit which is usually 
accessible only by extrapolation. At the sajne time the intensity of 
the lines decreases regularly towards this limit of the series, oitlior, as 
is tlie rule, from the beginning of the series, or from a definite ])oint 
later, The series character is particularly marked in tlie first tlirco 
columns of the periodic system (allcali metals, alkaline earths, and 
earths). The lines of a band-spectrum accumulate at the heads of 
the bands, but do not become infinitely dense there as in the case of 
the series lines at the series limit j the heads of the bands lie partly 
towards the violet and partly towards the red. , 

Line -spectra and band-spectra occur during absorption as well as 
during emission. Indeed, the absorption spectra, in the form of Traun- 
hofer lines, primarily played the determining part in the historical 
development of the measurement of wavelengths. Absorption specti’a 
have a oharaoteristic advantage over emission 8j)ectra in tliat, in gen- 
eral, they have a^more complete set of lines. Whereas, under ordinary 
conditions, only few lines of the emission series are sufficiently intense 
to be observed (for example, those of the hydrogen series are known 
from photographs of nebular ohistors as far as the 33rd mombor of the 
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series, and in vacuum-tubes, at the most as far as the 20tli member), 
the absorption series, also under laboratory condiMoiis, may be counted 
almost up to the series limit, and they number as many as 60 lines * 

In Fig, 18 wo show the absorption spectrum of the so-called principal 
series of lithium in the roprodiiotion of a idiotograph taken by B, 
Triiini:)y, 'J:he AVon<lerful regularity of the series law is brought out 
atrilcingly in this picture. On the right-hand side near the series limit 
tlio individual lines no longer appear separated. TJio photograph 
begins on tlio left with the third member of the aeries as tlie apparatus 
had been designed to reproduce the ultra-violet lines. The source of 
light used was a magnesium are ; for this reason the omission lines of 
magncftiuni (tl\o white lines) also appear on the plate. 

^llio approximato distribution of the seven colours of the rainbow 
in the spectrum is ns follows (A given in Angstrom units) : 

A -= 8000 6450 5750 5500 4950 4560 4250 3600 

red orange y(dlow green blue indigo violet 



Fio. 18. — AbNoiptiou spootnim of Li (principal Borios) according to Trumpy, 
Tlio dni’lc absorption linos crowd togotlior towards tho Horios limit on fcho 
right, Tho bright linos arc omission linos of Mg, 

TFo first lines of the visible Iiyclrogon spectrum wore measured by 
Fj'aiinliofor as absorption lines of tho solar spootnim, and were called the 
0, F, /, h linos, rospootivoly, Nowadays wo call thoni. IT^g, Hj, 
TJieir distances apart are sliowii by wave-numbers (reciprocal wave- 
longtlis) soliomatioally in Ifig. 10. In this ease, too, we have the 
same regularity as in that of tho Li-spootriim, indeed in a still 
purer form, hiuco tho law of tho liydrogon series is essentially an 
hitogral laAV, 

It was J . J. Babner, a toaolior at a secondary school in Basel (Bfllo), 
who, at the instigation of Hagonbaoli, sought out this law and exposed 
its ideal form ho oloarly that wo have nowadays to make only noii- 
OHsontial iniprovemonts on it (of, tho relativity oorreotion in Chap. 
V). Babnor's formula became tlio model of all later rational siioctral 
formula and oonstitntos the firm foundation of the theory of spectral 
linos. 

Wood and Fortrat (ABtuophys. Journ., 43, 73 (1910)) give moasiiroments 
wliioli extend na far as fcha 58(;h lino of Uio absorption seriofl of sodiiun. 
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Balmer wrote his formula * thus : 


A==:7i- 








< » > 


The integral numbers m and 7i have the values 7h — 2, Di — 3, 4, (1, f* 

Hj,, Ha respectively. The factor h (whioli must not, of (?oui ><* * - 
be confused with Planck’s constant h) is, according to Bahnor, it A 
measured in Angstrom units (lA = 10”^ ems,, of, p. 40), otpiai * 
3645;6. 

Nowadays we write Balmer’s formula thus {A in cins., v in cm, *■ ) - 


1_ ' l\ R:= 109677'8 \ 

A""" U* kV ifc = 3, 4, 6, . . ./ 




Formula (2) arises from (1) (if we disregard the oiioico of units and M»** 
recent more exact determination of tho numerical factor fl) by sid t i i»|4 
in (1), n = 2, and 
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Fiq, 19. — Balmor sorios of hydi'ogoii. 


R is the so-called Bydberg conslanl (Rydberg-Ritz wave.inimbr»i*) : 
V denotes tho tMve-number (number of wave-lengths per oitIi). 

We must here odd tho following remarks. Following specl'i^rv- 
Bcopio usage (with its possible disadvantages) wo use tho same lottor t' 
for the wave-length as for the freijuenoy (or vibrntiou number, tliat ij«, 
the number of complete vibrations per second). So wo hiiv(( tJi«« 
following two ipeanings for v, which differ in their dimensions : 

V = j == wave-mimber (cm.“i) . . , (•I ) 

r = i = frequency (sco.-i) . . . . 


» Ann^ d.JPhys., 26, 80 (1886). Balmor romnrkotl simply Hiat tho wavn-loi lu |.,1 • „ 
6 roproBontod m terms of tho “ basic mimbor " h, quotoVl 1,, 


^<xt Hyi H«5, may be 
the text, 1 


r/ ’ r 12 » ^ 52^^- 

Enlarging the f, •notions * and « for lip and Ha in tho mnnnor shown, ho roeoanrMr,. i 
the Buceossivo numerators as tho sciimrea 43 k 3 /la nt.ri ^ 

the di%onoos of squares, 3« - 1" 1^2^ 6* - 2'^’ 0»’.^ 2 W^h hII! utiT '*** 

of the bssio number /, Balmer’s formula sVto speak LssomedTnto oxIsSor***'^ 
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Henco il> follows tliali 

frequency v wavo-miiubor v x velocity ot light c * ((i) 

Wo always imply tho meaning (5) for v, when, as in Chapter I, §§ (] 
and 7, wo speak of tho onorgy-quantum liv : wo imply the meaning (4) 
wlien, as in tho prcaont aoction» wo arc writing spectral formula. Tlu^ 
Hydborg constant introduced in (2) also has the dimensions (4) of a 
wavG-numbor. 

Tl^lie expression “ Bydborg frequenoy ” is therefore iiiappropriat{^ as 
it RUggosts tho diinonsions secr^* This term, in its true sense, slio^dd 
bo applied to tho quantity : 

cB =- (2*00790 dz 0*00004) , 10^« . (109677‘750 ± 0*008) 

:=== (8*28809 rlz 0*00004) . seo-i .... (7) 

(concerning the iiumorioal values sco p, 15, footnote, and p, 95). 
But on acGoimt of tho nneortainty of tho value of c, this true Bydborg 
frequenoy is not suffloioutly exact for spootroscopic purposes. 

Wo may form an idea of tho great acouraoy implied in witing down 
a number with seven figures (of. R in (2)) if wo recollect that the 
standard mobro measure itself is defined only to within several /a's, 
that is at moat to tho millionth part of its length, 

Tho fact that tho acouraoy of Bahnor’s formula is not overstrained 
may bo rooognised from tho folloAving table * whioli compares tlin 
observed and oaloulated values of tho wave-lengths in international 
Angstrom units (in air) for tho first seven lines of tho Bahnor serios : 


q'AiiriU 2 



m » fi 

m — 4 

wi 5 

m 0 


— 8 

tti- — 9 

A observed 

A cftloulatod 

0502-80 

0502-80 

4801*33 

4801*38 

4340*47 

4340*61 

4101*74 

4101*78 

3970-06 

3070-11 

3880-00 

3880-09 

3886*38 

3836*43 


This first example also servos to give the reader an idea of tho extra- 
ordinary noouraoy ot speotroscopic moosuromont — accuracy of oalou* 
lation and of measiiremont — ^^vhioli overshadows oven tho famous 
astronomic accuracy,” 

Balmor concluded his short account in 1885 with the remark that 
the disco very of a corresponding “ haso numbor * h for olemonts othei 


* F. Pnachon aud B. adtzo> .^cricngcscmder j J-J^* 

appoarod alnioHl> siinnltanooiiBly with tho proootling 1 , } 

:i)arMhm(f dev ppclHrm vonjUonmiund 


oonj unction with H. Konon. 
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than hydrogen ^voulcl bo very difficult, and would bo possiblo only in ( Ji ■ ‘ 
case of the niosjt accurate measurement of wavo-longtlis , How astonish 
he Avould have been to learn that the same base number 7^, or i’hMh^ 

(of. 3) B = ^ j occurs in the spectra of all other olomonts. To 

recognised this is, above all, the aoluevement of Rydberg, and i** 
a lesser degree, of W. Ritz, who gave a more accurate exj)ression. 

The essential feature of Balmor’s discovery is the denominator of I he 
formula (1), in tliat he recognised it as the diftbronce between two in- 
tegers. From this we get formula (2) giving tlie diflorenoo of Uvt* 
^^terms/^ the first being the constant term, which, at the same tiim*- 
gives the series limit (m ^ co), the second being a variable term. ^Tliin 
representation as the difference of two terms corresponds to the 
of the wave-number m the difference of level between two energy -stopH* 
which we treated in the preceding chapter (§ 6, cqn. (0)). 'Wuih thi'i 
terms inform us about the energy of the atom in its initial and its iinri I 
state. The object of spectroscopy is to find the series tmnSy namely^ fhr 
atomic states and their energy -values. The observing of spectral lim^s in 
only a means to enable us to an'ivo at the terms. It is only when ibr 
spectral lines ham been expanded into series and have hem resolved inif^ 
terns that the object of sjieclroscojyy has been aUaine/L 

TJirough his simple formula Balmor showed tlio Avay to tho mowb 
general and most fruitful principle of spectroscopy, which was intro- 
duced in 1008 by W, Ritz, who recognised its fundamental importancp, 
under the name, "Principle of Combination.^^ Ritz formulated IJif^ 
principle in his original paper ^ thus: By additive or subtraotivt^ 
combination, wdietlier of the series formula) thomsolvos, or of tlir^ 
constants that occur in them, formula) are formed that allow \m to 
calculate certain newly discovered lines from those known oarlior,'’ 
But the fundamental importance of the principle of oombinatioii 
consists of the following : by expressing the wave-number of a speedval 
line as the difference of two terms, we define two different states or 
energy-levels of the atom in question. In this way sovoral lines oj* 
series of lines determine several atomic states or enorgy-lovols for tlu) 
^ame element. The principle of combination now asaorhs that it ia 
admissible to pass from any one of these levels to any lower level, and 
to derive from the difference of the two corresponding terms a new 
wave-number of tlie element. That this now wave-number happons 
to be obtained by additive or subtractive combination, as is stated in 
Rit7/s original rule, is iinossontial. For example, if we igpresent Uvn 
lines by means of the term- differences A B and C --- D, then wo get 
new lines by combining the terms (B, D) and {A, C) with tho wave- 
numbers I) — B and C — A, which cannot thus bo derived individually 
from A — B and G — R by the simple jorocess of addition or sul)- 


* W. Bitz, Gesammeite “VVoi'ko, puhlishecl by 
sohaft, p. 162, Parisj Gauthiers Viilars, 1911. 


tho Schwoizor Physlkfil. GosolN 
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traciiioin In particular, wlioii two terms of tlio original lines are equal 
to oacli other, wo arrive at the new lines, as the special formulation 
of Ility/a la'rt'' given above states, l)y addition or subtraction. 

Tlic principle of eombination 1ms maintained itself in the A^^holo 
region of spectroscopy from infra-red to^^-ray spectra as an exact 
ph'^sical laii) witli the degree of aoenrs.^^^^at cliaraoterises speotro- 
scopio measurement. It forms tlio fou^^tion not only of the old 
theory of Bolir but also of the present wave -mechanical theory of spectra, 
and is, in csseneo, identical with Bohr’s law in Ghaj)ter I, § 6, equation 
(0). But nob all combinations that may be formed from tlie terms or 
energy -levels are equally xu’obablo. Rather, there are certain limi- 
tations (“rules of solection,” of, Chaj). VII), that, in certain ciroiiin- 
stances, reject certain combinations. 

A first and xiartionlarly brilliant test of the xuunoiplo of combination 
was offered by the liydrogen spoctrum. Even Balmor himself raised 
the question wliotlior the niimbov n in Ins formula might not also take 
the value 3, but the state of spootroscopy at tliat time did not admit an 
answer. That is, ho suspected lines with the wavo-niimbors 

Riity; demanded the oxistonco of these lines 011 the ground of J\is x>rIneix)lo 
of combination, since the first lino of (4) may bo obtained by forming tlio 
difference of the wave-numbers of 11^ and while tlie second lino may 
be obtained by forming the difforonco of andll^, andsofortli. There- 
upon Paschon succoedod in finding in tlio infra-red region of tlio hydro- 
gen spectrum intense lines of wavo-longths A — 1875b3 and 12817*6 A, 
respectively, corresponding exactly to tlio xwovioiisly oaloulatod values. 

Since that time there is no doubt tliat Balmor’s foimula must bo 
written, in conformity witli the oonjeoturo of its disoovoror, with two 
integers, thus : 



Pa-Hoheu’s lines form the first two momboi*s of the infra-rexl series of 
hydrogen^ wliioli are obtained by sotting n — 3, m — 4, 5, 0, . . ♦ Other 
terms of this “ Paschon series ” have been measured by P. S, Brackett,* 
who is also tlio first to have detormincci the first terms of the next 
succcssivo soiics of wave-lengths A — ^ 4*05/jt, whioh is given by n == 4, 
6, and A — 2*(i3/i, given by ^^^4, m—S (I/4 — 10^'^ ems..“l{P A). 
This Bracltott series mm comx>loted hy A* II. Pootker.f iljasbiy, A. II. 
Pfuml X found an infra-red lino belonging to hydrogen at A — 7*40/x, 
which is tho first member of a “ Pfimd series ” and corresponds to 
5, m — 0. 

* AsUopliyfl. Jourii., B6, UA (1022). t Phy»- Rov., 30, 418 (1927). 

t Joum. Opt. Soc. Ainer,, 9* 103 (1024). 
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What is tho position witlx regard to the series that correspond m 
the elxoico = 1, m = 2, 3, 4, , . . ? It lies in tho ultra- vioh^t ; it^ 
series limit i> =: R is four octaves higher than tlie series limit u{ rl»>* 
ordinary Balmer series r — R/4, xvliioh also lies in tho viltra-vi(iU*t ► 
The existence of this nlira-violet series of liydrogou ^vas proved 
Til. Lyman,* and is the final confirmation of Balmor’s fonmdii. 'I Uf* 
ground line of this Lyman series ” (wliich wo might call tho 
of hydrogen, if we wislied to follow tho nomonolaturo of tho 
spectra) is 

.A = 121G-7A . . (H*> 

Baliner’s formula (9) maintained itself in tho sequel not only mh 
sufficmity but also as a necessary condition of tho hydrogen linos. 'I’hit t 
is to say, not only are all the series of lines indicated by (9) aciunIK* 
observed in the case of hydrogen, but also no other linos belong to Ih** 
hydrogen atom but those contained in (9). Up to tlio time {lUlMI 
when Bohr’s theory was proposed, two further series- wore actual !>' 
ascribed to hydrogen ; they wore given by tho fomiiilm : f 

'"Kw's) «*=*■*■<> 

““ '=Ki-(S^) ('«> 

They were called the “ Principal Series and the Sooond StibordinaN*^ 
Series of Hydrogen/’ while Balmer’s series itself was called tlxo '' h'iml 
Subordinate Series,’’ in accordance with a terminology that will ho tlt>- 
veloped in Chapter VII, § L 

The series (11) was originally measured by A. Jowler J in tlxo spor' - 
trum of a mixture of H and He ; series (12) was diacovorod by Pickoriiijcs; 
in the r-peotra of xxebular clusters (^-Puppis), According to !BolirV 
theory, however, both series are to be ascribed not to H but to Ho* , 
that is, to ionised helium ; at the same time forinuloo (11) and (12) 
to be remodelled and supplemented as follows (by multiplying numomUir 
and denominator by 4) : 

" = w = 4, 6, 6, . . . . , ( 1 

" = m = 6, 6, 7, . . . . . (12«> 

Written in this way, they come under Balmer’s form (9), witlx tho difTor. 
ence that E is replaced by 4R, a fact that points to tho doublo nuoloat^ 

* Aatrophya. Journ,, 23, 181 (1906) j 43, 80 (19J0). 

t The current mimbor has been called ?7i hero to distinguish it from tho miiTOi i L 
number m of equations (11a) and (12a). 

J Monthly Notices, (1912). 
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charge of Ho (of, eqn. ( 5 ) of § 4 of tho preKoiit chapter), and with tlio 
fiirllaor clilTcronco that tho value of R in {lla) and (12a) does not agroo 
exactly with tho value of II in ([)) ; this is explained hy Bohr’s tlicory 
of motion of tho niiolcus (cf , § 6 of the present chapter). [VIiq scries (lla) 
and (12a) arc the simplest examples of “ sj^arlc linos,” that is, of radia- 
tions vdiieli are omitted, not by the neutral, hut hy tlio ionised atom, 
Xlie gonoral theory of spark linos which we sliall give in Chapters Yll 
and VIII has heon dovoloped directly from the study of tho spark lines 
of helium. 

But our reasons for denying hydrogen the aeries ( 11 ) and ( 12 ) and 
asoribing tlicm to lieliuni arc not only of a theoretical nature, but rest 
on experimental evidence given by precision moaauromonts by A. 
Eo’v^der * and I?aHclion,t to wliicli wo shall often liavo occasion to 
refer, 

For the present wo assort that tho series (11) and ( 12 ) occur not only 
in niixturea of hydrogon and liolium, but also in very pure helium. 

Wo next remark that Pickering’s series (12) includes only onc-lmlf 
of tlio lines roprosented ]>y (12a), namely, tlmso for which m is odd ; tho 
other half coincides nearly, but not quite (on account of tho abovo- 
montioned small dilToroneo in tho value of Jl), witli tho ordinary Balmor 
scries ► In reality hotli together form a uniform series in that tho lines 
of tho one typo arrange themselves according to intensity continuously 
■with the lines of tlie other type,;|; It is therefore unjustifiable and 
arbitrary to dotaoh one-half as tho Piokoring series and to ascribe it 
to hydrogon, TJio other lialt wa>s oveilookod earlier only hooauso it 
could not he separated from tho neighbouring true hydrogen linos. 
Further details on this point are given in § 5 , l^g. 24 . 

The same is true of the relation between tho sorios (11) and (lla). 
Of the linos reprosentod hy (Ha), and actually observed, tho series 
form\ila (11) roprosents only the mcinhers for which m is oven, ilonco, 
if wo regard tiie sorics (lla), in the sonse of (11), as tlio principal scries 
of, hydrogon, it becomes arbitrarily subdivided into two parts, of which 
only the one fits into the terminology of tho liydvogen momhors. 
Actually, as Pasohon sliows, both parts as regards the intensity of their 
lilies ns v^oll as tho nature of tlioir origin belong together, and form a 
uniform series. 

Wo thus finally fhid our above assertion confirmed that tho simplG 
and integral character of Hpcctral laws oxprossod in Balmor’s formula 
roproHonts a necessary criterion for ommsion by hydrogen. Tho spectral 
laws (11) and (12) that depart from tho integral type, and thus do not 
come under Balmor’s formula, do not belong to hydrogen but to ionised 
liolium, 

* “ SovioR hinoR in Spnrk Spool/ra,” Proc. Boy. Soc., 00, 120 (lOM), and Pliil. 
Trnns., 1014, 

t “Bohr's Hoi in ml in ion," Ann, d, Pliya., 60, 001 (1010). 

f Tina lias boon confinnod astrophyaicany in photograplis of UioO-Blwa taken 
by H, H, ]?laBkott, t*iiblicationR of tho ABtrophya, Obsorv., Viotoria{Oanada), 1022. 
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Besides the Ealmer spectrum, Avliich, on aceoiint of its hiiviriM h 
linos (H^, H/j, Hy, H^) in the visible region, is also called thc! Unn 
spectrum, hydrogen has a totally different kind of spctda'iUM, 

“ many dines spootriim {VielUiiien-speUruni) or sccondaiy >. 
trum.” But this belongs to the molcoule and not to the atom, nuA =* > 
to be regarded as a band^-axieotrum, although it does not (\\lnliir th-i 
external characteristics of a band-spectrum , We shall rovei’l lu 
question in Chapter IX. 

Continuous spectra oocur in the case of the hydrogen atom It 
as in the case of the hydrogen molecule (of, the beginning of the pn 
section). It will not be possible to treat the continuous .sjXMdia 
plotely, and to link it up appropriately with line- and ban<hH|K'4 
until wo arrive at the second volume dealing with wavc-moehanic7<. 

§ 3. Introduction to the Theory of Quanta. Oscillators and Rolaltin 

If we wish to penetrate further into the nature of tlio tluMiry 
quanta, wo must not restrict ourselves to the special oub<^ of v ibr^^ 
tional energy, which we treated alone in Chapter I, § 0, MMum 
takes prececlonco historically ; it led Planck to forjiiulato from 
radiation 'a definition of his quantum of action h. The sinipl<> 
was used by Planck in a certain sense as a thcoretioal agent rc'iudiri^ 
lioat radiation ; by means of it he developed his liypotlicais of 
quanta (sec p. 36), This hypothesis is the foundation of tlm 
electric law of Einstein, and also of its extension as Bohr*s hypnllu'^» 
concerning omitted and absorbed energy in atomic procoHSCH, 

Adopting a more general standpoint, wo shall consider insttxul nf 
special Planck oscillator any arbiiranj mechanical system whatm'vrr, 
for the present, a little more specially, any arbitrary moving 
whereby it matters little whether wo assume it to be charged (an (duel | 
or not. 

Wg find it expedient to begin by enunciating the form that 
gave the mechanical laws in Ins Pnnci^^ia, in particular Ins Dcfiiniia U 
and Lex JI {Dcfmiiio 1 defines the concej>tion of mass ; Lex I irt 
law of inertia), 

Definitio n : Quantitas motiis est mensura ojusdem, orta ex vrh« 
citato et quantitate materiao conjunotim. 

The momentum (amount of motion) is the product of the nuui« mni 
the velocity,” 

Lex n : Mutationom motiis proiDortionalem esse vi motrici iiupnw^iM^ 
et fieri secundum lineam rectam, qua vis ilia imprimitur. 

“ The change in the momentum (amount of motion) is proper I inuMj 
to the impressed force and takes place in the direction i7i Avlvitfii 
force acts.” 

In place of amount of motion we say impulse in order to emplumi^ 
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ifcu clinHitwl (vluiriietor ; wo donoto tho iinpulflo by jh lienco liy 
JJeJlnitio II wo liavo 

q)-~mv . . . . . (I) 

As usual, wc rteaignato tho of tlie point by rootilinoar (j()- 

ordinates y, z, l^ov tlio sake of gonomlisation later, wo shall, how- 
ever, use, iiiHtead of dift'oront letters, different siifTixes attaolicd to tlui 
mma letter thus ; q^z::=: Xy y, The velocity is then given 

in magnitude and direction by 

f/i = Jii == ~ rja = -j), ctc.^, 

and if ih^ 2h corresponding compononta of tho momentum or 

impulse tlien, by ( 1 ), 

Ih = Wfit (2) 

The fact that the dynamical triplet of impulse co-ordinates occurs 
conjointly with the qeoimirkal triplet of tlio co-ordinates of position is 
of great importance to us, Furthermore, the above formulation of the 
law of motion, Newton’s Lex i/, is of particular importance to us, It 
is wrong to s}}eak of Newton’s ** Law of Aooeleration,” It is not ihv. 
kinmatic quantit!/ acceleration * tmi the dynamical quantity change o! 
momentum that is regulated by this law, In this sense wo write down 
Lex n. fur viwM eo-urdinate cliroetion (Ic 1, 2, 3) separately ; 


Pk Kfc - 


(a) 


In (3) we assume that tlio force K is derivable from a potential energy 
(function of the qf/n), Tho Itinetic energy is 


Hin - 2 


by ( 2 ), We call tiro total energy, coiisuUred as a function of q^, and 7 ;^., 
Hamilton’s function IL We have 


I f to) 1 ^) 




Pk 

'^Pk w/ 


Conseq uontly we may write the fundamental equations (2) and (3) in tim 
form 

Ml 

dt i2)f/ dt Mk ' ’ ' 

* Of ftourso, when, tho inaBS is constant ” mass x nccolovation, Ihit 

in gonornl tho mass is not constant; in tho theory of relativity it is not ovon coii- 
stant for a single particle of mass ; and in ordinary moohanica it is not oonstinit 
for a rigid body, for thou tho rClo played by inasa is taken over by tho moment of 
inertia, and this varies during motion. In those eases Nowton^s nsaortion ubinit 
change of momentum remains valid, but not tho stntomont about mass x no- 
coloration wldoh has wrongly become prevalent* 
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Thin Ilmniltoman or canonical form of the equatiojiH of luotinn 
reniarkablo not only on account of it8 syininotry imt ai«o Iituuumo 
rcjnaiiiH prcscj.’vod if any arbitrary now eo-ordinatem arc introduced ^ 
Note 2) and bocaiise it holda not only for an individual point-inawH bt » t‘ 
alflo for any arbitrary inoolianical systom. ;Por arbitrary oo-ordinnt * "i** 
and systems * tlio impulse p is dolined by 

■ ■ ■ ■ 

in whioh tlio kinetic energy is to be regarded as ex 2 )ressed as a function fif 
the and the .For the individual mass-point, (5) clearly bccon^ 
identical with (2) if rectangular co-ordinates arc used. 

The values of the co-ordinates q and jf) detormino the corrospondii sK 
state or phase (in Gibbs’s terminology) of the system. To get a I 
picture of the state of motion in terms of the position (g) and the voloollv>^ 
or imimlso (j)), respectively, wo imagine, in the case of an individiui^ l 
point-mass (whioh lias three degrees of freedom), its tliree position vt *-- 
ordinates q and its three impulse co-ordinates p drawn as porpondioitU^ v 
co-orclinato axes in a space of six dimensions, so that each point of tli ifr* 
space represents a xihase of our point-mass. In a system having / degix’* 
of freedom tliis phase-space is of 2/ dimensions. 

Let us first restrict ourselves to systems of one degree of frecsciniii m 
for whioli the general phase-space resolves into a single pliaso-plaiK*- 
Wo draw q and p os rectangular co-ordinates in the pliaso-plaiio t > C 
our system, In this plane wo construct the phase^paths or orbiiSt tliitL 

is, the sequence of those grapli poiii t-H 
that correspond to the siiccosiHivi^ 
states of motion of the systoii i , 
Choosing any point as an initial 
Q wo may plot the phase-paths tvntl 
witli them densely cover the whole t 
the phase- j)lane. The charaotorint-io 

feature of the quantum theory, 
ever, is that it selects a disoroto 
PIQ, 20.-~:Phnso ortte of a linear phoso-orbitsfrorathoinfllli to 

manifold of phase-orbits, To dofliio 
these selected orbits, we shall first consider the area of the phase 
inoliidod between two arbitrary phase-orbits : wo shall call such (vrx 
area a phase-atea. Wo then draw our family of orbits so that thu 
phase-area between two neighbouring orbits is always equal to fcl lo 
quantum of action ft. In this way h acquires the significance of 
elementary region (or element) of the phase-area. Wo shall regard tli m 
significance as constituting the true definition of Planck’s quantum 
of action h. We shall next illustrate these rather abstract ideas 

* Wo shall clisouss how Iho definition is to bo goneraiisod for the oaso wliorts 
the noting forces liavo no potential in Note 6 by a spooial oxnnqolo. 
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muLinH of two very importiinli apueUil cukoh, Unit of Uio oscillator and 
that of the rotator* 

We give tlio Jiaiue linear oscillator to a point-nuiMK m that is bound 
elastically to its position of rest, and that can bo moved to cither side of: 
this central position only in a direotion rr =: (/ or its reverse, wliorohy it 
experiences a restoring force but no damping resistance. Tlxo oscillator 
is the simplest instance of a centre of vibration such as is assumed in 
optics in the form of a q^iiasi- elastically hound electron/* We use the 
more accurate torjn “ harinonio oscillator ” if wo wish to emphasise that 
the latter has a definite oharaotoristie vibration indo])ondont of the 
amplitude. Let the vibration number or frequency of the oscillator 
(nvimbor of its free vibrations per unit of time) bo v. The vibration 
phenomenon is then expressed hy 

a? — 5 ^ a sin 270 ^^ . . . » (0) 

In this case the imj)iilso jp simply becomes equal to mq (according to 
(2), and in agreement with {fi)), Honoe 

f — ' 2 mma cos 2 vvt . ♦ ♦ * (7 

By eliminating I from (6) and ( 7 ) wo got as our pluise-orbit an elliixso in 
the p‘(i[-plano ixaving the aquation 


3' 



in wlxioli tlio minor axis h is delincd by 


( 8 ) 


b ^ 2 mma ( 9 ) 


The area of the olli])so is thou 

abv 

W 

Wo next assert that this same quantity is also equal to — , whore W 

denotes the energy, which remains constant during the vibration. If, 
for oxamplo, we calculato W at the time t — 0, the potential energy is 
zero, aiul tlio kinetic energy is 

— W , . , . (IQ) 

and honee, actually, 

W 

abiT^ . . * * . ( 11 ) 

V 

By altering W wo got in tlio j)haBO-plano the phase-orbits as a 

family of similar olUpses since, by (0), the ratio - has the constant value 

a 

2 m>m. Wo Imvo now to make tho Boleotod olllpsos of this family suoooed J 
one anoihol' in Hiioh a way that tho ollipUo /.ones have oaoh tho flnmo 



So 
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area h, Hoiiccj if we doiioto the differoneo between tlie energy -eoiiH la n t h 
for two HUGuesBive ellipses of the family by AW, we obtain from (11) ' 


I AW , 

]i ^ AW = Iw 

V 


(lli) 


If WG number the ellipses thus ; 0, 1, . , , n, and call the ooiTespondinj^ 
energies Wq, W^, . . . W^p it follows from (12) that 

W«-Wo-|-Aw^ . . . • (IH) 

Whereas in the classical theory all points of the ^ ^ 

equal value and represent j)ossible states of the oscillator, the states A 
which the graph points lie on one of the ellipses of our family are diH- 
tinguished. They represent the stationary states of the oscillator, tlu tl- 
is, such states as the oscillator may pass through witlioiit cessation am A 
without loss of energy, in other words, in the case of a oliarged * A* - 
mass, without mdiating energy. But from time to time the osoillatMi^ 
changes its energy ; it emits energy when its graph point jumi^s 
to a smaller ellipse; it absorbs energy when its graph point is trains - 
ferred to a larger ellipse. Emission and absorption occur in multiples f * A 
the energy quantum hv. 

If wo set Wq — 0 in (13), we arrive at the first form of Planck 'h 
theory ; 

e-Ar .... (Ukf ) 


Bnt if wo assume that corresponding to the quantum stato i 

/ii* 

there in a certain “ zero-point energy,’* and if we sot tliis equal to ^ i 

an assuini^tioii which is confirmed by wave-mechanics, we arrive aO 
second form of the theory which Planck proposed in 1911. Tho ontu'xy 
of til o quantum state then becomes 

W„ - (n T i)€ (n + i)Ar . . 


Wo generalise this for any arbitrary mechanical system of out% 
degree o£ freedom and assert that : the graph-point of the system in 
phase-plane is restricted, according to the quantum theory, to curia tin 
favoured “ qtutniised ** orbits. Each of these orbits encloses toilh ihf^ 
neighbouring orbit an elementary region of area h. Let the of 
orbits (if closed) have the area 




(l.1> 


wliorein the integral is to ho taken over ^Ae interior of the orbit, X f 
we perform the integration with respect to 2^ (coiTesponding to tlic5 

elementary formula \ydx for the area of a curve y — fix)), we get 
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This integral is to he taken aloni] llw 7/'^' orbit iUelf, Wo shall cull 
(14;a-) tlio 

We consider the precise forniulation of tiio quantum liypothcsis 
to eonsiat in the postulate that the difTeronce hotAvecn tlie phase- 
in tograls for two su(;c(?ssiv(5 orbits nuist he equal to h : 

AJ — ft, J r- Jq -P nh , , ♦ (15) 

This postulate singles ont of the conimuom manifold of all mechanically 
q)0*9sibh moLions a discrete and infinite mmber of real motions^ such 
as are jwssible according to the theory of quanta. In contradistinotion 
to thia general form of the quantum hypothesis, the original hypothesis 
of energy-quanta that Avas formulated by Hanck for the phenomena of 
boat radiation is only a special result of the general quantum postulate 
adapted to tlie oscillator. In the preceding, avo Avere relieved from the 
task of oA’^alnating the phase-integral (14) only because avc Avoro able to 
caloulato the area of tlie ellipses directly from tlie formula abn. In 
particular, if Ave assume Jq — 0, we obtain from (15) the folloAving 
formulation analogous to (13a) ; 



Avhich formed the foundation of the older quantum theory, hut Avhich 
is not Gonlirmed throughout by Avave-mechanics. 

From tlie osoillator Ave pass on to the rotator. Tins term is to 
denote a point-mass m, Avlnoh rotates about a fixed contve uniformly 
in a cirolo of radius a. Tlio natural co-ordinate of position is lioro the 
angle 0 Avhicli the radius to the point-mass makes Avith an arbitrary 
initial radius 0 0. We thus sot q 0, ^Wie Idiietie energy is 

.... ( 10 ) 

In tlio oftHO of uniform rotation t]io;|)otontial onorgy will certainly bo 
indoponclont of <l > ; it is inclifforont to us wliotbor tliis energy dopends on 
a since a is constant during tlio motion. Honoo wo may write 

— const. 

'.['ho impulse co-ordiimto in this caso corrosponding to tlio oo-ordiimto 
q is by (fi) and (10) : 

j) = ma^g . . . . . (1.7) 

It signiilos tlio niomont of moniontum with vospoct to tho centre of the 
oircnlar orbit, fiinco q = const., tliis niomont of moniontum 
moment) p is constant during tlio motion ; this, in fact, follows inimedi- 
atoly from tlio equations of moiaon (4). '.L'lioroforo tho phaso-orbit of 
tlio rotation (tlio orbit in tho phaao-plano q-p) is a straight lino parallel 
to the (f-axis (l''ig. 21). Honoo tho phaso-orblt is nob a closed ourvo in 
voii, I. — 0 
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hiH mHi\ \vt^ have liero limt to (iBlino wluit m to he regarth'i I 

the area of Uio plume -‘orlnl. 

^iUuH \h (lone m lolloww : the pluiHe ol the rotator (itH poHilujii in ^ ' 

orl)it and the direotiou of its momontum or impulHo) hccoineH re|K***^*’“"** 
after every cojnploto j’otation. 'Mlim, the true phase^orbit in nnl 
iulinitely long Mtraight limi luit a finite one that roi)eats itself. \n t ' ' 

(/-dircsotioii the phaae-plane of tin' vtil 
tion luvs only the kmgtli 27 r ; \w ii «»*>" - 
lor exainple, cut it along the 
(/ — :k'^ join the odgen k(j uh 
foriii a oyliiidor. Tlio surface nrt*n * 
the cylinder between the uml 
(n — 1)^^^ l)lmae-orbit, being a rcetni'K*** 

on tlio base 27r, is equal to 2Tr(j?„ ptt t ^ 

We have to set this surface equal \** ^ 
We then got for the surface betweei i i I • 
and the zero 'pliaso-orbifc, whitOi 
reproflontud by the g-axis, the oxprossiou 

. . , <1H| 

'I’luH is tho Huiiticc that takes tho place of the area of the closed cnirv< it* 
the case of tlio oscillator. 

i?vom this we see that tho rotator is to be quantised not hx eneriry 
quanta but In quanta of moment of momentum. In the case ol 

rotator the moment of momentum niust be a whole multiple of 1 f - 

on tlio other hand, wo oaloulate the energy (kinetic energy) of the roln t « * r * 
then it folio wh from (1(1) and (17) that 



PiQ, 21. — P}iUBt> orbits of a 
rotator, 


and from (18), when v 




E 


'A:0) 


^ _ nhv 
2 iir'^ 2 


iim 


Horo V (lonoios tho rotation frequency of tho rotator (number of ftilt 
revolutions por unit of time), 'which approjmatoly takes tho phu^t^, c»f 
the vibration mimbor of tho osoillator, Hence if wo Avisli to speulc of 
onorgy^quanta Jivin tho oaeo of tho rotator, too (which is bettor iivolt U:mf 
altogether), wo should find its energy lo be not a loliole muUij}U^ hnt a tjf -^ 

multifile oj the energy •^element hv. 

Wo puss on from tho case of tho oscillator and tho rotator tii 
oaso of miy number of degrees of freedom, In tliis case 
demand not o?ic quantum condition of tho form (15) but / cllffor^ifcfc 
quantum conditions, by which each of tho / dogi’eos of freedom In m 
certain sonso becomes fixed, We infpr this, as a general result, from 
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llio jH'rfrel of tlu; Hpectrul liiiCB, which allows us to concludo 

Hull Uu' iilninie, ])lu‘iuuiuuui uiulcrLying thoir origin are fully discrete. 
Ifnr this purpimi^ thc^ author has adopted a direct “ heuristic ” metliod,* 
whixdi leads to the same results as those simultaneously obtained by 
IMaiudc t eonKe(|iunuje of a more systematic investigation into the 
trmitinent, along tpiaiitiun lines, of systems of several degi'ees of free- 
dom » 'riu^ postidak^ of the author is : toe must im^iose the comlition 
(inff) on each imlividual degree of freedom of the syaiemy that is, we mttst 
populate the v(due of the ^dmednlegral for the degree of freedom to be 
(f tvhole mulliph of h : 

. , . ( 20 ) 


•Tfc == = n,h 


iV liltlit oiivlioi' than tho autlior, W. Wilson X dovoloped tho same 
postulato from tlm law of honfc radiation. 

By Hotting 11 ^ • • 1 , i . . . in turn in (20) ato fix the first, second . . . 
rpiantmod iiliaHo-()rl)it of tho fc'* degree of freedom. Since the system 
ia Imvind hy eiieli of itw dogrecH of freedom to one of these orbits, the 
1 •cc^^lil•e(l doflniteneHK of its motions is attained. “ Degenerate systems," 
namely, HyatoiUH for whioh tlio number of nece.ssary conditions may be 
rcduceil, will Ih' diwnmHod in § 7. 

Wo might goneraliso equation (20) in the sense of equation (16). 
■Ju fcliat (laHo wo Hlunild l»avo to fix a value for AJ*,, and not for itself, 
that iH, wt» Hliould luvvo to leave tho quantity J# that occurs in (16) 
undotenuinod for oveuy co-ordinate. Wo shall, hoAvevor, keep esaen- 
lially to tim original formulation (20) of the “ quantum rules ” in this 
volume, and hIuvU make them more rigorous later in the second volume . 

If it iH to bo poHHiblo for integrals of tlio form (20) to be integrated 
luv ovuiy cu-ordinato wopamtolyj that is, without a knowledge of the 
HimiiltanoouH lioliivviour of tho remaining co-ordinates, then it must be 
ihwhUiIo to nNpreKonb every 2>k ^ fuuotion of the corresponding 

I/,. Ill tliia OUHO the inoohaiiioal system is called separable. This 
property Ih diKOUHsed in detail in § 0. The condition for it avos first 

givJn iii iuiiiovtaub papers by SohAvarzsohild « and Epstem J wluoh 

liiikod ui) with papers publisliod hy tiio pi-esont author m 1916 and 
lyiO. Tiie quantum rule (20) has an exact meaning ^ 

restrict ite applioatiou to separable systems, for it is 0 ^^ f 
V'O can luiHWor the question : Avhat w-ordtnalM and Avhat hmiis oj 
inUgrution arc to ho ubocI in i)erfonning (20) ? 

* /,ur 'I'liooi’lo dor Pnlmoraohon Sodo." Sitzun^boriohto 
Aknilomln, Dm.,, lOin, '«'d Ja«'- ^ ^ ?^[.’i>hya!60, 385 (1016). 
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The co-ordhmks meant hi (20) are prcisely ttio*He into whrh jJn" 
system can be separated. If there are several jKWHibU' ways of eJleethiK 
separation the types of orbit tletermiued by the ])lHus(sint(^^rnb^ 
become different, but the energies in the orbit's, which arc the (‘ssiailbi I 
factors, agree. 

The limits of integration must ho fixed as follows ; the sepnrahuu- 
eo^ordhiaie is to traverse hi the course of hiiegration the vdiuh rrgitnf 
that is necessary to characterise the phases of the system uniqudy. In 
the case of a cyclic co-ordinate {q — rotation) tins region stndelioi^ 
from — TT to + TT (cf. Kg. 21, in whioli the piano ia to he hent inlo n 
cylinder), the radius vector r extending from tlie region to 
and back again to Further examplos will given in this aiul 

in the next chapter. 

Finally, it is to be noted that the pliaao-iutogral, in virtiu^ of 
geometrical significance as a surface in the (f/, lUKH'Hsarily 

a positive magnitude ; hence it follows that the (|uantuin-niunhta’H 
nj. are also necessarily positive numbers. 

If we survey what we have loarnecl from tlio quantuni treatment t*t 
the oscillator and rotator and from the oxteiiHion to general Hysteiiu* 
— all of wl)ioh is based on the fact that spoctral liiu^s luv aliurply <leiliiecl 
— we arrive at a totally new view of natural phenomena, '.rhe (pmit 
tised states, those defined hy integers, are favoured above all tfiluT 
possibilities in being stationary states of tlie system ; they do ntil 
link np continuously with each other but foim a ne.l-worh% Platsv-spae*^ m 
regarded as the manifold of all conceivable sialeSf indnding those irhirh 
are not slaiionary, is traversed by the graph curves of tM stationary orhifj^ 
so as to form a neiworh. The size of the meshes is deJerminvxl by Planch*^ 
constant h. 


§ 4, Bohr’s Theory of Balmer’s Series 

Wo hero make the simplest assumptions possible; a nueleiiH of 
negligible size carrying a charge + Ze, and an elcetrou of ehurgt^ r 
likewise concentrated at a point ; the mass of the iui<31ouh is (^onsidenHl 
infinitely great compared vdth the mass m of the electron (that 
we are confronted with a one body problem ” instoacl ol the aetnia 1 
‘Hwo body problem ; Coulomb’s law is valid ami likewise ordin 
ary (pre-relativiatio) ineohanios ; the electron moves in a oir( 3 l (3 * abmil 
the nucleus and is a simple “rotator.” Ooucerniug these asmun|»^ 
tions wo remark that for hydrogen, in partimilar, Z 1 ; tlje ealenin ^ 
tiou with Z is worth doing becauso it also inoludes tlm ease of Htv* rvtii I 
Li^+ (of. Chap. 11, § 3, Nos. 4 and 0). The aKSuin])tion that 
nuolear mass is infinitely great is a good approx im at ion t^veu fiM" 
hydrogen (according to earlier remarks, of. equation (10) of the pit’ . 

hi. 


§ 4* Bohr’s Thcoiy of Balmcr‘s Series 


‘8S 


cndiog secjtinn, in \ Wn — 1 : 1847) ; but in the next section wo shall 
lot this assumption drop. 

M)]iiO orbit of tlic oloctron is fixed by two conditions, ono prescribed 
by tluJ classical tlinoiy, tho other by the quantum tlieory. The classical 
theory rcMpnrc^s that tho external forces bo in equilibrium with the 
inertial forces, ^.fho inertial force ot oircular motion is the centrifugal 
force : 

mv^ « 

. — > inv(ji} ~ maor 

a 

(y - • is the linear velocity, m tho angular velocity of tho rotating 
electron, a tho radius of the orbit). The only external force is the 

Coiiloinb force of electric attraction Hence the condition of the 

classical theory is 

. Zc8 
maix)’* — 


or 


= 7jc^ 


(i) 


'flu^ quantum tu)ndition is given liy the equation for the moment of 
momentum of the rotator, namely, 27rp ~ nh (cf. oqn. (18), § 3, of this 
chapter). 

With our present symbols the moment of momentum takes tho 
form 

j) — mva = wa^oj, 

Hen(50 we got tho quantum condition as 


a 


Dividing (1) l»y (2), wo got 


V do) ■ 


nh 


IiiHorting tliiH valno in (2), 


a — 




8w**«iZV 


Wo alHo wi'ito down tho value of tho i)oi‘iod of revolution t, 

2n 


( 2 ) 


( 3 ) 


{i) 


(da) 


* U iH worbliv of roiniirk that. l)oforo Hohv, J. VV. Nicholson (Monthly Notioos, 

72 ( 11)12), <!f. iu'imrlhmliu' v «7») «ot up tlio quantum eonditiou for tho rotator, 
mill usoil it to iutorprot .lortnin linos ot tho son, ns jyoU ns of uobulai. Slnoo, liow- 
ovor, NiohoJsoii ilitt not tlotorniiiio tho omitted radiation m terms ot quanto, hko 
Noiir, Imt only sot it equal to tlio moohonioal troquonoy, hia tUopry is yory cUi- 
foront from that of llohv. 
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Tlianka to our two conditions, then, the two unknownH r/ and a, i n- -r 
are determined. Both logether dermnd that the Mm mm mil), r»» 
certain " qiianiised ” cirdes on the P', 2"'*, • . • ^ ‘ cne e , v ir 

the “ quantum number ” of the orbit. The radii ol the eirelea aro pr< . - 
portional to the squares of the quantum ntimhoiH » 


(li l Ctn * Cl 


P:2«:3“: . ■ • • . I*"*) 

TJio times of revolution in the Bohr circles lU’O proportional to Mu* 
cubes of the quantum numbers : 

• • ‘ 

To bring out the analogy mth tlio planetary Hy^tem still mow niul 
to prepare for later generalisations leading to olliptio orbitn, jo* 
capitulate our results so far obtained in the form of ICoplor n : 

Kepler's First Law i The planet moves in a circle ah the centre oj wh i rh 
the sun is situated. There is a discrete infinite luuubor of (irbil^H j ilii^ 
radius of the orbit is given by the quantum number n, 

Kepler's Second Law : The mdhis vector from ihe sun to (he 2ila nf t ilr - 
scribes e^ual urBas in egudl times. The surface-constant ol the orl iil' 
(which is prox)ortional to our moment of momentum p) Is (Mjnitl It* 
n times Planck’s quantum of aotion. 

Kepler’s Third Law : The squares of lhej)eriocUo Imes [of rcvolMiion > 
are proporiionalto the cubes ofiheradii of ihe orbits, .Ifor, by ((i) aiul (5) 
the time of revolution is proportional to ti®, and. tlio orbital raitiiiH 
proportional to n^. 

As above remarked, for hydrogen Z L '.rjie radiiiK iii^t 

Bohr circle is therefore by (4), in the ease of hydrogen, 

>** ^ 

(t (t>\ = 7 — w • * * • 1 ^ J 

^ AjT^me^ 

We next cletormino the velocity Vi in the first Bohr oirele and di viilt> i 

by the velocity of light c. Wo call the ratio — simply cc» ,By (B), wt* 

c 

get 

ch ’ ‘ ' 


a = ! 

c 


{H> 


Using the values ^ : e === 4*77 . E,S,XJ< -- - - U77 . 10^ . 

m 

E.S.U*, ft — 6*56 . 10“27 (of, p, 80), wo got by caloulatiou 

ai = 0*528 , 10*^® cm, a === 7*28 , 10 a'-* O-Ill . 10 ^ (lt > 


’' .Hero and in the Boquol e Ib i:o bo taken as inoaaiu’od in (“ nkmt v<ihl nlii» ■ n 
units, na ia ovident from tho above sfcatojnont for Coulomb’s hvw. Aciiurtnuu f *» 
the concluding romarlc of diaj^ter I, § 2, wo should Uiuiofovo multiply t>hu 

values of e and — by c == 3*00 » 10^"^. 
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value of a will bo the detormiuing factor in Cliapter V — as tlie 
c(^natant of thofma structure of spectral lines. Trom the value of Ave 
got for the diameter of the hydrogen atom in its normal state ” 
tlio order of magnitude cms., corresponding to the ideas that Avere 
gained about atomic size in other Avays (kinetic theory of gases, etc.). 

Wo 3ioxt oaloulato the energy of the electron in its various orbits and 
take this opiiortunity to explain Avhy we just uoav called the first orbit 
tliG normal state of the atom. Wo again designate the nuclear oliarge 
by Ze. I'lio energy is composed of potential and kinetic energy. The 
potential (Ooulomb) energy is, in vieAV of (4), 










( 10 ) 


l^he negative sign indicates attraction, In the case of repulsion Ave 
slioiild liavo to exert Avork in bringing the electron from infinity up to 
tlio nucleus, as in the case of a spring tliat Ave set ; tliis Avould correspond 
to the positive sign. When the force is attractive, avo corrospondingly 
gain energy, and have thus to oxort negative Avork, 

In general avo have tlio rule in a Coulomb field (soo Note 3) that 

~ ^ i ®}«>t • » * • (11) 


Wo can immediately oonlirm this rule hero, For, by (3), 




kin 


m « 


2w%ZV 


( 12 ) 


and tliiH is, by ( 10 ), aotiially identical with hall of the negative potential 
energy with the sign rovorsed, If W denotes the constant value of the 
total energy then by ( 10 ) and ( 12 ) , 


W - 


- 1 


(13) 


d'huH wo may supplement our third Kepler law by stating that Ihc ewryy 
constants of ' the various orbits are inversely proportional to the squares of 
the corresponding quantum numbers. 

Our way of counting the energy entails that wo give to an infinitely 
groat orbit the onorgy Koro. As a result of this the energy constant for 
all finite iiaths comes out negative. As wo are oonoorned later only with 
diltorencos of energy the negative sign causes no diflioulty whatsoovor, 
although it aiipoars to contradict the nature of onorgy. But wo should 
ini mediately arrive at a positive value for the energy if wo were really 
to oaloulate the total energy of the moving electron, and thus count 
besidoH tlio kinetie and potential oiiergios also, for example, tlio 
” jiropoi’ ” energy eontainocl in the field of the electron. According to 
tlio view of the theory of relativity, the latter energy is simply ectual to 
wc«, that is, ocpial to an amount of energy, whioh is many times greater 
than the other parts of tlie energy and irhioh would therefore make the 
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sign of tho total amount positive. In the same way» we (U)uld iiu^halt^ 
the still considerahly greater positive x>ropor energy of tho niudeim. 
-But since these prox:)er energies are constant, tlioy naturally eaiuu'l 
when we form energy-difforonces and they are, thorolor<s morn non- 
voniently left out of account from tho very outset. 

Our energy-constant W has the algebraically mnallnst valu<» in { \n\ 
first (innermost) orbit. If we call it Wi, then in tlie 2 n(l and llrd orlhls» 
respeotively, Ave have Wg == iWi, W3 == {Wi* TJicso ainoimts are >Wp 
since < 0. Hence the electron can bo lifted from an inner to an 
outer orbit only by an addition of energy* It oan fall from an outer to 
an inner orbit when it loses energy, Tho innorjnosfc orbit is tlKU(^fom 
most stable and represents, as Ave said earlier, tho normal state of tlu' 
revolAing eleotron, As a rule the hydrogen atom is iu tins wieivvifcd 
state. All the other states, in which the electron dosoribcH a mon^ 
external orbit, are called excited states. I'ho additional (uuugy 
required to bring about this change of state may bo transmitted to the 
atom electncally or thermally, by collisions Avith oloctrons ov with 
other atoms. 


According to the principles of tho quantum theory the totality nf 
excited and unexcited states represents a diserda smcts of pfwsi hi lilies. 
In this respect our atomic planetary system differs from tho solar jdano* 
tary system * But our system also deviates definitely from olnHsieal 
electrodynamics, According to the latter theory, as avc saAv in (Jlinptor 1 , 
§ 5 , an eleotron radiates energy Avhen it is accelerated. Uniform rota- 
tion is an accelerated motion (on account of ohango of dinudlon eff 
velocity, althoxigh the magnitude of the velocity remaiiiH eonslant). 
Bxit the quantum theory must postulate that its stationary orbits mv 
radtahonless (occur Avithout the emission of radiation). Whk is immedb 
ately clear 111 the case of the ground orbit, in particular ; ot]iorwjHt\ ihv 
atom Avould lose its energy in a very shoxi time and avo should have no 
permanent, invariable, atom at all 

The process of emission, like tho other jirocossofl in tlio atom, jn 
according to the quantum theory, discontinuous, The contiimmiH 
decrease of energy assumed in classical theory bocomofl rtmlaced in tlip 
quantum theoij by a broken lino, nu lino is hori/,ontal in paris 
namely when it represents the atom as being in a stationary qnani,iH...i 
state ; it sinks by a finite amount wlion the atom passes irom an oxoiU-rl 
to a quantised state of less energy, in parbioular, in passing to tJio groim.l 

onmjy occur f"® tliHOontinuouB doom.Hu of 

TI16S6 were brought together undor Einstein’s Jaw (of, Olinp. I, 
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§ 6 ), iviul wore extonded as far as Bo\\v'h frequency coiidition for speokul 
omission [loc, cM. oqn. ( 0 )) : 

(U) 

Tins equation states that if the atom passes over from an initial state of 
energy W„ to a final state of lessor energy then the excess of energy 
is radiated out in the form of a monoohromatic wave of liglit, the fro*- 
quoney v of which is determined hy just this equation [U). Each such 
transition thus causeH an omission of welhdofined light and is observed 
as a sharp spectral lino. How the change of the liberated atomic 
energy into liglit-onergy is effected is still a matter of mystery. Earlier, 
when dealing witli Eiiistoin’s law, wo emphasised that equation (14) 
does not rest on tlio ideas of tlm continuous eleotromagnotio fields but 
on the idea of light quanta (photons). 

We now svibstituto tlio energy- value (13) in equation (14). Passing 
immediately from tlio frequency v (sco''^) to wavo-numhor v (cm."^), 
we divide tlio right-hand side of equation (14) by c (of, p, 71, cqn. ( 6 )). 
Lot the quantum mvm])or for tlio final orbit bo n, and for the initial 
orbit m > n. Wo got 

^ iv//( \ 4 ') 

\ mv 

whoji wo have used tbo abbreviation ^ 

Ti ^ 27r®wic'* 

Since Z — 1 for the liydrogen atom wo got from (15) precisely the 
Jialmer series m its general fom (0) on page 73, and for It rve have the 
aignifmnce of the llydherg conskinl For otlior hydrogonJiko atoms, 
and so forth (15) holds if wo Avrito Z = 2, 3 , oto. 

But tlio swooping success of Bohr’s theory is not founded only on tho 
derivation of Balmor’s formula, hut especially on tho numorioal calcula- 
tion of tho Rydborg-Bitz constant It that occurs in it. Before Bohr, 
A. E. Haas,* in particular, had already iwoved tho imivorsal nature of 
this constant, and had shown hoAV it was very probable that it could be 
expressed in terms of k and electronic data. But Bohr’s theory first 
brought complete oloarjioss by giving l^io relation (16). If avo uso tho 
values given on page 86 : 

e =- 4»77 . ejm t- P77 . 10’ .0 A 6‘55 . 10“^’ 
thon it follows that 

B := POO . 10« omr^ . . . . (17) 

This value of B agrees, except for the last, not quite cortain, figuro Avith 
tho observed value in equation (2) of x>age 70, in Avlueh B 1*00078, 
Bolir’s theory is thus confirmed very strikingly. 

* SikiUn^sbor, Wiener Alcad., March, 1900. 


(16) 

/ 

m 
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We shall now oontiniic i>o reverse the seq^iience of results and use the 
theoretical formula foi' Rydberg’s constant to correct one of the data 
occurring in it, namely, e, m or h. Wo actxially know Rydberg’s number 
to a degree of accuracy that wo can never hope to attain in measiiromonts 

of e, ^ or h. This leads ns to the problem of spectroscopic U 7 Ui 8 , which 

we shall, however, ho able to solve only in the next section when wo 
liavo deoponed the theory of Rydberg’s oonstant. The problem is to 

c 

calculate the universal constants e, — , h from purely spectroscopic data 


lUtrn-violct 
Bcrl'cs (liynmn) 


with speotroscopio accuracy 

In Tig. 22 we once more summarise Bohr’s theory graphically. Tlio 
ultra-violet (Lyman) series (n — 1), the visible Bahner series — 2), 
and the infra-rod Pasohen series (u — 3), and the Brackett series, which 

is still more rod, are 
indicated by the avroxvs 
denoting the correspond- 
ing electronic transi- 
tions» 

In Tig. 22 the differ- 
ent circular orbits have 
been drawn in one piano. 
TJiis is, of course, arbi- 
trary, The position of 
the orbit remains un- 
defined in space and is, 
moreover, of no account 
for tlio problem of 
spectral lines, since this 
is conoornod only with 
the onorgy-differencos of 
the orbits. In tho last section of tlio present chapter wo shall disouss 
the q^uestion of orientating tho hydrogen orbits in space, that is, of 
performing " spatial qjuantising.” Turther, we shall see in the next 
volume that the olomontary ideas of orbits are banished by wavo- 
meclianioa and are ro]>lacod by statistical moan values. , 



, iillrA' 
rud Borloft 
iilUrt-rwl <ni‘Ackoit.) 
f!or]Ch (riischon) 

Tig. 22. — Diagrammatio roprbaontation of tho 
origin of bho liyclrogou sorios from tho olootron 
iriinBiUons bobwoon tho diaoreto circular orbits 
of iiio Bohr theory. 


§ 6. Relative Motion ol the Nucleus 

In tho prcooding section tho nuclear mass was assumed to bo infinite 
and tho mioleus itself was txssumed to ho at rest. We now take into 
account the fact that the mass of the mioleus is finite and then sec 
that it, too, will move. Our first Koplor Law on page 80 will now 
accordingly bo onvmoiatocT thus ; 

The 2 >hnel and the ami each ^nove in a ckcU about iheir coimnon 
centre of gravity. 


§ s. Rclutive Motion of the Nucleus gi 

In Fig. 23 let m bo the mass of the planet, M that of the sun. Accorch 
iiig to the law of conservation of tho centre of gravity, the centre of 
gravity 8 of m and M remains at rest, m and M move on their circles 
at the ends of a common diameter with the common angular velocity w. 
Let a bo the distance Sm, A tho distance iSM. Then 


am “ AM 


( 1 ) 


M 


A = (a -h A)ij 


771 


( 2 ) 


from which it follows 

a = (ft + A)^-^^. .. _ --- . 

The classical condition (p* 85) now requires that tho Coulomb attrao* 
tion is equal not only to the centrifugal 
force of tho planet, but also to that of the 
sun. Thus 

maco^ = MAo.*^ = 

(ft -I- A)* 

This double equation reduces, on account 
of (1), to a simple equation, By substitut- 
ing a frojn (2) and by using /x as the ** re- 
sultant ” mass of m and M, namely, 

Mm 1 ^ 1 

WG got fi{a -h A)^(w3 — , ( 4 ) 


/x: 


.--lI 

m M 


( 3 ) 



Kia, 23, — Motion of Uio 
miolons in hydrogen, 
Both tho iiucloiis and 
tho olooU'on move in 
circular orbits round 
tho coinmon centre of 
gravilvy. 


M. “h 

fi{a d-* A)W 

y?he qua7itu7n condition next bocoiuos 
added to tho olassioal condition. Tins deals 
with tho moment of momentum p of the 
rotator, 'l.ho latter quantity is composed 
of tho moment of momentum of tho planet ma^^w and that of tlie sun 
MA^oj, thus : 

p ma^o) + MA^w, 

by equations (1), (2), and (3) wo write for p sucoossivoly, 

mM 


p ===: ma{a d- A)(e ^^-=5 


-(a d“ A)^a) /x(a d“ A)®w 


M d" 

Tho quantum condition requires that 27rp ^ nhi thus wo got 

71th 

27r * 


li(a A)*aj • 




m 


Tiquations (4) and (0) agree with equations (1) and (2) of tho pre- 
ceding sootion, with tho exception that /x and a + A takes tho place of 
m and a, OonRoquontly wo may use tlm solntionR for those equations 
obtained from (4) of tlie previous sootion, Tlio result is 


a -h A ^ 


iTT^fjZc^' 


Stt V 


( 7 ) 
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Tlio potential energy betwoon tJio siin and the planet is now (ef. (10) 
of the preceding section) 




The kinetic energy is again equal to half the potential energy with 
reversed sign (this tlieorcm is proved in Note 3 at the end of the book 
for moving nuclei, too), hence the total energy is 




27rVZV 

nW 


(«) 


The oivonmstance that /x, the resultant mass of the siin and 
planet enters into this equation, points to the fact that wo are now 
ooncernod with the energy-constant of the common motion of both 
masses (thoir relative motion), For this common motion there is a 
discrete scries of quantised states of motion that are singled out of the 
manifold of all states of motion by the quantum number ?i, in exactly 
the same way as previously for the oases in which the planetary orbits 
wore alone oonsiderecL 

Wo now eonsidor a transition from an initial state of motion (with 
the energy-constant W„p quantum number m) to a final state of motion 
(with the energy-constant W„, quantum number n < m), and assunu^ 
that the energy sot free again becomes transformed into monoohromatie 
radiation, according to cc|uation (14) of the iirovious section. The 
energy set free is derived now, not only from the planet but also from 
the sun during the transition ; the sun’s orbit alters simultaneously 
with that of the planet in a ratio definitely fixed by the ohango i3i the 
quantum numbers, The spccti*al formula obtained in this way is 
clearly again equation (16) of the iwevious section, but witli /x in place 
of m. Consequently wo got for Rydberg’s constant 


.. 27rVc'* 

1^ - 




Ro 




('+S) 


1 H- 


m 

M 


0>) 


Hero wo liavo inaortod the value of n out of equation (3), and l\avo 
divided tlio denominator by M. Tlie aymbol reoalla tlie oai'lior 
value of 11 in equation (10) of the provioua pnragraidi, whioli Avaa 
actually obtained under the assumption tliat M == co . Equation (()) 
containa the following remarkable result : 

Owing to the relative motion of the nucleus Rydberg’s constant 

becomes reduced in the ratio (l + ^ 1* Rydberg’s constant is least 

for hydrogen, for wlueh its value is 


B, 


R« 


1 + 


m 

Wh 


( 10 ) 
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11 m value lor tlic liydrogoii-liko Ho ^ -ion being 
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and, for merotvsing atomic weight, ax^proaches the iinivorsal limit 
wliicilv was (loHigiuitod as '.Rydberg's ooiistant simply by R in the previous 
Hcoiion. 

'I'liis result, too, wo owe to Bohr* Ho remarked at once that from 
tlio HpoetroHeox)io dotorininatiou of Rjt and R^o, or, what is easier to 
curry out iii |)racfcico, from tho detorininatioii of Rn and Rho> the 
t|uantity vilviw could be obtained, For it follows from (10) and (11) 
tlnvt 

1^1 Rjto — Rn 

Rn ^ iRjie 


( 12 ) 


Tlio determination of mjmn in equation (12) is equivalent to tho 
determination of the sx)oeiftc electronic charge ajm. We actually have 


m __ elniii 


. (13) 


Now, is tlio specific ionic cliargo, the oleotrocliemical equivalent ^ 
of § 2, ()hai)ter I, that is, a quantity that is very accurately known (its 
value is 96,494 Conloinbs). An exact spectroscopic determination of 
'tniviii denotes at tho same time an exact knowledge of e/w, one that is 
jiroHumably more accurate than can over be obtained from exxierimonts 
on the dofieotion of catlvodo rays. We have thereby come a step nearer 
to tho goal that wo sot uj) as tho xiroblom of spectroscopic units in the 
preceding sootion : Instead of using tho one value of R — Roc hi equa- 
tion (16) of the previous sootion, wc use the two values ltn and Rho 
of tho above equations (10) and (11), and we get, instead of one, two 

* Wo nnmlr uall aUtuition to tho following oiroumstance. The atomic weights 
aro rofm-red to oxygon - 10 ; tho afcomio weight of hydropii does not tlion oomo 
out ftH 1 but ns 1'0078. When wo sot tho olootroohomicnl oqiuvalent 9040 of tho 

mol, ill Ohaptor T, § 2, equal we did not then imply that mn was to stand for 

tlio mass of tho true hydrogen atom, but for the mass of an ^ 

Bigiiilloa Uio unit for tho table of atomic weights. Wo flhnll 

hydrogen atom from this imaginary hydrogen atom Wu by using formo 

tho symbol m*{. They aro thou rolatod by mu = i'6078 mu, Loschmull b 

number L, which rofors acoiiriitoly to tho mol, of amount 1 ^ 

l/mri, but to Ibnif. Wlion tho relative motion of tho mioleus, however, 

into aoeount wi deal with tho true mass m?t of 

Wn. Consociuontly, to bo oxaot, wo ahould roplaco m» iix equation (U) by 
and wo BhoiVl take o/mfr 0040’4/b0078. In tho samo way, wo should wuto 
m,l foi^mi in equation (10), but not in oqimtion ai)» because the 
weight of Ho is oqiial to four times tho Ideal, and not tho real 
A corrootion shoild Ihon also have to bo 

Miimorioal calculations aro dosirod, but wo havo loft thoso out of account in tho 
toxt. 
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oquatioii.s for dotoniuiiing tlio tJirco uiiivcrHal units e, fi/in, and h> TIk^ 
necesHtvry third uiioJi. relation wo sliall got to know in Oliaptor V. 

Wo must iioxt bruaoli tlic question as to liow the dillcrciieo between 
lln IIko may bo made evident in j)raotice, 'J'his is made x)ossibU^ 
by the aories of ionised He, of which wo sx)oko in § 2. 

Ionised helium is of the type of hydrogen (toasserstoJfdJmlich — 
hydrogen-liko). Accordingly its spectral lines aro contained in the 
general formula (Ifi) of Balmer’s typo, montioned in tho jn’eviouH 
section, if wo sot Z = 2 in it. But tlie eaiiior B — Ril is now to be 
re^daced by Rho* From equation (16) of the jnevious paragraph, there 
tiius arises in this way, ii we set = 4 : 



Fia. 24,—- DIugmmmatio roproaontafcloii of tho spootmm of a mixtiivo of ioniaod 
lioliiim and liydrogon. TJio linos of fclio Piokoring sorios (P) show tlndr 
oorroBponcionoo with tho linos adjaoont to tho Bahnoi* linos by tho vogulai* 
diminution of intensity in tho soriea. 

The subdivision into two pai'ts (which is not imlly contained in tho 
nature of flie matter in question) brings into evidence tiro oircuinstanco 
tliat tho ooniponont for wJiich m is oven (m == 2m) eoinoidos very nearly 
wJtli Bahnor’s scries, whereas the other imrt {m ^ 2m -h 1) has tho 
form of Pickering series that was given earlier in equation (12) of 
page 74, l^lio combination of tlio two partial series (which conforms 
witli tlio nature of tho matter in hand) into one uniform series oorro- 
s])ond8 to tho earlier formula (12») on page 74. 

In Pig, 24 wo exhibit tho positions of tho Ho’’ dines relatively to tho 
Balmer lines, 'Plie lengths of the linos denote diagrammatioally tlioir 
intensity, on the asaiiinption that we are dealing with a mixture of 
Ho’ and of H, For this reason tho Balmer linos are drawn slier tor 
tlian tlio neighbouring Ho’’'-lines, Tho dilToronco in tlio xiositioii of tho 
two sorios corresponds to tho difference between Rko o^nd Rji, 8inco 
Riio > Riij tho helium lines, as compared with the Balmer linos, are 
displaced a little towards tho violet end, Tho lines P of Pickering’s 
series, iliat is, tlio bolium linc,4 m ™ 2m + 1^ arrange tliomselYeH 



§ 5 * Relative Motion of the Nucleus 95 

between tlio holiuin lines m 2m, as omplmsiaed on page 75, in order 
oi tileadil}' increasing iiitoiisity. 

The rcHoarchcs of l?i\Hchon nieiiWoned on page 75 give fur the wave- 
lengths of tho helium lines and the neighbouring Balmer lines tlie 
following values (hero cut short at tho first decimal place) in Angstrom 
units, which confirm the displacomeiit towards the violet, as predietocl 
by theory. 

Taulk 3 



Ho-'- 

H 

S=-~3 0 , , . 

0600-1 

0602*8 (H«) 

« 7 . 

6‘Ul-O 


8 . . , 

4869*8 

<i80l>3 {VLp) 


4601*0 

— 

10 * 1 . 1 

4338*7 

4340'6(Hy) 

m 11 , 

4100*0 


m 12 , , 

4100*0 

1 4101'7(Hi) 


According to our whole development of the question, this violet shift 
of the helium linos with respect to tho Balmer lines may bo regarded as 
a certain indication of tho relative motion of tlie nuolei during tho 
stationary forms of motion of tho atom, or, more accurately, of tho 
slightly di her out relative motion of tho heavier helium nucleus com- 
pared witli that of tho lighter hydrogen luiolous. From tho difEeronce 
ill tho wavodongths of tho He*^ -lines as compared with the H-lmos, 
Peschen dotormined the value of RnoandRn (for the lines of He*^ aotu- 
ally measured by him). More recent prooisiou measurements by 
W . V, Houston give the values 

Kuo -- 100,722*403 d: 0*004\ 
llu 100,677*769 ± 0-008/ * • ^ ' 

By equation ( 12 ) wo obtain from Houston's values (of. also the correc- 
tion referred to in tlie footnote to p. 93} 

!iiil= 1839, - = 1-761. 10’. c. . . (10) 

m 

By equations ( 10 ) or (11) wo got from B-n or Hue that 

B 11 ^ = 100,737-42 ± 0-00 .. . . (17) 

Iloustoii’a vivUio for ^ iu ( 10 ) is given on ptigo 6 , equation ( 2 ), as tho 
apoctimcopio value, 

Of tlio series of ionised Ivolium, wo have here considered partion- 
larly that Avhoso final quantum number is 4 (Pickering), and in § 2 wo 

♦ Pliys. Bev., 80, 008 (1027). Por Uio oftlonlation sdo also Bii'ge, ha, eit,, 
p. 0, of Chap. I. 
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have briofiy mentioned -that Avhoso iiiinl minibor m ^ (Fowler). Sonu^ 
repre^ientativea of the aorica whose final qiiautmn mimbors ixiv. I and 2 
have also beon measured, Tlioir succession of lines is .idGutical with 
that of the ordinary Lyman series and Balmor series except for tlus 
factor 55^ ™ 4, Hence the eoiTCspouding linos lie in tlie extreme 
ultra-violet ; tlieir wavodengths result from those of tlio corresponding 
hydrogen linos by dividing hy 4 (if we disregard tiro small diiferenco in 
the constant B) : ' 

v = ai(l, - i.,). A =. = 304, ; 

. = A = «,'>.a:=1040; 

The first moasiiromcnts of the wavedongtlis of the lines of those sorles 
were made by Lyman.* Further lines wore then discovored by 
Compton and Boyce,* so that noAv three lines of the series whoso final 
q^nantum is 2 (as far as A — 1085 A) are known, and live lines of the 
series whoso final quantum number is 1 (as far as A — 234 A). 

In the succession of hydrogen-like spectra tlio H- and the 
spectrum would now he followed by the spectrum of Li^ that is, of 
doubly ionised lithium. This ionised atom again consists of a nuolouB 
and an electron ; its spectrum, hence, is of the general form of equation 
(15) of the preceding section with Z now equal to 3, On aoooiint of the 
relative motion of the. nucleus wo now write this equation as 

V = oiiiii - Bj.i = .. . . (18) 

\?r m^J j , ' 

mu 

15dl6n and Ericson f liavo monsured the first two linos of tlio 
Lyman series, — 1, m ^==5 2, 3 in the spectrum of Li'^'**. 'rhoy lie in 
the oxtromo ultra-violet at 136'0 and 1134) A, exactly at tlio place 
given by caloiilation from formula (18), Ru has the value 1097284h 
The ** ground Hue ” n m ^ 2^ A — 75*94 A of trebly ionised 
borylUiim (Be'*’ ^■'’) has also been moasiixed by the same investigators. 
Hence, wo may close our discussion of the hydrogon-liko spectra for 
tlio present with the statement ; the froquonoy-oquation (15), iiago 89, 
ns AYoll as its more rigorous form (0), page 92, which is obtained by taking 
into account the relative motion of the nudlous, are brilliantly con* 
flrjncd hy experiment. 

§ 6. Introduction to Hamiltonian Mechanics 

In § 3 wo found it convenient to introduce the coiicopts of Hamil- 
tpniair mcohanios. Wo shall now proceed to describe this theory 

*Th. Lyman, Astroi^hys, Joum., 80, 1 (1024); K, T, Compton and J . C, 
Iloyoo, Jonm, o£ tho Franklin Institute, 206, 407 (1928). 

t B. J^cll^n find A. FrioHon, Nature, 126, 23S (1080)* 
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wyi^ioniaticallj'', Hinco. it is so oxtmordhuirily oniivonioni foi* tloiiling 
with tlio moat important |)rol}loms of tho qimubum theory. Tlvis will, 
at tlic same time proparo via for tlio foundationa of wavo-nionlinuios 
which links up closely with tho formalism of Hamiltonian moohanics. 

Our first objective is tho derivation of tha j}arlial dijjerentufl ofinulion 
of IlamiUon cmd Jacobi. We start oTit from d’Alombort’s prinuiplo of 
moohanics (noivrohitivistio). This has tho advaiifcago that avo need 
not restrict ourselves to oousidcring mechanical systonis of isolakMl 
point-masses, hut may pass straight on to a nieohanieal .systcun with, 
any arbitrary int(3riial relationships. 

.D'Alombort’s principle states tliat the external forcos ai’o in (upiilh 
hruim with tho inertial resistances by virtue of the rolatioiiHlups between 
tho parts of the system. In testing whotlior this oquilibriuin exists with 
respect to infinitesimal virtual displacomonts, namely, such as arc^ u(jm- 
jmtible with tho internal rolationsliips of the system, wi3 postulate that 
tho work performed by tho oxtornal forces and tho inertial rcHistanees' 
(“ virtual work must vanish. 

Let tho rectilinear components of tho extornal forcujs h<3 denoted 
in turn by K,. ; the inertial rcsistaneefl, also resolved into rootangular 
components, arc then given by p- (2)). 

For a system of point-masacs which are desoribed by n co-ordinates {/i-., 
taken all in all, tho principle then assortn that 
» 

2a4--,P*.)8yA.-o . . . . (1) 

A--t 

Any connexions that may exist hotwcum the point-niimHCs need not 
be takejt intt) account, since tlioy do no work in the virtual dinplaeo- 
ment 

We assume that the external toroes have a potential. We then 
have 

n 

2K,8r/,.. . . . . (2) 

A U 

Further, 

n n Ti 

h-A k-A k-A 

The sum on tho right-band side may easily bo transformed. We 
have 

^ "Zlhkk - 'ZVkMk -- 8E*,,„ . (3) 

in M’hioh wo Imvo used tho Inst equation of tliOBO two liiiea nbibvo. 

From (1), (2), (I)} it thoroforo follows .tlint : 

VOL. I. — 7 
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I'* — ^iwt •« called Uin I..ngningc function ” ; from ila il<* ' 

litution wc see tiuvt it w quite iiulopcndont of the choice of co-orilimilc!^* 
By integrating from 0 to t (tlio vai-iablo luulcr the integral is called t I ‘ » 
distingniah it from i), wo get 

r " -d r 

|2/'A .... (J ) 

From ( 4 ), as is well known, wo Immediately get Hamilton ’h priiiiiijil* "* 
of ineclmnics : 

i 

8|Mt = 0 .... MrO 

0 

if wo decide that Sqf^ is to vanish at the limits r ~ 0 and r ™ /, inu ^ 
that hi is to be zero along tlio path* 

Wo next show tliat equation ( 4 ) liolds not only for reetangulm* 
Cartesian co-ordinates, as wo assumed earlier, but quite generally r< pt* 
arbitrary co-ordiuatos and momenta Vj., It is immediately tdeii 
from tlio moaning of L (see above) that tlio right-hand side of ll M* 
equation is independent of tlio choice of co-ordinates. The same ludi I 
of the left-hand side, since it signifies the work of the impvilsi’S 
during the virtual displacement of 8(^4.. Hence we must have 


- IlPiSQn - 1, 2, * * * n ; i - 1, 2, . * * / 

l! I 

where/ < n denotes the number of degrees of freedom of the meeimniri 1 1 
system and n~f the nuinber of equations of condition botwcuui 111** 
points of the system, which wo iniagino to be already fulfilled in iidr* »- 
duoing the now co-ordinates Q, P, The invariance of ^ 2 h^flk 
worked out analytically as follows. We suppose tlio new oo-ordinatt*i^ 
Q^, to be given as lunotions of tho rectangular co-ordinates qf , ; 


dk A’(Qi» * ♦ ’ Q/) Qi • • » ^«^{{ — 2, 


»)=.i 


We now caloulabo 


(«) 

(tn 




and imagine to bo expressed in terms of the new eo-ordinah^s niitl 
velocities ; wo then have 


Hk bQj 


■ ('?) 
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tlio iant atop being on iiO(a>nnt ol ((3). On the otlior luind, \v6 got 
for 

ni^l 

80 that wo obtain fnnn (7) and (8) 

*.-=.1 ,»=i 

_ ^ t)Qj cty^ 

l^he last Hvnnnuition over h gives 0 when I =b f when I = m, 

Honoo 

If wo now take ovor tho gonoval (lefinition for tlie impulse or momentum 
from (fi), page 7tS, 

p _ ^ . (9) 

DQfc 

WO obtain the rocjiiirod result: 

. . (10) 

h^i 

I’lie variations aro at present still quite arbitrary. If we also 
iniagiuo tbo moment t of tlie end of the orbit to be varied by 8^, we 
have 


J’sMt = sjLrfT - L8<, 


ami wo tlion oLfcaiii (4) if instead of tlio capitals Q*,, P/t Ave noAV again use 
tlie small luttoi's q^, fk foi’ 4ho gonoralised oo-ordinatos : 

/ ' 

2i>AJ=sfMr-L8< . . . (11) 

A!-**! 0 

If ns wo have liithorto assumed (of. equation (2)) the potential 
energy does not contain the time, the energy laAV holds in the form 

H == -I- E,.., = const. = W . . (12) 

Hero (as on p. 77) H denotes the total energy of the system. Prom 
(12) it follows that 

— E^„, = Et,„ ~ W, L = 2Et,„ - W 


jLdr - 2 |e*, 


Ar - W« == S - W( 


(13) 
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The quiintity 

I 

.... (14) 

l> 

liere iiitrodncccl han the diinonsionB of an action (erg see), and m called 
the acli 071 function {WiTkuiigsfu7}Mion). 

If wo substitute (13) in (11) we obtain 

“ <8W - (W + L)8< =- 8S ~ «SW - 2E;b,„8i!. (15) 

As in the case of rectangular co-ordinates, is again a liomogoneons 
quadratic function of the generalised yolooities, so that we niay use 
Euler’s theorem and write 

From (16) wo obtain 

— /8W - . . (Ifi«) 

Tlie integral (H:) is to bo taken over any mechanically x) 0 SHibIe path, 
as is shown by. its derivation from d’ Alembert’s principle, TJirough 
fixing siioh a path by means of its initial conditions (initial position and 
initial momentum) g becomes a definite funotion of the time. By 
.making the initial conditions variable, S ap|)ears as a function of 2/ H- I 
variables (of the time, ot/ co-ordinates ql of the initial position and of 
/co-ordinates of the initial mojnontum), But instead of these 2/ q- 1 
variables we shall introduce other variables, namely (proceeding as for 
a ballistic problem), besides the co-ordinates qj. of the initial point, the 
co-ordinatos of the ond-point target point ” ; TreffqnmH ”) and, 
simultaneously, instead of the time i between the initial jioiut and 
the target point, tho energy W (in ballistic terms, s the charge ”)» As 
a matter, of fact, starting from a given initial point, wo can reach a 
given target point by different paths and in various orbital times, 
according to tho ajnount of energy available,, » Tho equation that 
accordingly exists between W, and (/JJ allows us to oaloulato I as 
a function of W, and and to eliminate it by inserting this value in 
tho upper limit of B, hi the sequel %ve accordingly regard S, the fwictmi 
of aclioHi as a function of the co-ordinates (jr^ of the final 2^ositio7i and of the 
co-ordinates of the initial q^oaitioTiy and as afwiction of the energy W. 
We take 8S as standing for the expression 

Ill's. + 2|*J?+||sw ■ • (‘«) 

Wo suppose this value of 8S inserted in the right-hand side of equation 
(16a), Designating the displacements Zq^ for t — 0 and I ^ t on the loft- 
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hand side of (15rt) by and SgJ., we write, in place of (15fi), 

k^s 

-1- iim ~ - 8S . . (166) 

Ar-1 A-1 

Lot the quantity hq^f, bo called the ** variation al the end-]}oint of 
the orbit/’ It signibes tho virtual diaplaeonient to wJiioli wo liavo 
Huhjoetod the orbital clement at the time r == i. Wo must distinguish 
betAvcon this and tho “ variation of tho end-point of the orbit,” which, 
as in equation (10), will be called Tho latter is now composed of 
two parts ; (1) of tho virtual displacement that wo have effcoted 
at tlie end of the orbit, and (2) of tho lengthening of the orbit which 
corresponds to tho alteration of tho orbital time ])y the amount 8^. Wo 
have to imagine the co-ordinate qf, to continuo its course during tho 
time Bt with tho velocity Tho second part therefore becomes ^^8^ 
and Avo have 

If Avo insert this in the left-hand side of (Ibfc) the loIloAving relation 
results, on Avliieh all that folloAVs is founded : 

k..f k^^s 

, . . (17) 

(Avhero is tho Awiation of tho end-point of tho orbit), 

By oomx)aring (10) and (17) and assuming Sr^j^, 83^, SW os all in* 
dopondent of each other (no oquatiojis of condition), avo obtain 

= (18) (18rt) . ( ^ .(186) 

If, noAv, H wore known in any Avay as a function of tho then by (18) 
AVO shoidd bo able to dorivo tho from S, But this doos not really 
liolp us on, For, to dotormino »S as a funotion of tho (y^’s, avo should 
roqinre previously to have integrated tho equations of motion, Then, 
besides tho suocossivo ])ositions of tho system, also tho corresponding 
momentum co-ordinates Avould bo knoAvn and equation (18) Avould 
become superfluous. 

Wo can, hoAvever, use equation (18) iiulirootiy to Hnd S. For if wo 
insert (18) in tlio energy laAV (12) 

E,,,, -I- E^, = H(j), ; q,) =. W . .■ . (lO) 

AvJtore H denotes Hamilton’s function, that is, the total energy, expressed 
as a function of tho qyffn and qf^'n, then avo got Ha 7 nUlon'ft parliai differ- 
CMtial eq^iation 



( 20 ) 
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It is of the first order and of the second degree (at leant in the east^ nf 
classical meohaiiios, since hercEfc^^^ is a qnadratio fuiKition of tln^ Pf/n). 
We shall assume that we can integrate equation (20), that in, that \\v 
can specify a solution 

S == S(|7i ai ... a/) 

containing/ arbitrary constants of integration. One of eonsl a id s , 
say is merely added to S and is therefore of no account ; it i1o(‘h lud- 
enter into the expressions for tlie^^/s. But H also (lontaiim W as an 
essential constant arising from the differential equation. Wt' nlmll (ntll 
special attention to this by writing 

S 8(171 •'•(//; Wa^a^ » , , a/) d * « • (21 ) 

We shall see presently how, under certain oirennuHtaneeH (hy wipani- 
tion of the variables), we can actually arrive at a solution of tliu dillVi*- 
eiitial equation (20) of the form (21). Wo first cxliiblt tlu^ iTintu' wUi^ 
tionship between the quantum theory and Hamiltoii’n method involving: 
the function of action, of which we spoke at the bogiiming of this uole. 
It rests on the fact that our phasodntegrals 

allow themselves to he expressed directly hy Uie fiineiion of uidhui S. 
Oil account of (18) we have 




By the mle on page 84, about tho intogmtion limila of tlio iiliiiw*- 
integral, denotes the increase that S undergoes wlion tlu^ vuriabh^ 
I’aversea the region that comprises the coinploto rlcKoriptioii of all lhi> 
phases of motion of tho system. Fixing our attention on iiariotHo 
motions {or conditionally periodic ” motions, see below), wo siipiioMo 
hat 111 the integration gfj returns to its value at the oul;Hl^fc, and wo cull 

iitdifciom 0 / iMfunclion of aclion. Our (|uaat,iiu 


= ■ 


™ m ® o/.,jcWofhc% of tha adwn funrlUm hr. irhofr 

multiples of Planck's quankm of aclion. 

To see how the moduli of periodicity of S are d<,terrnin(Ml wo ni.mt 
" '“Ti ° integration of tlie (liiTeronUal 

( ). .[ 10 only method that is sncocssful is that of tiio .srmniliou of 

themnables. We shall illustrate it by a simple oxamplo ^ 

e luuB — «sa-,| ludi on the point 
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iiiass m in tixo divootions of three mutually perpendictilar 
Pv Ih^ ft > Gompoiionts of momoutum than 

' ]5»„, = H- + W) 


E.,„ - ■ 


and tlio partial dilTcrontial equation (20) then becomes 

(l|)' ■'' (H)' {3J 

This equation allows itsoif to bo " separated with respect to tlie 
ViirmhhH (i\, tluit is, it allows itsoif to bo resolved into the f oUowiiijg’ 

y?roe ^?(|uafcions, that each depend on only one oi the tlireo variablojg ; 


/5>S\* , i. 

(^) ■1"'”V3 -"3 

where c^xt 0:3, integration constants between which the follo'wing 

relation liolcls ; 

ai -b + 0C3 ^ 2mW . . . . (25} 

We thus have only two arbitrary constants ; tlio third coJistaiit is 
clotennined by those two niul W. 

Jfiquations (24) (^ivo m 

— InXiCr? ==== Vin^ . (26) 

Hero wo have sot 

= Qiikch^ (27) 

Equation (26) shows in oonlunction with the mechanical moaning of 

^ = .... (28) 

i>»^i 

tluvt tilo varSiihlo Xi is limited to the region between dr wkI that it cm 
rovoi’RO its sense of motion only at the end-points d: of this region. 
.For jf wore to overstep the i-ogion i % then pi would bceome 
iniagiiiftryv wlu'oli is impoHaiblo. If *£ wore to stop before getting to the 
Ijoundan'cs of the region and roverao its direction at a point inside, 
then (6i would 0 lioro ; but by (28) this would entail the vanisliing of 
3S/Da!<, whioli is oxoludod by (26), since ■iiS/a.'B/ can vanish only tib the 
Jimiting points -i;. a,. Tims Ike variable Xf traverses the entire region dr a^ 
allmialdij in the increasing and the decreasing sense, reversing its sense o) 
molion and the sign ofp^ at (he end-fovnls of the j'egion< That is, tho full 
regioir of variability qf Kj strotohos from — Oj to -j- a^ and baok iigain to 
— ft,. We iudioato this integration by adding a oirclo Q the integral 
sign. Our (juantiim (iomtitions ai’O tliou to bo written in tho form 
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Here tlie integral obviously denotes tlie circular surface wIionu 
T hus wo conclude from (20) that 

a 

Cli — /”?“ ' * * . ; • 

From (27) and (2^5) it tlien follows that 

Wo finally introduce the vibration nuniberB which t]()ircH]u>v-^i ^ 
the free oscillations of ourpoint^inassintho throe co-ordinal din i > 
These arc given by 



27n^i = \ —> ymhi ~ 

* \ m 

If wo insert tills in the second equation (31), wo got 

2mW = ^2nivinjii W ” ^ 


The energy of our oscillator thus appears, as was to 
an integral sum of onorgy-quanta hv^ that correspond to tlir 
partial vibrations ; our spatial oaciliator, just like tlio linc'nr 
in § 3, equation (13a), is quantised according to onergy-elonnMii« 

A scries of general remarks folloAV from this simple exainphv 
(a) If Hamilton’s dillorGntial equation of a system of f 
freedom allows itself to be fully separated as regards tlu^ 

(/y, tiiat is, divided into parts that dopoiid in turn on only ^ 
the co-ordinates then, as in (24), / constants ajipeav, of 
however, only/— 1 are arbitrary. In this way wo obtain h> 
method of separation of variables the completo solution of I ® 

difForeiitial equation witli the number of integration oouHtanlsS 
in our former remarks. Together Avitli the onorgy-constant W ^ 

/ paranietors (wo sliall call them briefly the constants a 
according to classical mechanm^ may be chosen freely within a 
mmiifoldy bni, accordhig lo the quantum theory^ are ca^pable only of 
mhies. 

(ft) Just like the Hamiltonian oquationa so the partial 
derived from thorn by the process of separation in tlio coHU'ilin^jiry®' 
aro of tho first order and of tlio second degree. Wo shall asHunu* \ im% 


Hamilton’s equation only tho squares (and not tho prodiKiU) of 1 Iv 




^4. 




oociir ; this is equivalent to tho kinotio energy being convpoHud 
of tho squares of tho In this case we speak of the 

co-ordinates q, If wo caloulato ciS/^q^, then, as in (2(1), wt* 
pure square root of a function of q^ alone ; 




. /Trr^ 
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Let and ho two consecutive simple real roots of the fuuotion fi 
ill a region of values which is acce>s8ible to tlie co-ordinate according 
to its meoliaiiical signilioanco ; wo then sec from the same considera- 
tioiiR as those applied in our special example, that if once lies between 
the values a,* and b^y then it swings permanently between these limits 
libration limits .For eacli libratiou and for each co-ordinate q^ S 
inoL’onses by a fixed modulus of periodicity. Just as in our example the 
])QriodR corresponding to the various co-ordinates do not in general 
snporpose exactly, and hence the orbit will not return into itself. Wo 
call this behaviour comliiionally imiodicu'^ For further details, in par- 
ticular concerning the conditions under which an asymptotic limita- 
tion motion ooonrs, in place of the libratiou motion we refer the 
reader to Oharlioivl* Gdedial Medianm (“ Meohanik des Himmols ”). 

(c) In all conditionally periodic systems the form of the orbital 
curve has the character of Liasajous figtires. In Fig. 25 wo draw the 
two-dimensional Lissajous curve 
wliicb is doseribod by the co- 
ord mates of our ^ example, 

'riic curve touches its onvolopos 
:] ■ and -h ag alter- 

nately. Kxactly the same occurs 
in tlio general case, for whieli wo 
denoted the corresponding limits 
for the co-ordinates q^ by 6^. 

somowlTUt difforonb appearance 
of, for examj)lc, figures which will 
ho Hhown in Oliaptor VI to illiistratc 
tiro Stark ollcot, is nioroly duo to 
the fact that tlio co-ordinates 
aro not Oaitesian but have boon drawn as ourvilinoar co-ordinates in 
agreomeiit with their pliysioal significance, The Lissajous curve in 
this case doos not nestlo in a rectangle but in a curvilinear quadrangle, 
(rf) An essential difleronco, liowover, manifests itself if there happens 
to bo a cyolie ayamuth among the co-ordinates gi of tlio system, that is an 
angular 00 -ordinate r/;, which doos not occur in the expression for the 
energy. In this case in place of equation (33), the following holds ; 

const* ^ p , * , ,* (34) 

o<l> 







Fig. 25, — Form of fclio orbital curvo 
of a coJidiUonally periodic sysbem 
having two dogroos of froodom 

A’l, 


* Noii-Hoparablo pi'obloniB can also havo a conditionally poriodic form for the 
orbits as 10, Fugs has shown (Zoits, f. Physik, 34, 788 (1026), following the idons 
confcainod in a paper by 'Knosov, Matli, Ann,, 84, 277 (1021). 

f Leipzig, 1002, Vol, I, pp, 85 cl seq, Tho iinmo “conditionally periodic 
aroao from tlio oirmiinstanco tlmt wlion ono or moro conditions of coinmonsur- 
ability (Noto 5) bocamo added to tho motion, it “ dogonoratod ” into a truly 
poriodic motion, Tho more appropriate torm “ multiply periodic ” bna b(3on 
suggGfitod by Bohr. 
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In (j} wc have no libration limits ])ut the inass-poiiit continually tra- 
verses tlie orbit around the origin of the co-ordinate system, according 
to the law of areas. The representation of tlio relativistic Kepler ellipse 
in Chapter V, § 1, gives m a j)iotiiro of this behaviour. It is included 
between Uvo enveloping circles instead of being hedged in hy a oairved 
quadrangle. The full I’Cgion of variability for a cyclic co-ordinate 
stretches from — 0 to (f) ^ 2^, Consequently the corresponding 
modulus of periodicity of S is 


2n 



and the quantum condition becomes, as in the case of the simple 
rotator 

27T2y =^nh ( 35 ) 

It is not necessary for the sequel to emphasise this frequently 
occurring exceptional ease, llatlier, use is to bo made of it in deiining 
the conditions of the conditionally porioclio system. 

(c) The general quantum oonditions for a conditionally 
system are, following on (33), for orthogonal oo-ordiaatos : 

= jVfiiq,, W, aa • ■ • • • (»«) 

Ihey furnish us with / equations for detorjnining the / constants W, 
aa . . . a/, TJiose constants, in particular also tlio energy aw thus 
fixed by the quantum numboi’iS ni. A discrete manifold is scqiarated out 
from the coniinuons manifold of fJicir values. In 2 )ariimlai\ the quantisinq 
of the energy paj/s due regard to ilia sharpness of spectral lines. 

(/) Gomjylex integration' oRqyb the natural motliod appropriate for 
evaluating the integrals of tlio form (36). As wo liave already indioated 
by the sign 0> the path of integration is a olosed one. It runs round 
the two branch points of the square root, which wo suppose con- 
nected by a branch incision ; and, moreover, since the square root 
olianges its sign in passing around the one or the other branch-point, 
and since the integrand of tlio })hase-mtogral is necessarily ])ositivo 
(cf. p. 81) tliG path forwards must be traced on the positive, that back- 
wards on the negative, eelgo of the iuoision. Wo ro-inodol it (cf. 
Note 4) into any arbitrary conrao about the incision and may, in givcui 
oases, simplify it further by contraotion into the singular points of the 
integrand, Thus the most 2 }oiverJul imtniment of the theory of f unctions y 
the method of complex integratioTii places itself beside the methods of higher 
mechanics in the service of the qziantum theory. 

{g) Hitherto we luivo disrogarded the real problem of integration of 
the diltcrential equations of mcehanios, that is, the rojirosontatiou of 
the motion in its dopondonco on time. We must no av supplement our 
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renifirks by a few statomcmts about the method of calculating the 
orbits that oonstitiites the true achievement of Jacobi in this field. 
This is done most briefly by means of the theory of canonical transforma- 
tions (see Note 2). We start out from the integral (21) of the Eamilton- 
Jacohi equation mth the integration constants W, oCg, a.} . . . oLf (v^e sliall 
in future continue to omit the unessential constant a^) and perform the 
process of variation on it, obtaining 




1 ' 2 
Using equation (18), -wo write this 

/ / 

= Ym, 


(37) 


I'lio quanbitios ^ jioro introdvicod aru bo bo dolinod bhuH, a« a comparison 
wibli bho preceding eqiiabion hUowh : 


i3i 


<>8 n „ 8S 

W' 


(38) 


Equation (37) slrabeH blnvb botween the </j., p,. as original VH.rial)leH, and 
the/3j., a* (witli oq— W) aa “ now varialdos,” blio oharactca'istic rolatinii oE 
tlio contact transformation, equation (106) of Note 2 , again liolds. The 
function E* bliat occurred tlioro is boro again ropresontod by )S. As it 
docs not eojitain I explicitly, equation (10«) of Note 2 assumes tiro form 
Q) ^ H(l?, Q) ; that is, in our case 

H( 27 , q) = H(W, a, . . . ft,. . . ft,) - W . (30) 


From til is it follows tliat 
Dll 


DH 

DW ’ 


Da, 


=--= 0 , h 


•/. 


DH 


-=:n, fc=-l. 


/. m 


Now the il'lainiltonian equations hold in tlio now oo-ordinates W, 
a, ft, just as much as in tlio old. co-ordinates j), q. Thus, in view of 
(4(1), wo liave 


da.,. 

in: 


dW__ 

dl 

DH ^ 

^ftk 


0 . 


DH 


0 , 


dl 


% ^H. 

dl DW “ ’ 



k ------ 2 


. . (4i«) 

. . / . (416) 


Those equations assort nothing now so far as W and. a., are oonoorned. 
They only oonrirm their constanoy during the course of tiro motion. 
But concerning ft, they state tliat the quaniUm ft^ ... ftf am also 
co^islant dnrmy Dm motion, ami Dial ft, becomes equal to I (except for 
an additive constant, wliioli we can include in the reckoning of the 
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time). If wo now comparo this result witli the Rquittioir of (li'liuilii’ii 
(38) of tho /3’s, wo have 


1 = 
J3*- 


hS 


JlKfc 


= const., 





(.i:0 


Equations (43) give /—I relations between the tjo-ordiniituH 
<?i , . . of the orbit, whicli do not contain the time. Tliey sniVmi> 
to doscidbe the /om of the orbit. We call thorn tho orbital vfjualioff^^, 
The constants jS.^ . . . |9/t together with the and W> I hr 
stiii wanting constants of integration of tho prohlcvin. ^.I'Ik^ (loursc^ n[ 
the motion in time is ropresentod by equation (4-2), 

We have thus deduced^ — ^by the shortest wa^^' tlie roinarlciiidi^ 
tiieorom of Jaoobi i the iiiiegraJs of the equationfi of motifoi naii/, if a 
complete solution S of the partial (Uffercntial equalio7is is hnowih hf' 
obtained by mere differentmlioji, 

(h) V/e sliall oonchide this section with a few renmr){H on tbc» orison 
of Hamilton’s theory. Onr account is based on two nohis hy l<\ Xloin,'*' 
Hamilton was an astronomer who studied the ooume of rnyH of ligljf 
in optical instruments. He found ra.y optics prevah^nt (Newton n 
omissiVo (oorxniscular) theory of optics), in whioh th<> path <»f eorpiiMidoN 
of ixght in a medium which is homogeneous in sections nr, niorc^ gtMKu aily , 
in a non -homogeneous medium, is described by lolnl different itd cyna- 
liofis, Hamilton endeavoured to link up this tlieory witli that of wavo- 
optics^ wliioh had just begun to come into being at tiiat tinu^t me/iMH 
of iwtial differential equations. 

He recognised as tlie connecting link tho concept of Urn wniW’'snyfarr . 
In wave-optics this is defined as the surface for wiiiuji tjio vibj'atioMH i>f 
iigjfit arc in the same phase ; in ray oxitios it nuvy be didinnd as Mn* 
orthogonal surface to tho orbits of tlie light eorx)UH(d{‘s« Jn nvovy 
optical iwoblem there is a family of wave-surfaces. Let tbw honily )>/* 
represented analytically by S === const., where the constant is th(‘ pnm. 
meter of the family and S is a function of tho oo-ordinahm 
Ear the mechanics of fight-corpuaolcs / 3 and space is Hmdidoan ; 

for the problems of general moohanigs wo must pass over into an 
/-dimensional space which, moreover, is in goncml JunnlCimlidruu. 

Ah wo know from the theory of surfaces, tlie direotion-ijosinrs of t\u^ 
normal to the surfaoe S == const, is detorminod by Iho mbufS af thc< 
derivatives The momontuni of the light oorpmnhs m Ut (he 

direction of this normal, so that is proportional to hiS/^irp.. This ut 


* Gosntmtiolto AbUaiull., 2, 001 niul 003 j they apnaarod cir(trhM,llv i„ 
bonahm a DouiBch. Math, 1, mi md ymU f, VatJi, u. I^VHli 40 llsn ! 

t Htumltoii 0 papers on ray optics date hom 18UH In \mi (Tmun. U’Mi 
LoiulrP ' i^ymmos daio tmn IHH to IHim rrmnV lUw. 
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once tellH UH Uu? g{M)meliri(ial iiKJiining ol our e{|uaUoiv (1-^) 

Hanio eonviiiees m tliab tlio ('((luiUon S ■ coiml. of the ^vave- 
surface is aualogoim to tlu^ postulate tiuit Hamilton's fiinofcion of action 
niust be constant. ^.Hie circumstance ttiat the wave -surfaces arc to be 
{[escribed by a partial dilfcrcntial equation is plausible gtM)inotrically, 
just as is the fact that its orthogonal trajectories may be dcvrlvcd by 
simple (lifTerontiation (see above, under (g)), 

Jacobi took up and extended only tliab aspect of Hainiltnii’s theory 
which could be dealt with by analytical moohanics, Tim optical aspeust 
bccaino lost to view, and was newly dis(50vered by Brutis ^ in his theory 
of the eiJamuL The (dkoual is essentially tlie time taken by a ray of 
light to pass in an optical system from a given initial point to a variable 
final point. Hence the cikonal becomes identical with tbo phase in the 
undnlatory theory, that is with the action function S, At tlio same 
time, Hamilton’s inunoiplo, ocpiation (4tt), whioli wo may also write in 
the form SS — 0, becomes merged into Ifcrmat’s principle of least time. 

Uhe relationship between ray optics ami ordinary meohanies, which. 
1ms here hocm skotchod, was all-important for the discovory of wave- 
inoobanios : just as ray optics is only a lijuiting case (wave -length 
small compared with the chlTracting objects) and is hi general to be 
replaced by wave-ox)tics, so, according to Hohrddingor, ordinary 
mechanic.s jiiust be replaced, when wc^ deal with atomic (limensiorm, 
by ivavo-mechanics. 

§ 7, Elliptic Orbits in the Case o! Hydrogen 

In §§ 4 and 5 wo liavc spoken only of the ciroular orbits of tlio 
electron of the hydrogen atom, lliis is obvi(Misly an Tinneocsaai'y 
limitation. As in planetary systems so hero wo must fix our atten- 
tion on the ellipse as the general form. In this woiiso wo exprcHs 
Kepler’s \^x^v in tlio form ; 

The eleclron moves in mi in one focus of which the nucleus is 

situatoxL 

In the formulation of Keidor’s law tbo relative motion of the nucloviH 
is loft out of aooount for the present : this defect can bo roniedicjd 
subsequently, \ 

Xbc motion in the ellipse represents a problem in Udo degrees of 
freedoMt in that the position of tlio olootron is dotermino;^ l)y 
co-ordinates, hero by the iiolar oo-ordiiiatos measured from tlm fooim, 
namely, the azimuth (j) and the radius veotor r. Wo troat the 
most simply f by the motbocls of the iireocding section ; that wo 
start out from the Hamilton- Jacobi cliA’orential ec|uation in \tho 

* Abhaudb d, Loipzigoi* Akad., 31, 1806. \ 

t 111 tho proviouB English edition of this book (p. 28*1) Iho oHiptIo niotiou wir» 
treated in m olomonfciuy a man nor ns possible. It Moems appropriate nowaclay^ 
to follow tho divGOt if somowhat thorny path of Hamilton’s iiiothiKb pavlioidaiV 
in viow of iho trend towards wavo-mooluinios. 



no 
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eo -or tl inatoH r , (f) . To I x? able to ho (m i p U lis { I i I h ^ re n I i a 1 1 x p i n I it j 1 1 w r 

niusb iU'st write tlowii the total onorgy H us a lunetiou t)[ tlio 
or moniGuta p and the co -ordinates ({. 

We form tlie orbital element ds of the olcetron in jiolar t!ti-tir<lniJiinH : 

= dr^ -\- r^d(f)-, 

Prom tins we obtain tlie kinetic energy 

ti, vi/ds\^ 


The potential energy is 


^i)ot — 


ZC2 


(\) 

(2) 


where we again first denote the niioloar oliargo gen(a*ally by 
Corresponding to tlie position co-ordinates 

^ and q ^ r, respootivoly, 

we have, by equation 0 of § 0 of the present ehaidiu', llu' iminihr tir 
inoinenktni co-ordinates 


P 


H 


(ii) 


H) 


We call them and^J,,, and on account of (I) and (H), 

p^ === py ^ 7nr ♦ 

®y (1)> (2) and (4) the energy law now runs : 

V 

^ ■ *' ^ 'I'l- 

By tho general rule on page 101, equation (20), \v(t gist friiin I IiIh l lu> 
.framilton-Jaeolii equation if wo i-opkco by ^Hhr and p,,, l.yr 
Hence » . f t 

Since <l> does not ocevtr explioitly (cyclic oo-ordinato, scic n. lor.), we nin v 
next act 

^ = const. .... (II) 

This mtogial of the differential equation is equivalent to tin' law nf 
areas is by equation (4) tho moment of the momunlUMi 

mv, that 13, the produot of the arm r and the a'/.iinutlinl eompniii'iit of 
the momentum mrf By tho law of are(,.s (" the rncHvis veetw Hwrnim 
out equal areas m cqualtimos ” ; Kepler’s Hoeoiul law) is, liowev.V 
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coiintiuil; cluriijg tlio inotioii, and Uiis is also assorted by oqiuitioii (fi), 
Tiio (.piantinn postiiUito 




(7) 


lionoe gives m as tlvc value of ; 

277-^) 


( 8 ) 


27r 

'.rhe oquaHon (7) is oallod the azimuthal quantum condition; it; 
agrees ^vith the earlier quantiiin condition of the rotator (see eqn. (18), 
}). 82) ; is the azimuthal quantum 7mmber, The limits of the integral 
in (7) eoiTospond to the rule on page They comprise the whole 
domain of values of the position co-ordinate By substituting 
equation (8) in equation (5) wo obtain 

2»tZe» „ 
r 477^’^ 




or 


4 


ah. .5-,- Si 


(») 

( 10 ) 


with the abbreviations 

A-. 2mW, 


0- 


477'^* 


We need nob coiujoin ourselves witli the general integration of (5), 
but may inunediately form 




ilr = Ujh 


( 11 ) 


(11) is the radial quauium condition, and is oorrespondingly the 
mdiid quantum number, limits of .the integral must comprise tlie 
full range of values of r ; that is, r runs from to and back to 
"^tnin i^gn.iu ; wo denote tliis by attaching a oirole to the middle of the 
integral sign, Wo may evaluate the integral by the method of complex 
integration and then obtain, as is shown in Note 4, 

Jr-fV^-|.T + ?*--2"(VS-:^) . (12) 

;[£ wo HiiljHtituto tliiH in (11) wo get, in view of tho meanings of A, B 
and (J, 

Y_ 

"a "‘277 1/2^/ 


27rM 


=; 11^1 


(13) 


Wilson dodnood tho above oqimtiona (11) and (7) from hia gonoml 
formulation of tho quantum conditions, quoted on p, 83, slightly onvlior than tho 
author (Wilson’s impor, f?hih Mag,, 81 (101), 1910> was conoludod in November, 
11)15, tho aiithov^B in Dooombor, 1016). Bub Wilson made no application of 
tlioso equations to Ralmor’s sorios. 
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(111 determining the sign of we irinst hear in niiml tlin Jinul rennu’k 
in Note 4.) lUqmition (13) now redneoH to 


or 




{iH I ’ 




27 t%ZV 1 

’ (?4 + nrY^ 




(M> 


where we have taken the value of R from oquaiion (Ih), i)j\ge Hh, ninl 
liave set 

%if + 7 lr^ 7 l * . . . (I'"*} 

We call 71 the qnantimi siun or, according to Bohr, Bn' prison' prtf 
(puintmn Qimiber. Like and it i« a ponitivt^ iningov. Bolir 
suggested using k for Instead of this wo fjiuill lattn* introdneto lliu 

quantity (/), which is given to iig by wavo-inccluvnioH, 

The result (14) is of very great iniportanco^ ami of hnjU'OHHivo 
simplicity : we have found for the energy of ike elHplio orhilfi (he minf* 
value as toe found in equation (13) on pajc 37 for emuhtr orUl'i ; thf^ 
qmnkm number n that occurred before U 7mo replitced by l)u> prlnvipttl 
quanimi mmber % + Wo sliall presently show Hint ihc (juantuni 
cQ7idition$ (7) and (11] select from the inhereiUly conlhams nuiuifoltl af 
all possible ellipses a family of q%ianiised clUqws ‘which are yivviti by thn 
Uvo positive uyJioU numbers n,(, and or, as wo may say iti vitnv oI (15) 
%vlme siu and fom is determined by 7i^ a 7 i(l \H(( nation (M) tlmn 
states that each of the qua7iiieed ellipses of our fttniily is equivalent in 
energy to a defmUe Sohr circle. 

We realise the form of the ellipses host by dotermining tlum’ smui' 
major and semi-minor axes. For this purpose wo roguirt^ tln^ aphulirHi 
and the perihelion diataiices, tlmt is. ?•,«„* aiul W« (>l)tivin tliorto 

quantities by fotming ==> mi' ^ hfij^r =n 0. By eqimtioii /») tJiJ« 
gives ^ t \ / 

2mW}'» -i- r. 

4 tr^ 

But for the major axis avo clearly have 


2a • 


that is. 




mii\ » 


2 m 7 je^ 


2 . 2wW ~ 47r%j5e®' 


. lUkO 


t le last step fo lowing from (14). Por the soiniuninor axis b wo Imvi* 
«i6_famihar i^fationship 6^ c«. wlioro c denotes tin. distaum. 
of the fMiis from the conti-e of the ollipso, Honoo jfc follnus, as 'm 
immediately obvious geometrically, 

6 ^- («-c)(oH-c)-r, 
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lloncsB 


/j2== 


47r® . 2 toW ^ Ujr%rZcV ’ 

r n 


(166) 


If, aa in equation (7) on page 86, wo write s= a^~ radius of tlie 

lirat Bohr circle aa an abbreviation in equations (I6a) and (166), we 
got 



"*z- 


b 


(10c) 


The equations (10a, b, c) show that the size and form of the ellipses is, 
in fact, fully doterniinod by and We also observe that our value 
for a coincides with the radius of the circular orbit, having tlie same 
n (of. cqn. (4), p, 80), 

We may now also calculate the period of revolution r from the law of 
sectorial areas, We know that 

m ^ m 2 tt 


donotca double tbo surface swept out by tbe radius vector in unit time, 
and hence is also equal to where B = abn is the total surface of the 
ellipse. Hence it follows that 


2mli’ inhti , nW 


(17) 


that is, exactly tlio same value ns tor the circular orbit having the same 

n (oqn. (4«), p. 86). i 

Finally, we may conclude from (16a) and (17), as on page 86, that 

Kepler’s third law also holds for our elliptic motion : 


-5 = const. = 
a'’ 


47r*m 

Ze* 


(18) 


(In the astronomical case, we must replace Ze* by wM, in agreement 
with Nowton’s law ; hero M = sun’s moss.) 

It wo had also taken into account the motion of the nucleus (of. the 
beginning of this section), wo should have had to replace the eleotronio 
mass m in all our formulas by the “ resultant mass g (of. § o). In 
place of E,« wo should tlion have to substitute the general value B. ot 

equation (9), page 92. .j, xi,„ 

Wo next take one ollipso of the family as the initial orbit of the 

olcotron (lot the prhioipal quantum iiumhor of the ollipso ho m), another 
olli]>so ns tlio final orbit (its principal quantum number being w). In 

VOI^. 1—8 
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order that the transition may bo spontaiieouH and by Ihr 

emission of energy wo must have M > H. Wo eabmiatt? the (*nunsinn td 
energy by the A vdaw. Wo obtain, aJialogouH to equatioji ( IT)), pag(', SH, 



and ill particular for hydrogen (for whieli Z • - 1), 



m 


From the point of view of practical results, this speotj’ul i’oniiuhi 
again gives only Balmer's series, but it has a (Uepeiml ilmmdkal si{jnijU 
caMQ, and its origin has now mtiUijde rools. By llm (ulmissUm of onr 
dlijHic orbits the series has gained no extra lines and has lost none, of its 
sharpiiess. 

When the author, early in 1916, developed tho ah()v(^ tlu^ory, hi- 
referred at the outset to a series of ways * by wbioh tlu^ various possi- 
bilities of generation contained in a Balmor line may bo made manitest;. 

1, In the natural state of tho H-atoui witliout a Hiipordniposed Ibdd 
the various possibilities of generation coincide only aoeidontully, as it 
were, in one line. But if wo allow an oleotrio (iold to act on \]ns luniin* 
esceut atom, in the manner iwaotised by Stark, the original quantum 
orbits vdll be disturbed. It is evident that tlio clisturbanco will aflcei 
the various ellipses differently ; it will thorofdro alter the enoigy of tlu^ 
various orbits differently in each case, Tho result is the sO'Ciilkul 
Stark effect, to which wo shall return in Chapter VI. 2. Similai’ 
consequences follow from the application of a magnetic Held and ilm 
result is the Zeeman effect. Here, too — both in our tlieory and in tln^ 
older view based on the classical theory — ^tho resolution of tlio liJU’s in 
not due to new possibilities of vibration being gonomted but to the cir- 
cumstance that lines which wore originally coinoidcnit are differently 
displaced and hence sej^arated by the magnotio iiold. We shall alnti 
study the Zeeman effect in Chapter Yl.f 3, a'ho most beatitiful and 
most instructive manifestation of the quantum states tliat belong tti 
the same Balmer line is, however, given by Nature herself witliout our 
agency in the fine structure of simeo-timo conditions as refine ted in tho 
ftne stracture of spectral lines. This will bo dealt with in Cliaptor 
to which we refer the reader, 4. Tho (in hydrogen) oifineident linoK 
may be seiwated by an inner atomic field in place of an oxlonml 
electric or magnetic field. Such an inner atouiio field does not, indent L 
occur in the case of hydrogen itself or atoms of tholiydrogoii type, but 
does m the case of all other atoms (neutral Ho, Li, eto.). In Uhapter 


Sitzmigsbeiiohte dor HunoliGnor Akadomio, 101/5, p, 426, of., in ijarlhuduis ^ 
ft irit accurate to say that wo slmll first deal witli the Zociium oiTot't for 
fields that arc not too weak, Tho oompJieafcions that occur jV tl 

via wo«i< i» 
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VII wo mIuiU so (3 that mich atoinio fields are thc3 cause of the single 
Balnior series of iiy<lrogon splitting up in the olenieiits not of the hydro- 
gen type into the series systems : Briuoipal Scries, First and Second 
Subsidiary Series, oto. 

All tlu^so things are connected witli a conception which was intro- 
duced into tlie (plant inn thooi^y by Schwarzachild (of. the (piotation on 
p. 83). It is a question of the difforonco hotwcou degenerale and non- 
degmeraia systems. A system of / degrees of freedom is degenerate if 
less tliaii / quantum ninnlicrs are sufFiciont to fix its (mergy according 
to tlui quantum theory. The classical Koptor motion and, indeed, 
every purely periodic motion is fully dogmierato, since the one principal 
quantum number n su/ficcs alone, The relativistic Kepler motion is 
nou-dogonorate ; on account of the smallness of the relativity correction 
it may, liov^ovcr, be called axiproximately degenerate , In the same way 
the degonoraoy is partially countoraoted by the eleotrio field of the 
Stark elTect, the magnetic field of the Zeeman olleot, the inner atomic 
field and so forth. It is only in the case of non-degonerato systems that 
all the / phase-integrals come into action, as wo mentioned earlier in 
introducing them (p, 82). The analytical oritoriou of degeneracy sot 
wp by Sohwarzsclnkl or taken over from celestial mechanics ivS developed 
later in Note 5 of the Appendix. 

We next enumerate tlio various possible oiroular and olliptio orbits, 
w]\\q]i belong to a given value of n ^ n,f, -1- Wo begin by remarking 
tliat : 

(a) — 0 denotes a circular orbit, This follows from the radial 
quantum condition (11), whioli shows that when vanishes, so also 
(loos that is, r, and so r must bo constant. 

(b) n^, — 0 denotes a degenerate ellipse, namely, the local distanoo 
takojr twice (to and fro). For when 91 ^, — 0 wo also have by (lOi) tliat 

6 0. 

!But this degenerate ellipse must be exchided. From tlie point ot 
view of orbits tlio reason given was that if the elootron were to traverse 
the focal distance it would noeossarily collide with the nuoleus. The 
view of wave -mechanics is much more satisfactory, In wavo-mcolianios 
the azimuthal quantum number, our n,f, or Bolir^s k (see above), becomes 
rejdacod by the quantity : 

1 ^ 0 , 12 ( 21 ) 

From tins it follows immediately that 1 is the smallest value of our 
quantum number?^,;, that oan occur according to wave-mochaiiioa, or, 
in other words, that n,f, — 0 k forbidden, 

At the same time it follows from n = 71^, -h that the upper limit 
of 91 ^, is the value and honoo that the upper limit of the Avavo-mooliani- 
oal quantity I m n ^ 1, Accordingly for a given 91 wo liave jn’eoisoly 
91 possibilities of resolution into radial and azimuthal quantum numbers, 
oorresponding to the -w. permissible values of ?, namely, Z— 0, 1,2... 1 , 
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ia illiiatrated in tlio lollowiag tabulation, wlioro wc oiuimerato tlio 
various typoa of orbit according to the qiiaiituin iiumbcrw n and I (Uic 
significance of tJie expressions K — , L M — , N wholL will ho nuido 
clear in the next olmpter) : 


Z^O 


71 ^ 1, ono possibility, K-ahcll 

71^ = 0 a — cti 

a circle 


Z- 1 
Z^O 


71 ^ 2, two possibilities, L-sliell 

% ™ 0 ’ a — 2%^ I) “ 

a~ 2%i . b — 

y'g 

circle or ellipse of eccentricity e ^ -g- 


a 

¥ 


1^2 
/==: 1 
Z=;0 


n — 3, three possibilities, M-slioll 
7\ — 0 a — 3%i b 

7ir — I a — 3%i b 

a ^ b ^ 

VE 


Tly ~ 2 


circle or ellipses of eccentricities e ^ -y or e 


™ a 

- •§« 
= ¥ 

3" 



71 = 4, four possibilities, N-slicll 

, 

/ = 3 

fir — 0 

a — 4®ai 


« = 2 

fir — 1 

a — 

h = |« 

; = 1 

fir — 2 

a “ 4^ai 

b -■= fU 

z = o 

Hr — S 

a = 4“^! 

1) ^ y 


Vi 


circle or ellipses of eooontricitioa e = — j- 

vrs VlG 

or € = — j— or e === -1—. 



Pia, 20. — Shape of Uio orbit of tho hydrogen olootron for n 1, 2, 3, <1 (from 
loft to right). Tlio orbits are drawn oonoontrically in order to hIiow tho 
rolativo bi/os of tho orbits whioh have tho same value of ?i. 


The diagrams drawn in I^ig. 26 have not been drawn to the same 
scale (in. order to save spaco) ; of. tho arrows a^, 4ai, . , . drawn at the 
bottom. Moreover, for tho sake of clearness the cuvveH have boon 
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ciepicted ooneentrically instead of confocally. If wo draw them eon- 
focally wc obtain the following picture instead ; 

K. L. M, N, 



27. — Orbits of tho liydrogoii nlocjtroii for n ” 1, 2, 3, 4 drawn conforjully. 


AVo introduce an al)breviatcd naino for these dilforont types of 
orbits ; call tliein generally 

7ii — orbits, 

a modification of Bohr’s nomenolaturo — orbits, which wc find it 
necessary to supersede in conformity with oiir prcscut-day knowledge ; 
hence we must associate with tho letters K, L, M, N the following 
symbols : 

K L M N 

fig 4.1 

2o 4, 

fio 4, 

4o 

^Xbe orbits ropresonted by the symbols in tho top row are circles, and 
those below them are ellipses of increasingly groat eccentricity. 

Among all the electronic orbits that will engage our attention in 
tho sequel tho ICexder ellipse will occupy a special position ; it is purely 
periodic, Wo know that in tho two-body problem for any arbitrary 
law of attraction f{r) purely poriodio orbits occur in only two oases, 
namely, when f(r) is proportional to (Kepler ellipse) or proportional 
to (two-dimensional harmonic oscillator), Wo slrall see that the 
chief result of this section is intimately connected with this kinomatl<^ 
character of motion in Kepler orbits, this result being tiio fact that the 
energy depends only on tho sum of the azimuthal and tho radial 
quantum number. 

For if wO integrate the third equation on page 100, namely, tlio rela- 
tionship, 

Efcot "=== .... (22) 

with respect to I over tho period t of the motion, wo obtain 

T 

2j]W« = ljpA • . • • (2:n 

n 

Tho right-hand side is tho sum of our phase-integrals for tho diflenMit 
co-ordinates of the system. In a purely poriodio motion (and only in 



ii8 
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such) every co-ordinate actually traverses its full ranges of variahilif.y 
(of. p. 103), while the time i varies from 0 to r. 'Huis in tho nolatiiui 
of page 83 the right-hand side is 

We denote the left-hand side of equation (23) by »T ; in virtm^ of Km 
definition from the kinetic energy it is indopondont of tlu^ nhoi(?(^ of 
co-ordinates and, by equations (14) and (22) of § 0, in (ujiuil to tin* 
increase of the function of action after each complete r(nn)lulion. If 
we follow Bohr * by demanding that 


T 

J = — nh 


CJI) 


wo arc clearly in agreement with our rule for tho phaHO-inl^igralH, luul 
M'o got simply that n — (principal quantum mmilwr, Htim of 
quanta). 

Tho individual quantum number % rotorH to tho oo-ordinato c/j., ami 
so has no physical moaning unless this co-ordinate is distingiiiHlicd liy 
the Jiaturo of the problonj ; but tho principal quantum mi m her n iu 
independent of tho choice of co-ordinates.f In tho oaso of tho Itophu' 
problem the ambiguity in tho ohoioo of oo-ordiiiatoH may bo (uisily 
followed, In the present section wo liavo used polar uo-ordiiiatoa. 
When we discuss the hydrogen atom in tho oleotrio Hold (>Stnrk oJl'oot) 
in Chapter VI we shall use parabolic oo-ordinates. In partionlav, wt' 
may . apply parabolic co-ordinates to tho ease of a vanishingly small 
electric field, that is, to a pure Kepler motion. Lastly, wo n'lay uso 
e iptio X co-ordinates, namely, such that tho Koplor orbit forms an 
ellipse of the co-ordinate system. In all theso thi-oo oo-ordiiuito 
systems the phase-integrals may bo formed indojiondontly of ono 
another, that is, the problem may bo separated. Wo liml tliaO wo 
obtain, according to the co-ordinate system vised, various (iiuintiim 
oonditions — nj-h, that is, dijferetil sliaim (oocontiioitiim) for tlio 
quantised ellipse. But we always have the same vulm for (hi', v.nmni 
(because the value of W is determined simultaneously with tho tiini-- 
mean of the kinetic energy, see Note 3), and. as wo may add, fclio sumo 

vaiueforthewa^oramaandiAepemdT, 

Vol.*lv; ms! Koponbageu Anulmny, 

las flrs^p^aPon ' '.T 

(2.1 ot thotoxl-. anpoava for 

presontecl parlimilVr climZir, „( "f 
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Heiieo ^vo soo ec[iiatioii (24) leads directly and without calculation 
to the essontial oloments that dofino the orbit ; those elements which it 
(loos not yield, for example, the minor axis 6 , are dependent on the 
co-ordinate system and must therefore bo of no importance physically. 
If, in spite of this, wo did not give up using the special co-orclinates r, 
the reasons are as follows : 

(1) Our point of view is that the results of classical mechanics are 
limiting cases of relativistic mechanics. But in the relativistic treat- 
niont tlvo quantising of the KGj)lor ellipses is fully determined, and it is 
not sulheiont to introduce only the one quantum number n. At the 
same time, tlio use of polar co-ordinates is prescribed by the nature 
of tlic problem. 'I^his also justifies the ?ij-orbits designated above, 
namely, as limiting coses of the corresponding relativistic orbital curves, 
Avhioh arise when the relativity correction is neglected. 

( 2 ) When wo develop the theory of the periodic system in the next 
chapter wo require, besides the major, also the minor axis and the 
form of tlio ^i^-orbits, exactly as given al)ovo. Their use for this 
purpose may likewise bo justified as a limiting process. If wo are not 
dealing with l^ydrogon, but with more general atomic models, there 
muHli be added to the Coulomb field of force an additional field which 
arises froju the clcotronic envelope around the nuolous, and which may 
be described to a first degree of apinoximation as a central field. The 
treatment of this case according to the quantum theory is similar to 
that of tile relativistic case* Tim polar co-ordinates are also pre- 
scribed hero as separation variables and give rise to two quantum 
conditions which fix the minor axis as well as the major axis and the 
energy, Our orbits, which we have so far developed for hydrogen, 
then result as limiting oases of the corresponding orbiis in a central 
field of vanishingly small intensity. 

(3) Tlio process favoured by Bohr cannot bo generalised by wave- 
meclianios, whereas this is possible with our process of quantising in 
polar (or parabolic) oo-orclinatca. For in the wave-meohanioal treat- 
ment wo must take into account all the degrees of freedom of tlie system; 
in the Kepler problem not oven the plane polar co-ordinates are sulTi- 
oient ; rather wo must treat the problem as spatial, as will be sliown in 
the next section, 

§ 8. Quantising ot the Spatial Position of Kepler Orbits. Theory of 

the Magneton 

In tlio preceding section wo quantised the Kepler orbits with r 0 S]?oct 
to size and form» by moans of the azimuthal quantum miinber and 
the radial quautum ivumbor n,.. We wish to show that tho quanta can 
perform still more i they also determine the position of the orbits in 
Space, that is, tlmy select fmm tho continuous manifold of all possible 
positions of the orbits in space a discrete number of orbits that conform 
to certain quantum conditions. 



120 


Chapter 11. The Hydrogcji Spectrum 


It is possible to quantise spatially only, of coiu’so, wIumi a 
favoured direction is given Avitli respect to which wo may incasun^ the' 
orientation of the orbits. Such a favoured direction may bo giviui by 
an external field of force. But in this case wo have no loiigm*, (^von for 
the hydrogen atom, pure Kepler orbits, Bather, these are dofoi'ineil 
by the external field of force. If wo wish to manager with tb<» 
Kepler orbits, notwithstanding this, wo must pass on to the “ liniit. 
when the force tends to zero/' In this passage to tlio limit tlu^ dis- 
turbance of the orbits by the field of force vanishes, but on tlu^ {Jtliiu" 
hand the possibility of them orientating with rc, spool to tlu^ Jleld dC 
force remains. The reason for this is that, whoroas the distiiibaiuici ot 
the orbits is a phenomenon which varies coniinuoiidij witlt tlie ii(dd of 

force, the orientation of tlu' oibitrt 
is restricted to certain tlmyrdv 
possibilities, 

Wo take tl\e direction of tlu^ 
lines of force as the axis of a 
spatial polar co-ordinate systenu 
rO\fi\ in Fig, 28 this is tlie axiu 
SN, We nssuinn the imcloiis to 
be at rest at 0 ; wo draw tlH> unit 
sphere (i.c, one of unit radiuH) 
about 0 ns cojvtro. Lot tlu^ vari- 
able radius OB point to the pn^mmt 
position of tlio eleotrojii. L(^t OK 
be called tlm lino of muhsM 
C Knoimlinic.*')\ it is the lim^ 
of intorsootioji of the equatorial 
plane OKQ and the orbital plane 
OKI?, n'he great eirolo KBAB in 
the trace of the orbital plane on thu 
unit sphere. The “ latitude <1 ia 
XT 1 . , / , , , roi3rosonted in the figure by BN, 

the bngitucle f reckoned from tlio lino of nodoH. m roprcHoutod l,y 
KQ in addition, we consider the « orbital admnth ’> </,, wbioh is Kivou 
byKP. Let a bo the angle between tho dircotion ON of the lines of 

Is'S “ in tin' llgum 

1 the same time ns tho angle at K in tin* siiliorionl 

triangle KQP, which is slinded in the figure . 

Corresponding to onr throe degrees of freedom rOi/i, we have now 
fcliree quantum conditions: ' " 



I'lo, 28. — Position of tho orbital piano 
BPA of tho liydrogon oleotron 
rolativo to a magnotio field wlioso 
linos of foreo prooood from toj) 
to bottom of tho diagram (parallel 
to NS), 


\podO ^ noh 


i 


= n^h 


Pfdr = nJt 


(I) 
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The integration witli respect to 0 is from 0 to Tho integration 
with respect to 0 stretches from = NA to == NB and back again 
(oh P- H4) ; tho integration with respect to r is, as before (of. 
]). Ill), from to and hack again to Honce the radial 

quantum integral is not different from that obtained from the two^ 
dimensional point of view, and determines the shape of the orbit in the 
same ^vay, Similarly, wo may take over from tlie case of the plane 
the azimuthal quantum numb or ?2,|, and the aroal constant = moment 
of m omen turn about the normal to tho orbit, for which we have, by our 
above remarks, 

2ff 

J 2 )d<l^ — 217^ — . (2) 

0 

We assert i-hat the azivinllial qmnlmi mimber 74 is equal to the sum £>/ 
the '' eqnaioriaV^ or ^Unagneiic^^ quantum number and the "laiiiud- 
hial quantum number Uq : 

== H- Uq. , ♦ , ♦ (3) 

TJie proof is contained in equation (23) of tho preceding section. 

By using first plane ])oIar co-ordinates nji, and tlien space polar 
co-ordinates rffi/r, wo obtain 

-1- -|- 4- . . (4) 

If we cancel tho radial phase-integral on both sides and substitute ‘for 
tho values of tlio others from (1) and (2), we obtain directly equation (3). 
But wo have tho additional relationship 

cos (Z . , ♦ . ♦ (5) 

between tho quantum numbers 7^ and 71 ^. For jf) is the total moment 
of momentum of tho revolving electron ; is its comx:>oneiit in the 
equatorial plane. The former is drawn in Fig. 28 as a vector in the 
dircotion of the normal OM to tho orbital piano, the latter as a voetor 
ill the direction of tho normal ON to the equatorial iilauo. As Fig. 
28 shows, 

00s a. .... (,6). 

According to this just like p, is constant during the motion. Tho 
equatorial quantum condition (1) oomofl out, if oivloulated, as 

27tp^ = 7i^h (7) 

* If wo had iiBod Hamilton's inotliocl lioi'o, that js, if wo hud. sot up tho partial 
difforoiitiul equation in tho spueo cO'Ordinatos n I?, ^ wo should have soon from the 
analyslB immodiatoly that 

(VS 

,7,^ ^ ^ oonst. 

becauao tp is a oyolio co-ordinato. 



iZ 2 r Chapter II, The Hydrogen Spectrum 


In virtue of this equation and equation (2) v/o see tliat (6) is idontkial 
with (5), 

Wo may formulate tho equations (2) and (7) as follows : 7iot 07ily iha 
total moment of momentum p, but also its CQ7n2')omnt in the directio7i of 
the Imes of force is an integral multiple of A/27r. The cosine of the aiigle 
of inclination of the moment of momentum to the direcimi of the lines of 
force is thus rational. 

For we immediately have, from (0), (7), (2), and (11), 


cos ot : 


p^ n^ 


71^ 


H- no 


(H) 


Spatial quantising has no influence on the caloulation. of the eiu‘j^gy 
of the orbits and of tho consequent si^ectral inferences, bo long as W(^ 
roatriot ourselves to the limiting case, ** external force tends to zero,” 
The two quantum numbers and ?^o occur in tho energy expression 
only as tho sum -j- 7 ^ 0 , Thus tlio energy expression and 

tho spectral vibrations to bo derived from it remain tho same as for 
simple quantising in a plane, 

It is on this account that the spatial Kepler problem is one d(^gi’(^e 
more ** degenerate ” than tho plane problem, Whereas wo express it 
meohanioally ns a in’oblom in tlireo degrees of freedom by means ot 
three co-ordinates, tho energy expression involves only the quantum 
sum 71 — d- -h is i^his particular circumstance of greatest 

degeneracy which makes our present treatment valuable as a prelim- 
inary stop to the later wave-mechanical solution of tho Kepler problem. 

We consider suoccssivoly the oases = 1, 2, 3, . , , , where, for 
rouBons presently to be explained, we shall use for tho abbreviation j 
(and not, as in tlie preceding section, I -h 1), Wo wish to express by 
this changed notation tliat in every atom there is a quantity j iniuu’ 
quantum number ’*) which is a measure of tho total moment of mojnou- 
tum, and wliich orientates itself in tho magnetic flolcl in tho way iji 
wliioli, according to tho above remarks, tho moment of momentum 2> 
or its associated quantum number n,f, must orientate themselves. 

In Figs. 20, at by g the direction of tho lines of force is to be 
regarded as proceeding from above downwards, as in tho jirocccling 
Figure.’** V.lm arrows j.’cjn’oscnt the moment of momentum coiTcspond- 
ing to our j, T’liey are to bo inclined to tho direction of tho lines of 
force in such a way that thoir projection on this direction in the unit 
scale of tho l^igxu’o is integral. In Fig. 29a tho unit scale is the radiim 
itself, on account of j = 1 ; in Fig. 29ft it is half tho radius, since j — 2, 
and in Fig. 29c it is one-third of the radius, since j 3. Hence, in 
Fig, 2nft wo divide tlio vertical radins into two, and in ifig. 20c into 
thretJ, equal parts and then draw horizontal linos throiigb tlio I'xvint.H tjf 


Figfl. 2fl, a, ft, c aro takoii from a papor by tho author on tho Zciomun 
oltoot of hydrogoii, PUysilc. Zoila., 17, 401 (1010) j of, algo Uio piipor by Uuhyo, 
ibid^t p. C07, or Gettingor Nadir,, Juno, 1016, 
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intorsoctioii as far as the ciroiimforenco of tlio oirclo. The straight 
lines connecting those points of intersection with the centre give the 
tliGoretioally possible orientations of the momont of momentum j. 
In view of tliG axial charaotor oij we draw arrows in opposite directions, 
Fig, 29a> j — 1. The moment of momentum sots itself either 
Xmrallel or anti-parallel or porjicndionlar to the lines of force, 

Fig, 206, j ^ 2 , Besides tho parallel, anti-x)arallol, and xmrponclicular 
positions tho position making an angle of 60° witli tho linos of force is 
also possible, Who Figure shows this position to the right and to thc^ 
loft of tlie vortical. In space wo may imagine tlicso two x)ositions to bo 
connected by means of a circular cone described about tho vortical. 

Fig. 29c, j := 3. Besides tho i)arallol, anti-])arallel, and porpendioular 
Xiositions, cos a — i 1, 0, wo now also have the inclinations 
cos a = i I and 



X^ia. 2l)a. Fin. 206, Fia, 20c, 

Dii'Ootional quauUsing in a imignofcio flold (rogardod an ni'ocoocling from top 
to bottom). Possiblo positions of tho total moinoiit of momontum j for 
j I, 2, 3. 

It would be logical to x)h^co at tho beginning of those I'igin’os tho 
case j — 0. But in this case there is no position, since there is no 
momont of momontum to bo x^lft-oed in x^osiMon. 

On tlio 0 tiler liand, it is illogical and yet, as wo shall learn, nocosaary, 
to supplement our series of Figs, 29 by a second series of Figaros in 
which j lias half-integral values. If, from tho xn’eceding discussion, wo 
retain tiro rule tliat tho difference of tho momouts of monioiitum pro- 
jected on tlio diix^otion of the lines of force is to bo integral^ then wo 
obtain the following ifigures analogous to those whioli have just 
X)receded : 

Fig. 30a, j — Only the parallel and anti-iiarallol x^ositions ]}ov» 
inissiblo. 

Fig, 306, j — 3 . In addition to tho parallel and aiiti-x^arallol posi- 
tion, wo also liavo thoso given by cos a — :h 

Fig. 30c, j — H . Besides i/lie ])ara11ol and anti-pamllol ]>OHitions, the 
orioniiations cos a ™ rh 5 > rJr is- ])ossiblc. 

Wiuit is tho posltio3i as regards tho empirical proof of simtial qnan- 
Using i Wo must state immediately that an fond ovory Zooinan 
X)liotograph contains a x)voof of this kind, as wo shall see in Oliaptor VI. 
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Without entering into details here, wo may aHS(>rt that the diihu’imit 
components of a Zeeman pattern corre>spon(l to difTorcuit poHitions of a 
magnetic moment in space, which results from the magmatic imliuitM 
of the electrons in the atom. Since these coinpoiumts dis(U‘o(o 



Fig. 30a, Fid, 30/*. Fiu. 3{»r. 


Directional quantising in a niagnotic Hold (roganl<?(l as prnoiunling i‘r<un lf»|> In 
bottom). Possible positions of tho total inonuait of inonu^ntiiin j fni’ 
./ - h ^3 t 


and sharp, so also the positions of tlio magnotitj moimuit and tlif 
corresponding orientations of tho atom are sharply dedim^d, tliai. iis, 
spatially quantised, 


It is true that this proof is indireevt, 'J.W'o is, liowtnuu*, a dinui-t 



Fio. 31. — Exporlmontal 
arrangement of tlio 
Stern-Gorlaeh ox- 
perimont, A beam 
of ntomio rays from 
tlio oven K, formed 
by the diaphragms 
B, passes through 
a non-homogonoous 
magnetic field NS, 
and strikes tho plate 


oxporimontiil proof, wliictli liiw rightly ouiikciI h 
gi-eat sfcir, iinmoly, tlio oxjiorinu'iit of Sloni 
and Gorlnch.* Tlio oxjiorimoiital arrangomniU 
is as follows (of, tho diagram of Fig. Ill) : mi 
ovaoimted tube contnins a samplo K of Uio 
substance to be oxamined (this naiH sih'i-r in 
tho first oxporimonts), which is thou lioiitoil. 
It sends out '' atomic rays ” in all (lirootiiniM. 
that is, in this case atoms of silver, which liav<' 
assumed a thermal velocity (sovoral hundrtnl 
motros per sec.) corresponding to the tempera - 
turo of vaporisation. By tho use of appro] n-l- 
ato diapliragms B a sharp linoar hoain of atoiviie 
mys is cut out of tlio divorgont licaiii. 'riiim 
linear Imam pnases through a magnotiii licit! 
which ia made as iiitonso and non>hniiiogoMO> 
ous ns possible, its linos of forco, which run 
in the direction SN in the figure, being iicr- 
pcndicular to tho diroction of tho atomic iionm. 
Ihe magnetic field dofioots tlio atoms aueordi ng 


HiimbmgiHohou UnivoiBitilt” (goils. f. Plivs froni tr'i im' l? 1 ? ' 

and the munbor of exporimontal msiunM^nKi • Ihn pnMeiil. I inm)* 

Fov the quantitative olSon of iu-r..a»,Hl. 

researohos': 0 . Stern, of tb,«a, 
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to the iiuiliimti(»n of their magiioths moiuoub g with reapuet to tho 
niaguetio Juild U; w ibli tli« force 



t>U 

Horc — ■ gives a inensim) of tho non-Iioniogcneiby of the (iclil, that is, 

of the difleronco between tho magnetic action on tlio positive and 
negative polo of tho atomic magnet, and is equal to tho increase of H 
in tho dirootion of H. On a plate PP, which is iilaced in tho path of tho 
rays and is afterwards developed in some appropriate way, wo therefore 
oxpeob bidlot marks to' be made by tho atoms as on a target : namely, 
a maximum density of distribution in tho contro becoming continuously 
less as wc proceed bo tho sides. But tho true result of the experi- 



Pra. 32«. Frn. 32/». 

Stopii-Gorlaoh oxporhnonts wIMi Hilver. 'S'moo of Uio aloinic rays on tho fionsitivo 
on l/lui loft, without a inaj^notJc (loltl ; on ilio rlgljt, with a inagiiotio 

ilokh 


inent with Ag-rays ia shown in !Pig, 32, magniftod twenty times. On 
the left-hand side is the result without a magnotio flelcl ; on the right- 
hand side tho field is on. The loftdiand i)iotnvo is tlie image of tho 
diajDhragms as marked out on tho receiving plate 1?P by the atomic rays ; 
we see a sharp imago of tho slit. The right-hand pictiii'o shows tho 
deflection in tlie magnotio field ; there is a band on each side, hut the 
middle is complelely free of “ bullelrS.*' (Tim irregularity in tho middle 
of the band on tlid riglit is due to tho irregularity of tiro magnetic field 
at the right-hand polo of the magnet, whioh ends in an edge in order 
to produce a non-homogonoous field, Tlie convergence of tlie baud at 
tho top and at tho bottom signifies that tho magnetic field deoreasos 
trail sversally, that is, porpondiculai'ly to tlio piano of tho diagram of 
Pig, 31.) How are we to interpret these two bands of the doflocUon 
picture ? Glearly they are due to the directional quantising of the silver 
atoms, fijo soon as the atoms enter into the magnotio field tlie axes oE 
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thoir iiiagnotio jvionionfcrt orientate tliemaeJvos either parallel or pei^ 
ponclicular la lliu liiiow of force. In the o:x])reK 3 ion (iJ) cos (/.t, H) is 
eilhor I or — I, TJieio arc no i uteri utulialc jiositiojjs, ajul in xjar- 
tioular no possibility of cos (ft, H) — 0. In Mg. lU wo have indicated 
tlie two positions of the silver atom and of its moment /x that are 
possible according to the cpiantinn theory by arrows. The one ai‘row 
points precisely in tJio direction of the iiold SN, the other in precisely 
tlie opposite clirootion. In Mg. 33 wo show the result of a now oxpori- 
meiit with atomic rays of hydrogen,* The two ])arallcl lines show 
tho doilootioii ill tho niagnotio Jiolcl. 'I.’lic check photograpli Avithout a 
magiiotio hold Avas taken on tho Bamo plato Avhioh Avas simply rotated 
and displaced ; this gives the sharp obliquo line on tlio right-hand side 
of tlie liguro. A comparison of the picture Avith the preceding picture 
sIioAVs tho advance in oxiierimental technique that has been achieved 

in tho meantime ; this is tho more remark- 
able since tho present subject of researoli, 
tho hydrogen atoms, Avore more didioult 
to control and to bo made to register a 
mark on tho plato than tlio silver atoms. 
With regard to tlio theory tlio ])icture 
shows that tho hydrogen atom — like tlie 
silver atom — sots itself cither parallel or 
anti-parallol to the field, tliat is, in the 
sense of our Fig. 30a. 

From the point of ymv of the tlieory 
hitherto put forward, this result is sur- 
prising, For Avo should expect ratlioi* a 
dellectioii jiicture of tlio character of Xi'ig. 
29a, that is, besides tho tAVO lateral bands 
a oontral band Avliioh is not dcllectcd and 
which Avould corrcs]}ond to tlie po.sition 
porjiondioiilar to tiio magnetic fiokl For by tlie theory so far 
tlcvcloped tho hydrogen atom should, in the ground state, have a 
moment of momentum — 1, and it suggests itself at first sight to 
identify tho moment of momentum j (wliioh is tho deoisivo factor for 
tlio position taken up) Avith Wo noted on page 116, liowovor, that 
aeoording.to Avavo-mechanios n,f, should bo roi^laced by tlio number 
i ” ?t/i -- li But its value in tho ground state Avould bo Z 0, and 
tins Avoiild load to no doiinito i^osition in tho field at all if avo identify 
j Avitli Z, and so have — 0. The result of the experiment Avith the 
atomic rays, thoreforo, loads us to inter that tliero is a now sort of 
oauso for tho positions taken up, and that tliis cause loads to our scheme 
Avith j — Tins cause is, as wo noAv know, the spin of the electro 7 i 3 
{liJleUmmi’-DraUt Goudsmit and Ulilenbeok), Avliioh lias its roots ulti- 
mately in tho rolativistio soliomo of physical events, We shall require 

♦ E. Wrodo, Zoits, f, I»hyfl„ 41, 600 (1027), 



38. — fitorii-GGrlaoh ox- 
])oi'iinoiili with hydrogen 
{aoBordlng to Wrodo), 
'I'ho two sloping pamllol 
linos are obfcninod Avith a 
inngiiofcie fiokl ; tlie Bhiglo 
oblicpio lino without a 
Iiiagnotio Held, tho silt 
being, rotaUMl, 
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tlm whole Hynteni of Kp(5<;tra to explain this most peeuliar eonsGcpioncc 
of inoderu physics, and wave-jneehaincs to estalilisli it logically. Kurc 
Ave must remain satislied for tlio p resent with having found a iirst 
indication of oleotroiiHspin in the doHectiou j)ioturo, Kig. 33. At the 
same time we must note tliat the hydrogen atom — ^in its grmmd state 
m\dy as wo may add, in its exoited states — has. not the single structure 
Avhieh avg have liitliorto assumed. Bather, it rcsomblos the silver 
atom and is, like it, alkaline in its spectral oliaraoter. We shall revert 
to this point frequently later. 

Wg shall discuss a further eonsequonco which Stern has deduced 
from tlicse experiments , It conoorns the magnitudo of the magnetic 
moment /x Avliich by (9) dotormines the amount of the delleotion. To 
understand tlie signilioanco of this inforonco we must make some 
remarks about some older Avork. 

Tlie vioAv that every paramagnetic substance (i.o, susceptibility > 0) 
lias a delinito magnetic molecular moment is old established among 
X)i\ysicists. It Avas developed in particular by Wilhelm Weber, and 
Avas rendered cortaiir by Ijaiigovin's theory of the dopondonce of para- 
magnetisjh on temperature. During the last foAV decades P. Weiss * has 
been engaged in establishing, by ineans of a great number of detailed 
measurements, that this moment occurs not as an arbitrary quantity, 
but as a lohoh inuUipla of a certain elementary moment, << themagneton*^^ 

I'ho assumption suggested itsolt to physicists that this elementary 
magnetic quantum Avas no noAV constant, but Avas probably conneoted 
Avith the elementary oleotric quantum of charge c and the quantum of 
action h. Let us endeavour to establish this connexion as simiily as 
possible. 

As we knoAV, a magnetic moment is equivalent to an oleotric current ; 
Weber's electromagnetic measure of ourront in O.G.S. units depends 
precisely on the fact that tlio current strength J m\iltiplied by the 
ai’ea If of tlie enelosed surfaeo around Avliioh the euiTont floAVS is equal 
to the moment /a of the olomontary magnet, Avhioli, placed at right 
angles to tlio plane of the ourront, produces tlio same magnetic field as 
tlie current 

JF^li . \ . . . ( 10 ) 

If the ourront J is an “ Amp6ro molecular current,'' produced ]^y an 
electron revolving in an atom, tlien 



AvJiei’o c is the electronic charge in oleotromagnotio units, r — time ot 
revolution of the olcotron, so tlmt - ^ number ot times iier second that 

T 

the ohargo e traverses the “ oroas-sootion of the ourront," 

* Siunmavios avo given by P, Woisf?, Phys. ZoitH., 12, O.Sfi (1911), or Vorli. cL D. 
Phys. QosgUb., 18, 718 (1011) ; It. H. Wobor, Jahrb. f, Bad. v. Bloktr., 12, 
(1916) ; B. Cabrera, J. do Chiiuio Physique (Guyo), 16, 442 (1018), 
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From ( 10 ) it follows tluifc 


If 

,, - e- 


. (H) 


Now the moment of momentum p of the revolving (?l(‘(!ti'on (tT. 
egn. ( 17 ) on p. 11 . 3 ) ia, generally, 


So we obtain 


o 

p = 2 m~- 

T 


ep 


. (lU) 


But the moment of momentum is quantised so that wo have hero uguiii 
to substitute instead of the moment of inomontiun quiuitinn miinboi' 
of our elementary theory the nuinbor j* ; 

Ji 

Hence, by ( 12 ) the magnetic niomont also booomoH a qiian ting’d (iiiuiit ity 
whicli ia expressed as a j-fold multiple f of an elomenlary tjuanluin : 




e h 

m iii 


lUV) 


Here is the fundamental unit of magnotio moinout of the ([Uiintiiiu 
theory ; it is the theoretical magneton. Ins toad of rofoiTiiig the. f ui it I a - 
mental unit of the magneton to tlie individual atom jirt^for to roftM' 
it to the mol, that is, to L atoms (when L Losclmndt’a number jii*r 
mol, or Avogadro^s number ; soo p. 4 ), and wo olitaiu us the miu^rt >- 
unit of magnotio moment the so-called Bohr magneton : 

Mn — - pL, 

^ m 4:7r 

Inserting the known values of ejm, h and L, wo obtain 

= 5564 gauss om. per m&l ^ , ( 1 * 1 ) 

It is very remarlmblo that Weiss obtained from hiH m(!ivHimmiMit«, 
particularly from those of the forro-magnotio motals at tlm lawt'Mi 
temperatures, a smaller unit,— one nearly live timoM us Himdl, luinudy, 

(Ifi) 


Mw = 1123’6 gauss cm, per mol 


moTOont of momentum wo must have p « VjVT+T) */!)„ i.v Ji 

tu bo changed analogously to « = VilT^ fl vL - 'T" ’"" ^ 

filiG following footnotl ^ ^ Conooiuiiiig Uio faitlor r/, rf,. 

t Til OhflTlhnj’ VTTT wyi h . .,1 .. . ^ 


..■LI’? »>?«'* from teo thoovv of thonu.ltiplot lorum tbnl. « 

OiorighWinml Side of (lap ’(’hu ui 


equation honoa*^ I'eolly toW8*^Ldy'whon ‘tT/siSt fm Hi ^'?y f'” ‘'f'‘*vw 
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Wo hIuiII ondeuvour to recjonoilo tlioHo iip])aroufc]y (jonbraclftitory 
statojnoiitH by uHing Uio icLoa of spatial quantising. At present we are 
interested in the Bohr inagnotoii and not in tho Wois.M magneton. 

Stern and Gorlacli liavo shown by earefuliy measuring tho magnetic 
li(dd, its departure from lioniogeneity, and tlie deflection obtained on 
tiro photographie plate, !Pig. 326, that tho magnetic moment of tlio 
silver iitoni is of the order of inagnitudo of our quantity ; they 
estimate their experimental error to be only 10 per cent. Bmce lha 
sihmr atoin has in Us ground stale a magneliG moment of the magnitude of 
a Bohr magneton. The same value for jj, follows from Fig. 33 for the 
hydrogen atom in the ground slate. 

!By means of their bold experimental aiTangoinont, Stern and Gorlaoh 
liavo tlioroforo not only demonstrated ad oeulos tlio spatial gtianiising of 
the atom in the magiieiiG fields but they have also proved tlio atomic 
nature of the magnetic moment^ its quantum origint and Us Telationship to 
the atomic slrxwinre of ekclricity. 
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THE NATURAL SYS'.rEM OE lOLIOMHN'l’H 

§ 1. Small and Grreat Periods. Atomic Weights and Atomiol NuinhorB 

I N the face of the manifold of elomenta whicli wore Imnight to 1, 1 ty 
the alchemists of the Middle Ages and by the rosonroli elioinists of I 
eighteenth and nineteenth centuries, the human iutclleel lins imvi'i" 
quite lost the view that unity and order exist among tlioiii. ’J'lus oh I 
postulate of natural philosophy that thoire must bo a (ioininoii Ijumii' 
substance in all matter recurred again and again, ])arbimilai‘ly in tin* 
form of Front’s hypothesis (181.6), because only the fiillilinent of thin 
condition could give us hope that wo should KUOo(aHl in undi'i'staiuliiig: 
fully chemical action, 

This goal has assumed a more definite shape since the diseoyery ‘>1 
the natural or periodic system of the olonionts by Lothar Meyer ami 
Mendeldeff about 1870. In this system, as is well knowJi, the elcmu'i ilH 
are written down in the order of increasing atomic woiglits, tlm W'ri<-H 
being broken off at appropriate points. Oliomioally related elmneutM 
are witten in the same vertical column, o.g. tlio alkalies, l/i, Na., 1C , 11 1 1 . 
Cs, in the first column ; the halogens, F, Cl, Br, I, in (kiliimn VI t ; hIiuh* 
1896 (Rayleigh and Ramsay) the inert gases Ho, No, A, Kr, X, I'hn. 
have become added as Colnmn VUI (cf. Table 2). 

In general, the number of the colnmn is tho same as the 0Xyg0H~ 
valency of the elements contained in it. Tho valency increases by oin* 
for every step from left to right in tho poriodio system. On tlieotlnu' 
hand, a different kind of valency, tho hydrogen-valenoy, inuri'iiHes in t in* 
periodic system from right to left ; this is partloularly pronmiiiwul in 
the columns from VII to IV, As tho oxygon-valonoy inttmiiHi^H l in* 
electropositive ebaraotor (basic nature) diraiinshos and iwisses urrr 
into the electronegative character (aoidio nature). 

In this mode of tabulation tho system of olomonts stuuns, exhirjinll v 
at least, to be built up of periods of eight. Before tho d woo very of tin- 
inert gases they wore truo “ octavos ” in tho miisioal soiwo, i.o. poriodM «f 
seven (Newlands, 1864). Tho struoturo in periods of eight is, ]u)wcnn-i% 
only apparent, for the poriodio system has not so simplo a poriodieity! 
At the beginning, for example, there is a period of only tvw oloinoiitH (11 
and He). Thon there follow two periods of eight, tho two " miiiiiH '* 
periods of eight exactly corresponding olojnon ts, ll’lioy ai-o sdocotn Im | I ty 
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The numbers preceding the symbols of the elements denote the atomic numbers^’’ the numbers below them denote the atomic 
weights. The latter axe taken from the tables of the German Atomic Weight Commission of 1930 . 
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two “ groat ” periods of oighteou cbinonts, Avhioli can Ix^ forcoMl iidu ( 
seheine of series of oiglrt only by soniewiuib artilieial reasoiung. 
matter of fact the alkalies, halogens, inert gases, and altogotln^r 1 
oloments which exhibit exactly corresponding chemical hehavii * * * 
follow one another after a fuiiiher eighteen stops, and are thus separa i * 
in our sehemci by an intermediate series. By writing the terms <m f 
right or left side of the individual spaces we siioceed in making umL'" 
those elements that correspond exactly lie in a vortical line. '1*1*^^* 
ooiTespondcnce here implied is that which is coiinocted Avitlv ttiofi* 
siruclum, and which expresses itself i)articularly in the Htruotiirp *** 
spectral lines. From the chemical pohit of vieWy in which wo ^ " 

corned with the behaviour of ions in compounds, wefind it eon vein 1 
to alter the distribution of elements among the sub-groups at snf*^ *’* 
points, for example, in the third and fourth columns in the eaH(^ ot I 
lightest elements. It is to he noted, however, that the olomentH 
lie consecutively in the same vertical column but arc not writt(m in 
exact vertical line, arc related in certain ways, For example, ilu a ^ 
Ag are univalent just like the alkalies in the same column ; Zn anti ^ 
aro divalent like the alkaline earths, and so forth. Tliis see()ndur;N" 
rolationshiiD bocomes weaker at the end of the horizontal scries, r * 
tioularly in Column VIII, in which we group with the inert gasc^s t 
triads, Fo, Co, Ni, and Rii, Eh, Pd, oonstollations of olomonts that * 
inteiTolatod among themselves, but are absolutely dissimilar from lit** 
inert gases. It is only by uniting these triads in one column tluvt 1 1 
number 18 of the great periods can bo adapted to lit the double numl • i" 
2 . 8 of the small periods. 

The great periods are then followed by a very great period of thirt>" - 
two elements, which begins in the reguloi’ fashion with an alkali ((h) a n » I 
ends with an inert gas (Em). It, too, has its roprosentativo in Oohin 1 1 1 
VIII, a triad Os, Ir, Pt. But the whole series of rare earths (stretiOii f iK 
from Ce to Lu), sixteen in number, will admit of no poriodioity au<l vnrt 
in no way be inserted in the Columns I to VIII ; they have had to 
printed separately below. Written in this way, the period of tliirt jv'' "" 
two elements also appears distributed among the spaces of two h<»j"i - 
zontal series, whereby exactly oorresponding elements, soparatt?(l Uy n 
Iioi'izontal row, lie below the oorresimnding elements of the period < *f 
18 ; thus W lies under Or and Mo, Au under Ag, and so forth. 

This greatest period is followed by a series of only six olomonts, AvJii t f ] 1 
ends witli the heaviest element, uranium. But it is quite admisHibk^ * 
imagine this scries continued, say, to the number of thirty - two teriiiJf!«^ 
and to assume that it is only due to reasons of radioactive decay 
tho later elements no longer exist. 

The periodic numbers 2, 8, 18; 32, with which we are thus loft, jni^v 
Anally be written in the following somewhat cabalistic form suggostt^tl 
by Eydberg ; 

2^2 8 = 2 . 22 , 18 = 2.32, 32 = 2.42. 
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§ I. Small and Great Periods 

Various oblior suggestions have been put forward about the pliysical 
meaning of thcao mnnbors. For example, Bohr (Nature, 24th Maroh, 
1921) proposed the factors : 

2 1 . 2, 8 == 2 . 4, 18 -= :i . 6, 32 - 4 . 8. 

Wc sliall SCO later (pj). 154, 155) how Pauli’s Principle confirms with 
tlio Bydborg soliomc. 

If wc write down the natural system of the oleinonts in the order of 
inpreasing atomic weights wo find that at four points the natural order 
is transgressed, There is no doubt that wo must write the inert gas Ar 
before the alltali K, although the atomic weight of the former is greater 
than that of tho latter. Furthermore, Co must come before Ni and 1.'e 
before I, in spite of tho order of atomic weights. After tho recent 
discovery of protoaotinium wo have tho fourth exception, for wo must 
sot Th and Pa in tho reverse order of their atomio woiglits. Those 
necessary reversals of order have boon indicated in tho table by a double 
arrow. ' Tlio inothocl of X-ray analysis will remove tboso blemishes in 
the system and will restore tho natural order of tho olomonts, [V.\m 
method will show tliat tho atomio weight is not tlio true regulative 
principle in the natural system, but that it is only a complioatod function 
of the true atomio number ’’ (Ordnungszahl). 

The true atomic number is, as wo know (Oha[). II, § 1), the 7 iuml)ar of 
net 2 ^osUive units of charge in the mickus, or, what amounts to tlio same 
thing, the lumber of electrons in the atom. It is equal to the alomic 
number, that is, to the number giving the position of the element in the 
natural system when the elements are arranged in the order aqyiiroqmate 
io their chemical iwoperlies. In our table wo have inserted this number 
just before the symbol of each element. 

On tlie basis of tho periodic table physioisks had been able, oven 
eaidior, to predict the oxisfconoo of unknown olomonts, -wliioli. wore 
subsocpiontly discovered. 9 'ho 80 Avoro given the nationalistio namos ; 
Gallium (1875, Loooq do Boisbaudran), Scandium (1879, Nilsoii), 
Germanium (1880, Winkler), Polonium (1898, Madame Curio), to 
Avhicli tlicro liavo boon added lately : Hafnium (Bohr, Coster, and 
Hovosy), Bhonium, Masurium (Noddaok, Borg, and Taeko), and Instly 
Illinium (Hopkins, Harris, and Yntoma), Who first throo )md boon 
predicted by Mondolojoif as oka-boron, oka-alurniivium and oka-silicon, 
and their propoHies Avoro accurately described. NoAvadays — also by 
the method of X-rays — ^tho number of gaps still i>rosont in tlio system 
has been found to bo tAVo only. Tlmo two have been marked by an 
asterisk in the table. Aooording to tlioir position in the table tboy are 
designated as oka-iodine and oka-caesium. 

The atomic weights, Avitiv a regularity far exceeding the bounds set 
by tho laAVH of xirobability, are integral inimbors or very nearly so Avhen 
rofci^red to oxygon =:== 16. Tliis integral property agrees Avitli ProuPs 
hypothesis (that elements are composed of iiydrogen atoms). There 
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are certain oxcoptiouH 
01=3540, and Cu^03*57), 
but they arc rare, \Vr' 
shall revert to tlieso 
tions and to tlieir ol ini i na- 
tion by F. W. Aston in tlu^ 
noxtscotioii of tliis cha])t(n‘. 
Whole numbers of tlie form, 
4:71 and 4?i + 3, are partieu* 
larly frequent, tJio former 
generally in oven spaoi^s, 
tlio latter in places avIhu’i^ 
the atomic numhor is odd. 

TJuis, if ^vo compare an 
element with the next but 
one oleineut, wo got for tiu' 
difteronce of tlieir atomic< 
weights, as a ruloj approxi- 
mately four. Hence tlio 
average inoroaso in the 
atomic weight as wo jiass 
from element to olomont is 
not one but two. '/7ic 
atomic member of the elmmnl 
does 7iol 071 the avcrfifjv. 
coincide 7oUli the atomic 
xveight^ Ind iviili the half of 
the atmiic 7veight, Tliia ru lo 
certainly holds only at the 
beginning of the system (as 
far aa Ca) ; thence onwards 
systematic deviations ooour 
in the aonso tliat the se mi- 
atomic weight incroaHCH 
more rapidly than the 
atomic number and ex- 
hibits a greater and greater 
difference (of. Fig. 34). 

For the sake of econo- 
mising space wo liavo 
xnarlcod off the atomic 
mimbors (the abaoissaO 
alternately to the right 
and to the left after every 
twenty stops, so that the 
lirat branch of tlie lino 
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corresponds to tlio elemoiits from H to Ca, the second to tlioso from 
Ca to Zr, and ho forth. The ordinates reprosont for the one part tho 
atoinio miinhors thoniselvcH (coiitimious lino), for tho other part half 
tho atomic woiglits (crosses). Wo see tliat the latter, in the moan, 
increase to tho same extent ns tho atomic nnmbors, but that with 
tlio exception of tho lowest branch they lie above the corresponding 
points of tho atomic numherfl, tho diAcrence increasing as the atomic 
nninbor inoroascs. Thus our diagram gives 11s a piotnro of tho above- 
mentioned complicated relationship between atomic weight and atomic 
luimbor. 

Concerning tho arrangomont of tho periodic system in oiiv table, it 
cannot fail to bo recognised that it is in many ways arbitrary. Wo have 
already pointed out the arbitrary naturo of the eight coluiniiH into which 
wo oonlcl insert tho groat periods only by force, as it wore. A further 
arbitrary adjustment consists in liaving placed the eighth column on the 
right, next to tho seventh column. As is often done, wo may jdaeo it as 
tho Otli column in front of tho lirat on tho left, Tho 0th column would 
then contain tlio demon ts of “ valonoy zero/* that is tlio ohomioally 
inert gases. ^Idio whole theory of atomic struotiiro, as we shall show in 
§ of the present chapter, points to tho inert gases marking tho oud 
and tho completion of a period, and not tho beginning of a uoav period. 

§ Z, The bawfii of Radioactive Displacement and the Theory of Isotopes 

The oharaotoristio properties of tho a-partiolo (its double charge, its 
great ponotrativo power, and so forth, of. p. 17) have already served us 
as a direct and obvious confirmation of our fimdamontal views, namely, 
those on nuoloi, niiolear ohargo, and atomic nnmhor (of. §§ 3, 5), Radio- 
activity, howGVor, can furnish us with still more information on tliis 
question. 

Lot ns oonaidGr tlio gonoalogioal tree of tho radium family in Table 1 
of page fill, and disoiiss tho position of Ra itsolf. Since it was first 
isolated tlioro lias boon no doubt that it holoiigod to tlio group of 
alkaline cartliB Ca, Sr, Ba. In particular, B-a is so closely relivtort to Ba 
chemically, that, originally, it was diilieult to separate tlieni from one 
another ; tlio similarity in tho spectra of tho two m also pjorfect, On 
tlio other hand, mliiim emanation, in virtue of its ohomioally inert 
behaviour, beyond doubt belongs to tlio group of inert gases, 

Now, this imiiml j}08iiion of Ra and RaRm in Ihe periodic sj/stem is 
j%i 8 t such as is demianded hy oxir nuclear theory, Ra disintegrates, pro- 
ducing RaEm and omitting a-radiation. Tho doubly charged positive 
a-partieloH comes out ol: the imehm of (he Ra’-alom and thus diminishes 
its positive cliargo liy two units, 2ft. Hence the atouuo number of tlio 
resulting elomoivt must also he rediieed by two, that is, the newly pro- 
duced olomont must precede the Ra in the aystom of oloinonts hy pwo 
places, 'rhe uuolear mass boeomea reduced flimultaiieoUHly witliVtlie 
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nuclear charge, Ucamely, hy lour units cori'cspomliug to tlio aiojni** 
weight of He. The atomic weight of Ha 220’0. Had him omniuvli< 
(also called radon and niton) must thcreforo liavo tho atomic 
22Q — 4 ^ 222— which agrees with the results of exporiinoni. 

We generalise the remark just made about Ha and ‘Hahhn an«t 
enunciate the first law of radioactive displacement IhuR. In vmry 
of radioactive disintegration loliich is accompanied by the eMissum of 
(L-rays {adransformalmi) a jirod^ict results, the ntomic Qimnher of ichirh 
in the periodic system is reduced by two units ; the elemmi moms f 
places to the left hi the table. At the same lime its aloinic ivmghl deerrasr^-*^ 
by four tmiis. 

How ^Yhat happens in tho case of P-lransformalions, that is, of 
radioactive processes during which j8-rays are emitted^ Does thi'i 
j9-ray electron in this case come ont of the elootropio slioll of tlui ohumvixl^ 
or out of its niioleus ? In the former case tho chamotor of tho ohmu>nt> 
and its position in the periodic system would remain unaltered, W<^ 
should have before us a process to which the term ionisation would liavi' 
to be applied. But wo know that jS-transforjuations also oausi^ w w 
elements to be formed. Henoo tlio ^-emission, like tlui (y.-oinission, muH h 
come out of the nucleus. 


We must assume (this will bo discussed in detail in § 0) that in a 
nucleus of atomic number Z there must bo, in addition to tlio Z |)osillvo 
unit charges that determine this atomic number, otlior 2^(^sUive au<l 
negative charges wliioh are mutually bound and which nontraliso oui^ 
another (of. also the note on p. 63). Noav if a negative unit chargi) (a 11 
electron) is thrown out of this neutral stock of charges, a positive iiivi h 
of charge is free, that is, unbalanced by a negative charge. But tlu>ii 
the nuclear charge must increase by one unit. Honco wo got tlu’ 
second law of radioactive displacement. In the case of pdiwisfoma- 
iio7is, the atomic number of the element undergoing change incA'eases by one 
miU and moves to the next position on the right in the periodic 'table. 
The diminution in the atomic loeight in this process^ lioiueveTy is inappreci’- 
able on account of the small mass of the electron, 

atomic weight does not become reduced at all if wo takc^ 
into account the fact that the atom which, owing to tho fi^ransforina- 
tion, has become positive, will soon neutralise itself by drawing to itsel t 
a free electron from rvitliout. Such free electrons, so wo may nmvmo, 
are always ayailablo in the interior of a metal, and in an atmosphere eon- 
niualiy siibj ect to radioactive radiations and honco ionised, Of oourso 
the external electron just mentioned does not enter into the miolous bub 

elections oompletos the number of 

dectmiis that is properly due to the new olomont derived by tho 

fs foLirod hi oliarging proooss of tho /S-transfonnation 

r -T* The small diminution of atomic 



§ 2. The Laws of Radioactive DispUicemciit i37 

After the a-imnsfonnation, too, a process of neutralisation will also 
take place, Tor the atom which has arisen through the oc-omissiou will 
at first have two electrons more than the miinber corresponding to its 
iiiiolear cihargo. It will therefore give up two of its electrons to its 
surroundings, not, of course, in tlio form of /3-radiation, but by way of 
])alan(ung its charge witliout the generation of considerable kinetic 
energy, 'Wie deoroaso of atomic Avoight to the extent of four units, 
Avhioh corresponds to the a-cmission, thus becomes slightly more marked 
OAving to tills additional loss. 

It is of liistorioal interest to note that Tajaiis * and Soddy t share 
equally the honour of having disoovered these laAVS of displacement. J 
Soddy first ominciated tlie laAv of displacement for a-transformations. 
il^'ajans tested it on further material and added tlio laAV of displace- 
ment for ;3-traiisformations. He and, a little later, Soddy formulated 
1)0 til hvAvs of displacement in the form Avhioh is uoav generally accepted 
a.s valid. A. S. Bussell endeavoured to express the general laAv almost 
at the same time, but his formulation Avas not quite correct. 

In our account avo have road the huvs of displacement directly out 
of the tlioory of nuclear structure. Historically, the state of adairs Avas 
of course dilTcrcnt, Wlion those laAA^s Avere first enunciated this nuclcai’ 
theory did not exist, nor was it possible at that time to arrange tlio radio- 
active products into the groups of the periodic system in all oases, It 
Avas rather the laAVS of disxilacemcnt tJiat havo led to tlio present arrange- 
ment of the radioaotive elements into tlio scheme, and at the same time 
they havo given the theory of nuolear charges a sound foundation. 

'fable fi shoAvs on the one liand tlie distribution of the radio-elements 
in the periodic system, on the other, in the Awtioal columns, their dis- 
tribution ill the scale of atomic Avoights, The oliaractor of the radiation 
omitted is, as in the former table on xi, 5«S, indicated by the letters, 
a, p ]n'oflxcd to the symbol of the element under considoration. 

Lot n.s, for example, foIloAv out the radium family, beginning Avith 
lla and proceeding Avith the wg-zag step presoribod by the laAVS of clis- 
X)lacomont. Wo got from Ra (Column il, At, Wgt. 220) to BaEm 
(Column VIII, At. Wgt, 222) to RaA (Column VI, At. Wgt. 218), to 
BaB (Column IV, At. Wgt. 214) by suoceasivo a-transformations. Next, 
from BaB avo got by a j9-transformation to RaC (Column V, At. Wgt. 
214), At BaO the interesting branching that was dismissed oarlior (on 
p . 511) takes place : by an a-transformation avo got to RaC ' ' (Column HI, 
At. Wgt. 210) and then by /3-transformation to tho long-lived BaD 
(Column IV, AO. Wgt. 210) ; on tho other hand, from RaC by a ^-trans- 
formation to BaO' (Column VI, At, Wgt. 214)— to this transformation 

* HabiUiationflflolirifl) Karlsruhe, 1013; PJiysik. Zoitschr., 14, 131 and 130 

f Tht* (JhaniMr^/ of the Jiadium Meniods^ 1011 ; Choin, Kowh, A^ol, 107, ji. 37 

X 'i’ho goiioral law was boing aoughfc almost aimultanoonsly by A, S, HiiSfioU (of, 
Ohom. NowRj Vol, 107, p, 152), but his formulation was not quito corroot. 
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wo owe tho einissiou of intense y^raya by EaC— then by an a-trans- 
fonnation wo likowiso get to EaD. From EaB a two-fold /S-transfor- 
niation loads to JlaE (Column V) and EaF (= Polonium, Column VI) 
in which the atomic weight 210 is retained. The position of polonium 
in the periodic system may, according to Marckwald, be verilied by 
chemical methods. It is somewhat more eloctronogativo than Bi 
(in the Hcnso oluoidated in § 1, p. 130) and this conforms with tho 
positi(m which has boon assigned to it, namely, that immediately suo- 
ccoding Bi. A final a-transformation olianges polonium into EaG, 
also called radium load (Column IV, At. Wgt. 206, wliich is less than 
tho atomic weight of ordinary lead, 207^2), Eadiiim lead is the final 
product of tlic radium series. Tho thorium and tlxe actinium series 
also end at tho same point of the periodic system, at thorium load 
(TliD) and actinium lead (AcD). 

We must next refer to the intei'osting complex of facts, to which tlio 
name isotopes is applied collectively* Isotope signifies ** occupying the 
same position ; isotopes are elements that occupy tho same position 
in tho periodic system. Tho totality of isotope elomonts in one com- 
partment of tho system is called a pleiad. In Table 6 every group com- 
posed of oloinents whoso symbols lie veHically below one another form 
a pleiad of tliis kind. Tho pleiads of load and polonium include no loss 
tiuin ciglit and seven members respectiyoly. The individual inombors 
difier among thomaolvos in atomic weight up to as many as eight units, 
but are yet so similar that they arc usually considered, not as diiforont 
olemonts, but as difTorent species of tho saino olomont. F 07 * isoiopic 
olemicMlfi eannol be separated from 07ie another by cdmnical means at all 
a7id exhibit idmlical physical properlies lhvongho%it, T'ho only means of 
separating them chemically or physically is that offered by the diffor- 
once in tlio atomic weights wliioli may manifest itself in a dilforonco 
in their gravitational and inertial action, 

Tlie most oonviuoing confirmation has been found for tlio theory of 
isotopes ill tho case of load. When tho atomic weights of lead isotopes 
of varying origin were compared with one anotl\er, it was shown that 
lead from radium minerals (EaG) has tho atomic weight 200’0 and lead 
from tliorhnn minerals has tho atomic weight 207 '9, whereas ordinary 
lead lias an atomic weight 207*2, 

On account of tho interposition of isotopes tho traditional fraino- 
work of tho periodic system jniist bo extended. Since there are now 
Hcvoral claimants to one space of tho system, the schoino on one piano 
no longer gives, a non-ambigiious allocation of tho elements, It would 
be best to extend the scheme spatially. We imagine the isa topes to 
be placed belu’nd one another in order of their longevity, suy, n?ho 
longestdivod element forms the chief representative of tho pleiad in 
question and would stand furthest back in our .spatial scheme, in the 
same vortical piano ns the permanent olcmonts which are not suspected 
of being radioaotive. Prom this longestdivod clement the series of 
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isotopes of deoroosing longevity would thou be siiccessivoly arrnyiul 
outwards and upwards pGrpendiciilar to the piano soliomo. T1 iuh» in 
tho two-dimensional table of oloments, we should, to bo more aomirnle, 
have to place Ui in tlie lowest space below uranium, whereas tho isotopt^ 
Uji would have to be placed in front of it (out in space). In tiui )nst 
Xdaco but one, jpi’otoactinhmi stands as tlie longest-lived eleinont of Us 
type (its stretch of life is about 32,000 years), whereas the olemoiit UX.^ 
(also called brevium) that has hitherto been installed there has a Vilo 
of only 1’17 minutes and would thus have to bo brought forward out 
of tlio table. Of the three emanations Ra-Em is tho longest JuumI 
(3*825 days), and must therefore stand as the rexmesentative of tho inert 
gases in the sixth x^oriod. In tlio former table tlie oliiof ropresontatives 
of tho types of corresponding oloments were omxdiasised by being pri 11 lud 
in dark typo. 

TJxrougli the . discovery of isotopes atomic weight has been disphml 
from Us fosUion of sovereignly by the midear charge. Wo are acqiiaintiul 
with elements, for examiDle, RaG and RaB, or Ro and RaA, wliich (lilha^ 
in atomic woiglit by eiglit units and yet (as isotopes) tliey boliave 
identically alike in choinical reactions. On the other hand, wo Icnow 
elements, for example, RaD and Po that behave chemically as dilTcU’- 
ently as 0 and 0, which belong, namely, to the fourth and sixth oolunin 
of tho periodic system, and yet they liavo the same atomic woiglit. 
Pairs of elements of tho latter type are to bo found in Table 6 in 
a horissontal line ; of elements of the former tyx}6 occur vortioally. 

Not only among decaying oloinents but also among pemanent de- 
ments there are isotopes. Nor do they occur as exGox)tions ; indeed, 
they are tJio rule. Of the elements that liavo liithorto boon investigat(Hl 
for signs of isotox^y most liavo shown themselves to bo multiforni. 
Those that Jiavc been proved to be of ono typo * only are 


K 

IIo 

Bo 

C 

N 

0 

X^' 

1 0078 

4-002 

0-02 

12-000 

14-008 

10-0000 

19-00 

Na 

Al 


As 

I 

Cs 

Bi 

22-007 

20-07 

31-02 

74-00 

120-93 

132-81 

200-00 

TJie following elements have been found 

to be multix^lo : 


Li 

B 

No 

Mg 

Si 

S 

Gl 

0-040 

10-82 

20-18 

24-32 

28-00 

32-00 

36-467 

Ai- 

K 

Ca 

Po 

Ni 

Cu 


30-04 

30-104 

40-07 

66-84 

68-09 

03-67 

06-38 

So 

Br 

Kr 

Rb 

Sr 

55i- 

Ag 

70-2 

70-910 

82-0 

86-46 

87-63 

01-22 

107*880 

Cd 

Sii 

Sb 

To 

Xo 

Hg 

Pb 

] 12-41 

118-70 

121-70 

127-6 

130-2 

200-61 

207-21 


* There are, JiowBver, extremely rare isotopes of 0, 0, and N. 
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VVe H(>e that the atomic 5 weights that have Ixhmi printed below tlm 
symbtds tor the eleineiits iim in tlio of tla.^ simple (dejnejits — in 
particular, of the lighter ones — almost (Exactly whole numbers ; on the 
other Iiand, they diverge considerably from integers in the case of ele- 
ments that have been recognised, as multiforju. further, the elementary 
constituents into wliicli the latter may bo resolved are hero, as wo shall 
see, exactly whole numbers, within the limits of error (oxcoi)t for tlie 
packing olfeot ; cf. § b of the present chapter). 

Wo arc indebted for this important Iciiowledgc to the ‘worlc * of 
F. W. Aston, who, for his part, added a new link to the analysis of canal 
rays positive rays carried out by J’. J’. Thoinsoii (of. p, 00). In the 
canabray tube there are manifold fragments of matter, simply and 
multiply charged, atom-ions and molcculc-ions. In an oleotrical liekl 
they arc deflected by an amount propoitional to their cliargo and in* 
Yorsoly proportional to tlieir mass, Hence in the case of two isotopes 
of the same charge anddilleront mass the Iioavior oonstitiieut will bo loss 
deflected than the lighter. Ihirthormoro, the amount of tlio doflcotioii 
depends on the velocity that has boon acquired by the particle in 
qxiestion, T.ho advantage of Aston’s method over Thomson’s was gained 
by arranging behind tlio clootrical field a magnetic field, the intensity 
and range of which was so chosen that all particles of the same mass 
wore concentrated at one and the same spot : the photographs so ob- 
tained are called ” jnass-sxjootrograms.” 

Tlio first result of Aston states : Noon consists of two isotopes of 
atomic weight 20*00 and 22*00, noon ” and mota-ncon.” The 
atomic weight obtained by clioinioal moans, 20*2, results from a mixtui e 
of both ill a constant proportion. 

O’lio resolution of chlorine into two isotopes of atomio weight 315 *0 and 
!h70 is particularly impressive. The cliomioal atomic woiglit of chlorine, 
36*46, Avhioh among tho lighter olomonts is the first serious contradiction 
to tho integral (whole number) oliaraeter of tho atomio woiglit, oomos 
about owing to the fact that, as is shown from tlio photographio plate, 
tho Olgg is present in greater quantity than tho Olg^ ; tho proportion is 
3 : L In addition to tho spots of 36 and 37 wo seo in tlio mass speotro- 
gram of tho Obphotograiihs also tho spots 30 and 38 presont in about 
equal xiroportions : tlieso aro to bo intoiqirotod as HOIa5 and HClav* 
Then, again, there aro spots 17*6 and 18*6 that roprosont doubly charged 
OI35 and Clg^. (In a spectrogram double the charge acts like half tho 
inasB.) 

In tho ease of tJie inert gases krypton and xenon, not loss than six 
and nine isotopes, rospeotivoly, have been disolosed, of whicli tho atomic 
weights differ up to 8 units in tho ease of Kr, and 12 in that of Xo. In 
tho case of Sn olovon isotopes wore observed, in that of 7a\ and !Hg there 
wore seven for each. Honco wo have xileiads hero of tho same number 

* iqiil. Mng., 30, 440 and OU (1020), Soo also Isotopes, F, W. Aston, 1022, 
Edward Arnold Sc Co., London, ' 
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aain the case of tjio radivnn oloinents (of. Tahiti fi). AH 

odd atoinio mimber appear to have only 2 ■" isotopi'a, d they Vuivo a 


l\\ the followinir Table 0 we follow Aafani iii attaehu'g tli(' lott(an 
a b c ... to tlie relative amount iu whicli tlm coircHponding 
of element la represented in the “ mixed elomont " (a denoti's lln' 
strongest component, b the next stronge-st, and so hM’tli). . , > 

Only atoms in the gaseous state can ho exanuned by dston ^ 
ntothod. A series of non-volatile oloments, for example, Mg, /n, t a- 
have been investigated by A. J. Bempstor f by a oimal ra.V mol/ mt 
which diffei's from that used by Aston, ^ 

A jnore sensitive method tlian eitlier of those and oiie wliieli mu,y 
also be used for very smalt quantities of isotophs admixtures J” 
method winch uses spjeetral bands. In Cliaptor [X, g 2 , wo slmd 
discuss the infra-red absorption spoctruin of HOI, wljioli hi'inKs unt 
clearly the Wo isotopes CI35 and CI37. Bnt wliorons in tliis ease a known 
result is confirmed optically rosoarclv on bauds has disolosod new and 
entirely unexpected I'csnlts in the case of oxygon, carbon, and nitrogen. 
Gfiaque and Johnston J interpret certain weak linos in tlio irtmosplicrlo 
absorption bands of oxygen as a combination of Oi, and Oin> a>)d skill 
weaker lines of tlie same spectrum have been a,soi'ibotl by Jhilteock |] 
and Bii’ge 1 [ to a molecule whioh is formed from O^o add Oj?- The 
rareness of the atomic speoies 0^^ and O^g is indicatod in tlio vx'ak 
intensity of the corresponding bands, the ratio of tJioJr froipimmy of 
oecurrenoe {Hiiuflglc^ilsve.rh&Unis) as compared witli ordinary o.xygen 
amounting to 1 ; 1260 and 1 : 10,000 respectively. In tlic oaso of earboii 
ail isotope of atomic weight 13 has been sliown by Birgo *’>' to bo prosun t 
in the C — C-bands (Swan speotrum)~-as ivoll as in tlui 00 - and t'N- 
bands (cyanogen bands)— and in this cose, too, to so small an extuiit 
that it could not manifest itself directly in tho mas.s spoctrograpli. 
According to researches by Naudd ff tho N-isotopo is apparently 
indicated in the bands of NO. 

In view of all these discoveries the traditional term '* atoiiiio weight ” 


as used for the quantity which is familiar to tho oJioiiiist is really no 
longer appropriate. The constant values of the latter must bo jntoj’- 
preted as showing that the isotopes of tho mixture came into oxistohco 
before the earth 's crust had solidified, in opoolisin whioh their uniform 
eommiiigling was possible and inevitable, TJiis aloiio would explain 
why the chemist everywhere and at all times finds tliom ocoum’iig in 
the same propoi'tions. 

Tho striking characteristic of elementary atomic weights, that of 


* F. w. Aston, Proo. Roy. Soo., 126, 6H (1030!. 
f Pliys. Rev., 11, 310 (1018), and 19, (1921). 

i Nature, 123, 318 (1920). || Ibid., 123, 813 (1020). 

If Ibid., 124, 13 (J920), ** Mid,, 124, 5 82 (1020). 

ft Phys. Bov,, 34, 1498 (IBSO). Boaidos the linos of NuO.o NaucW also (IiuIh 
those of the combinations with Hio rarer oxygon isotopes N|.,Q,„ N,.,!),,. 
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boing integral, mstoroH PmtVs hji-iollmiH to its position of lionour : 
according to tliis iiypotlumis, all atoms are supposort to bo built up of 
Jiydrogon. fact tirnt hydrogen itself is simple lias been proved 
not only by Aston but also by Stern and Vohner * by another method 
( (fractionated dilTusion of hydrogen and oxygon), 

If, in accordance with the sense of Front's hypothesis, IPuuclei aro 
the real elementary “ bricks ” of which all gravitational matter is 
l)uilt up, it must oaviso surprise that in tlie radioactive transformations 
H-rays ’’ liave never boon obsorvcch Wliy does not the hydrogen 
nuoleus occur as a decay prodiiot of tJio higher elemoiits just as well 
as the loss simple Ho-nuolcnis ? In the last aootion of this ohaptor wo 
shall give reasons why sponianeons omission of protons does not 00011 r, 
Wo shall lioro only remark, liowovor, that in arlificially stirmilaled 
disintegration, as first used succossfully by Buthorford in the case of 
nitrogon, ih’oton rays arc actually produced. Wo shall also disouHs 
the latter phenomenon in tlio last section, 


§ 3. Peripheral and Central Properties of the Atom, Visible and 
X-ray Spectra. Configurations of the Inert Gases 

In the roiu'osontation of the periodic system given in the first para- 
graph wo followed the example of Mondol< 5 olf essentially, both in tlio 
sotting out of the table and in giving valonoy the jiredominant posi tio]i 

* Ann, d. Phys.j 60i 22c (.1010), 
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>r rliniH'iilH. 

lilt* 


UM HH? rogiiiativo principle for Uio variniis Hit* 

roinains Jiow to develop tiio nypre«ontation tliivt IjoUiai ^ .i y< 

XDGriodic system at the same time as Mondcleen. I s ^ 

the classical curve of atomic volumes, f?ig. «h). As we cuo \, 
volume denotes the ratio 


atomic weight 
density 

This ratio has the dimensions of a voinmo (isni.*) ; it deiiotivs, hoiv ■ 
ever, not the volume of. one atom, hut of so many atoins iis urn mm- 
tained in the number of grammes given by the atomio w<'ig it. iis m»i 



Eia. 35. — Curve of atomic volumes takou from one of tho tahloH {'ouipiloil l\v 
Sfcefnii Moyer.* A clistinot poriodiciliy, is oxhihilotl. 


of atomic volume we might say more correctly grainmo-atoni vohinii^ 
We shall, however, retain the term that has been sanobianed |)y 

The atomic volume is, of course, defined only for the solid and liqiuil 
state. The gaseous state admits of no inofior volume that is eliar* 
acteristic of a substance (unless wc calculate such a volume frojii van <1ch* 
WaaTs gas equation). In the case of the so-oallod ijorinanonl givsoH vvii' 
must, therefore, in defining the atomic volume, derive the density from 
the liquid state. In the case of solids tliat occur in various idloiroiiits 
modifications (diamond, graphite), wo get several values. 

We call attention to the following prominent features of the ourvo : 

* Mshr and Qeild IPeatsclmJt (JSmuiisciuvoig, 1015), p, 15 '.i. 
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lhi\ stijop maxima at the points oeuupicd by the alkalies^ the iniimuliatoJy 
following (leseendiiig branehes of ilio curve, tflio Hat nuiuiuuni in tlio 
middle of the period, the ascending ])raiich.cs boforo the next snoecssivo 
alkali, the likewise Idgli ordinates of tlio x)oints occupied by the inert 
giuses, and ])articnlarly the similarity of appoaraiKJo between the groat 
periods of 18, 18, and 32 olmnonts with the small periods of 8 and again 
8 niombors ; this similarity is such tliat in this representation of the 
periodic system tlioro is no sign of a subdivision of the great periocls 
into two small periods, 

Later, a series of other proi)erties wore discovered wliioh exhibited 
an analogous behaviour in their mode of depend once on the atomic 



weight (or atomic number, rospeotively). In Il’ig, 30 wo exhibit as 
examples of suoh properties : the oompressibility the coefFioient of 

1 

expaiiHion a, the reciprocal of the melting-pcjiiit (as aj) inverso measure 

of the tondouoy of the elomonfc in (piostioii to bo a solid) ; tlieso are 
properties that coneorn not tlio iilling of space itself us in the case of 
the atomio volume, but tho alteration of tho volume oceupiod owing to 
pressuro and tomporatuvo changes, lu a broad sense, those ourvos run 
parallel to those of tho atomic volumes, but tlioy seem a little Joss 
regular. In tho ourvo of tlio reciprocal melting-points, tho maxima arc 
not at tho alkalies but, as is easy to understand, at tho inert gases, 
whioli. shoAV tho least inclination towards becoming solids, 
von, I — 10 
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All thcsp things oonoern aprononucoci external pvojxn’ty <it’ Ihi* ^ | 

luimclyyiia olaiui on simco. Its eonnoxkm M'itlx valoiiey epiuliliim-. 
the struetiivo of the poriodic ay stem iiiLoUuu* Moyer’s eiirvx^ 
ckf,mical actions^ ioo^ depend on external propcrlies of the alovi. hi ae l \ | 
faet, they regulate the extornal relations of iitomn to oni^ lUioiliM' 
theinaelvew depend on the numhor and arrangcniont of tin* e\(i<i 
olootrons that dotormino blic valency. Also the clastio propta in-'* 
atoms, their thermal hohavionr as shown by 1 ) along and IN^i-il V 
of specific heats and the electrical conductivity each givi^ a ^ ^ 
analogons to that given by atoinio volumes, and thereby prine i 
they too are external properties of Ilia atom. 


Jhit also the p]ie7iomena that give rise to the e^nissmi of visihlr .‘<pr 




oemr at the periphery of the atom. The spectra of the alkalicH vs\i*^ ** ^ 
an essentially similar structure in spite of their greatly dUTiu'iud an ^ 
numhoTs, Z = 3, 11, 19, 37, 55, and the consequent incrcaso in \ ***** ^ 
plexity of tlie internal atomic stniotwo* Only the peripheral anal ^ 
nient of electrons in the series of alkalies ia similar ; but this ^ 

bring about an essential similarity in their visible spectra, ^^^^***- 
corrospoivdenco exists between the spectra of the alkaline 'St^ ^ 

Ca, Sr, Ba, as well as between Zn, Cd, Hg, Almost in (wory ^ 

posUio7i of the element in its period and 7ioi its position in tlu^ syMU-M » 
a whole (its atoinio numhor) is the deoisive factor. The lull or 
number) gives only a slight sign of itself, in that the spectral liur 
in general not simxJo lines but consist of two or throe lines tlud 
togetlicr anti arc more or loss close togetlier in the Hpcxdruiii. 
difforencGs between the frequencies of this doublet and “ 
increase regularly with tlio atomic weight, as used to bo Hlivtrib 
we now say, with the atoinio number or nuclear charge* But Hit- I 

])laycd by tho nuolear charge in the bjitical spectra is but a luiuor ^ nf 
position is difforont in tho case of X-ray spectra. Kur 
tho atoinio number i» tho ciiief factor, in that from the atoniiu uuit» * 
of the oloinent tho corresponding X-ray linG, and, converHi^ly, fiiMna 
X-ray sixcotrum the atomio mimbor, oan bo determined unujuuly . ^1“ 

frequency of a dofinito X-ray line, lor examxdo, tho principal liup 
IC-serios (of. tho next ohaj)tor), increases uniformly and 
with tho atomic number througliout tho whole system nt 
almoBt without showing a trace of x^oriodicity. In this case it U t 
Xiosition of the clement within thox)oriod of the system but tin 
hi the system as a whole tJial is ike alhimporlani factor. 

Now, what does it signify that in X-ray sx^^^otra tlie atomic 
of tho olomeiit, its nuolear ohargo, exhibits itself so strikingly, 
in tlie sxoootra of tho visible region it hides itself ? signiMm i lufit, 

the region in which the X-ray speciruvv lakes Us origin is the 
part of the aiom, the immediate viemity of the micUnSy and ihah 
other handy at the periphery of Ihe atom, where the optiml ^ 

^woducedf the ^mclear charge is screened off by the clo^id of innvr 
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Ktr juHl fihines faivtli/ iJmmgh them. I t is owing to the fact that tlio 
•^-my sp('(itra tak(^ their origin from th(5 central region nmiv the luicloxm, 
\vherc the forces arc strongest and least modi I led, that their penetrative 
!j;)ower and luirdness is so groat. In contrast with this, the visible 
^spectra recxniro for their excitation only small amounts of cjiorgy. At 
X.he surface of tlie atom the events occur on a moderate scale, but in 
hUo interior of the atom they become intensiUod to an extreme 
tl(5grce» 

luiclous and the innermost regions of the atom around it arc not 
Xymll up x)oriodiealIy but, in view of the intensity of the fields of force, 
tilioir structure is a continuous growth in conformity with the contin- 
\ious increase of tlio atomio number. The X-ray sx)Ootra reflect tliis 
*Hystomatic inoroase of growth and thereby lose all connexion with the 
Aperiodic struoturo of the natural system. Periodicity is xm external, and 
^>101 an internal i 2)roperty of atomic structure, 

A general inference about tlio arrangomont of tlio electrons about 
tilio nucleus may bo drawn from observations concerning isotoxios. Ttvo 
*2’\9o^ope5 of an element camiot be se2)arate(l by chemical means (o.g. radium 
tXnd moaothorinm, thorium and radiotliorimn, or CL^jj and Olj,^) ; tliat is, 
til 10 perixihoral jiavts of their atoms arc built uj) similarly, since it is 
tiliese parts tliat are alone of aocoiint in chcjnical reactions. Moreover, 
t'Zw isotopic elements have similar spectra * in the visible and the uUra^ 
triolet regmis (for example, thorium and ionium or mixtures of the 
ti’NVo) : this similarity also loads us to eonoludo tliat the arrangomont 
of the oxtoriial elements is very approximately the same, JSut two 
elements have also the same X-ray S2)eclra (o.g. in the case of load 
iXiid KaQ, according to Siogbahn and Stonstrdm) ; lionco they are also 
txliko in tlio arrangomont of the internal electrons, llonoo the wliolo 
ixtojnie structure is determined uniquely by tlio nuclear oliargo ; given 
t>ho same nuclear charge avo got the same atomio struoturo, in sxhto of 
varying atomio weights ; this ajiplios, in particular, to the radioactive 
<;?»loments. As the decay eontinuos and tlio nuclear charge alters, the 
xxoiv arrangomont of tlio oloctrons that corresponds to the neAV nuclear 
o 3 aargG is eiTeoted automatically. The atomic structure is unifomly 
i^'^agnlatedf by electrical agency from within outwards as far as the per/- 
2 ^ 7 iery of the atonii by the magnitude of the imclear charge, 

describe the peripheral structure provisionally for the jiresont, we 
] picture to oursolvos the xirogrossive synthesis of the atoms in tlio order 
of tlio poriodio system. At each step a noAV olootron is added, In 
gonoral the new electron attaoho.s itself to the outside, a.s avo may assume 
t>Iiat in tlio interior of tho atom there is no room for the immigration of 
ti^clclitional clcotrons. As tho number of external oloctrons increases, 
top by stex>, a limit is reached Avhioh, for reasons of stability, cannot be 

* Tho Bimilarity dooa noi; rofoi* to tho mimbov and position of possiblo 

* * fliitollitos,** of, Chap. VI IT. TIio lattor aro connootod with tho flno details of 
j j.i.iclonr struoturo ancf may cHffor from one another in tlio easo of isotopic atoms. 
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exceeded ; of. § 4 of the present chapter, irroin that point onwards a 
now outer sliell begins to form, the previous outermost shell eontriieling 
inwards. To picture this, we need only remember the rings of a tree 
in its yearly growth. 

The alkalies are decidedly univalent and electropositive, ^rhen^ eiin 
ho no doubt that we must assign to them in each period one outer electron 
in the outermost shell The alkaline earths arc divalent, the earths ai’o 
trivalent ; to these must be ascribed, respectively, one, two, and thrtu^ 
outer electrons (valency- electrons). Ingeueral wpasoribototlie electro* 
positive atoms at the beginning of oachx)oriod just as many outer oIe(s 
trons as is expressed by their valency with r6sj)cot to oxygen (of, p. KKO- 
Ehciroimiiive character denotes readiness to fart with electrojis. N<nv 
the electronegative elemonts arc at the end of oaoli period. Ekeiro^ 
negative character denotes readiness to take up electrons. ^I.'ho (dceti’o- 
negative atoms lack just as many electrons as they have hydrogen, 
valency ; fluorine wants one, oxygen two, nitrogen three, TIh^hu 
electrons are not wanting in them for electrical neutralisation hut for 
eleotromeclianical stabilisation , 

Between the electropositive elements following the end of a pcd(ul 
and the electronegative elements preceding it tlioro is situated in 
case an ineTt gas. When the clootropositivo elements give up timv 
valency-electrons, theij reduce their configuration to that of inert gases ; 
whereas when the electronegative elemonts satisfy their valenoiOH l)y 
taking up electrons, they complete themselves as configurations of the inert 
gases. Thus both i)arties strive towards this goal Honco wo must 
assume that the configuration of inoit gases i)osscsse8 a si}ccial degree of 
stability, and we see why in the in’ogressivc synthesis of the atoms in the 
natural system each j^eriod ends with an inert gas and that tlien a mw 
shell begins. 

The two small periods each contain eight elemonts, The inert gascH 
neon and argon that stand at the end of these periods are thus ontitUHl 
to eight electrons in the outer shell. Wo shall see that tlio otl\er iiuu’t 
gases, also, as far as radium emanation are to bo oreditod witlv eight 
outer electrons. Instead of “ oonfiguratioii of inert gases ** we might 
just as well say “ 8 -shell,” Helium with its two outer olootrons is, of 
course, an exception, 

TJie union of electropositive and electronegative elements done ten in 
the simplest oases the oreatioii of one or more 8-shells. Wo call to mind 
HI? , HgO, NHg. Fluorine, by taking from H the electron tliat it lackH, 
completes itself as an 8-sheU ; in the same way, oxygon and nitrogen do 
likewise by depriving two or three hydrogen atoms of their oleotronH. 
In all cases the result is the neon configuration with attached hydmgen 
nuclei. Further, in the formation of NaCl two full S-shells oonuv 
about : the outer eleotron of Na emigrates to Cl ; 01 becomes imHinl 
to the argon typo, and Na becomes lowered to the noon ty))e. 
A corresponding argument holds for all the alkali halides. Wo jmvy 
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roproHOtit this process by the somewhat umisiial chemical formula 

Na+Cl- == 

wlu<!li expresses that the i) 08 itive Nadon resembles a neon shell and 
tliat tho negative Cldoii , resembles an argon shell, Avith the difference 
that th-Cs nuclear charge of the former is not 10 but 11, and that of the 
latt(U' is not 18 hut 17, In the case of divalent X)olar compounds two 
i'Jectroiia pass from the electropositive to the electronegative component. 
:P(>r example, wo find that with CaO two 8-sl\olls form, the one, Ca'*'’' 
being of the argon type, the other 0 — being of the neon type ; this 
may bo expressed thus ; 

Ca ' 0"- == AsoNeg, 

Pesidos the tonclenoy to the 8-configurations of the inert gases, we also 
find a tendonoy to the IS-configurations of the ions Cu■^ Ag^, Au'^ 
in the compounds of the noighboiiring atoms, 

W, Kossol,* who revived Berzelius* theory, Avorked out fully this 
view of chemical action and tested it not only on the typically simple 
polar cojnpounds, but also on Werner*s complex compounds. He 
arrived at the result that in the case of all such compounds the directed 
single forces denoted by bonds in the old ohemical schemes may be 
replaced by tlio eloctrio forces of the ions, Avliich are more intelligible 
phyHically. This view, of course, does not embrace non-polar bonds, t 
tJmt is, those bonds for which no ions can be assumed, as in the case of, 
say, 14 , Na, O 2 ; and, naturally, there arc connecting transitions between 
t)i(> lijniting conceptions polar and non-polar. 

It lias boon held up as an objection to KossePs line of reasoning, that, 
in the ollort to trace ohomioal actions hack to electrostatic forces alone, 
it lias noglooted the c^uintcssonce of the modern physics of the atom, 
namely^ the quantum theory. The author is of the opinion that in 
ICossePs tlieory the quantum ingredient is represented by the fact that, 
going boyond Berzelius, ICossol takes the atomic volumes (better, the 
ionic volumes) into account Avhoroby, for example, the decrease in the 
intensity of the polar union Avith increase of atomic size is explained 
according to Coulomb’s law. In fact, the size of atoms is given, accord- 
ing to our modern view, merely by the extent of their peripheral elec- 
tronic orbits, and those, in turn, are deterininod essentially by their 
quantum numbers. 

'J'his brings us for a moment back once again to the curve of atomic 
. volumos, Avitli Avhioli Ave started this section. The doAvnwarcl course of 
the cur VO at the hoginniiig of each period may he made clear quite 

* \\\ hiR lone papoi\ " llbor MolokUlbildung als Frago doa Atombauos,*’ 
Amu d Plws., 49, 229 (1010). Cf. alao tlbor dio physiknilsoho Kakir dor Valons!;- 
kvafUs’* Mfituvwisa., 7, nncl 900 (1019), or l;ho inonogmpk, Valr.uzMflfi und 
(2iul od., SpWngor, 192*1). ' ^ 1 .. 

1 tlomoovioUvv " aecoixUug to fclio nomonelaluvo of U. Abogg, whoonopniocl 
Urn way for Kosaors olootrical theory. Instead of polar Abogg and Kowl uae 
ti)o toun botovopolar.’’ 
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simply, if sxiperfioially, by the following consideration » In tlu) inm^ nf 
a neutral atom of an alkali metal, an external electron is situatcMl in tlio 
field of an atomic residue carrying a single positive oliargo, In tli<^ 
of an atom of the alkaline earths, or of the cartlis, if they are {fii^etrkatlly 
neutral, xve have two or three outer eleotrons in the field of a doubly 
or trebly charged positive atomic residue. The inoreuHed attraction 
aming from this more higlily charged atomic reskhie, wlvudi always 
outweighs the repulsion on the part of the other vakvney cdiu'-trons, 
clearly effects a contraction of the dimensions of the orbit, as (^onl[au’e{| 
with the alkali atom, and so explains the dcoi’ease of the atomic volumes 
at the beginning of the periods. The ascending l)ranch<\s at tlu^ (m<1 of 
each period cannot be interpreted so readily. 

§ 4. Introduction to the Theory of the Periodic System. Paulies Prinoipio 

The theory of the periodic system is founded partly on tlu^ cluMnii^al 
system of arrangement and partly on spectroscopic facts, W<^ toiuda^d 
on the former in the preceding section ; wo slxall dovol()]> tlu^ latha’ in 
the following chapters, Hence in our present acomint of tln^ tlunuy of 
the periodic system we are forced to proceed aomowliat doginaticnily, 
and shall have to leave many empirical confirmations of Hi)octroM(^opi<^ 
origin till later. We commence by stating some geiioral pointH of vjow 
which will be used as a basis for considerations given in tlu^ iU'xt 
section, which are more detailed. 


1. Comparison with the States of the Hydrogen Atom 

111 the case of any arbitrary atom of atomic numl>cr Z wo liavt' Z 
electrons. We shall, as a first approximation, treat oaoli of them us 
independent of the remainder. We may thou compare it witli tlu^ 
electron of the hydrogen atom, —in which case the luiolear oluu’gt^ 
of this hydrogen atom is to be set, not equal to 1, but to Z. lOxaotly 
^ in the hydrogen atom wo denote the state of the electron in ([UOHthm 
by means of certain quantum numbers. In describing the hydrogcui* 
states m space we used the quantum numbers 


(cf. p, 120), and called 


Vp, 


n = rij. + no H- % 


the ^irincifal quimitum number, 

no -\- no, ~ 1 
% = no -f- n-o, 

the older theory (p. 116). Precisely as 7 ^ was to signify the nroicH. 

t.on ol on 0 direction (mognSuo „i.), V p.go Si, “o 
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in the sequel we shall use the projection of I on such a favoured direction 
and slui I use to^ signify the ‘imgnetic qmnttm number. The index I 
IS to ( iHUinguish this number from an analogous quantity which will be 
mtrodiiccd later and will be called m,; is a whole number, like 
n and (. v rom definition we then have, as in Fig. 29 of page 123, 

I' 4 ” 

so that thoro are altogether 21 f 1 dift'ercub values of m^for a given I 
llKi introduction of tho three f|iiantiim numbers 


n, I, mi 

in tho case of tho hydrogen oleotron or any selected electron of a com- 
plicated atojii corresponds to tho three degrees of freedom of the point- 
mass in particle mechanics. By adding to the three data n, h mi the 
abov(i cpiantity wo pass beyond tho mechanics of tho single point- 
mass and endow tho olcobron with an axis spinning electron ”). 


2. Principal Quantum Number and Shell Structure 

Wo know that as wo pass from one element in tho periodic table up 
(in atomic iniinbcr value) to the next, *wo find a new electron at each 
step. Wo also know tliat the electrons of an element distribute them- 
sidvoH over dirtoront sliolls. 

Ah already liintod on page 116, wo assign the values of the principal 
quantum number n to tJio individual shells of the atom. We speak of 
an iniK^rmoHt or IC-sholl ; it consists of tho electrons which have 
tlie value 1 for blio principal quantum number, We call the next 
shoU outwavdvS tho L-sholl ; it comprises the electrons for which n — 2. 

(unnploto scheme, so far as it is actually required in building up 
the olomontfl, runs ; 

n 1 2 3 (t K 6 7 

Wlioll . , . K L M N ' 0 P Q 

ooncoption and also tho nomonclaturo of the successive atomic 
sliells originate in the roseauohos on X-ray spectra. The fact that 
steadily inoroasing values of tho principal quantum number belong to 
the sueoossxvo sholls was suggested from tho very beginning in the study 
of X-ray apootra and was confirmed by tho discovery of L- doublets 
(of. tho next chapter, § 5). Tho beginning of a new shell in the periodic 
systom at the same time denotes tho beginning of a new penocZ. But 
the allocation of the sholls to tho periods is not unique, as we shall see, 
and is complicated by various adjustments. 

Our roaaon for giving tho principal quantum number n tho dominant 
position ill clistiibiiting tlio electrons is that, as wo know, tlio successive 
energy levola of hydrogen are distinguished by .successive values of n. 
n — 1 denotes the ground state of hydrogen, tho state of lowest energy. 
71, =3 2 is tlio next lowest energy state. Corresponding to this we have 
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fclifit in any arbitrary atom tJie K-sliell is the lowest in energy, the 
most stable, and tlio L-sliell tlic next most stable, and so forth. 

3. Azimutlial Quantum Number and Sub-Crroups of the Shells 

For a given principal q^uantiim number 7i there are in general, in 
the case of the hydrogen atom> different types of orbits, according to 
the value of the azimuthal quantum mimbor Z, as illustrated in Figs. 
2(i and 27. Wo now assign to these different types of orbits difloront 
sub-groups of the shells in question ; that is, wo doflno subsidiary 
shells. Only the groiind orbit, for which 1, is single. Accordingly ^ 
iJie K-sliell is also single. Here I necessarily has the value zero. For 
w = 2 wo had two types of orbits, which correspond to Z = 0 and / = 1. 
Accordingly i ilie L-shell divides into two 8^lb’'gro^lp8, which wo denote by 

Li and Ln -h Lm. 

The reason for again dividing the second sub-group into Ln and Lni 
can bo given only later when we deal with X-ray spectra. For tlio 
present wo remark only that this distinction is connected with the spin 
of tho electrons. Tlio same apxilics to tlio sub-divisions in tlio sueoes- 
sivc later shells. For ti 3 we have drawn three typos of orbits, 
which belonged to tlio values Z — 0, 1, 2, Hence the M-shell resolves 
into three stib-grouj^s, which wo shall call 

Ml, Mil + Mm, Miv + Mv. 

And so for the other shells, In the case of tho N-shell we ]la^''o four 
sub-groups, which wo represent by the seven syniljols, 

Ni, Nit -I- Niu, Niv + Nvj Nvi + Nyn. 

They correspond, in order, to the values 

Z = 0, 1, 2, 3 

of the azimuthal quantum number. Summarising, wo may say that 
there are n sub-groups in tho shell, and tliat they are designated by 
2?^ — I symbols, In tho ease of hydrogen tho different typos of orbits 
do not differ at all as regards energy if ii remains the same (degonoraoy). 
This is not strictly true for a more complicated atom, but it is still 
correct to say that the onergy-difforences between the sub-groups, for 
example of tlio L-shell, aro much smaller than tlio onorgy-difforonco 
between tho IC.- and the L-shell, and so foith. 

4. Magnetic Quantum Number and Multiplicity of the Sub-Oroups, 
Introduction of the Spin Quantum Number 

For a given Z thoro are, as stated above, 2Z + 1 difforont possible 
values of tho magnetic quantum number nij,. The state.s corresponding 
to the difforont values of mi have, it is true, the same orbital type, and 
differ only iii the different position of the orbit irith respect to the axis 
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of roforcnco ohomnu But by cimractorising the states by moans of 
tlioir quantum numbers we treat such states of the same orbital typo 
but differently orientated as being different. This will be so inuoh 
more the case, since the wave-moclianioal refinement of tlxo orbital 
conception actually docs lead lioro to different descriptions of tlio 
states (difforcnt proper functions). Every sub-group of the aziinuthal 
(piantiim number I accordingly comprises 21 + 1 statfis. Only the 
siih-groiqis belonging to I ™ 0, namely 

Jv, Nj, - • * > 

are sim]}h ; for from ? ^ 0 it necessarily follows that vii — 0. On the 
other hand, the sub-groups that belong to Z — 1, namely 

Ln + Mn -|- Mni, Nji + Nm , . . ♦ 

arc ihrm-foUy for hero mi can assume the values -h 1, 0, — I . In the 
same way the sub-groups for which I 2, namely 

Miv T My, Niv -1- Nv, . t * 

are yi?;c-/oZrZ, eoiTesponding to the possible values zh 2, zlz 1> h for mi. 

But the multiplicity wliioh has boon found in this way is jxot yet 
sufiioiout either for spectroscopio or for chojnical purposes, PJach siilh 
{jroup I not 21 -|- 1 but 2(2/ **|- 1) slates. Wo express tiiis in 

tlio iangiiago of quantum munbers by saying that the individual state 
of the olocti’on is defined not by three, but by foxir quantum numbers. 
To tlio numbers n, Z, Wj that have hitliorto been used, wo must add a 
qimitim number whiolx is capable of having either of the values 

^ i 

This oaiiscR ovory state tliat has hitliorto been simple to siib-divido 
iJito two clifforont states, namely, those distinguished by the two values 
of Mg, In a oortain grajihical way the moaning of nig is analogous to that 
of mi. Whereas mi defines the orientation of the revolving motion in 
the orbit with respect to a favoured axis, denotes the orientation of 
tlio sense of rotation of the electron itself, namely, its ^^spin,”. which 
can sot itself either parallel {m^ T 1) anti-parallel {mg ^ to 
the favoured axis. Eor an empirical foundation of this intorprotatioii 
wo refer to the olassical pictures of the Stom-Oerlach effect (see Eigs. 
32 and 33). The iivo dofioctions in the groimcl state of Ag and H, both 
of which signify a state with I — () (and hence also nii — 0) are to he 
regarded as parallel and anti-parallel adjustments of tlio oloctron to 
the magnetic linos of force * and correspond to the two values of 
the spin quantum number, 

^ Tho rigoi'ous Dirnn ihoory of (ho “ rolalhig ” olooti’oii fonniilnlioH this fioino- 
what) clifforoiiUy ; for our jihovti half-olnsHii^a! iiiodol of Mio olcotvon (no 
wavo-moclinnjcB boing used) Iho doBOi'lption givoii in fcho (nx(i ia logical and 
Burficient, 
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6, Paulies Principle 

Wo may now formiilato rigorously and simply tlio fundaniontiil 
prinoiplo of Pauli (Pauli’s Exclusion Principle, the Pauli Verbal) * thus : 

Inside an atom one and the same quankim state can he Qccn‘)md onhf 
by one electron. The quantum state must bo well defined, that is, it 
must bo specified by its four quantum nunibors n, Z, In other 

words, it is forbidden for any two electrons m the atom to have ihe same 
values for all the quantum numbers I, m,. The exiatonoo of ont) 
electron having certain defiuito values for these numbers excludes 
the existence of another electron having the same values for all four oi 
tliese numbers . 

The empirical ooiiflrmation of Pauli’s principle is contained in tlu' 
sum total of speotroscopio observation (oocuvronce or non-ocourveiic( 
of quantum states in the visiblo and in the Ebntgen region), h 
theoretical proof can bo deduced noitlior from the older quantum tlieory 
nor from wave-mochauics. Tlio principle must for the present hi 
regarded as a j^oint of view which becomes added to and rogulatoH tin 
quantum tlioory. Exit Pauli’s principle may bo expressed in a par- 
tioularly simple and fundamoiital form by wave- mechanics (by tlu 
postulate of change of sign of the proper functions when any two oleC' 
trons are exchanged). This will be demonstrated in Vol. Xl of tlu 
present work. Por the present we must restrict ourselves to drawing 
the oonsequencos of the principle for the periodic system, in partioulai 
for the completion of the shells and sub-groups. This is oiTeotod accord 
ing to the follo\^nng scheme : 


Given 

X iiml)or of niooU'ons 

ni„ }»„ l, n 

1 

Mit Z, n 

2 

/, n 

2{2l + 1 ) 

1 

tt—l 

71 

2 2 ( 2 / 4 - 1 ) = 2n’> 


0 


The first liiiq of this table is idontical with the statement of Pauli’ 
principlo, The second uses the fact that can have only the tw' 
values ± 4 (parallel or anti-parallel position). The third lino adds tli 
fact that mi oan assume the values 0, d- 1, ... 4:: Z {21 + 1 diA’oren 
positions). In this way wo have found the maximum number of elec 
trons that is possible, aceordiug to Pauli’s principle, for the (lifl’eroii 
sub-groups. Wo tabulalo tliom as follows : 

* W. Pauli, jum*., ** tlbordonZusammojiiliaiig clos Abaohlussos dor Eloktroiion, 

etc., Zeits. f. lUiys., 31 , 706 ( 1026 ). 
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I 0 1 K, Li, Mi, Ni, . . . 

1 Lir + :hm, Mil -h Mm, N„ + Nm. 

2 Miv d- Mv, Niv -1- Nv, . . . 

;5 Nvr d- Nvii 


2 . 1=2 
2.3= 6 
2 . 5 = 10 
2 . 7 = 14 


'Plus fiiui'kli row of tlio provioit.s scheme is obtained by suinniing up 
the (iiKMijintion mimbera in the last acheiue and gives us for the occupa- 
tion nuinbc.i'H for the full shells 


K -shell 


L- 

M- 

N- 


j r 
>y 
)> 


2 = 2 . 

2 4-6 = 8=2. 22 
2 4 - 6 4 - 10 = 18 = 2 , 32 

2 4- 6 4- 10 4 - 14 = 32 = 2 . 42 


'riui.s() lire, however, llydborg’s numbers for the lengths of the periods, 
Avliieh wo called “ oabivliatic ” in § 1 of this chapter. They are, as ive 
a dtieot eonac(i«onco of Pauli’s principle (which is no lcs.s cabalistio). 
l b is to ho remarked that historically B. C. Stoner * I’cacl off the 
nil III Inn-H in the last table but one from regularities in the X-rny spectra 
a Hhovt time before Pauli. In contrast with Bohr, who sub-divided 
the R.ydlmrg nuinhors provisionally into equal sub-groups, 

8 -5 4 ]- 4, 18 «= 6 -p 6 -}- 6, 32 = 8 -p S d- 8 -p 8, 


Htonev I’emiguiscd the sub-division given in oiu’ last tabulation, 

8 2 d- 18 = 2 d~ *1 d- 10) 82 = 2 -p 0 d©10 -P 14. 

Wo have here applied Pauli’s principle only to the condition.^ in the 
individvuvl ufovi. Bs gonoral cliarnoter is, liou'ever, signalised Jp' * 
raot tliivt it holds for tlio totality of electrons that are united in 
(in iirl.itriiiy ww;/w?dfi,~-iiulced, even for the far more oomprehensiye 
svstom of couductkui oloctrona that belong to a melal oi arbitrary extei t. 
'PhiH raises in a moro aouto form the question which oocuried in t 
lavso of till) atom : Howls it possible for the olcotrons to be aware of bi 
nuantum poHltUmH that avo to bo oeoupied so that they avoid tians- 
grCHsing the IMuli oxolusion dooreo 1 This question is ceBamly not 
eainvhln of being ausworod fi'om the oorpuscular point of view. The 
Wilvo-mwhanicnl view tones down tlio parndoxioal nature of the 
Huostion, hut liy no means answors it completely. 


S B. The Stmotuie oi the Elements in the Periodic System 

Wo uliiill now closcriho how the elements are built up genetioally, 

* phlh Mug., 48, 710 (192‘1)« 
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the real system of neutral catoms tjio nuclear charge grows concurrently 
with the suQcessivo number of electrons , in our ideal system wo keep 
the nuclear obargo fixed and allow only the number of electrons to 
grow larger. The real system gives us tlie peripheral properties of tlie 
atoms, which are of interest to the ehomist and the spcctroscopist in 
tho visible region. The ideal system describes the interior of the atoms, 
and is of interest to the X-ray spectroscopist. Tho Meal system is 
simj)ler than the real system, By assuming a high nnoloar charge we 
oliniinato all questions involving stability, which xday a part in tho 
real system. In tlie ideal system, tho electrons are hound in the order 
of sheila and sub -shells ; tho binding energy can bo read off directly 
from the X-ray sx^ectra (of, tho section on absorption limits in OJiap, IV). 
These 8x:)ecti'a, therefore, also prove emx)irically that the regular succes- 
sion of shells and sub-groux)s that wo set up above, 

K, Li, Lii + Ljii, Mj, Mu + Mm, Mjy + My, Ni, Nn -y Nm , , , . , 
is correct. 

Before we deseribo the deviations from this ideal sequence tliat occur 
in tho real syatom we shall interx>ose some historical remarks, In the 
front raiilc wo find the name of Rydberg, who with viaionary ])(uiotra- 
tion had calculated out boforohatid from very insuffioiont data the 
aritlinietio relationships of the system and had obtained essentially 
correct results. The beginnings of the genetic view go back to works of 
Kosscl (of. the quotation on p, 149 ). In particular the x)osition of the 
inert gases as ixiftc-stones in the x^eriodic system is emphasised. At tlie 
same time, and indox^endontly of ICossel, G. N, Lewis dovolo]^od tho 
idea of 8-shells, namely, in tlie geometrical form of cubes. Tho inoom- 
jdete {nicfit-ahgeacJilossenen) shells were first oharacterised by IS, Laclon* 
burg * as intermediate shells, and were brought into relationsliip with 
the paramagnetism of the associated ions. All these assumxrtions were 
systematically apx3lied and elaborated in Bohr's theory of the j)oriodio 
syatom t of 1021. lu particular Bohr worked out the idea of tho 
successive capture of the electrons, their binding energy, and tlie 
altered x>ositions in tho real and tho ideal .systems. Bolir’s system was 
subjected to correction by Stoner (see quotation on x). 165 ). The 
final x^hase of tho theory was achieved by Pauli’s x)i‘inciple which fixed 
tlio completion of the shells by quantum numbers, in contradistinction- 
to Bohr, who had hoped to be able to solve this problem by ax)x)lying 
olasaical theory and tho coiTespondence x>rmciple. 

Tho attractive x>ictures with whioh Bohr had illustrated the theory 
of tho periodic system are sux^pressed in the x^resent edition of tliis 
hook. Novorfclioless, tho orbital view still lias a certain importance 

* NiiUirwiss, , 1 020, Hoft .1 . 

f Put forward in provifiional form in a Copoidiagon roporli of Oolobor, Jf)2 !, 
published ns fchc tiiircl ossay iii “Brei Aufalltzo Ubor SpokCron uml Atombuu/’ 
Snmmliing Viewog-, Brmuisohwoig lt>22 ; further elnboratect in the Ann, d, Phys., 

71 , 228 (1023), 



§ 5* Tlic Structure of the Elements in the PcriocHc System 157 

oven for tlie proses it- day view of wavo-ineclinuios in so far as it is thc^ 
cajTKvr of the ([uantuin nu in hers, as in tlie previous seetion. Bui, it 
cannot ho maintained beyond tliat point, as, for oxainxdc, in jiostiilatiiig 
tlio syinmotrieal arrangement of orbits into stars or tetralicdva. 

The hydrogen atom has been fully described in the preceding ohaptor. 
In the ground state the electron describes a ond-qmmtum orbit about 
the iiueleiis ; this is sliown in the first diagram of the Figs. 20 and 27 . 
In the gronnd state of the liolmm atom both electrons taken alone 
doscribe a 0110-qiiantum orbit. All experimental results, particularly 
tlioso involving the diamagnetism of the helium atom, agree in de- 
manding tliat tlioso orbits must form a symmetrical and stable con- 
figuration which must be elosod in itself, and whioh endows lioliiim 
with its eharactor as an inert gas. 

Witli helium the K-sholl is completed, TJiis shell retains 2 a.s tire 
number of its electrons and also its closed character in all the subsequent 
elements. l?auli's principle, which demands the maximum number 2 
for the K-slioll, simultaneously guarantees that the slioll will bo elosod, 
tliat is, completed, 'fiho spin momenta of momentum of the two 
olootrons oompensate one another, since one d- and the other 
1 . The spectroscopic character of the ground state of lioHum 
(parliohiim-S-term, cf. Ohap; VJT, § 1) confirms this. 

d'Jio L-shell begins witli tlui tliird olomont Li, for wliich Z — 3, 
since J?auli'H principle forbids the newly added electron to occupy a 
one-quantum orbit, dlio transition from a ono-quantum orbit bo two- 
quantum orbits is accompanied by a groat inoroase in blio orbital dimoii- 
sions, namely, an increase in the ratio 1 ; 4 if wo calculato aooording 
to the simple model of the hydrogen atom. Tliis explains the extremely 
great diiferonco in the ehomical behaviour of Ho and Li. Helium holds 
its oleetrons particularly tightly in patlis wliieli closely envelop the 
nucleus. Li readily parts with its external valency electron wliioli can 
move out relatively far from the centre of the atom. Helium lias the 
greatest ionisation potential (that is, the work necessary to detach an 
elootron) of all olomeats for whicli this factor has been determined, 
whereas litiuum, in agreomont with its electropositive charaotor, has a 
low value for this factor. 

Tho same remarlc applies to all the alkalies. Since oaolx stands at 
tlio beginning of a period, whore the quantum Jiumher n incroases by I, 
their valency oleotron describes an orbit of relatively groat dimonsions, 
and may bo removed with easo. 

'J'here are two kinds of 2-qiiantum states, corresponding to Ihe sub- 
groups Lf, and Lir -h Enn ^Lhe sub-group Lj presents itsoll: first in 
the ideal system. There i.s speotroscopic confirmation that tliis actu- 
ally occurs in the case of the Li atom. The so-oalled “ principal series 
in tlxo litiuum spectrum appears as absorption lines in imexcitod lithium 
vapour. Thus the initial state of the litlniim atom in this absorption 
proeo.ss is tlxo natural ground .state of tlie lithium atom, We .shall 
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oliaraetoriso this initial state spoctrnsoopioally in Oluiptor VI . 1 ., § 1» as 
an B-tcrm. Tim implies, aucording to Iho gonoml sysUnu of hoviok, 
timt Avo must uscribo to it the axiinutJuil ([uantuni jiuinber / U. It 
may be proved rigorously by spoctrosoopio means tliat the valonoy 
electron of the lithium atom belongs to the sub-group Li oharaoteristul 
by ^ - 0. 

We amvo at the flocoiid element of tlio second period, beryllium, 
for ^vJiicli Z 4. Bo is divalent, like Mg, Ca, , , . ; so we also allocate 
tlio newly added electron to the Li-slioll, Bauirs prinoiplo ensures 
tliat this sub-shell becomes completed hi the cases of Bo and tliat it has 
no spill moment of momentum. 

Tho third elomonb, Boron, for which 2 = 0, marks the bogmning of 
the second sub-shell Lu + Lnt. Tlio three outer oleotrons (valoiioy- 
eleotrons) of boron are thus dissimilar in kind : two belong to I ^ 0 
(the Li-shell), and quo to / — 1. It is singular that also in the case of 
carbon (Z 6) we nnist regard the four valonoies as consisting of dis- 
similar pairs, which is contrary to the chemical fact of the carbon- 
tetrahedron ; two electrons belong to the Li-sliell, and are more tightly 
bound, tlio other two being more loosely bound and belonging to the 
(Lit + Lml-sholl, 

Proceeding to tlio end of the period, wc arrive at the elements of 
more and more electronegative clxaraoter. The signifioaiico of ehiotro- 
iiegative valonoy becomes clear when we advance to tlio inert gas typo, 
neon, for which Z ?= 10 . Here wo have besides the two electrons of 
the K-sholI, the (2 + 6) electron's of the comiileted L-shell. We must 
j)ioturo to ourselves that the preceding elements, P, 0 , N strive to 
attain the completeness of the noon-shell, P by taking up one oleotron, 
O and N by drawing to theinselve.s two and tjireo elootrons respectively. 

We oouio to the third period of the system of elements and begin 
with Na for which Z == 11. A ^-quantum orbit now i>re3onta itself, 
^yh^oh niarlcs tlie beginning of the M-shell, The fact tlmt the valency 
electron of Na describes an orbit of the type Z — 0 is inferred froin 
speotrosoopic data (from, the S-tenn “ of the Na-siiectrum) just as in 
the case of Li, In the case of sodium it is, in particular, tho woH-knowJi 
D-lino, the first term of the principal series which makes this conelnaion 
incontrovertiblo. Hence the M-shell begins, as wo must expect from 
tho regular nature of tho ideal system, with tho sub-group Mj. This 
sub-group bocomes completed in the next element Mg, for which Z — 12, 
As in tlie case of Bo, we here have two valonoy eleotrons, wlioso spin 
moments of momentum compensate each other » 

In the case of Ai, for which Z === 13 , the conditions are as for B. 
The last election, the thirteenth, finds no room in tlie Mi-shell and 
enters the group of tlie (Mu + Mnij-electrons. For Si, Z 14 , we 
liave, UiS in the oase of 0 (in spite of the chemical similarity of its vab 
enoies) two electrons in the group (Mn + Mm), and two others, more 
tightly bound, in tho Mi-group, The third period closes with Ar, for 
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ieii Z 18. Tlin forniod of 2 |- () elcetrouH luiviiig tlio 

:i(5i})al quantiini nuinlxn’ //. -. r !{, is eoniploiod iji nmh a way that the 
ceding oleetrouegative elonientji halaneo tlioir energicH when tJiey 
coed, tlirough capturing oleotrons, in completing theniaolvos so as 
xchiovo tlu^ symmetry of the argon atom. 

^riio eon [igii ration of 2 d electronic orbits in tiie argon atom 
resents the '' ^mvismial hut not the final'* cmvphtion of the 
nheM. 

The qvialitativo similarity of tlio peripheral oonfiguration of Ne 
L Ar will recur when wo come to the higher inert gases Kr, 
Em. 

Wo siiinmariao all the above romarlcs in the following arable 7 ; it 
3s in a simple sehemo the (lUtribulion of electrons in the shells in the 
ind states for all the ekincMls from II to Ar, 

From considerations of the ideal system, wo should expect the next 
tron to become added to thoM-shel!, that is, to begin tlie (Mjv -|- 
jp. But this is certainly not the case, Potassium, Z = 10, is 
/alont, witli a prono\inccd tendency to i)art witli its outer eleotron. 
configuration must resemble that of Li and Na. Wo must tliero- 
begin a now sliell, the N-shcll, with K by putting its valency eleotron 
' a d-quantum orbit* It can be proved spoetroseopically tlmt wo 
iioro dealing with an orbital typo for which I 0, that is, with tlie 
jroup. 

K is followed by Ca, for which Z =! 20. We hero liavo two valoney- 
trons of equal value and of the same orbital typo. The Ni-shoU is 
plotod wlien wo arrive at Ca, Its premature appoaranoo signifii^s 
first de4)arlwe of the real from the ideal sysiem. To account for this 
ation we can only follow Bohr and say tliat the oapturo of Ni-oleo- 
fi (of orbital typo 4 ^) loads to a more stable oonfiguration tlian the 
uu'o of (Miv' 4- MY)-oleotrons (of orbital type Ujj). Whin is not, of 
•so, a proper theoretical reason, but only a repetition of the state of 
'rs in anotlior form. That this contrast of tlie ideal and thxi real 
0m has a physical moaning may bo shown very strikingly at just 
point of tJio periodic table. 

‘-jGt US consider the oloctronio oonfiguration wliioli consists of 10 
irons. An example of this is given by tlio neutral K-atom, Z — Ifi. 
Cher example is given by the ionised Oa'^’-atom, wliioh has lost one 
10 20 electrons which normally belong to it. We obtain speotro- 
io information about the neutral K-atom from the arc spootruin of 
nd about the ionised Ca^-atoin from the S2)ark spectrum of Oa 
first spark speotrum *’). In both oases we find that the ground 
3> is an ** 8-tcrm ” ; that is, it is oharactorisod by ? — 0. From 
we conoludo tliat tlie olootron in question (the valonoy- electron in 
mso of K and the remaining one of the two valency oleotrons of Oa) 
igs to the Npshell. As a third oxanixfic of an electron configuration 
> members wo may take So‘^ as a fourth Ti ‘ ' (that is, doubly 
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Shell symbol 

K 

Li Lji -b Ljii 

Mj Mjj Jim 

Orbital fcypo 

h 

2o 

,% a; 

1 :tr 

1 



2 Ho 

2 



3 Li 

2 

1 


4Bo . 

2 

2 


6 J3 

2 

2 1 


GO . 

2 

2 2 


7 N 

2 

2 3 


SO 

2 

2 4 


OF 

2 

2 6 


10 No 

2 

2 0 


11 No 

■ 

2 

2 0 

1 

12 Mg 

2 

2 G 

2 

13 A1 

2 

2 0 

2 1 

14 Si ........ 

2 

2 0 

2 2 

16 P . 

2 

2 0 

2 3 

IG S 

2 

2 0 

2 4 

17 Cl 

2 

2 6 

2 6 

18 Av 

2 

2 0 

2 0 


ionised scandium and trebly ionised titanium. Hero * tho “ second 
and third spark spectra, respeotivoly inform us that tlio ground 
state belongs to 2 = 2 (" Hderm ” and not an S-term ” ). But tlio 
shell Miv + My is cliaraoteiised precisely by Z = 2, Wo must theroforo 
infer tliat the 19tlx electron enters in the case of So**’*^*, » ♦ • into 

the still unoccupied (Miy + My) -shell, whereas it prefers tho Ni-hUoU 
in the case of K and Ca+. Thus tho increase of tho nuclear eliargo 
from 10 (K) to 21 (So) just suffices to restore the manner of distribution 
of the ideal system and to avoid the premature filling of tlio Ni-sliell 
in the real system. It should bo mentioned that as early as 1021 Bohr 
liad drawn tho same conclusion from the sx^ectra of K and Ca'' by 
methods of extrapolation. 

Henco we see that the ocoiUTonce of the Ni-shell in the ease of 
K and Oa is only a sux)erficial anomaly. In the case of )So tho liighei’ 
nuclear charge 21 is already able to bind an electron, tho 1.0th, into tlio 
(Miv + Mv)-sholl (orbital type Sg). The other two eleotrons, namely, 
the 20th and the 21st, then attach tliomselyes as parts of tho N-sholl 
to the outside of the M-sholl, which is noAV modified and deviates from 
the argoai shell 

Wi tli So we enter into a group of elements which liave many intorOHt- 
ing features, and which end in the iron-triad (Po, Co, Ni), The otherwise 

* B. G. Gibbs and H, K. Whho, Proc. Nat, Ac, Wash., Ig, 608 (102(3). 
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n%\i lar ivd vaiiii’o hi tlu^ valency faotora hero rocciveH a clieck. iMorcuver, 
UM iM'i'i' eucuiinlcr Uic^ i mpnr hint paramagnetic xwiK'r tics (cf. the refer- 
ence U) Eacleiihurg on p, 150), not only in the case of neutral atoms but 
alsn ill iliat their ions ; in particular, we know doubly ionised atoms 
(for t^vainpUs the ferrodoiis, Fo * ^ ) and triply ionised atoms (e.g. Pe ^ * ^ ) ; 
Hu* Hiiintv u|)plies to all the olomonts of this group. The magnetism of 
tlui ioMH means that the oleotron configuration is not neutralised niag- 
nelividiy , hul Has a resviltant magnetic luomout. We understand tins inn 


lueiliahdy it hoar in mind that in the case of all these ions the (Miv 
Mvl'Shidl irt incojnplotw, and is in piroccsa of being constructed. Win 


+ 

V -^ IT o When 

wi’ iuriv(t III Ni, the ond of him iron triad, we should in this way have 
K eleetrotiH Jnoro in the M-sholl than in the case of Ar, that is, if the two 
tdrvlvmm that lie in the N-hIioU in the case of Ga and Sc remain in this 
Hhell. Mpr(itr(miMd.)io information j)rovea that this is so with Ni, but 
t liut it. dovH not liohl for tho clement Cu which follows on Nh The 
mnvaUavt ehuvav.ter of Ou and ita partial similarity to the alkalies shows 
that it liH« only nao oltjetron in tho N-shell, the 29th electron, the last to 
U\^ ImiuuU Thus the two olootrons which were valency electrons in the 
UUMU of i ami Ho have now migrated into the M-shell. In the case of 
Chi the M'Ulioll coiisints not of 16 but of 16 + 2 — 18 electrons. This 
luunlmr IH in the third in tho series of i)eriodio numbers 2, 8, 18, 32,— 
at pugt^ inn. The covijMe M^shell becomes a reality for ihe first time m 

the (Uise of fhe ihi^ •um, 

hi iiumv voHVHKits tho l of tho Ou ' -ioii is an analogous con- 

llunintiun tho H-hUoU of tlio inert gases ; like tho latter, it is com- 
luul Hl.j.oar« to bo wonderfully stable. The elements that 
illlmv mi Cu Ihet'oforo acid tl.oir suporsfcructiire to the IS-sliell. But 
tilt re i« u dUrovonoo in tiiafc the elements ivhicli precede Cu 

»m«ut-r as in b m ^ ^2n is the first to follow On ; it has 

visiunal mnnjiletiou of U>a N-sUo • Ni-shell. With Ga we 

two Ni-nlnoU'miH, ^ \ Nhi)-s1v 611 ; here we have an 

Jmgin the oonHtvuutiou of. the (Nn + i of GeAVo have 

nlcKilrtm of orbital type "T elootronegative elements As, Se 

twn Huoli oloctronH. ami so orlh. i « e^o 

Hr fitllitw wltli 3, 4, fi ' , . . ^ f Kr configuration, and 

Wu KiiinimiriHO Avhat hnfe been ^ ground state m the 


what huB ground state in the 


{Miy 


voi. 


1. -il 
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configuration of four and two dj-eleotrons, which wo hero oxpcct, in 
slightly less stable than that of five 3s:-electron8 and ono 'lo-oUiotroii (fni' 
further remarks on this point see Ohap, VIII). 

The fifth periotl which runs analogously to the fourth, begins with 
the alkali Rb and ends Avith the inert gas Xo. First wo find that tin* 
beginnings of the 6-quantum 0-shell form about tiro incomploto N-h1i(>1I, 
in the case of Rb with one valency electron in a 6(,-orbit, in that of 
Avith tAvo valency electrons in Sj-orbits. So onco again avo Jiave a- 
deviation from the sequence of the ideal system, Avhioh Avould for ita 
part demand the further construction of the N-sholl. But oven in tin* 
ease of Y, the analogous element to Sc, the process of oomplotiiig tho 
N-shell begins. It is the 37th electron, similarly to tho IDth in tlio ttuut* 
of Sc, Avhioh finds itself to be more stable in tho N-sholl than in tin* 
0-shell. On the other hand, the 38th and 39th elootron of Y find thnin 
places in the 0-shell. In the succeeding elements, as far us tho pnllii- 
diura triad, the N-shell becomes filled up gradually, but not to its Jinn I 
and complete number Avhich Avould amount to 2.2'* == 32, but only tci 
the provisional stage of completion 2.3* = 18. This stage is roaoliod 
in this period by Pd. The spectrum of palladium teaches us that tin* 
normal state of Pd corresponds to a configuration of tho ton 4)j*olGotrcmH, 
(Of., hoAvover, the distribution in the homologous element Ni I) W«* 
find the same cUstiibution in Ag+, tho analogous element to Ou ’’ in bluj 
fourth period. Fi-om this point oiiAvards all tho available olootrons aru 
used to build up the O-shell, Avhioh becomes completed at Xe in tho 
first stage as an 8-sheII. It is unnecessary to add a spooial tablo foi* 
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tliewo r(‘sul(s, uh it avouUI come out, muiandh, very similarly 

to the preceding table. 

We now come to the sixtli period, the great period of 132 eloiucJits, 
which leads to the final completion of the N-hIicU and to the second 
stage of the conipletiou of the O^ahell, whioli at the same time, lunv- 
evor, give the beginnings of the P-shelh Lot ns consider Table 1 ). 
In tJie ease of Gs we have a Oq- electron, in that of Ba wo have t\vo 
(io-okMitronH* Wo provisionally begin the Pi-sbcll and postpone the 
completion of tlui O-slKdl—again making a departure from the ideal 
order of sequence. In the case of the next elonumt La, Z 57, we 
find that as in Sc and Y an electron enters into the still omx)ty (Oiv d- 
Ov) ‘Shell, hero as a h^-electron. Wo might now eonjecturo that tlio 
filling up of tliis intermediate shell would bo continued up to its next 
stage of comxdetiou. But in reality this process is once again tem- 
porarily suspended up to the Pt-triad, and tlio next element Ce begins 
the final stage of completing the N-sholl. Ce brings us to the grouj) of 
the rare earthffj which tlirongh their stationary valency bear such striking 
testimony to the fact that the process of atomic construction does not 
now oo{uir on the periphery of the atom, but in a layer whieli lies 
deeper, 'This deeper layer, tlie (Nyi -h Nvid-ahell is in a transition 
state in the whole grou}) of the rare earths, and lienee is not balanced 
out magnetically, — whicli accounts for the strong paramagnetic 
cluiraeter of this group, 
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TJie n 111 n her of elomoiils of the rare earth type may now bo specified 
theoretically ; it is, according to Pauli's principle, equal to 2 {2/ + 1) 
fov I =1-. ;h that is, hL If wo oount from Co, Z — 58, as the first of these 
elements, we arrive at Lu, Z 71, m the last element of the group. 
The clement 72 is thus 710 loiiger lo he ex2>€cled In he a rare earth. 
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Thiy reflection on the part of Bohr loci, as wo know, to bho dinco vory 
of the element 72 by Coster and Hevesy, \v]\q gave it the juimo hufnlunr 
(Hfh When the N'Shcll has been completed at Z — 71 avo arrive ah 
Z 5= 72 in a manner fully analogous to that by which ^ve arrived at >5i% 
Z = 40, and Ti, Z ^ 22. It has its place in the fourtli column of tlu'> 
periodic system, where it also stands in oiir Table i of the pciriodio 
system ; this leads us to expect that it would occur naturally in assnoia- 
tion with Zr and possibly Ti, It was actually in zirconium minonilH of 
different origin that Coster and Hovosy xH’ovecl tlie oxistonco of 
new element by means of the X-ray metliod, 

Hafnium recommences the filling up of the 0-shell. In the ease of 
Au the 18 0-shell is comxfloted and i^rovided with an outer valoiioy 
electron, Thus Au*^ now re})reseuts the complete stage of dovelopmon h 
of the 0-shell. Ifuii/her development now occurs, as after Cu '' and Ag ’ , 
at the outside of the atom and leads to the 8 P-shcll in the ease of T3in . 

Lastly, we have in the incomplete seventh and last jieriod ihe^ 
beginnings of the Q-shell and the beginning of the process of filling up 
the (Piv + Pv)-groiip, but we do not even arrive at a provisional c(Hn- 
pletion of this shell (of. Table 10), 
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On the whole, then, we are able to give a complete and nnfoi’ood 
account of the facts of chemical constitution, which is brought out 
partionlarfy well by the properties of hafnium in a very strikiii|^ 
manner. Conclusive proof is, however, given by the numerous snoo tj’o - 
scopic facts Avhich we shall adduce later. 

ot foundation"'* Urhs'n to have discovered and named tins element seem do void 
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§ 6. Some Remarks about Nuclear Physios 


\h no dnui)t that the radioactive miciei contain holumi nuclei 
juul idecl runs, whioii they omit as a- and ^^rays. Prout's hypothesis and 
Hh cnnlirnuiiion by Aston’s rcsoarckea on isotopes demand still fui’ther 
(1ml uH nlornio iiuoUn must ultimately be built up from protons and 
c'lec‘1 Eii tlvc^ ease of the holiiini nuclei themselves this necessarily 

Icmla In tlu^ asKiimption that it consists of four H-niiclei which are 
ImiuikI Ini^elhor by two electrons. 

1 1 1 gtUKU’al , wo may say that a nucleus of atomic weight A and atomic 
MMiubrr % must contain, in all, 

K A -- Z (1) 


clrolrrHiH, For A (whioh> following Aston, wo a8.sunic to bo integral) 
fleiintf'H tlu^ inunbor of hydrogen nuclei and hence also the total number 
ut jumUivt^ i^luivgcH ; Z is tho value of the positive charge which acts 
o>dwivvdK. Tlve cUftureucc between these two charges must be coiu^ 
t>ouM»iio<l by tlm nuclear olootrons, 

hi tin* cuiKo of tho light olomonts in j)articiilar wo Hnd that atomic 
wrinhtH of tho form A 4:71 occur with atomic numbers Z == for 
ill tho oHso of 0. O, Mg, Si, S, Oa and so foi-th. This points 
lu iiUHKililo Hult-iuiolmu' unit>8 of tho aamo composition as «-particles. 
Kor vvhtni A ■ 4n. and, Z - 2u wo get by (1) that K - 2n. and heuco is 
not grcivtor Hinu is luioossary to bind together each of the » He-nnolci. 
hut iiirHUinahly wo need not imagine this union of protons and elec- 
i M rogaM. the e..ew iarolved » 1. enoouateBd 

„at«UU. tl.e luioloi ill the oaao of roal «-partiolo. Oth.n.»e no ..lorgy 

‘ h".t™ 'vliWl “ not Wit into ‘1» 

W ,li«U ealotllato tlii, gonooall, not only for .tomio 
t„„n 4," lint .W to. tl«o of «» "f 

tt . .0 to.™ ot 

Bo.vuiiiloi. Then wo oloai-ly have 

A = 4a: -1- » 

55 r.= 2a; -|- z — ?/• 


'['illlH 


A ^ 

A — 2 


Z = 2/ — O' 


( 2 ) 
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2/ increEises systematically with the atomic niimhor, but in snob a way 
that y remains small comi^ared with the iiumbor of a-particlos contained 
in tlio nucleus. 

From this we may make an inference about the x)robability u-ikI. 
number of a- and /S-emissions in the case of the radioactive (^lomoiils. 
Let us imagine a diagram in which atomic weight A (as ordinatos) m 
plotted against nuclear charge Z (as absoissto) and form a banddikr^ 
region which characterises tlie stable nuolei, that is nuclei in which 
a concentration of a- and /I-parbicles exists which is favourable to till' 
maintenance of the nuclei. The middle course of this band approxi- 
mately follows the straight line A — 2Z with the upward (hwiation 
shown ill Fig. 34. Now jS-radiation displaces the iiuolous parallel to 
the axis of abscissie to the right by one unit. Henoo we see tliat aft<U’ 
a small number of /3-emissions the nuolous will have travelled through 
the band of stability. On the other hand, oc-cmission denotes the dis- 
placement of the nucleus parallel to the straight lino A = 2Z (diminu- 
tion of A by 4 units and Z by 2 units), so that with oontinnod a-eniis- 
sions the nucleus will have appreciably olianged its position with. I’cgarfl 
to the band of stability only after several such, processes, If the band 
of stability were to run exactly parallel to the straight lino A 2Z, 
the nuoieus would never leave the band of stability at all through 
a-emissioiis. In reality a small number of /3-Gmissions is nocossary 
to restore the stability impaired by a-emission. In tliis way tlio 
genei^al character of the decay schemes of page 53 — several a-oniissioiiH 
and only a few /8- emissions— is in agreement with our argiunont. Tlu^ 
fact that the ^-emissions almost always occur in pairs may porhapH 1)(^ 
brouglit into relationship with the spin of the eloctroiis, udiicli nuiy 
favour the balancing of electrons in pairs in the niiclena. ExporiniontH 
have taught us that the second j3-emission follows the first in a Hhoj'fctM' 
time than the first follows the preceding a-omission, ^^his may l )(3 
interpreted by stating that the nucleus with complete pairs of olooti'onH 
is more stable than a nucleus which has an olcotroii wliioh. is not 
balanced. L. Meitner * has endeavoured to explain the oooiUToiico of 
/3-emis8ions in pairs by means of a special Jiypothesis (a'-parbiolos Avhioli 
are previously present in the nucleus and are not bound). Ihit after 
our above remarks it seems that this argument is unnecessary. 

These speculations entered upon an entirely now phase aftoi' 
Eutherford t had succeeded in 1919 in artificially disintegrating tiui 
nuclei of the lighter elements, in the first place, nitrogen. On tliat 
occasion, the H-nuclei were shown for the first time also to bo olomon- 
tary constituents of the nuclear structure, and wore studied nnantita- 
tively, 

Ttutherford used a-rays from UaO ; their velocity is 2 . lO® cni./soc^, 


* Zoitfl. f. Physik., 4, 140 (1021). 
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thoir range 7 cins. ; that is, in air at atmosxihorio x>ressuro they exoito 
sointillations in a luminescent screen (ZnS-screen) at distances loss than 
7 oms., h\it not at greater distances . Such a>rays represent the most 
powerful concentration of energy available to us at tlio present time, 
When they onoountor hydrogen molceulos or bodies containing water, 
they release H-nucloi as very fast “ H-rays.” The range of those 
secondary H-rays is, corresponding to thoir smaller mass, greater than 
that of the primary cc-rays, namely, 28 ems. in air. Hence they can 
easily he distinguished from the a-rays by means of the fluorescent 
screen. The nature of these rays was later examined very carefully 
by G, 8 tettor * by accurate mcaauromonts of a simultaneous magnetic 
and olcoti‘io dofleotion (determination of c/mu with an aeouraoy of 
1 per cent.). 

]hit H-rays could bo proved to exist not only in gases containing 
hydi’ogcn but also in air free of water va])our. Considerably more 
scintillations occurred in pure nitrogen than in a mixture of nitrogen 
and oxygon. Tliis led experimenters to conclude that tlio Il-rmjR 
originaia in ilia niirogan nucUus. Thm for the first time an atom had 
boon artificially transmuted and the dream of the alchemists had booomo 
a reality. 

In addition to nitrogen, Rutherford also suooeedod in disintegrating 
tlio following atoms by moans of a-rays from RaO : 

B :\? Na Al 1? 

7i - 3 0 11 13 15 

A « 10; 11 10 23 27 31 

The scintillation method was also used in those oases. Going still further 

Kirsch and Petterson f have found that Bo (Z ^ 4) and Mg (Z == 12) 
and Si (Z 14) also yield IRrays. 

In tlie case of Al and P sointillation observationH gave sui'prisingly 
great ranges (for Al the maximum range was 90 oms.), althougli these 
gi'oat ranges ocoiiiTod only quite exceptionally. moan range is 
muoh smaller. If, as wo are led to assume, wo are also dealing witli 
:H-rays in tlie case of those groat ranges, tlioir initial energy would be 
up to 30 per cent, greater tlian the energy of the exciting arrays. (If 
the carriers were of greater mass, it is oloar that a still greater value 
would ro.sult for the energy,) Hero wo liavo a first iiidioation of the 
]iossibiUty of redoasing the internal energy of the nuoloi and aoliioving 
over 100 per cent, output ; that is, if 100 oalorios of energy of a-radia- 
tion are expended then more than 100 calorics of kinetic energy of 
H-rays are gained if wo oaloulate the nuclear disintegration in terms 
equivalent to tlie energy of the a-radiation. 

By vising indirect methods of observation (the fluorosoont screen in 
this case not ])eing in the prolongation ot tlie incident rays, but later- 
ally situated) it was fomul possible to add furtlior olomonts to the list 

* MtR. f. IMiyflik,, 34, 158 (102?)). 
t VeroJifanthcMmocn (lea I^adiuminslikUat Wion, 1923. 



1 68 Chapter III. The Natural System of Elements 

of atoms that could bo disintegrated, in partioular also iitoinH of 
tlie type A — 4n, Z = 2n, which Buthorford originally beliovcd ooulcl 
not be disintegrated. Experiments carried out partly in Vienna aiul 
partly in Cambridge showed that all oloinonts botwcon lUioriiK^ an<L 
calcium could be disintegrated by means of a-rays from BaO. In tliiH 
sequence of elements the range of the H-rays from clomonta of iwm 
atomic number is always less than that of H-rays from oloinonts of ockl 
atomic number. This may bo regarded as an indication that the nn(d<^i 
of oven atomic number are more stable than those of odd at<unic? 
number. 

Originally there was some uuoortainty as to what bocanio of the 
N-atom which had been disintegrated. The readiest suggestion wiXH 
assume a transition to C, two protons being omitted. Wo nowacUiym, 
know, however, from tho beautiful cloud-track photographs of M. S. 
Blackett * that tho a-particle is taken up by tho nitrogen nuoltum, an 
H-ray being emitted : 

Ni 4 + a = Oi, + H. 

Hence in this case there is actually no disintegration of mat tor hut a 
building up by tlio acquisition of now matter I This result had alnMuly 
been predicted theoretically a little earlier by Kirsch f on tho basin 
observations of the velocity of H-rays produced by a-rays of difTorcut 
ranges. •^^Tlie spectroscopic proof of the oxistonco of wJvloh lias hmui 
ol3tained in the meantime (of. p, 142) has given strong support to thm 
view. 


We revert to the simplest problem of nuoloar struotiiro, tluit of 
helium (of. tho beginning of this section), The atomic weight of Ho 
apparently suggests that it is not built up from four H-nuoloi. Acciord - 
ing to the most exact measurements, the atomic weight of H is I-()()7H 
and that of He is 4'0()2, In associating themselves into Ho tlio four 
H-nuolei would therefore suffer a defect in mcm whioli, oaloulate( I for 
the gramme -atom of He, comes oxit os 


== 4 . T0078 4*002 0*029 , . . (11) 

The mass of the two electrons which become added to the four H-inuilcvi 
increases this number by unity in the last deoimal place, 

But this defect in mass is only apparently a contradiction to tho 
Idea of the construction of the He-niioleus, from four H-nuolei. In 
reality it explains tho great siabiUty of the Ho- nucleus in a very huIih^ 
factory manner. 


As early as 1900 Lorentz deduced from tho point of view of tin 
electromagnetic theory that the mass of a system of positive anr! 
negative oharps lying close together must be smaller than the sum ol 
the individual masses of these charges. Tho theory of relativity lunn 
given a solid foundation to thig result, and has generalised it. As 


♦ Proo. Boy. Soc., 107, 340 (192fi). 


t Pliys. Zeits., 26, 467 (1026). 
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Hinv ill (Ampler I, § 7, mass and energy are linked together by the 
nn inula K me-. Hence, if any system loses energy (say by emis- 
sifni) it HullerH a defeot in mass. Ooiivcrsoly, from a defect in mass 
Aiii we eau (l(‘<lnce iv kiss of tmorgy AIS of value 

AE = c^Aw ... • (d) 

A<Mtoidingly, we may assume that the four H-niiclei, when they 
fiiiuhiiie tn form an lI(vnuGleiis with the agei^icy of the two binding 
elrolroiis^ givi^ olT tlu^ (Miorgy determined by (4). Such an emission of 
mu'i gy is fiiniilku* to ns from atomic chemical reactions. There we cnli 
it, wlnui nuMiHured in heat units, the “ heat of comhination '' or heat 
(om^ ** (Wilnindhiiung), and call a reaction ‘^exothermic"’ when it 
neeurs witli tlm omission of oiiorgy. We shall ai)ply this idea and this 
fm rninology to our nuclear roactioii. By (3) and (4) the emission of 
rmu’gy unujunts to 

AE-= c«Am-=0*03c2 .... (5) 


piT grnnuno-altnu ot Me. 

'PhiH at tln^ Hainc' time detorniiiies the work that must he expended 
lu sc‘parute oiudi lln-nuclmiH of the grammo-atom into its four H^iinclei, 
anil \\enee fninislK's us with amcoHuro for the stability of the He -nucleus. 
'Ill in aiiionnt td work is so great tliat wo are unable to produce it by 
our nUVHiual iiudliodK, Lot ns ooinx>aro it, for example, with t|e ener^ 
which \H availiiblt^ in tlio motion of the a-paiticle of RaO. bince the 
volmdl ill Huh miHn in -- 2 - ^ Hiis energy amounts to 

U iK Ihvrv fcinioH Hinallor than tlie energy (5) which has been calculated 
<»u the antiio Ininm, that ia, for tho gramme atom. 

»V diVKling dl5hy tho nmohaniealoqLuivalentof heatmkilogiamme- 

.-nlni-L ( Ih ■ ><»*" «vgH) wo may theti speak, as m chemical reactio 
hdimm uKunH, of tho heat of formation Q of our nuclear reaction, 


— (i'4 . 10" kilogramme-calorios 

^ ' d'fit 10'® ■ ■ 


(6) 


•riiiH rimintity «>f ""‘W i« «n<>rinons. 

the fnet that tho heat ot iovma^m .om- 

il of Ihu m-.Uw of .UK) 

liiimtion ih moro Hfcahlo than ^ jg often snffioiont to 

,,,1 . M,M , U.«. , Honco, 

liri'iik up olieiimtal oompoundH tno on gy 

„»meo to hrcuilc up tho xlflection. which requires no 

Wo HOO from thw reniaikably 8®"®^ . - trustworthy 
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Biitherford's ex^ieriments it therefore follows from this that not only 
are the helium elements of structure that are struck very stable, but 
also the impinging ot-par tides. It is true that our reflections on 
stability arc bound up with the assumption that the Hc-^nncleus wouhl 
dissociate directly into four H-miclei. In the event of incninplett^ 
disintegration, for example, if a single H»nucleu8 wore to be split off 
or were to be taken up in the manner of the nitrogen reaction ()|, 7 > 

no assertion can bo made about the energy of the resultant producjh, 
and therefore we oan aay nothing about the stability. 

Wo generalise this for other nuclei and restrict ourselves, of course V, 
to nuoloi of atomic elements of a single kind, disregarding inixtiirt^H 
of isotopes. Whereas the atomic weights rounded off to wliolo numbea* 
values give us information about the number of iwotons ooncernc?rl 
in the construotion of the nucleus in question (for example, four in 
the case of He), the deviations of the atomic weights from 
numbers give us information about the finer structure of the nucleuB* 
We are indebted to Aston for the empirical foundation of our argiimenb, 
namely the exact mass-speotroscopio knowledge of the atomic woightH 
of the olemcnts, and wo shall in the first place follow his accoimt- 
Aston * refers the atomic weights as usual to 0 = IG'OOO and dividoH 
tliG deviation from the integral values so defined by the number of ])r( >- 
tons concorned in the construction of the nucleus, that is, by the atoinio 
weight rounded off to a whole number. He calls the number obtaiiu'!<l 
in tills way the packing effeot per proton.^' Tiioro is, howoveis 
the difficulty that in the meantime it has been shown that oxygcni 
is not a simple elomcnt but that there are also atoms of and Oj 7 , 
oven if only in vanishingly small quantities, and this has somewliat 
disxffacod the physical foundation used for calculating the jiaekiiipS 
effects and, indeed, for determining atomic weights in general. 

Fig, 37 shows Aston’s packing effect, multiplied by 10b a function 
of the number of protons. Oxygon, as it should, has the packing ofloob 
zero. The value of the ordinate of He is in round numbers, 


4 002 - 4 
4 


. 10 '* = 


6, 


Beyond oxygen the xiacking effeot becomes negative and latei' 
becomes po.sitive again only when we reach Hg and Pb, The moHb 
striking feature of this celebrated curve is its branching into twc» 
directions for small numbers of protons ; tlie lower branch pasH(>s 
through the atomic weights of the form 4?^, the higher branch i)aflS 0 H 
through the remaining atomic weights. Otherwise the curve num 
smoothly and exhibits no relationship to the periodic system of tho 
elements. 

Lot us now iiiqiiiro liow wo are to define the packing effect in tho 

* Proe. Hoy, Soe., 116, 487 (1927). 
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sonso of our analysis of the Hc-nudeus. In this analysis we calculated 
in equation (8) that 

Am 4 . 1-0078 4-002 . . . (7) 


If we divide througliout by the factor 1-0078, wo ol)tain 


D - 4 


4()()2 

l-()078 


( 8 ) 


which is thc^ dfifecl in maiis rojerred to H 1 ; for the second term 
on the riglitdiand side of (8) is oqxial to the atomic wciglit roforred 



to H — 1, and tlio ilrst tei'in is equal to tlio number of jn’otons or the 
atoniio weight in round numborH. 

What WG liave here said about the Ilo-nuoleim applies gcjiorally. If 
Aj^o is the atomic weight reforrod to 0 — 10, if 


A .... 

^ ‘ ■ 1*0078 


m 


is tlio atomic weight roforred to H -- 1, it M is in round numbers, 
and if 

A,, , . . , m 

tl\on Awfc ! ' J) ♦ l'()078 .... (Oo) 


* Hog no to at ond of (Ouipior, 
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gives the true packing effect.* Stefan Moyor t ha« xffottod the 
for 'DIM with M as the abscissa (see ITig* 38> Avhorc tlio numherH on 
ordinate axis denote I) . WfU). Fig, 38 exhibits two oHSontui) 
ences u« coinx^ai^ed with Aston’s curve in Fig. 37 : ( L) there ih no reiiMtu i 
for making the curve resolve into two branolics for small nninlx^VH 
of x^rotons ; (2) the curve is not smooth, rather it shows xmaks and vulh\v^ 
Avhich are at limt not well marked and then heoonio Iohh 
and which appear to indicate a relatioiijjhip ^vitli the jiorlodio syHloin. 

This method of presentation seems to ns to ho i)roforahlo to that 
of Aston since it corresponds better with our measure of Htahility 
than the latter. We might also, as wo did in the case of lioliuin, atl<l 
the mass of the nuclear electrons (A — Z in mimbor, by otju. (1.)} lo 
the mass of the nuclear protons, but this would not alter the {S()in‘HO 
of the curve apx>reoia-bly. The connexion betwoon stability of 



miclcus and periodicity of the atomic onvolopo which oinorgos from 
Fig. 38 is Very surprising. 

As in all ejuGstions of stability vo must bo cloar as to wliat Htiiti?w 
are to 6e oompared in forming a meaauro of stability. In oiu' oiiku 
at IS obviously the s^te in wJiich the miclous is oonsicloi'cd contpltik'ly 
fesoived into prinmry components, protons and olootrons. 'DiiH 
am emphasised a^ve I'u tbo case of the lioliuin nuolous. Just h« 
there so here our D/M is proportional to the “boat of fornmtion ” 
genm^ted^vhenthe nuoleus is built up from its primary oomponmilH. 

onV Srftli ‘I? Wth only a partial resolution of fcho nuolons, 

only indiriduftl protons or efeotrons being dismomboi-ocl, tho stiitos to 

t Wienar Bor., 188, 43 I (1020). 
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bo com parcel are now dilTcix^ut ; for wo have Hini|)ly to uho in our cal- 
culations the atomi(5 weights of the initial element and of the diHiii- 
tograted prochiet, including ejuitted (iorpuscloH. Wo illuHtrate thin 
l)y giving two oxainx)lo«, one being an imagined disintegration aocojii- 
panied by the omission of an H -my, the other being an actual case of 
disintegration caused by the omission of an a-ray. 

Lot us iirst (jomparo Ar-j^ (Z 18) with (Z ™ 17), Ar^o con- 
tains in its niiclous 11(1 protons and 18 electrons ; Chjg has 85 protons 
and likowiso 18 oloctrons. In each oaso, according to measurements 
made by Aston,* the Aj^j is efpial to 85*970 and 84*988, rospcotivoly. 
TJio diiforonci^ between those two mombors, luimoly, 0*908, is less than 
1*0078, whicli is the Ajq of H. Thus the one H-nuoleus is so firmly 
embedded in A^^ tliat its release (the transition from to 01 ^ 6 , 
with the einission of H ^ ) recpiircd tlio energy (1*0078 — 0*908) to be 
expended j)or gi’amnie-atonv. Oonseqiiontly it is imposvsiblo for spon- 
taneous emission of H'’ to occur in this case. 'Idie same may be 
proved of any two elements of the periodio system, which differ to 
the extent of only one proton (or of a proton f an electron), so long 
as their atomic weiglits are Buflioiontly well known. Wo thus see 
from our eomparison of the atomic weights why no spontaneous 
omission of II- rays ocemrs when the elements decay. 

I If, however, we compare two olcmonts with each other, which 
differ hy ono or more in tlio number of holivim nuclei, we can find 
examples where spontaneous decay is possible. Let us consider 
(Z — 02) and uranium load (llaG 2 oo» 55 — 82) ; f tliey differ by 82 
protons and 22 electrons, or, expressed in helium nuclei, by 8 helium 
nuclei and 0 electrons (in addition to the 1(5 electrons contained in 
the 8 helium mioloi). The latter constitution is also to bo deduced 
from the uranium lino of decay on p. 53, Tlio Am of tlieso 8 He- 
miolei is 8 , 4*002 =* 32*()10 (tho oloctrons affoot only the third deoimal 
placG and may thoroforo bo nogleotod), On tho other Irand tho A^ 
of U amounts to 288*14 and that of llaG to 200*0, so that the differ- 
ence in the atomic weights is 32*14, It is greater than tho weight of 
tho 8 He-nuolei. From this wo may conclude that tho decay is aj)on- 
taneous ; that is, it may occur without tho agency of oxtornal energy. 
On tlio other hand wo may easily convince ourselves that the transi- 
tion U ->• llaG cannot oeour sponlaneonaly with tho emi.ssion of separate 
protons and electrons (82 and 22 , respectively), 

Recapitulating, wo say : 

The ejection of helium nuclei (He” ) that Is, the emission of a-rays 
is possible at certain places in the periodic table, but not the ejection 
of H-nuclei, that is, protons* 

* Aston, too, oil, 

t Wo ohooso tho example hocaiiflo, altliough it fluffors from tho dofeot that 
WG do not know those atoinio weights exactly, it jUiiBtratos a form of decay 
which notuttlly oeoni’S in nature. Wo boHovo that our eonolusloim will not be 
osfyoiitially alTocted by an exact knowlodgo of tho utoniio weights, 
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Couneetecl wiUi the stalhUty of the mioloi tlmiv- \h the t]^uc;Hlvuni 
of the frequency of occurrence of Ike elenwnls. It \h very renuvrkuhln 
that 1)1) por eoiifc. of tlio oarfcli’s crust (also of JiictcoritcH) is forinoil tif 
elements of atomic numbers ^ 2{i (iron). The Jiiost x^i'ovalcnt oloiiuuil) 
is 0, followed by Fe. Even G occurs in a relatively small atnoimt. 
Moreover, it is remarkable that the frequency of ooGurrcnco 
within any cohimn of the periodic table as the atomic weight 
It is also a surprising fact that all common clcmoiits have even ntoinio 
numbers (Fe 26, 0 8). Wo must refer the reader for furtlier dotniln 
on this subject and on that of frequency of ocouiTonce gen<n;a]ly tcj 
the researches of Harkins,* TJie variation of frequency is nhowii 
particularly strikingly in the group of rare earths : in sxnto of tiioir 
great similarity and the difficulty of separating them tlioy are nob uni- 
formly mixed ; rather the earths of even atomic number always oooui* 
a little more frequently than those of odd atomic number, f huiiu^ 

law holds generally for the elements that are roj^resented in tho Holiii' 
spectrum by Fraunliofer lines4 There are, of course, no thoorobioal 
points of view available at all at present which might give an aiirtwiu' 
to these questions, We must also mention tlie following rule whioli 
appears to poijit to the construction of nuclei from already fnrnu^cl 
a-partioles: there are no stable nuclei of odd atomic number and (*f 
atomic weight in (Fajans). ? 

Certain observations of the scattering of a-partiolea lead us to in for 
that the struoture of nuclei is not rigid but is mobile in itself. I)\.>r 
ill the distribution of scattered a-partioles certain deviations am found 
to occur from the law of probability ivliioh is to be oxpooted in ilir 
case where the nucleus is spherically symmotrioal and wJiero CoiiloJnb'H 
law is assumed to hold without modilication. llnthorford and Iuh 
colleagues wore inclined to assume that in the oloso vicinity of tlu' 
inicleus tlie Coulomb repulsion of the a-particlo becomes roplucuul 
by an attraction. But H, PetterssonH showed that this hypotlioniH 
is unnecessary, and that it can bo replaced by the simiilor assiuniiblnii 
that the positive and negative charges are capable of being displaood 
to the iieripliery of the nucleus in such a way that under the in flu on 
of the incident a-partiole the negative charges become pushed toAvnrdn 
the direction of the a-particle and the positive charges in the oxiiiOHito 
direction. In this manner the nucleus becomes polarised and so Iohi^h 
its spherical symmetry ; the dipole induced in the nucleus oxortB tui 
attractive force on the axiproaching a-i)aitiolo. ITie same icloa him 

♦For example, "Evolution of Elomonts,” Amor. Chom. Soo., 89, 856 ( U)17}. 
^graphical reprosoiitatioii of the froquonoy of distribution is given in Soicnev, 

t V. M. Goldschmidt, “ Geo-ohomical Laws of Distribution oC the EloinoutH ' * 
No 1*8110 Vid, Akad. I, 1926-27, Oslo. It is based on tho woll-known ocuiirruiutu 
of tho elements in Sweden (Yttorby). ‘ 

t H. N, Bussell, Astrophys. Journ., 70> 11 (1029). 

II Arkiv, f. Mat., Astr, ooh Fys,, 19 B, Nr. 2 (1926). 
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1)00 j I worked, out qiuinlitativoly \iy r)ol)yo and Hardinoior and luis 
been sliowu to agree with the facts in order of nuignitude.'*' 

Just as tile spectral lijies in tlic vi,sil)|(^ and X.-my region rcllect 
most perfectly the structure of tho atoniic envelope, so wo may expect 
the most trustworthy information on the structure of luicloi to bo given 
by tlie omitted y-raya. The y-raya are, like tho X-rays that eomo from 
tlio atoniic shells, cssontially monochromatic. This is tiui general 
result at wliioli Moitnor has arrived after a detailed study of tho 
radioactive seq nonces and of their y-omi.ssions. Moreover, it is found 
that y-radiations are omitted, not by tho decaying, but hy the already 
decayed nucleus, namely, in that the y-eniission presumably originates 
in tho process of rearranging tho nuclear constituonts, wliioli has 
become noGossary through the decay, ^'hc question suggests itself 
as to whoblior the roarrangoinont occurs in a change of position of an 
electron or of a proton or* aqmrtiele. W, Kuhn t bGlioves that tho 
latter case is that which actually occurs, as he shows that the y-rays 
may be assigned on tho classical theory to tlie vibrations of heavy 
masses, iJrotons or aqiar tides, but not of ^-particles. 

In general tlio monodironmtic oharaotor of y-raya shows that tho 
onergy-lovds of tho nucleus, whoso (lilleroncoa aro the frequencies 
of the y-raya, form a (Usconimuoiis series. Wo are comxiollcd to con- 
jeoturo that tliese energy-levels are dotonnined by qiiankm laws, 
Tlie indications of poriodioiticH in the curve which exhibits tho packing 
ofTeota, .Vig, 38, leads to the same suggestion, Hence, wc infer that 
the cojislrudioii of Ihe nuclei fnm eUnieniary conslUuenla is 2 ^robably 
affected according to the same laws, namely time of (he quantum theory, 
as the construGlion of atoms from electrons and nuclei, X 

Noavio. — It has been poinied out to tho author that tho Pigs, 37 and 38 
for tho ^lacking effect differ only in tho manner of xn’osentation and not in 
tlicir content, '^Pho packing oftoot aa given by Aston is equal to 0*0078 
minus tho packing effect as given liy Stefan Moyer ; that is, the values aro 
comploincntary. Moyer used later and more acourato values for the 
atomic weights, so that liia curves exhibit some finer details. 

* Pliys. Zolta., 87, HMl (IU20) ; 88, IHl (1027) j «f. also tho wayo-moolmnioal 
tmatment by »Soxl, NatiirwiHs., 18, 247 (J030) uisl (.1, Hock, ZeitH. f. Physik,, 
68, 3f>0 (1030). 

t yjoits. f. Pliysik., VoIh. 43 mul 44, IU27, 

I jSoo Translator 'h note, p, fiUO. 



CHAPTER IV 


X-BAY SPECTRA 
§ 1. Laue’s Discovery * 


I N oiu' introduotory note on Rfintgen or X-rays (Oliap. I, jj 5) wo hhw 
that Rontgen radiation is a radiation 0 / iramvemi waves. Wo 
spoke of the tmve-hnglh and of the spectrum of X-ray radiation, 
both in the case of the cliaracierislic radiation, Avhioh is tlio part tlmfc is 
oharacteristic of the material composing tlie anti-oatliodo, oortuspoinl- 
ing to the free vibratiojis of the electrons of the anti-catliodo, aiut in 
that of the impulse radiation, which is the part that is charaotoristu! i>f 
the voltage of the X-ray tube, corresponding to forced radiation of tlio 
electrons of tlie cathode rays. Assuming tlie results of exporiniont, 
we described the spectrum of the characteristic radiation a.s a liua 
spectrum, that is, as a discrete sequence of individual wave-long tlw, 
and the spectrum of impulse radiatian as a coiUinuous spectrum wiii»dii 
stretches from long wave-lengths over a region of maxitniiin inteimity 
to a sharply defined edge of short wave-length. In both oases tin* 
wave-length (the dominant wave-length, the region of greatest intensity ) 
is an inverse measure of the hardness, a diroot measure of tlu^ sofluesH, 
of X-rays. 

How are the wave-lengths of X-rays measured 1 The genorul 
piojpertios of X-rays, compared with those of visible light, show tluit 
their wave-lengths must bo very much .smaller than optical wavt*- 
lengths. In optics the best method of measuring wavo-iongtbs, and 
the only method that leatls to absolute determination of tlumi, is fcliiil 
founded on diffraction. 

As early as 1896 Rontgen himself had made tentative dilTraetioii 
experiments with his X-rays, but the result was negative. RohiiIIh 
by other experimenters, whioh were claimed to bo positive, wore lator 
proved to be due to optical illusions, half-shadow effeots arising fmiii 
the scattermg of the secondary radiation. Accurate dillVactidii 
photographs were first obtained in 1900 by Haga and Wind, who usod 


n = It 8''?!l,Aoomm'ohojiaivo ncoount ot his disoovory in '■ fUr 

19 desoribed in the books, X fwf Grystfit Sii\(cluTC by Til amilyHis 

Mri923:‘ SSnlgcnslraMcu, by P. ft-f^ald 



§ 1. Lane’s Discovery 

a slit tliat was yluced lioryoudiciilar to the coiirae of tko I'av • the 
jtuvH ,>£ the Hht were not «s is usual, parallel fo one another, but met 
at the lower on, I, so that its opening, which had a width of several 
m,"'* reduced to several at the lower end. 

dm , inrHctiou efleet was to manifest itself in a broadening of the 
dark imiul of the, negative at the lower end of the slit. Tlmse photo- 
l^i'aphs Avoro rt^poatod with groatesr refinement hy Walter* and Polih 
TJii^ platoM warn worked out by the author, after P. P. Kooli t (of Ham- 
hiivg) Juul nuniHurod them out pliotomotrically with great care by his 
own mo Oho (h .h roin a photograph taken with hard Rontgen radiatiou 
t1i(^ tUnnimmt wave-length C ^vidth of impulse/’ as it was called at 
that tiriio) wan found by oalculation to be A ^ 4 . cms. Contrast 
with thin the wavo-Iongth of yellow light, which is fi oms. 

Only a year after tlioso results were made known, this determina- 
tion {>f wavtvlongtlis was to be surpassed 
in tuicjuraoy and certainty iji an undreamt- 
of nuiunor by Lane’s discovory, 

Jii opWort, the diffraction grating is 
move effective than the diffraotion slit, 

Imth as regards the intensity of its light 
and its resolving power* The action of 
the diffrautiou grating depouds on the 
regular ttiujocHsioii of the lines of the 
grating, the distance botwoon which we 
hIuiII call the '* grating constant a. The 
wi<lth of the form of tliose lines have no influence on the angle of 
diffraction and are only of secondary importance even for the dis- 
tribution of intensity among the apoetra of various orders* 

Tho theory of the diffraction grating is one of the most familiar 
brunchuH of the wavo-tlicoiy of optics. Nevertheless, to lay bare the 
root of liauo*s diHCOVory, we must hero set out gome of its essentials. 

In !lt) wo exhibit a section of the grating ; 1, 2, 3, , . • axe the 
tmccM of the linos of the grating ; the distances (1> 2) === (2, 3) ^ . 

aro ocpuil to the grating constant Let the inoident beam of rays 
have the direction cosine the line 1, 2, 3, . . ., the direction 

oortiuo of the cunorgont beam with respect to the same line 1, 2 ^ 3, , . . 
being (dp and oc arc simultaneously the sines of the aiigle.s of 
incidouco and oinorgonce,) Using Hnyghen’s Prinoiplo^ let us imagine 
rays ntivvling out from each grating line in all directions. Thns, for 
tlm prudent, wo may regard <x as any arbitrary angle whatsoever*. In 

* Wo anthill lalo lator romarics by stating that in 1924: B. AValtev, uaiu^ mono- 
cihnnnaUc X-niys (OuKadino) obtained dofiiiito diffraction fringes at a fine sOt, 
iUKl that A. Lttimon in his Diseortation (Upsala, 1020) inchides extraordinarily 
InmuUfnl diffmetiou pioluvos, which, in tbo aharpuesa and number of the maxima 
mul iniiiiina uro (juito ns good aa those obtaln.Qcl with ordinary ligiit. 
t 1.’. j;*. Kocli, Ann. ,1. IMiyB., 88, 607 COia). 

VOL. t. — 12 
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fcUo figure the case of iraimrtUled liglit is ]ii(!fcur('(l. J5y foldiiift tin* 
diffracted rays in the figure about the axis 1, 2, fi, . . wu got tiui 
case of light reflected by diffraction. 

The theor 5 f of the diffractio}i grating i.s eontalned in the eij nation 
a(oc — (to) hX , . . . (1 ) 

In (1) the left-hand side denotes the difforence in length of path 
between the ray, for example, tlmt goes through ttpertui’o J, and that 
which goes through aperture 2 {and, gonernlly, tln^ dilTcwonoo of path 
between any such ray and its ncigliboure). Ifor (fa 1.1' is fclu' din<‘r- 
enee of ^lath beWeen the diffracted rays through 1 and 2, and lilonviso 
««o is the difference between the longtlia of path of tlio ineidont myn 
through 2 and 1, Thus our equation demands that the path-diffnromu* 
in the whole course of the rays be equal to a AVavo-longth, or a midtipln 
of the wave-length {that is, 7» must be an integer). In OhiH otisu ivo get 
an amplification of intensity through interferonco, tliat is, a dilTi’notioii 
maximum. We get diffraction minima, that is, a noukalisatiou of 
intensity by choosing h =.• J, or h = an intogor -)- i, 

111 the first place, equation (1) show's that the dlffraotioii grating 
is a spectral apparatus, inasmuoh as it givo.s for oaoh wavo-leiigth X 
a definite angle of diffraction. Hence incident wluto light is analyHod 
info its spectral components. Again, red is more strongly diffrtiott'd 
than blue. For h = I, wo get a spectrum of the first order ; for h ' 2 , 
we get one of the second order, and so forth, "Corrosjionding to the 
case /i =:0 is direct Ug}d, whioli is not resolved spootrnlly. On the' 
ofiier side of the direct ray .spectra of the first, .soooiid. . , . order idiso 
oocur, namely for A = - I, A = _ 2, and so forth. The seiiaratioii 
of the colours (the dispersion) is double as groat for a spoofcrum of the 
second oner as for one of the first order, and ho forth. Furthnr, 
equation (1) fojfa ns that the graihg constant a must bo groator tluui 


but not loo much greater, For if a < X, wo should liavo A--> 1 . mul 
X a' 

hence A- could not be equal to « - (x„, as is doinandod by ( 1 ) {nlntm 

a - oto. being the difference between two oosinos, is <: 1 ). If. on tho 
her hand, a > X, then a - «„ will become vory small for modtnvi lrt 
values of A, and the spectra of first, second, . . .order, jf onmhUmn 

mscr/ficrant and the grating w-oiild fail to bo of nso as a sneoir/il 
pparatus. In the case of Rowland gratings, which are of jmrhait 

ooiistruction, ^ amounts to Jess than 10 units. 

nf fating constant (f. a decisive foaturo for the oxcollcnieo 

of a grating is the numbej> of Jjnas N of tbo 7 v „ ^iKmeo 

only the bri<yiifnB«fl ® « OondifiojiB not 

pi. .. L r. 
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(.tj ('» un<l luiiko uiousuniblo ypectral. lines whose wiive^leiigtlis 

ilinhr duiy sligiiUy hom ono auotlier. The resolving power is given 
<lirt^Crt/ly by Uu^ mimiier of lines N, 

lih’(»ni the siniple lino-gmting we pass on to the crossed grating, 
<jr lattice* i^lvoi’y one knows the boautifnl diffraction spectra that 
arc 1 n‘t‘scn \ teil tt) fcUo eye when we look at a distant source of light through 
linidy woven gjuizo. Wo shall confine our attention in paiiicular to a 
<piiitlL'ati<i system of fiiio apertures ; that is, we suppose the threads of 
the w(di or luvtworlc ii) run at right angles to one another and suppose 
them to be ectmparativcly tliiolc, so that the intermediate spaces that 
]elp through the light may bo regarded as mere points. The distance 
l)(5tw(;eH oaoli two noiglihouring apertures is to be called the “ lattice 
eouHtaiit ” a. In !Ifig. dO wo take two rows of such apertures as our 
u’. and ; wo draw a ^^-axis perpendioular to both. We cannot 

picture the (course of the beam for the incident and diffracted rays 
wince thnir paths lie in S])aGe, Nevertheless we may, exactly as in 
Figv {Ul> lot be the dirootion cosines of 
the iuciduut vay with respect to the x- and 
2/-axis, roHpeotively ; let <x, ^ bo those of the 
diffraclocl ray. 1 11 the diilraoted ray the con- 
trilmtionH of all a])erturcs are to strengthen 
one another additivoly ns a result of the 
intcrforciice* i^or oxamiilo, lot us consider 
the contnl)ufcion« of 1 and 2 . If they 
striuigtl uvn one another then 

a (a — (Xo) — * . (2) 

wluuH' hi • an iiitt^ger. In the same way 
the uonlrilmtionH of 1 and 2' are to act 
mldilivnly Uiroiigli interference. To assure this, we must have 

^0) ^ * • * » (^ ) 


y 



2‘t • • * 


12 3 4 

li’ia. 40 . — Crossed grating 
(plnnodattico) : regu- 
lar arrangoinont of the 
clifTracting apertures. 


tv!iW‘P -- i\u iutogof. Tliis equation, too, may bo read off from 
li'iu. 4U, iC wo proioofc tlm distanco between 1 and 2' on the incident 
and till) <lil\'nvofcod vtvy. But if 1 nets togotlicr with 2 and 2 to pro- 
du(!0 ituirtviHU of brightness as a result of the interfemice, ^ 
tinoning uota in fcho same souse, since, then, the difference P ^ 
ihweeu tmidi two openings is equal to a whole number ^ 

Likewise the lattice (crossed gratmg) resolves ^ 

into its spectral oomponouta. lov from 

A iiml h. are «iven, tlioro is denned for oacli A a diifei cut direction 
/ fli < dilfi'aotod ravs We constniot the path of this ray as 

„r 11. »ngle of i. 
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^ given by (2'). Those cones intersect in the ray wJiohii jswitioii \vn 
require (as well as in tlio ray tliat is syjtunotrical to tJie latte? r n'illi 
resx)eot to the .ry-plane, the lattice acting, so to speak, as a rt^llooting 
plane). Our construotigii holds for a dohnite wavo-longth A. J‘^Jr n 
new A the apertures of the cones must be altered to a(?eord with (2) 
and (2^), and thus we get a jiow direction for the dihractocL ray. 
Hence, for given values of hi and wo obtain a sjyeclrum whloli ecu'- 
responds to the two order numbers hi, h^, and by varying hi, Aq wo g(?l- 
a two-fold manifold of Each of those spectra repeats tlu? ooin- 

plete series of spectral colours from red (on the ovitsido) to viohd/ (on 
the inside), witlx the exception of the spectrum (0, 0), the continnutioit 
of tlie incident ray, which is not analysed in this special case, '.rho 
spectra (1, 0), (2, 0), (3, 0) . . . lie in the i)lano througli the 
ray and thea^-axis ; the spectra (0, 1), (0, 2), (0, 3) . . , lie in tlio 
through the incident ray and the ^/-axis. The spectra (.1, I), (2, 2), 
(3, 3) . . further, are situated in tlio xdane througli the int?idoiit 
ray and the bisectors of the angle between tlio a-axis and tho ly-axin, 
and so forth for the other spectra. Besides the spectra (-|- | • Ag), 

there are, allotted to the other quadrants of the a^z-plano, spectra 
(+ hi, Ag), (— hi, + Ag), and (“ A^, — Ag). As in the cMse of the 
line-grating we must have a > but we cannot allow a > A. 

From tho crossed grating or plane-lattice wo pass on to oonHulor 
the case of a space-lattice, for example, a cubical space-lattice. Wc» 
may imagine that there is added to the quadratic system of opoivinga 
of Fig. 40 a whole system of similar systems idaoed one lioliind anothm* 
at equal distances a. For this purpose wo prefer to talk, in>(> of 
apertures,*^ but of lattice-points,” which act as ** diifraotiou ceutros ** 
or as “ scattering points.” Thus wo have a cubical system of lattinis 
points, of which each two neighbours are separated by a diHtum^o 
equal to the lattice constant a along tho direction of oacli axis, a:, y/, 

We allow light to fall into tho system of lattice -points iii the dirotduui 
aoftVo (these being the direction cosines with respeot to tlie tlireo ux<^h, 
respectively), At each of our lattice -points a fraction of the inoidoid- 
hght will be diffi-acted or scattered in all direotions, for examplo, in 
the direction a^y. At a great distance from our spaco-lattioo thn 
waves that emerge in the direction from each lattice-point form 
a homogeneous ray, namely, the my a^y diffracted by our 
attice. (Ill order that this ray might form without obstruction in 
all dnections, it was necessary to replace the idea of ^Miffraotion 
apertures by that of diffraction centres ” otherwise tho fornmtiou 
would be impeded by the diffracting scroonw tluit 
we ^lould have to’ assume between the diffraction apertures.) 

Ihe dift’aoted ray a^y, however, is aiipreoiably briglit onlv wlK?n 
the contnbutxons of all the lattice-pointe act togothe? in the Janu! 
p lase in producing it. Putins it is necessary that the path-difleroiuio 
of the rays from iicighbcf ing lattHco-pointe bo a whole „v,nilnr«f 
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i8i 


WttVO-lc'iiKlilirt. Tluis Avo arrive at three conHitions, one for the direction 
of X (tliat is, foi' two ncigkbohrs tJiat are at a distance a from one another 
in tli(' dii'cetion of x), one for* the y-direction, and one for the z-direction : 


fl{« — ap) = hi\ 

a(^ Pa) ~ ApA 
«(y — Vo) = 


(3) 

(3') 

(3") 


When tltOHC eonditions are fnllilled, the effect of interference is to 
anifilify tlin intensity, and indeed, not only of that due to two neigh- 
htiurs init generally,' to that due to airy two of our lattioe-points, since 
(or fcliejn the patli-diiforcnco is a ivhole multiple of the difference of 
iiath foi' two noiglilioiu'S. The rays thus intensified as a result of 
intei tereiuio from all the lattice-points are, furthermore, the only ones 
that are afjpreeiahly hright. For, in the case of a sufficiently great 
luiinher of lattice-points (Nj, Np, N, in the thi-ee co-ordinate directions), 
ravH that are intensified through the combined action of only a fraction 
of tlu'so lattieo-points (for oxamplo, only the lattice-points, Nj and Nj) 
would appi'ftv inlinitoly faint compai-ed with those discussed above, 
Ktiuations (3) comprises the essential features of the theory of tlie 
«i.a(>e-hifctioe. Wo road from them that : every mierference ray is char- 
aclermd by three whaU iimibers (K, h), the order numbers o/ the 

htlerfermee pJmomenon in question. Wo may not, however, as before, 
Hueak of a spectrum of tho order (h„ h,, 7r,). The light that is diffraoted 
1 V tlic spaeo-lattice no longer contains all the wave-lengths in juxta- 
ILiLn. as Imppons in the oaso of the crossed grating or plane-lattice ; 

it is, on tlie contrary, wwnoc^OTwah'c 

For, fi’oia ofiuations (3) it follows that 

-I- y = + 

Moreover, wo Jiavo tlio rolatbn between the direction cosines : 

jja . |, . I- / 1, and likewiso ocp* + Pa^ + yo^ = 1 • 

:Uy squaring each momhor of (4) and then summing, using (5). we get 


(4) 


( 6 ) 


1 1 -I- 3(/h«» -I- fiA + 


and liono(\ 


, „a(Ai«o + KPa 4- hYo) 

A =5 — Z j> a .u h.? 


( 0 ) 


of order (A^, fh) do oimni x* analotrous to that 'vvhich 

Wo ilU..toto HI. Iw * r I ShS Aboirt the <■, 
wo liovo tllmKly 11.0(1 111 IJlo ciwoof n „„Hlnr ftoortin-BS have coaines 
«„l, 111 mm ivii Kte’ will inm<..ot, 

aiieli a, am ileiiiaiitol by o<I«a“om W- 
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whereas the third will not, in general, pass througli a lino of iiit(n'HO(f- 
tion of the other two. But the latter condition is ahsolutoly noocsHary 
if the amplification produced by interferonco is to roaoh full strength. 
Hence, for an arbitrarily chosen A, there will, in general, bo no difTra(ded 
ray. By altering A we also alter, according to (4), tlio conical apovtiircHi 
continuously. If wo j)rocced in this way we shall succeed, at a (undivhv 
value of A, in making all three cones have a common lino of intc^r- 
section. This is the intorforonce ray (a/3y) ; 
the corresponding wavodength is that whit^h 
was calculated in (6). 

From . equations (3) avo shall straiglitway 
make a further deduction. For this purpose^ 
Avc introduce tlio folloAving syjnbolH (of. Fig. 
41) : 26 is to denote the angle bobAveon tlu^ 
incident and the clifTractcd ray, that is, is 
the angle Avhicli the incident or the dilTractcd 
makes Avitli the middle M.M l)otwcon 

both. We tlien have 

ooH 20 = aao -|- /3ft, -I' YVn - (7) 
By squaring each mombor of (3), then sum* 
niing and using (6) and (7), wo got 

(a — ao)® + iP — ft)2 + (y — yo)“ = 2 — 2 cos 2(? =» 4 sin* 0 

A* 



Fia. 41. — Diffractioa at 
a spacQ.latfcico. 


(V + V-l- VB. (H) 


Taking the square root, we get 




{!)) 


Wo shall find tliat this equation wilt bo of ftindaniontal ininortumso 
in § 2. ' 

In the region of oi^tics our spaco-lattico is only a fiction, a inoch*! 
which we have conceived so as to generalise the scheme of dilTraotion 
as presented by ordinary diffraction gratings, The art of the moobanlo 
and of the weaver are of no avail for produoing such spaeo-lattiooH. 
In the realm of Kontgon mdiation, the position is different. It was 
Lauo s brilliant Idea to recognise that the spaoo-struoturo of orystals 
18 just as happily adapted to the wave-length of Rbntgon radiation 
as the structure of a BoAvland grating is adapted to tho wave dong tli of 
ordinary light, that is, that Ave can take directly out of tho liands of 
Nature the diffraction apparatus necessary for Bontgon rays, in tlio 
form of One of her mosterpieoes, a crystal of regular growth,' 

It was a favourite idea of mineralogists and mathomiitioiiins (llaiiv 
Bravais, Frankenheim, Sohnko, Fedorow, .Sohonflies) to aceonnt for 
the regular shape and structure of orystals by tlio regular arrangoniont 
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of fclioU' olciiioutw of struotviro- ijix t-zioir i < 

t<, thi. a of the cubical type wld h." to ^rasc^bSt'a 

(icyH ,<{ of tho vogular or cubical system. If we determine thelattice 
constant o H«oh a crystal rom the density of the crystal and the 
miHH of. 1,0 uto,m eon.pcHmg it (as we shall do at the end of § 2 of t is 
clmptc- for the case of rock-salt), wo find that a is of the ordl of 
uitude ]{ « („r example « ^ Sdi . iQ-a in the ease of NaCl), 0® 
tlie we saw at the beginning of this section that the wave- 

leuRtli of Koivtgen rays m to bo placed between the orders of mamntndn 

oaloMlation I.nscd on the clillraction). We assert then that (/le fallL 
rnij^HUml n oj Uw cri/Mal is gi^eatar 
lhan IIk' waveJo.nglli A of the 
J{onl(fen rays, hut not very graat 
in comparison wifli Omm, Thus 
a luul A aru rulivted to one 
unoUuM’ in Jnst the way that wo 
iound above to ho necowsary it 
a dilTraetion apparatuB is to bo' 
e(Tootive» Wo oau voad tlio 
Huino (joiiditiou out of equation 

(0) ; it - itt a proper fraction 

that ia not too Hmall, wg got for 
tlu^ angle ot diH'raeWon a 
pOHsihle and net too mnnW value. 

1'ho atouiH that coinpoBO our 
rtpantuliittii^o iwo directly effeo*’ 
tivo as latticeqMiintB. Wo on- 
cunmtered 5n CJliaptor I, § 6> 
their jiroperty ot forming dii^ 
fmedinn (or Bijattering) contros 
for -Rbntgen rays ; there we saw 
that thoir Boattcring is proportional to the number of electrons Z 



FlO. 42, — Diflraotion of white " B6ntgeii 
light at the crystal lattice of Zng, 
Tho crystal is out parohel to the cube 
face, and tho incident light is per- 
pend ieiilar fco the crystal surface. 
The photographic plate is at a dis- 
fcanco of 3'G ems, from tho crystal. 
Note the four-fold symmetry of the 
diffraction patkem, 


(lontainod in fclmin. 

Figs, <12, 'J ll, 4'1 arc roprodviotions of some of tho famous photographs 
)>y Jv,n,o, Ifriodrloh, and Knippitig early in 1912. The experi- 
ment was arranged very simply. By means of lead guides (screens 
with Ijolos), a fine hoain was separated out of the light from an X-ray 
Inilli, 'I’his bonin fell on a orystal plate— in the plates reproduced 
thtwo wore of Kino hlonclo, ZnS — about 0-6 mm. thick, 5 ram. wide and 
Imrg, — which was mouuted on a spcctcomctor table, and oapahle of 
Vmhig iii'cni'atcly aOjnal^'d with it. When the incident ^primary 
wiy tj’avcj'SCH tlm crystal pinto, secondary interference rays are 
dtfilocted out of it owing to diffraction by the atomic lattices of the 
crystal. Those intorloroivce rays eiuevge from the orystal as a mdely 
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divergent beam of many meinbcj’s. Several centimetres behind tho 
crystal is the photographic plate. On it there is traced, besides tho 
primary ray (greatly magnified owing to irradiation), tho track of tho 
beam of iiiterforenco rays. In the first photographs the time of ex- 
posure was many hours ; tho tube was run witli about 3 milliamps. 
and 60 kilovolts. The plate and the crystal Averc protected by being 
surrounded by lead. 

In Kgs. 42 and 43 the crystal plate was cut parallel to tho face of 
the cube and placed at right angles to the incident ray, witli tlic 
difioronoo that in IMg. 42 tlio photographic plate Avas 3-5 oma. from the 
crystal, Avheroas in Fig. 13 the distance Avas only 1 cm. Thus Fig. 43 
is a section through the same interference beam as Fig, 42, but greatly 



Fia, 43. — Photograph takou as 
in Fig, 42, bub Avith tho 
pliotographio plato only 1 
cm. away from tho crystal. 


Pia, 44. — Diffraction of ** white ” Ilontgoii 
light at tho crystal lattice of ZnS. 'L’ho 
crystal is cut porpondiciilar to a space 
diagonal of tho cubic lattico, and tho 
incident light is porponclioular to tho 
crystal surface, Tlireo-fold syninictry 
of tho diffraction pattern , 


compressed and reduced in size. In Fig. 42 as avgH as in Fig. 43 the 
primary ray travelled in the direction of the four-fold axis of symmetry 
(edge of tho cube). Correspondingly, the respective diffraction pictures 
are of four-fold symmetry. They have four planes of syniinotiy, tAA^o 
parallel to tho edges, tAA'o parallel to the diagonals of tho cube face. 
Every spot that lies on one of those planes of symmetry in tho piotiiro 
ooours four times, whereas every other spot occurs eight times. Eaoli 
such group of related spots that again arises from itself by rotation 
and rofleotioji shows the same intensity and is marked on tho plate by 
the same wave-lengths If the photograx)hio plate and our retina Avoro 
aensitivo to tlie imaginary colour of Rontgen rays, avo should sop oaoh 
such group of points shining forth in one pure colour and ouch two 
cliiierent groux^s of iDoiuts in general emitting different colours. J?or 
example, there belong to the tAVO particularly strongly j)i’onoiuioed 
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(>r Hj)otK in Figs. 42 and 43, the fractional numbers 

A 2 , A 2 

a "27 a "" 35 I'^spectively. 

Si min Min laiti(;t^ constant for zinc blonde is foinicl to bo 

a -= 5-43 . 10-8 cm,, 

\yv> got the corresponding wave-lengths as 

A - 4'()2 . 10“^ cm. and A ~ 3‘11 , lO^^’ cm. 

I n Fig. ^14, the crystal plato was cut x^erpondioular to a space diagonal 
of tlin cub(i, which rciprosoiits a triply symmetrical axis for the substance 
of the (irystal, 3'lic primary Rontgon radiation again fell perpen- 
diouliu’ly on tlio plato, and thus traversed the crystal in the direction 
of one of its three^fold axes, Oorresponding to this, Fig. 44 is of three- 
fold Hymnuitry : it posseasos three planes of symmetry inclined to one 
anoth(U’ at an angle of 120®. In general, each spot occurs six times, 
hut in a jiarticular position on one of these planes of symmetry it occurs 
tliroo tinu'H. JCanh 3- or O-groux) of spots, respectively, is produced by 
thn sanu^ wavodongtii. For oxamplo, in the case of the very prominent 
(J-group of spots wo have 

h A == 3-30 . 10-9 cm. 

a 19\/3 


'J'lio wavo-loiigfclm that arc shiglecl out in tliis way by the crystal 
RtiMKitiirc ami arc diffracted to doflmte points of the photographic plate 
are all contained in tlio iwimary bundle of rays, just as the colours 
o£ till' rainhow iii'O contained in the white light of the sun. In Laue s 
nu'Ohod the conlhmoiis speotnim is used to produce the interference 
piuture. 'I'luM emitiuiimiH spectrnin, however, is not, as in the case of 
the lino-gmting or piano lattice {crossed grating), mapped out com- 
plotoly, hut certain individual wave-lengths (more accurately, several 
nan-ow regions of wave-lengths) that are appropriate for the crystal 
struoture are selooted from the continuous manifold of the spectrum 
and made prominent. '.I’ho prominence of certain wave-lengths m 
the intorfei, 1)1100 jiioturo is partly due to the fact that they are par- 
ticularly strongly roprosonted in tlio primary spectrum f 

maxinunu intensity of tlio continuous spectrum), and partly due to 
the fact that the photographic plate roaots X n 

thoiii (seleotivo sensitivity of the silver^ bromic e). 
tolls UH nothing of the Iwe-specM, of 

aro not in general adapted to tho crystal structure. ' 

ITr I'llul!.. Uu. ,™C.noWo 

ill amoVrl J tae'. m.« -my fa th« mod. of not 
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ill the root idea. This idea, of using the crystal as an analyKCU' for 
Bdntgen rays, is as essential to them as to the original mothod. 

So far wo have given Lane’s theory for the case of tlio rognlar 
system with the lattice constant a. How this is to bo oxtoiulod tn 
the other systems of crystals suggests itself to ns iminodiately. In 
the case of the rhombic system, which is built upon throe nnvUtiilly 
perpendicular axes, it is only necessary to replace the quantity a in 
equation (3) by the lattice constants, a, 6, c in tho dirootions of 11m 
three axes respectively. Wo then get in place of equation (0) 





n 


hi^ L ^ 4^ y. 

c2 


. ( 10 ) 


In the same way, equation (9) now becomes 


. . A //q« , , A, 2 

sm 2^ ''' c* 


(Jl) 


The case of tho tetragonal system is given hy setting h ■ a. In 
the remaining crystal systems, in which tho axes of tho lattice in 
general inclined towards one another (oblique), tlie (Ureclioih anglrj^ 
of the crystal axes appear in tho corrospoiiding forniulco, besides tlu^ 
Ungilia of the, edges. 

The roads of research opened up by Lane’s discovery branch oIT 
in two directions. In the one cose we measure out the lidntga^i spcclmm 
of a given tube and of an anti-cathode of given material in terms of Ike 
lattice constants of a suitably chosen crystal. In tho other oanc^, '\v<^ 
measure out the structwe of a given crystal in terms of a s%iiiahly clumm 
tvave-length of a Rdntgen ray. 

The results of the first line of investigation form the content of fcln^ 
present chapter. Bor the results of the second lino of rosearoh coiiHiilt, 
for example, tho book by Ewald mentioned at tho beginning of lb in 
chapter. 

The experimental methods of X-ray spectroscopy woro first huiu- 
marised by M. Siegbahn, “ Spectroscopy of X-rays {O.U.1^0- Morii 
recent results up to the present time are oontainod in tho account by 
A. Lindh, '^Baiitgenspoktroskopio,’* Vol 24, 2, of tho Handbuoh dor 
Experimontalphysik (Wien-Harms). 

§ 2, Methods of Measuring Wave-lengths 

Whereas in the first section we have discussed tho cliff motion by 
lattices oxchisivoly from Lauo’s x^oint of view, wo sliall no^v pass on in 
that of W. H. and W. L. Bragg. For this purpose, wo iimvc tlu^ 
following theorems — 

1, The median plane MiM between the incident ray unci the 
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diiri'actc<l ray (a^y) is a net plane of the crystal, that is, a plane that 
(Mits an inlinito not of points out of the crystal lattice, and may there- 
fore 1)0 rcg)ir<lo(l ns a pORsiblc crystallogi-aphic boundary surface. 

2. I.lu) (Unraotod rays nuiy be regarded as being generated by a 
I'olloetion at this not ])lanc. 

In proving 1 , avo i-estrict ourselves, as in the first section, to the 
rogular systoni. 

In Kig. ‘I I, above, lot tlio distances 

OP = OQ = 1, 


if AV(1 choose 0 as the origiiv of a rectangular system of co-ordinates, 
Avliicli eoinuidcs with tlic crystal axes, then the co-ordinates 

of P are Wo^^yoi of Q arc aj 9 y. 

Jjcfc the eo-ordinatos of any point M in the median plane ho x, y, z. 
Tlio median plane is the geometrical loous of equal distances, PM == QM. 
Tims its equation is 

{X - «„)« ■ I - (2/ A))* -I- (* “ - (a? - «)® + (2/ - + [z- Y? 

or, after reduetion, 

(« -- «n)s! i- - Pn)y + (V - Yo)^ = 0 - 


if we insert into this the intorforenoo conditions ( 3 ) of § 1 , avo get 

hjX -!- li^f -1- 7^s2 = 0 . . . . (1) 

Let n he some oomn\on divisor of the order hnmbera hi, hi, hg, that is 
hi nh-l, hi == n/4> hi = nh\ . . . (2) 

Avhei'oby h\, AJ, /q, have no common factor. Equation (I) then statM 
that ft plane that is parallel to MM has intercepts on the crystallographic 
axes that are inversely proportional to the integers ?i*, h^, hg, Avhioh are 
prime to ono auotlior. ll’ho numbers Aji Ag, hg arc called the indices 
of Ike surface MM. The fundamental law of crystallography, the 
law of rational indices ” states that every surface that has mtegral 
Ind iooH is a possible surface of a crystal . (As in the ease of all physical 
laAvs in wliieh rational ratios occur, rational indices denote such “ ^ 
TOprosentalilo by tho ratios of small integers.) From the point of a leir 
of tlio lattice idea, this laAv is Bolf-ovident. It ^ 

that every boundary surface of a crystal is ocoupied by 

'"“wJtoTO thw »o«u tUat. IS« Mrfta J*« ““ <«««'“ 

«»1 mi. amt ptam .} Ite WJ.W . (A. ofr 

hi, Kkgij the. ind-Sermice fhenomemn detenmne simuJtaneoualy the 

ivtiims h], Aj, AJ 0/ tim net plane. with this 

"• !'“! fs « CvS: 

plane, namely, the angle 0 in I'lg. 41 < thw v w 
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m from interpreting tlie phenomenon of diffraction as a reflection at 
this net is, however, not sti/i^face reflection^ hut S2mce 

reflection. On the one hand, it is not necessary for the reflecting net 
pla-no of the crystal to be a bounding plane of it : the rofleotiou takes 
place j list as well at the inner virtual crystal planes as at the external 
real ones. On the other hand, the whole system of parallel not ])lanoH 
reflects oonourrently witli the individual plane MM. As we san^ in 
the first section, all lattice-points on whicli the primary ray impinges 
contribute to the mterforence phenomenon. Thus ilie reflected in-^ 
tensity is derived from ilie interior of the crystal. 

But, further, we are here dealing not with a general reflection of all 
wave-lengths^ but with a selective reflection of certain favoured wave- 
lengths. White light ” is not reflected back as white light, as ocours 
irl optios, but rcappeais ** coloured,^’ Whereas all other wave-lengths 
remain appreciably united in the primary ray, and traverse the crystal 
in a straight line, certain wave-lengths, of appropriate length for the 
lattico structure, are selected by the reflection. This selective colour 
of interference rays has already been met with in the first section. 
Wo shall now deduce it again from the standpoint of reflection. 

Let OA, OQ be the incident and reflected rays at the lattioo-poiut A, 
and lob PC, OR bo the incident and reflected rays at tlio lattice -point 0, 
which is situated in the plane parallel and adjacent to MM', '.riie 
differencG between the lengtlis of path of both sots of rays is found by 
dropping from A the perpondioiilars AB and AD on to PC and CR. 
The difference of path is, if d denotes the distance AC between tlio not 
planes, 

BO + CD ==: 2d sin 0. 

This must bo a whole multiple of A if the two reflected rays AQ and OR 
are to be in phase and are to strengthen one another by intorferonco, 
This gives ns the fundamental relation 

MmnO^nX .... (3) 

According to Darwin and Ewald, Bragg's caloulatioii is to be 
Gorreoted to 

2d„ sin e = «A, 

where k depends on the tightness with which the electrons are bound. 
Of. the summary given by Ewald in Vol. 24 of tlio Handbnoh dor 
Physik (Geigoi'-iSoheel) ; for the experimental confirmation sec A. 
Larsson, Zeils. f. Physik, 36, 401 (1926) ; 41, 607 (1027), and M. 
Siegbahn, Journ. de Phys., 6, 228 (1926), 

Put in deriving tliis relation wo liave made an iinnoco>ssary spcoial- 
iaabion, It is not necessary for the two lattice-points A and C, in Eig. 
46, which are being oompai-ed to lie directly behind one another, that 



§ Mctl„Kls .,f Measuring Wavc-h„g,hs .s, 

in, im dll' smnt’ iiDnunl (,o MM «« wn fnmwi ;+ , 

llio Hukf. oC nini|ilii!il.y in Uio limirc Rnii . for 

( ! ni'liil-nu'ily in ilw mvb pUmo to 0' t/***' tlie 

!i i i. 1 - i,v iJ[ " P**u»o to L. . ihepatliof themvsP'f'P' 

(clobfctnl m l ijj; .Jfi) ehnn'ly haa the same optical length as the path TCE 

provHhnl that the wo pomts FP' and RR' are asfamecl, in ScS’ 

0 ho on a w.un. plane thnn.gh the incident and iefleet;i n y rew* 

tively . 1 hiH IS Hhown dearly in Fig. 46, in which the points b Ce 

plm.od Htill mom simeially, namely, aym metrically to PP' with resnerf 
to the , ane of aymmotry there drawn; thii'has no eio o?tl m 
phnso-di erenee at .11 and R-. Wo see that the optical paths VCR 
and H t. 1 are images of one another. If the two rays incident at 

1 and I wii) in |maH 0 , Uion ateo the two reflected rays at R and R' 
will ho in jihase. .lint then it folloAvs from Fig. 43 that in it, too there 
is tho Hame dilTomneo of path hotween the reflected rays C'R' and Att 
ns hetwiie^i (!.lt and AQ, namely, tho difference wA; the former 
Klrengtlien one another hy iutorforonce just as much as the latter. 

In fact, generally, any two lattice-points of the crystal, no matter 
Avhellier tliey lie on two noighhouring net planes or on two net planes 




lllnunniiniiiit* ilhml riilJouH tif tho liragg relation 2(1 sin 0 — nX. Refloetion nt the 
hifiiiifn ])]anoH of a crystaL 


timt iUH» (Imtanli tnnn ono aiuithor by various multiples of d, no matter 
wlii'thnr tluiy in tho piano of incidence (that of the page) or not, 
will Htnmgthon one another by interforenoe, jjrovided only that the 
wavo-longUi uiul tlie angle of inoidenco are related to one another by 
tlio lumditioii postiilatocl in (3), It is not even necessary for the points 
. , . to ho arrangocl in lattice form, that is, equidistantly, within 
tlirir nut jilano, WJiat is important for reflection at the system of 
pInnoK MM in iniu'oly tho regular sequence of these planes, not the 
rogitlar Hiuiuonee of points within a jAane of the system. The latter 
fiudor comes into aeooimt only when we wish to change the reflection 
piano, tlnit is, wlum tho crystal, besides reflecting from the system of 
])larioH MM, is also to roHeot from other net planes running throngli 
iliu crystal, l^r tliis, that is, for the existence of further net planes 
and for their notion by intorforonGO, tho necessary oondition is that the 
]nUio( 5 *points be regularly ai'ranged in the first system of net planes. 

In optU^H wo arc familiar Avitk tho piroceas of 0. Wiener, in which, 
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by means of stationary waves, silver particles arc precipitated in piu’- 
allcl equidistant planes in a layer of silver ohloritlo. silver j)a rt icii's 
succeed each other irregularly within eacli plane, hut tl\e piant>H Hnece{'il 
each other regularly at a distance equal to Iialf that between two ci‘(‘sIh 
of the stationary light, that is, equal to half the wavedongth ot thci 
monochromatic light used. These strata of Wiener have boon uhimI, 
as we know, in L»ippmann*s process of photography in natural colours. 
Here we have the case assumed above of a regularly stratified 
of planes, which, for their part, are irregularly occupied hy Hilvcr 
granules. In interpreting such phenomena our equation (3) playiul a 
part,*^ long before its impoi'tanco in the realm of Rontgen rayw could 
be surmised in any way, 

Of course this equation must bo identical with the formuloi (t>) and 
(11) found in § 1 for the wave-length, In fact, on the view tliafc iho 
quantities AJj li\ are surface indices we see by the simj)lc gcoiuotrieal 
oonaideration that the distance d between two successive planoH of lliti 
group parallel to MM is given in the oubio and the rhombic HynUun, 
respectively, by 








{‘>) 


If, taking account of (2), avo introduce these values into (D) and (11) of 
tlie first section, both these equations resolve into our present ocLUivtioii 
(3), We see from the method by which it has now boon dorivcMl, that 
it is not confined to the case of the regular system but is generally valid , 
The meaning, too, of the integral mimbor n introduced in equation (2) 
(it is the greatest common factor of the order numbers of l\ii* 

interference effect) is now also intolligiblo physically : n denotoH 
order number of the reflection phenomenon, that is, tlio nuniher of 
Avavo-longths by which each reflected ray dijffers from its neigh Ijoui'in^ 
rays that are reflected from the next or the preceding not piano. 

For a given angle of reflection d and given distance d between tlu^ 
net planes, equation (3) determines one and only one quite doliniio 
wave-length, Aj of the first order (for n = 1) that is capable of roilmr. 


tion, and likewise one of the second, third, 


, order, 


h 

2’ 


A;* 


A| 

3 • 


. , ,(for7i==2,3, . .). Hence if we Avish to rofloot the whole Hpeotnim 
from one and the same crystal face, for example, in the first orclcu\ 
then 6 must be made variable, For the short-Avavo side of the spec tru iii , 
9 is to be chosen small, for the long-wave side it must be chose n ear* 
responclingly great. This goal has been reached in various ways 
perimeiitally. On account of its historical importance wo sliall diKuusH 
chiefly tlie method of the revolving crydal, Avitlv Avhioli W, H. and W. L. 


* In the theory o£ AV. XSenkor, 


Of, his Lchrhuch der Pholochrornhi Borliii, 1 8(JH. 
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Iti'jigg * lU'ltitivetl Hill'll Htrikiiig Bueoess, namely in the two ilireetiimH 
ehiinit'Li'i'iaeil on |iiige l«<i. antilysis of X-rays by crystn 
unnlyM'H of erysfiil slriiotiiro by X-rays, 


— j ^ 

.-rays hy crystals and tlic 

\yH\H ni crysHu ip^ xv-itu^«. 

'17 liivi'H a H(*4iuina1>ic horizontal section of the arningeineut of 
a\>|mvataH for tho ivietliod of revolving crystals. At tlie top the 
HdiilKt'n tnhe is iucUeated by its cathode K and its anti-calliode A. 

’ ' ' ‘ angles out from the rays emitted from the 

narrow beam of rays. is a second small 

1* --’X xl- M i* ' - 


lldiilgen tnhe is mdieaxcd by its cathode Iv and its anti-cailiode A. 
Till' .Mlit iSi in a li'tul plato Hingios ont irom the rays emitted from the 
fooiiK of the anti-nnthoflo a narrow beam of rays. Sg is a second small 
it of lend I wliieh HOi ves to limit the iienoil of rays still further. This 
Luini then falls on the. orystal Kr, which is set nji on a table T, carrying 
ernii'f divisions, in mioh a way that the 


foi 

slit of li 

heiini til. .. 

vernii'f divisions, in mioh a way that the 
front velU'i'ting not plane of tlio crystal 
(for ('xiiini)U', a eloavago piano of rock- 
snlt) passes Ihrough tho vortical axis of 
rotation 0 of tho voruior table. The 
liittei' is slowly tui’iied about the axis 0 
within a eortain range of angles. All 
wivve-li'iigths of a eortaiu range of wave- 
li'UutliM tin'll impinge on tho table suo- 
oessively at the neeesHary angle of inoi- 
(lonee 0 (or “ ghuioing angle”) jvvc 
Heparuted spaotmlly by the 
Thi'V delineate thoinselves sharply oir the 

photngmiilde Him I'T'’. wlmh 18 fix^d 

Lee lit'low) along tlm 

iilaiie i)liologi'a]>hic! plate ^ 

1», is the point on the lUm. at winch is 
umiked the primary nnliivtiou of _ ^ 
Hiintgen tube that him travovsed 1dic 
eryatSl without rdleotkm ; 

<•" the film ttic 

^ri le g 1.H wmfcained in tho pwmarT 
beam of X-i y«. bo 



Fio. 


47^ _ Rotating crystal 
iiiothod used with licintgen 
xay&. 


The longest wave-length 


..r x.n.y.. ;u..i “'I' 

, ,1 ’ TUo imco of tho o" “» 

" . h H. It it ohOoo- that M.is marim.m ww-togU. o.« 

im n'floi'hsl "liiy i» "o' ,‘'''^Yhioicio'ico of the rays “an also he oh- 
Of eourae a *! “L if wouae a diverging or a converging 

without .otatiog tho «.y.ttf.f>» 

t 1 Maurice De Broghe 
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bciviu of mys. In tlio latter case tho slit whioli inarkn oJfT tlio b(^am 
may bo roplacecl by a metal edge whioli is brought near to the crystal 
surface (Scemaim’s metliocl).'’' 

Ill tho case of hard rays a diilieulty arises owing to tlioir groat 
penetrating power in that the exact position of the system of refloeting 
layers is uncertain and this renders it impossible to measure accurately 
the angle of inoidenco. Instead of reflected light w'O therefore use iu 
this ease iransmiikd X-rays, which are reflected at tho inner net plan(‘H 
of the crystal. The slit must then be adjusted behind tho crystal plate. 
This arrangeniont was first used by Eiitborford and Andra(l(^ *j* toi* 
analysing y-rays. 

Another difficulty in the case of very hard rays consists in tho 
fact that for thorn tho angle 0, by (3), hoeomes very small, so that tho 
accuracy is reduced. In tiie case of very small values of Xjd \vc have 
almost grazing incidence with respect to the reflecting net-])lane. 
We may circumvent this diffloiilty by observing in a higher order 
(of. the factor n in ecpi. (3)) and by using as small a distance d botv^uni 
the net-planes as possible. Changing the crystal does not, liowevoi, 
alter d by inuoli. Whereas for rock-salt the lattice- constant is a === 2il 
5*63 . 10“®, for the crystal of smallest known lattice -oonatant, namely, 
diamond, the value is a — 3’66 . 10"®. It is more olTeotivo to pass 
from a crystal face (for example, of cube face 100) to one with higher 
indices (for example, of octahedral face 111), whioh, by eqn. (4) makoH 
cl smaller (in tho ratio V3 : 1), Botli the.se devices (prooeccling to 
higher order of reflection and faces with liighor indices) kuid. to a 
diminution of intensity. 

If very soft rays, which are strongly absorbed in several centi- 
metres of air at atmospheric pressure, are to be photogra])licd, the 
whole course of the rays must lie in vacuo. This requirement leads to 
tlie construotiou of vacuum spectrographs, whioli have been dovelojHul 
by Siegbahn along tho lines of Moseley. Tlie whole apparatus (sem 
Kg, 47) from tho circle up to and including the i)lato P'P' Iuik 
for this reason been enclosed in a brass case connected with an air-puni p . 
The X-ray tube is also to be considered in this figure as connected with 
fcliis brass ease by a tube Si that may be evacuated. 

Further difficulties are also raised hero by the lattice- constant of 
tho crystal. Now the fundamental equation (3) demands for t\u^ 
case where n^l (observation in the first order, to which wo may 
restrict ourselves if the rays are very soft), 

2d> X (fi) 

Accordingly rock-salt (2(1 ^ 6*63 , 10"®) may bo used only as far an 
wavo-longths not exceeding A = 5 A. Gyx)sum and mica, howovor, 

* II. Seemann, Ann. cl, Phys., 40, 470 (1016), andPl^s. 55oitB„ 18, 242 (1017). 
See also Socmann aiidPriodrioh, ibid,^ 80, 55 (1019). 

I Ku thovford and Andrade, Phil. Mag., 88, 206(1 914). 
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IIS "’il'h goo'l evysfcals with, considombly greater valuos for the 
liU tii-i! eoimlnnl.. ('I’his eorios|)OTuls with the rule, whieh is self-evident, 
tliiU, ^'l•ry easy eleavage is usually associated with a large value of the 
lutlitiu eonstiint for the net x>lanes in question,) A stop towards 
(irvatiiln r<5hioulation was first taken by Siegbnhn and 

'rhoraous,* who used [mlmitic ucid, for which 2d = 70 98 A, as tlie 
lolhuding crystal. 

.. . . 11. j XT .. 



reuuives the reliecUsl raciiatiou an 1 : (Fig. 47). The gaseou.s content 
lieeoines wmdueting (ionisiHl) in XJi’oportion to the radiation absorbed ; 
tho eontVuetvvity i« moosurod by olcctroineters. The ionisation chamber 
nnmt be turned, ste)) by stop, along the circle PjPS of Fig. 47 to tbe 
Hiuno extent us the evystal is turned forward, step by step, when wo 
uaHK from one wave-length of the sjiectrum to another that is neigh- 
luiuvlnit to it. Thius, in this ease, the spectrum is represented not by 
t cMuitUmmis distribution of darkened spots, but by a discontinuous 
avu-uesHiun of eleetrometcr deflections. The method has its advantage 
in nw'twuviug the intensities in tho X-ray spectrum as, through the u.s 
n{ i-leclroiuoters, it is spcoiftlly sensitive and allows quantitative com- 
(!m — !> V «>» apiamtoate p»iK,«lo„.l.ty 

^ “I pmvdOT. dovisei liy Boljye 

! rv;/l lt furnished by the natural 

vnni.uri ''*,’7 powder. The same method has been de- 

hulk of nydei lu t ■ ^ t typical example of the 

vidoped in Amemny by A. W. mil- » .n blockade 

iiuwltablenesH of mnenbillo tov F almost simultaneously in 

duo to the war, the sumo idea ^ i„to 

Ckirnuvuy ami A'jwwiea. A powder, and strikes 

a little tulni whieh is hllcd w possible orientations. For 

ono and the Hunte eryetal faoo m P iimUned at tho correct 
imeli wave-length the direction of the incidmit 

anglcH, and Inclwid in nil positions a wave-length 

llcnco, the rollootod ,yU„drical film placed 

a 'tiimo ahoiit tho Sontd by the reflected radiation at its 

ax ially in position, will > primary ray travels along 

curve of interHOobum with cylindrical film is placed verti- 

fex: r;i« 

* Of. Jonwi, Opt. Soo. Amor., B, 235 11826 ). 

voi,. i.—ia 
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well- grown cryatalB ; if noooasavy, the flnoneaa of tlu> gramili^H may 
ho incroaaod artificially. 

Wo now give an indication of Ihc^ x^ower ot .X-ray wpiMd.rnHcujpy Uy 
reproducing Home x^hotograx^hs of liiatoric imx)ortunc(5. i'ig. 4H repre- 
sents one of the first really successful X-ray i)liotograx>hs ; it wau 
talcen by E. Wagner in 1917 by means of a xdatiinnn anti-oathodo 
and a rotating crystal of rook-salt.’*' The wavo-lengths incrca.se from 
loft to right. On tho loss exposed right side of the figure tin? char- 
no t eristic lines of platinum (so-called L-series, denoted by a/5y3) stand 
out very conspicuously as straight lines, accompanied by several 
weaker lines of iridium, which is related to platlniiin, and HOvoral 
mercury linos. On tho left side of the figure, wliicli was exposed to 
the reflected rays more often owing to tho manner of adjimtinent of 
the crystal, and was therefore darkened relatively more than llu) 

background of the right sidc^ 
of the xfictnre, wo hoc tho 
coniinuotia ’ speclnm d(5- 
pictecl us a fairly uniformly 
darkened fiokl. Tlio in- 
tensity of the darlcuoss do- 
orcases at the point marked 
d bromine bancl/^ of. 7 
of this chaxDtor) in a strllt- 
ingly sudden way towards 
the right, owing to tho 
solootivo sensitivity of the 
Xfiiotographio layer of Hilvor 
bromide for X-rays. Honoo 
we hero have documontavy 
oyidoiico ol tho two com- 
ponenta of X-rays, ro-. 
peatedly mentioned above, 
namely, the continuous sx^eotrum (impulse radiation) and tlvo lim^- 
sx^ectrum. 

Tho next picture is one of a series of systomatio photograx^hs by 
means of which W. H. and W. L, Bragg have nnravellocl tho atruoiuro 
of rook-salt (Eg, 49). The source of radiation was a tube vdtli tu 
rhodium anti-cathode, This gives, in addition to a weak oontinuonM 
apeotriim, two lines, in particular, one, the more intense but softer 
a-Uiie, and the other, tlio weaker but harder j3-iine. of the so-oallotl 
IC-serics. The oube face of rock-salt served os the reflooting crystal 
face. The intensity of reflection was mecusnred by tho ionisation 
method. The ordinates of the figure are thus eleotromoter dofleotioim 
giving the intensity of the ionisation current ; tho absoissce denoto 



d 

Fia. 48, — CharacterjBtia ROntgon apootrum of 
Pt (L-soriea, y, 8) takon with a rotat- 
ing crystal of NaCl. Tho strong solootivo 
absorption of tho bromino (IC-^soi'ptiou 
limit) in tho light sensitive layer of tho 
photographic plato boghis at d* Wavo- 
loi^gfchs inoreaso towards tho right, 


, * Phys. Zeits., 18, 406 (1017). 
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the angles (of. Fig, 47), through which the ionisation elniinbor must 
1)0 tuniocl so as to h(^ able to r(MHU.vc tiu^ i'(4leetc(l intensity imdor 
coiiHidcration in t\ii'n, 'riu^ ligurc hIiows tlu^ two lines oc and ^ in three 
dilfercut ponitioiis. IMio dilToronco l)etweeii the linos, which gives 
a measure of the ape(itroscopic rosolutioii, increases Avith the order- 
number of the rollectioii ; at the same time, hoAVOvor, the intensity 
of the lines mi)idly dooreasos (the amount of this decrease depends 
not only on tlio general conditions of the diffraction, but also on the 
partioular structure of the crystal used). Botli facts, increase of 
resolution and deereaso of intensity, luive already been emphasised 
t^bovOi Tlio sluu'pness of the lines, compared Avitli the ineocding 
photograph, is by no moans groat in this ionisation i)iotiirc. 

Wo give as our third picture a pliotograph,* taken hy Debye and 
Scherrer, of very finely x>OAvdorod IJF. The source of radiation, a 
tube Avitli a CJu-anti-eathodc, again omits, in particular, tAVo ohar- 
aoteristio Avave -lengths, the a- and the j9-lines of the K-sories, the 
former being a little more intense than the latter, Tlio dark lines of 


1 



?ra. dO.— Churn ottanHihj ECntgon snofarum of Kh (Ka^) obtuinocl with an 
ionisation olminbor, Tiio miinhoi’fl 1, 2* JJ Uonoto tlio Ist, 2 11(1 .and Srd 
ordora of ronoidioii at tho uryutul faoo ((Uiho faoo of NaOl), 

I tho photograph arc protliiood hy thoHO two wavo-longtliH, whoroaa tho 

t ooiitinuonH Hpootruiii of tho (Ju tube ha« produced no appreciable 

dai'koning. TIvoko ilark linos arc, as wo remarkod above, tlio intor- 
Boctions of tiro film with tho oiroidar cones that start out from the 
» ' crystal powder, and aro dosoribod about tho direction axis of tho in- 
cident X-ray pencil. In tho middle of tho inoturo tho linos of darkness 
aro straight, booauso tho circular oono that is dosoribed about tho 

4 primary ray bocomos a piano wlion its angle of aporturo is 1)0°, and it 

f tboroforo intersects tho film in a straight lino. Towards tho right and 

I : tho loft ends of tho picture (omorgonb and incident directions of tho 
I primary ray) tho ourvaturo of tho lines of intorsootion inoroasos. Tiio 
I very dark linos oorrospond throughout to tho «-lino of On, likewise 
I tho raodoratoly dork ones ; tlio weak linos oorrospond to tlio ^-lino, 
I in the main. Tho «-radiation and likowiso tho ^-radiation gives ns 
I not only one, but sovoral dark images, booauso it is reflected approoi- 

5 ably at sovoral faces of tho micro-crystals (octahedral, dodeoahodral, 


* Xalwii from tliu UttUingor Naoliriolnou of tho your 11)1(1. 



igf) Chapter IV. X-ray Spectra 

cubic face, ami, imicerl, not only in the linst order, bub alHo in Miu 
aeconcl, third, and fourth ordcra), wlmrcby tbcHC fiua'a m'lat in oiiuh 
case Ivavo the appi'opriato orientation towarda tlio iiioident Uoirtgoii 

^ But we must now follow the purpose stated, in tlio title of^tliis 
seotion— the meamremmt of the Avavo-length of llcinbgon mya. TIiih 
depends, as is clear from equation (3) and from Lauo’s own funda- 
mental idea, on a oomparison of the wave-length sought with the 
dimensions of the crystal lattice, in particular, with the distainm d 
between the net planes. 

Let us return to the method of the revolving crystal and iiasuino 
that a number of lines arc photographed very distinctly and sharply 
on the film 11'' of lig. 47, The distance of an individual lino from tho 
primary I'ay gives us the angle 20 directly (of, llg. 47). l*'i'Oin this 
we calculate 6 and sin 6. Thus, so long as d is known, A oan alao Im 
given directly from (3). 





mmm 


Fiq. 50*— I>Gbyo-ScheiW“photogmpU obfcaiuod 
with powdered LiF. Charac toils tio BOntgoii 
spectrum of Cu (Ka/I). 



fil.-'-'OryHtal iiuulul o( 
rook salt, Oubio lull 


Ib only remains for us to cleaoribo how d in found. ^ Tho oarliunt 
preoise measurements were made by using a pieoo of rook-oryntal 
cleaved along the cube faces. The struotiiral skoloton of tlu> NitCJl 
crystal is shown in Pig, 61. We have a simple oubo lattice whoso poiiit-H 
are occupied alternately by Na^ and Ohatoma (more corrootly, Net * - 
and Ok-ions). The distance between the not x^lanos wlnoli comes into 
question here is cl ^ a/2, that is, it is equal to half the edge of tluj 
oubo in which the Na-ions and the Ol-ions are arranged, If wo iniagjrm 
a cube described about each Na- and 01-ion as oontro, thou tlicau 
cubes completely fill the crystal. Hence, in the spaoo tlmi'O ivdll 
be a mass This mass amoimts to 

(23‘00 -h 3640)mH = ^ ^ 

that is, the sum of the atomic Iveights of Na and Cl multiplied by blui 
mass mn of the hydrogen atom, or> more accurately, with tho rooip- 

* Cf. tho dofcailod dmussion by E, Wagnor, Ann, d, Phys,, 49, 02C (1010), 
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rocal of L, Losohmidfc^H numhor per mol, the value of which we get 
from l?ig* ] B on page 7. 

We get in thin way, for the density of mass of rock-salt. 


P 


r)8’40 
fK)() . 2# 


10 23 . 


This density of mass is, on the other hand, known from direct observa- 
tion, or can ho determined experimentally for the crystal of rock-salt 
used in each xmrticular case. A very exact inoasnreinont by libntgeii 
gives 

p 2*104. 

By oomj)aring the two values of p wo liiid 


I 58*46 . 10-23 
V 2 * 2*104 . 0*06 


2*814 A 


2814 X-units, 


wlicre, following Sioghalm, wo liavo introduoed the unit 
1 X-unit , ipVfi A. 

Tlie greatest uncertainty in the munliers used is contained in the 
value of tlio Losohinidt (or Avogadro) nvimber, and amounts to at most 
1 per cent. *, the possible error in tl\o lattice-constant cZ hence hocomes 
loss than ^ per cent. 

Tlio value d — 2*814 A was used as the basis for the fli'st wave- 
longth determinations by Moseley in 1913. Seigbahn adoj>tcd tlio 
convention of taking 2814*00 X-nnits as his basis ; all inoasnromcnts 
obtained in Siegbahn*s laboratory arc referred to this value, In 
praotioal respects, however, fluorspar is sujierior to rock-salt on account 
of the nature of its oloavago planes and its small coofliciont of ex- 
pansion , Precision moasnrements arc thoreforo performed whorovor 
possible with fluorspar ; the lattice-constant of fluorspar, referred to 
the d of rock-salt, amounts at 18^ 0. to 3020*04 X-units, 

Tho methods so far diaoussed give a relatm wavo-longth measure- 
ment, whieli depends on an exact knowledge of tlio value of d for 
a normal crystal. Since the appearance of a fiindamontal paper by 
Compton and Doan * in 1925 it has become possible to make an absohite 
mousuromont of wavo-longtbs in tho manner used in measuring lattices 
optically. All that is necessary is an ordinary ruled grating on 
I'oflocting motal or glass, which need not oven havo/a very small lattioo- 
constant (for oxamiilo, 50 linos to the milli metro). 

How docs this liarmoniso with our ivssortion in § 1 , according 
to wliioh the lattice-constant must not ho gi’oat oomparocl with tho 
wavo-longtli 'i Tlie explanatuin is that in these experiments ex- 
Irmcly sinaU angles of incidence im\ used. Kor tlie lattice equation ( 1 ) 
in § 1 shows directly that a may be ineroasetl in proportion as a - oto 

* A. H. Compton ami H, L, Doan, Prou. Nat. Aw., 11, 6i)S (1025). 
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diminished* Moreover, in the new method it is not sclootivt^ hut 
total rejlectioii that is used, and this implies a oonsiderahlo gain in in* 
tensity and sharpness ol the lines. The phenomenon of total roilootion, 
which occurs when a ray passes from a denser to a less donno incidium 
(glass into air), is, of course, well known in the optical rogifm. In tho 
X>ray region air or a vaotmm is tho denser and glass or inotal 
the 'Uess dense medium. Wo m^v in note 1 that in soattoring 
processes ordinary and X-ray light behaved in opposite respunts- 
Whereas in the optical region we could neglect (a in coinparinon with 
OiQ (the frequency of tho light in comparison witli tho natural or 
proper ** frequency of the scattering atoms), in tho X-ray n^gicni wo 
had to neglect coq in comparison witli oy. Hence in cqn, (2) of i\oU5 I 
the characteristic denominator reverses its sign. But tho sanici do^ 
nominator also occurs in the dispersion formula and lioro dotorinhnm 
the deviation of the refractive index from L Whereas tho refrnedivo 
index of ordinary liglit is greater tlian unity in passing from air to glass, 
tho refractive index of X-ray light becomes Im than 1 altlunigh only 
by a very small amount. Hence total reflection can ooeiir in tliis 
tran*sition, but only when the angles are extremely small* 

111 the meantime this method has been perfected to an oxtvaordiiuvry 
degree, both in Upsala by Baoklin (Dissertation, 1928) and in Olikmgo 
by Bearden (Nat. Ac., 1929) ; it yields X-ray lines of iiToproiiolud>ln 
definition and resolution as far as the tontli order, ilfroni Huoli 
photographs the wave-length A of the X-ray lino in question oiui bo 
determined absolutely by using tho lattice-oonstant a. On tho fitlior 
hand, by comparing the A-valuos so obtained with those obtained by 
reflections from crystals wo can determine tho lattiGG-constant d of 
the crystals. For fluorspar, for example, Biioklin obtained tlie value 

df = 3033 X-units, 

which is not inconsiderably greater than that given above* 

But this involves a further correction in Losolimidt'a niuubar and 
consequently also in tlie value for the olomoutary charge c, Aoeorcling 
to BUcklhi or Bearden, Millikan's value e 4‘774 , IQ'-io (cf, p, 15) 
Avould have to bo increased to 

e = 4*793 ♦ or 4*804 . 10":*® respootively, 

Judgment about tho* sources of error involved in the now inothod must 
be susiiondecl for the present. Honoe for the present wo sliall roiajjt 
tho values given in Chapter I for the fundamental constants e, m, 
and so forth. Wo consider it only right, however, to point out that 
possibly a more accurate determination of those oonatante Avill lx? 
possible as a result of absolute lattice measuromonts of tho waA^ts- 
lengths of X-rays. 
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§ 8. Survey ol the K-, ti-, and M-series and the Corresponding 
Wmits oS Excitation 

niiw imiiu' into a region of physioal reaoarch which was founded 
only in “‘"i wiiUjh, in spito of the unfavourable conditions of the 
iiiU'rvening yimrs, has ivlroady been developed so far that to-day its 
.uli'uoLni'i' is exposed to oxir gaze Avith greater clearness of detail tlinn 
I In' l egioiiH Avhleb have been explored much longer and from which the 
mnv have borrowed their aims and methods. It is in fact 

lrne> that tiio Hiwi'lwacopjf of Jtonlgen rays shoAva in many Avays simpler 
and inoro KaliHimslory results than the illhnitahlc sjKclroscojjy of the 
vtnlbh ri'ipon, 

'I’ht* leasnii for tliis striking fact Avas touched on in § 3 of the pr<'- 
eediiiK nlmptor ; the X-rny« came from the inner part of the atom 
vvlii'ie Iho elenlioiw, owing bo tlio inauence of the nnAveakciAccl nuclear 
ebium', ol'i'y «iini'l<' i'^^vs ; visible spectra start out from the periphery 
nC tin' atom, AA'hero tlie oleotrons acouinulate and the nuclear charge 
htaes i)H rogulutivt' i)o\v('v. A further reason must ho added : right 
froiu the mdsot X-ray spectroscopy had the now atomic theory of 
Uolir (IIII81 to K'li'l*' H and diveot it. Avheroaa optical spectroscopy 
wan tor deeadi's withmib thoorotioal guidance and had first bo genemto 
from williin, as it AA'ero, the facts on which the atomic theory could le 

m llmt omt n Btonoc ot out knowMge ot 

r" 

tbSto ot the SS 

v,„« ,„„,.ut,.l by 

in tlie ciwe «>f, say, X-vavs must to a great extent 

led to the i'tnniluHiou that olinia ^ , . , . a, simple relation 

luii\vo<^n till' «>£ /4-hat is tlve absorption decreases) 

Lutiu^ U.. T & o?co»ii,le, the eh.t. 

n« tlwA atennio Avoiglit inoieimos. 1 character- 

atomic Wi'ighb. showing the existence of tAvo senes 

Hai l< H. Hiicn'ccled b K-smes and the L<.8cn«« 

nulhvUuu. “':,i ef «.» 

iln oliw'i'vod the W-hh«_' . ^ heavy metals (c.g. An. . 

f ... as Aal and tho l..HVAVieH ui that ot 1 y hght elements 
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inado ib evident that they would ho so soft tliat, with the inoaus at 
tliat time available, their presence could not bo deteoted. On tho 
otliGi’ Ixand, tho extrapolation of the K-radiatioii in tho direction of 
tlio heavy motals showed that in their case the K-radiatiou would 
have to bo so hard that it could not be excited by tho X-ray tubes that 
were available at that time. For it is a general la'w of the ox(utation 
of a characteristic radiation that the exciting mdialmi must be harder 
than that which is excited* Tlxis law of excitation pointed to an analogy 
in tlio realm of ox)ties, namely to StoJee's rule for light produced by 
Jluorescancc, If a fluorescent substance is to be made to fluoresce, tlio 
inoident light must in general be of .shorter wavo-lengtli than, that of 
the light omitted by fluorescence. In this case, too, then, tho exciting 
liglit must bo ** harder ” than that which is excited. Hence Barlda 
also called characteristic X-rays fluorescence raysy thus charaotorisiug 
their origin fittingly. Just as the fluorosconco light is detorinincd by 
tho nature of the fluorescent body and is different in nature from the 
exciting light, so tho fluorescence X-ray liglit is determined by tlie 
structure of tho omitting atom, indexioiidontly of tho constitution of 
tlio oxoiting radiation, provided that tho latter is suffichmtly bard. 

After Lane’s discovery all tliese relations became incomparably 
inoro certain and definite, Tho qualitative inoasui.’omont of hai’dncsH 
by means of absorption was replaced by tho quantitative moaHuroment 
of ^oavedenglht which was free from all arbitrariness, ho^nogeneity 
of tho oharaoteristio radiation was on tho one hand sharpened and 
on the other limited, Tho speotroscopio resolution of tho oliav- 
aotoristio radiation disclosed a spectrum of sharp lines, of wliioh each, 
taken alone, represents Rontgeu light of very great homogeneity, but 
tlio totality of which signifies an emission of light of a certain degree 
of heterogeneity. The general dependence of the hardness on tho 
atomic weight could now, after tho arbitrary mode of moasurojnont 
by absorption had been replaced by the natural metliod of measuring 
wave-ioiigfchs, and after, thanks to Bohr’s theory, tho somoivliat 
indefinite atomic weight had been replaced by the simpler quantity, 
atomic number, bo expressed os a simple numerical law bekveen wave^ 
length and atomic mmber* It also became possible to ex])ros8 the 
condition of excitation quantitatively. When tho oxoiting radiation 
was resolved spectroscopically, it was seen by how much its fihort«>Avavn 
end had to exceed the oxoited radiation in hardness, in tho sense of 
Stake’s rule. Finally, it was found possible to add to tho two cliar- 
aotoristie emissions denoted K- and L-radiation by Barkla two other 
radiations, appropriately called M-, N- and 0-radiation. 

We next give a general graphical survey of tho wavo-longths of 
K-, L-, and M-radiation, which is derived from an account given by 
Siegbahn and R. Thoraeus (Fig. 52). Wo mark off tho wave- 
lengths horizontally, whereas, starting from the top, wo measure off 
vei-tically the increasing atomic numbers of the elements omitting thesn 
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wave-longfcha. The horizontal lino thus signifies in a certain sense the 
extent of the spoetruin in question, and the vertical direction, in steps 
of 3 units at a time, tlio sequence of the natural system of the olenients. 
The K-radiation is tho hardest of tlio three types of rays ; it has boon 
obsorvecl for cases ranging from the lightest elements, for which even 
the K-radiation is already extraordinarily soft, to oases for wliioh the 
rays are oxtromoly hard, Still softer than tho L-radiation there is 
the M-radiation, whioii has so far been observed only in tho case of 
heavy cloracnts, and oven tlion special precautions (vacuum speotro- 
grapli, of. p. 11)2) were rendered neecssary. The N-radiatioii is again 
softer and has boon observed only in tlio case of tho honvie,st elements. 
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Each of tlicao kimlB of mys conHiate, as tho figuro indicator, of soveral 
linos and oaoli inoroascs I'ogularly in hardness as tho atomic number 
increases* 

Wo follow this survey of tlio oxporimoutal results hy tho tlieorctical 
picture to whioli tlioy have led, This picturo is hosed entirely on tho 
atomic model, oonsisting of tho positive nuolous os tho contra! body 
and tho clootron shells suiToimding it, which, anticipating llarlda's 
nomonclaUiro, wo called !IC, Jj-, and M- shell in the preceding chapter. 
Ifor tho prosonb W(i shall consider those bIvoIIs, as wius originally done, 
as iniiforiu so far as tilio enorgy-contoivb o.l; each is ({oiu^erned ; that is, 
wo shall disregard tho suh-division of tiio shells into various sub-grou))s. 

Wo shall now describe (a) the phenomenon of excitation, {b) t)ie 





202 


Chapter lY. X-ray Spectra 


process of oinission foi' the IC-, L-, M-radiation according to the x>lan 
of W. Kossel,’^ whose views seem to ho more and more confirmed by 
the facts. 

To excite K-radiatioii, an electron must he removed from the ininu*- 
most shell, the K-ring, and transferred to the pcrixdiory of tlic atom. 
If the excitation occurs through the agency of cathode rays, it is m^y 
to imagine that the tearing-ofi of the ** K-electron ” is effected by tin) 
iinxmct of a oathodo-ray penetrated into the atom. 

To detach the K-electron, a certain energy, lifting power, is neeoKsary. 
The energy of the impinging cathode ray must he at least as great ns 
this lifting energy. This sets a definite limit to the excitation neoesary 
to produce the K-radiation, that is, there is a lower limit to the 
necessary hardness of the oathode rays. If tlio exoitatioii is olfcciUMl 
not hy cathode rays but by primary Rfintgen radiation, then we nvimt 
demand for the corresponding minimum of its hardness that its A v valiin 
(of, Chap. I, § 6) is at least as great as the lifting power required to dti 
tlie work of transferenoc. 

To excite the L-mdiaimi^ it is noocssary to remove an clootro]i from 

the L-shcll to an outer pomtion. M'lio 
lifting work necessary is loss tluiii ilio 
oorreai)onding v^ork for the same atoi n 
in the case of a K-elootron. Heuius 
for the L-eleotron, tlio necesKury 
liardness of the exciting catliodo rayn 
or Rdntgon rays is leas, In Fig. r»!l 
the process of excitation is rox>ro- 
sonted diagrammatioally hy tlu) 
arrows that i)omt from witliin out- 
wards. They bear tlio signs K-dr. 
(K.->Qrenze = IC-Iimit}, L-Gr, (L-liinil), 
and so forth. 

Through the excitation the atom 
is prepared for the subsequonl 
process of amission. When the K- electron has boon torn out, the fv- 
shell strives to complete itself again. Tlio missing electron may hi 
furnished by either the L-shell or the M-shell, or some other. Whore Hi: 
the process of excitation was accompanied by a gain of energy (w'OJ’h 
of lifting, absorption .of energy), the converse xnooess takes place with 
the loss of energy (energy of falling, omission). Wo assinno tliat thi^ 
appears in the form of energy of radiation, and that it is omitted tti 
monochromatic radiation, that is, as radiation of one wave-length, 1i 
each case. According as the missing electron, however, roturiiH 
the K-ving from the Ij-, M-, or N-shell, the energy sot free v^ill 



omission of Rontgon series (K-, 
L-, M-soi’ios). 


ti 

In 


* W, Kossel, Vorh. d, Doutschen Rhysikal. Gesoilsoh,, lOld, i)p, 800 and UfiU 

lOie, p. 830. 
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aittri-ont. in .unnuni, : <Ui™si)c,ndingly there mil be various possil.le 
ls-r.ulmlu.uH em-h of which is repreaented by a definite wave-length. 


Wi'. talk of tlio Ka-lino (tmuslbiou from the L- to the K-shell) of the 
K/?-livte (liuiiHition from the M- to the IC-shell), of the Ky-line (tran- 
Hition fioni the N- to the K-shell). The lines Ka, Kj3, Ky together 
i-oiiHtitute tlu^ .K^ is liarder than ICa, and Ky is harder than 

on neeouiit of the anecoHsivc increase in the energy of falling that 
is iivuilalilo. Ou the other hand, Ka is more intense than Kfi, and 
Kft in ■wiorr. iiitriiHe than Ky owing to the fact that the probability 
of the odiuin'enee of tho transition beooraes successively smaller. It 
siunim very phuisihle to suppoao that the replacement of the mis-sing 


eleetnni is elTeotwl more often hy the neighbouring shell than by the 
xt or Hoine hitor shell. In .[fig. 53 these electronic transitions arc 


next or soine later shell. In .[fig 
repreKentisl liy tlm arrows that jioinb inwards to tho nucleus ; they 
are tlistinguishcd, in so far* as they belong to the emission of K-lines, 
by the synihols 1C«, Kfi, Ky. 

AVliei’eas all (dcctronio jumps that end in the K-shcll belong to the 
K- series, all tlu^se tliat ond in tho L-shell belong to the lines of the 
1,’Sfrics. It a place in tho L-slioll has become vacant owing to a pre- 
etnling I'xeilation, the L-shoU seeks to restore its full complement of 
elmitrons at tlm cxpcuHo of tho M- or the N-shell, and so forth. Tho 
eiuM'gV fcl'i'-i' •*< hci'chy act fi oo again apipears as monochromatic radiation. 
Wi'' Hjunik of tlm La-lino (transition from the M- to the L-shell), of the 
Ly-lino (jump from tiio N- to tho X.-shell), and so forth. Ly is harder 
anil li'HH intciwo than tho Ija-lino for reasons analogous to those given 
aim VC. ( Niimcviiiug tlio naming of these arrows it must be remarked 
that there arc also lines Lj3 and KS, which, however, like a series of 
further liucm of tlm L-sories, have not yet been successfully fitted into 
our pmviHioiuil sclmmo. Tho following sections will deal further with 

this eircumstaucc, -.Tin 

h'inallv, cleotrouio kanBitiona that end in tho M-shell, furnish 

dilTerencms of energy that eorrespomito emissions 

In our figure this series is loproBontcd hy only one line, 

spouding to tlm Iranaition from the N- mto the M-shell. In real j. 

rxf mwliii t.inn luU’dcr thuil »_ . t 


not been able to 


ky £ h» t... . pi.» 


oontlm thu of W.i. „ fc h»rd..t 


tor such radiation, so that wo 

Ill Hiuii KHiim B ■R.nntffen rays. 


more scliematic 


illustrutiou of tlm iirocess of omission of Bdntgon rays 


Tliis diagram 


account of the quantitative 


has an «.lv.vntagc m that it .^hos the various sheik not 


anpoct of tho phononionon. 
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by thoir relative positions in the atom but by their relative onorgy- 
differoncos, Thus we draw a succession of energy suoli that the 
difference of lioiglit between two steps gives the energy that is liborHt{Ml 
wlicn an electron drops from the higher to the lower stoj) (orbit). 'I'ht^ 
lowest step bears the sign K, the next L, and so forth, '^.riie energy- 
level of the nucleus is to be considered at “ oo. TJio higliest dothul 
limit of the stops corresponds to the poriphory of the atom, li we^ 
consider tho energy devels of the hydrogen atom to the lirst degn^^ 
of approxiniatiouj that is, disregarding tlio interaction between Urn* 
atomio olcotrons and considering only tlioir energy in tlie nuoli^iir 
field, then we must set down the position of the 7i-quantnin step below 

the highest level at a distance proportional to (cf. p, 87), Accord- 

ingly we make the height of the stops in the figure deereaso, from 



— txi 


If IQ, 64. — Diagrainmafcio roiirosontation of tho ouorgy lovols of a JlCutgou 

apoctrum, 

the bottom upwards, in the manner indicated by tlio difTorenoos t)f 
height 1, . written at the side (on tho right). Moreover, wo 

again draw the arrows Ka, KjS, . , Lot * , , that oorj'osjmnd to thc^ 
various possibilities of encrgy-emissioii, and the aiTOWS K-Gr, lAh\ 
which correspond to the various kinds of energy -absori^tion, 

This theoretical diagram enables us to understand at once tlio 
general laws for the hardness of Eontgen lines that came into ovidonoo 
in Mg. 62. For according to the fundamental quantum relation 
hv Wx — Wa the lengths of the arrows in our figure denote directly 
the frequency of the associated emission lines and absorption limits. 

Hence it follows : for 07ie and the same atom the m liardr.r 

than the L-senes wMoh, hi toTi, ia harder ihan the M-aerks, Within 
the K-series the hardiieaa increases from Ka beyoiid Kfi to Ky, buii in 
over-decreasing stex^s, and finally arrives ax^proximaioly at tho hardnewH 
of the Kdimit. The same holds for the L-series, and likewiao for tho 
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(divuvH. (hit furtlua-, tlu^ iivailnlilc. ditTeroncos of cei-Ry ,1^,011,1 cxs™ 
Unity ni. t!u‘^ lunnuiit nf Uie .meliHvi- duu-go. The greater llu- nuelenr 
eliargu [imd heiuu-. the ntoiiue mimhor of Wio oleiijcnt). the more inteiis,. 
IS l lie eleetrie lietd uromul the iniclous. The energy Atetia liecomc greater 
as 7 ) iiuirenw-K {rmighly, in proportion to Z* as in the case of the 
liydnigen-liUo atom, etin. ( 13 ), on p. 87 ). But this means tliat the 
hitnbu'Hfi hicmtm Jor m.nj line with e.very slap forward in Ike nnluml 
Hifntem i>f clrments. 


lint ret also (mahlcH iw to recognise a further principle. If 
M’U iiHo K, 1 j, M) ... to (louoto directly tlie works of excitation (or 
iniiisatiim) diviilcd by h, ■which are Jieeessary to remove an electron 
trnm the K-, J<-, M- . . , shnll, we clearly have * 


K,« - ^ K ■ h, Kj3 « K ~ M, Ky = IC - N, . , .1 

Lw..= L - M, Ly = L - N, . . .1 (1) 

Ma = ]M~N, . . .) 

'I'liCKO <Mpiivt 5 oim denote tho first step towards represontiiig X-ray 
s]tnoli'a hy inciiiiH of lerms, which we shaJl give iu ihs final fonn in 
§ 7 of Uni presoiit oliaptor. At tho same time they show how Bitz's 
iboinbiniition Ih-imoplo (of. Chap. II, § 2 ) is applied to X-ray spectra, 
ft’roin tho wpiations ( 1 ) wo obtain, by eliminating the limits K,-, 
3 <-, M-, . . •, tiio combination relations between the omiasion lines, 
wliich wore first sot up by Kossol, namely, 


K'/ 3 '=- Ka i h« • • • from the first and second columns of eqns.(l)' 
K/y -.Ka 1 by . . . .. first and third 

] ,y La l -Ma . . . second and third „ „ 

Ky > K/J 1 Ma second and third ,, J 


The relationHliipH may obviously also be read off the figure directly 
without tho use of the ciiuations ( 1 ). It is highly suggestive that the 
ummtlonH ( 2 ) hold only airptoximately and not exactly. «not 
duu to tho oomhination prmoiple not being accurately tree but to our 
idea of tho euergy-lovola of tho different shells, as hitherto represented 
being hS too hmouratc. and that the 

ii;' »' 

Holioino iu this houbo. 


* It Uii'HO (KjaattoiiH aro to hold Cf. p. 71. 

divide dm woi'lcH ot oxcilation not by h but y 
Kludl itHHUimi diat ‘*'1" 


(cm**) wo must 
In the seqiwl we 
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Cr. 




§ 4, Tho K-jsories. Its Bearing on the Periodic System oil Elements 

Following ill tho footslops ol; Barkla, Mlnsoloy * was tixo iirst to 
bring tho emission of the Rontgoji lines into relationship with the 
scheme of the natural system. His first photographs (1013) dealt 
witli the K'sories of the elements between Ca;Z = 20, and On, Z ^ 20, 
inclusive. 

Let us at once look at a now famous figure in MoHclcy’s paper. 
Tile photographs have hero been pasted above each other succoHsively 
so that positions vertically below one anotlier denote equal ^^'ave- 

lengths. Tho wave- 
lengths inerease as we 
pass from the left to tlio 
right. Wo learn from 
Eig. 55 : ' 

1, As tho atomie 
number increases, oorro- 
spending lines in the 
spectra move regularly 
and successively towards 
the region of smaller 
wave-longtlia. The hard- 
ness ot the lines increases 
as Z increases, Tliis is 
already known to us from 
the x>rovious section and 
holds not only for tho 
K-series but also, as Eig. 
62 shows, for tho L- and 
M-series, 

2, In the case of oaeli 
element, two linos occur : 
they are the more interiffe 

but softer line Kot and the less intense but harder line IC/3, wlxich wo 
have already mot under the same names in the jiroceding paragrajili. 
The faint line Ky that was also mentioned earlier is not distinguishablo 
from the Kj3, and a^ipears only when refined spectroscopic motliotlH 
are apiolied, 

3. The X-ray spootra are a pure property of the atom, and, indeed, 
an additive projperty. The last picture of tho aeries, which represontH 
brass, that is, an alloy of Cu and Zn, accordingly exhibits the sainu 


iffli 


t 0, ■ 


Pig. — Mosoloy diagram of tho IC-sorios from 

Ca (Z = 20) to Cu {?< 20). Wavo-longths 

inoroaae towardB tho right. Equal wave- 
lengths are arranged undor oiio another. 


G- J. Moseley, Tho High Eroquenoy Spoctra of tho Elomonts,” Phil. 
Mag,, 26, 1024 (1913) j 27, 703 (1014), Mosoley's apparatus is still presorvod In 
tho Eleoti’ioal Laboratory, Oxford, whoro ho earriod out thoao rosoavchos undor 
the aiqiovvision of Professor J. S. Townsend. — (Transl.) 
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§ 4. The K-scries 2, 

lines ns (lifi |ir(H 5 i‘<liujr dIoiuouV. Oii niid the following element Zu (n 
filiuw'ii ill oiii- iigiD’f). KiirM><% (vc, olisorve in tlio cane of Go, wliieti 
il. is iliilienll. In siHiamio fi'oin Ni anil I''o (fif.st trintl of the jwvUidio 
HysU'iiv) , lii’s’nlcM thn «- aiul /1-lino of llw jilao loss intense images of tlic 
*-lhieHi t)f I'V iumI Ni. 

‘J . nrilei' o£ llo and Ni in -the periodic system is rectiflecl by tins 
ix'snlfc Ilf X-ray nnalys'm. Wlu)j'Ca.s, according to the values of the 
iitiniuii \v(‘igii(s, Ni nlimiid promlo Co (at. wgts. being 68-68 and 58'h7 
»VHYHn?.Uvclyy, 


W'O 

hull tu wcilo Ci> 
iM'foro Ni in 11 '*' 

eliomund Holiinim 
of I’alile '!> rng'' 
IIM. M’lmX-mys 
two iw)t deeel v<mI 
hy tlie atmnio 
•vvoig^liti Hlltl «<» 

iViey oonlirm tint 
lriK!i order Go, Ni. 
AW (k iidmin 
ud{//it, hnl i/ii! 

oiomi'C' nuvilii'r 
tfower iM l/nt lion I- 
j/c)t spaclm. 

TJie «nim> is 
Crutt of tin' order 
of 'I'o tmtl f and 
this is liltewise 
eHtaVihulied in’O- 
pevly hy Kilutgen 
niiHlyHis (ef. X'’iH' 
r»7J. Ah lUithei'- 
lord hieidentaUy 
roiunt’ks, this 
origtiniil proldem 
that Moseley wna 
trying h) solve 

whou iie set about 


35 Br 



37 Kb 


S 8 St 


41 Nb 


46 Bh 


Pu,. no. -dtetodng 

hebwoon A« ('A = 33) and BVt (Z - 4.,). 


whou iie set about wwahot it Tvas trot the nuclear 

IwtVtlueHH of tho cliiivaotonBtio particular interest 

D. Shnio the discovory iediction of new 

wa« owitnul oil the ]»’twoi'b )0 0 the rare element scan- 

in the Hyatoni (<if. p. 13.1). Ita\haence ia betrayed by too 

tlluin iii mlHsing Itotweon C • jj^ccecd one nnothei 

grout a leap between the eloniente Ca ana 
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in the figure. The regular inoreaso (that was oiuphasiHcd in I) 
harchiOHH as 7^ increases reveals infallibly ov<ay gaj) in the. Hyntinn, 
Whereas wo aro hero concerned with tlie well-known clement 
we shall in JTig. 57 recognise a gap of this sort at Z = 48, whiuli poinhs 
to tlio clement Masurium which was only recently discovorcHl, th<^ 
discovery being made by means of X-rays. Tiie previous gapH Z - -111 
and 76 have also been filled by the X-ray metliod, whereas Iho tw<» 
places Z =: 85, Z = 87 are still shown to be gaps by the same inetluxl. 

Partly to continue Moseley’s figure in the direetioii of iiun'oiiHing 
atomic numbers and partly to bring into evidenco the advaiuu'.s Mini; 
have been made in photographing Rontgen rays, we give as oiii' luwt 
illustration Pig. 56, by Siegbalin : it represents the olomonia from Ah, 
Z = 33, to Rh, Z — 45. In this case the spectra have been talaui by 
the method of the revolving crystal ; as a result, the lines aro nharjuu' 
than in Moseley’s case and more completely separated. Boshh^H 
second most intense line ICj3, we see hero also the fahii Una Ky (to l lu^ 
left, and hence harder than K/3), the origin of which v/o know f rom tJio 
preceding section. Further, wo see tliat the most intense lino K<x han 
been resolved into the doublet (oi, a') (a' is to the right of a, anil hmioo 
is softer). Besides these lines, the zero mark (on the extromo loft) 
has been photographed ; it is made by the uudiffraetocl |)riniary 
radiation. 

The same remarks ax:)ply to this figure as to the former ; the hard- 
ness increases for each lino as the atomic nunibor inoroasos ; tlu\ iSr*liiio 
adulterates the Rb-speotrum ; gax)a occur in the suoooshIoii of tlin 
elements, exhibited by irregularly great diftoronces in tho InirdiiOHH. 
namely, betweeii Br, Z = 36, andRb, Z == 37, the inert gas Ki\ Z !4tl, 
is missing. 

We first give a shoi»t survey of the dilloront nomoiielatiireH and tlin 
origin and intensity of the Kdines. 


Taulk 11, 


Sommevlcld 

SlcgUftUii 

Orlltln 

1 TntouHlly 

a'l 

Ota 

bii > K 

fiO 

« / 

«! 

Lm -> ]<1 

100 

fV 


Mu -> K 

'•in 


Px 

Mm -•> K 


V 

A 

Nm -> K 

1 l(i 


The lines are arranged in order of increasing harclirnnH, In 
Siegbalm’s notation two groups of linos are distinguislred, th« Hufi 
oc-lines and the harder p-linos ; he numbers the lines in both gruu|)H 
according to their intensity. A number of fainter lines iJuit ouavir 
only in the case of the lowest atomic numbers, and that aro t{j Imnr 
the names c^a, a.i, ag, a^, according to Sioghahn, are not inubuliMl 
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in nur linl'. Wo nliall rtwiu’b to this in § 7. Tho intensity data have 
lun’i'nwiul from Hiofrhahn’s hook (referred to on p. 18G) and denote 
rati OH. 

M'lie data aliout tho origin of tho lines correspond to the representa- 
ihm of terms in eqin (1) of tho iireceding section and supplement this 
Holiemie in tlut of tlie sub-division of the energy-steps there set 
out. this rouHon wo have i)rovklcd the symbols of the L-, M-, 
mid N-slmll with indi<^os, whose general scheme we shall discuss in 
g 11 of tho piH'Hont (baptov, Tho lines a'oc, p'ft have been bracketed 
togolliiu' to dtuiotii that thoy form with each other the doublet differ- 
liiir ■ * iut and Mjn -- Mu, which we shall discuss in the next 
Hotilion. 

Wo now giv<^ a list of tho wave-leiigtlis of the principal lines of the 
K-HorloH, using ill gonoml X-units (cf. p, 197) ; 1 X — A. 

Wo hIuvU k(H»]) to tlio ineasui’onionts obtained in Seigbahn's Institute j 
oxceiit in tho oaso of Ma, for wluoh we give Berg and Tacke^s measure- 
monts. Finally wo add in tho last column but one the wave-lengths 
of tlu' absorption limits (K-limit) as given by the measurements of 
lA'ido (DUsortatlou, Lund» 102fi), so that we have now collected the 
most important data rolating to wave-lengths of the IC-series in one 
tablm W<^ shall give a dotailod discussion of the absorption limits 

^At th(^ hoginning of tlio table the lines aa' have not yet been 
wopiiratod While the gaps in the table are obviously accidental 
(tor i^xamibs tlu^ inert gases are absent) tlie y-liiie seems to find its 
luiLuml limit ill tho noighhourhood of Ti, Z - 22 ; we shall revert to 
this iu § 7 in ooiijunotion with tlio interesting questions of the sue- 

iH‘aHivo iuiilding up of tho hIioIIh. >11 

From tho wavo-longths A wo pass on to their reciprocal values, 
the wavo*numhorK v ; to arrive at uiMiamed numbers of a convemen 
of n.aK..it.ulo w<. divide tlio v’s by tl.o Bydberg 
( Ifti oil It. Sll). ;i It tliiH Avay wo obtain tlio columiia 3 to 5 in J. able 15. 
Wo Hot next to tliom iii columns 0 and 7 tbe diaomices between tiie 
,./E’h for tlio liiK'H a and a' and the value of Vvji^ for ttio 
(at tlio bond of the fcablo wo bnvo denoted these oolnmns bnefly by 

* w.— 

tlwb lix oui’ attontkni on tho last column but one. It forms ai 

tafATu™o rregular. later 

«ufc of h’iu. fi7> wliioli oxiiresHOS tho values of "» J 

Uio ,.toi«lo iimnlK.1'. in «.» 

of., u. - ^ 

H 
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WfiVB'lcnotha of iJic K-acrif^s hi X-miits 


z 

L 

« 


y 


7i 

« 0 

23-73 (A.-U.) 

„ 


_ 

8 0 

0 b’ 

18-3() „ 

— 

— . 

— 

9 9’ 

11. Na 

U88:b0 


11691 

— 

— 

11 Na 

12 Mg 

0867-76 

9634-6 

— 

— 

12 Mg 

13 Ai 

8310-40 

7040-6 

— 

— 

13 A1 

1-1. Si 

7100-17 

0739-3 

— 

— 

14 Bi 

1(5 F 

0141-71 

6789-0 

— 

. — . 

16 r 

10 s 

r)303‘7r> 

6300-00 

6021-3 

— 


10 S 

17 Cl 

4721‘30 

4718-21 

4394-0 

. — 

— 

17 Cl 

10 K 

3737*06 

3733-08 

3440-80 

— 

— 

19 K 

20 Ga 

3364-95 

3361-09 

3083-43 

— 

— 

20 Ca 

21 So 

3028-40 

3026-03 

2773-94 

— 

— 

21 Be 

22 Ti 

2740-81 

2743-17 

2608-08 

2493-7 

— 

22 Ti 

22 Y 

2602-13 

2498*36 

2270-72 

2204-0 


23 V 

24 Cr 

2288-907 

2286*033 

2080-686 

2000-71 

. — . 

2(1 Of 

26 Mn 

2101-480 

2097-606 

1000-106 

1893-27 

— I 

26 Mu 

20 Fo 1 

1030-012 

1932-070 

1763-013 

1740-80 

— 

20 I’d 

27 Co 

1780-187 

1786-287 

1817-430 

1006-02 

— 

27 Co 

28 Ni 

1068 363 

1064-603 

1407-046 

1486-01 

— 

28 Ni 

20 Cu 

1541-10 

1637-20 

1380-33 

1378-0 

1377-66 

29 On 

30 Zn 

1436-87 

1432-00 

1292-00 

1280-97 

1280-8 

30 'An 

32 Go 

1266-21 

1261-30 

1120-74 

1114-02 

. — . 

32 Go 

33 As 

1177-40 

1173-43 

1066-18 

1042-03 

1042-63 

33 Ah 

3'1 So 

: 1100*43 

1102-42 

990-26 

077-00 

977-73 

34 Ho 

3C Br 

i 1041-00 

1037'60 

930-84 

018-20 

918-09 

36 Hr 

37 lib 

027-72 

923 -00 

827-03 

814-84 

814-10 

37 HI) 

38 Sr 

877-64 

873-87 

781-63 

700- U) 

708-37 

38 Sr 

30 yt 

831-10 

827-01 

730-31 

720-92 

— 

30 Yt 

40 Zr 

788-60 

784-29 

700-47 

088-34 

087-38 

'10 Av 

41 Nb 

748-82 

744-67 

064-49 

062-66 

061-68 

'l l NI) 

42 Mo 

712-106 

707-831 

030-978*, 

G19-098 

018-48 

'12 Mo 

43 Ma 

0-076 (A) 

0-072 (A) 

0*001 (A) 

— 

— 

'13 Ma 

44 Ru 

0.10-16 

041-81 

671'43 

600-48 

— 

'I'l; Hu 

45 B]i 

010-371 

012-028 

644<401 * 

633-967 

633-03 

'16 HU 

46 Fcl 

688-032 

684-200 

619-471 * 

600-181 

607-96 

'10 IM 

47 Ag 

502-009 

668-277 

400-000 * 

480-030 

484-80 

'J7 Ak 

48 Cd 

638-29 

683-80 

474-29 

404-39 

403-13 

<18 Cd 

4:0 In 

616-40 

611-03 

463-72 

444-08 

442-98 

'll) 111 

50 Sn 

494-010 

489*672 

434-297 * 

424-992 

423-94 

60 Sii 

51 Sb 

473-87 

409-31 

410-23 

407-10 

400-09 I 

61 SI) 

52 ^'0 

464-91 

460-37 

390-20 

390-37 

389-24 

62 'I’u 

53 I 

437-03 

432-40 

383-29 

374-71 

373-44 

63 :r. 

55 Cfl 

404-11 

390-69 

— 


344-07 

66 Ca 

56 13a 

388-99 

384-43 

— 



330-70 

60 Ha 

57 La 

374-00 

370-04 

— 



318-14 

67 Ha 

58 Co 

301-10 

360-47 

— 


300*20 

68 Co 

00 Nd 

336-96 

331-26 

— 


284-68 

00 Nd 

02 iSm 

313-02 

308-33 

— 



— 

02 Sin 

03 Eu 

302-66 

297-90 

— 



— 

03 Ku 

01 Gd 

202'01 

287-82 

— 



— 

O'lad 

06 Tb 

282-86 

278-20 

— 



— 

06 Tb 

06 Ly 

273-76 

209-03 

— 

— 

— , 

00 By 

07 Ho 

204-90 

200-30 


— 

222- 04 

07 Ho 

08 Er . 

260-04 

261-97 

— 

— 

— 

08 Hr 

70 Yb 

240-98 

230-28 

— 

— 

— 

70 Yb 

74 W 

: 213-62 

208-86 

184-30 

179-40 

— 

7'IW 

77 Ir 

106-8 

— 

108-4 

— 

— 

77 :i:r 

78 Vt 

190-10 

186-28 

103-4 

168-2 

— 

78 Pb 


* In tho ease of fchoso olomonfcs p' has been aoporatocl from p whoroas for tho 
other olomonts our wavo^longth data for p denoto tlio unresolved complex of 
lines P Wo liavo 


p' ^ R 0*506 X.units for Mo, 2 ^ 42 - j? « 0'028 X-nnits for Ag, Z = 47 

0 002 „ „ Xlh. Z 46 0‘660 .. .. Su. Z r:= nO 


« C) 

{] h' 

II Nil 
J2M« 

III Al 
M Hi 
iri V 
trt H 
17 01 
111 K 

20 Oh 

21 H(t I 

22 Tl 

ny 

2‘1 Or 
ari Mu 
20 :h\) 
27 Co 
2»Ni 
2ti Oil 
20 'An 
22 Oo 



flOJJy a228'H y;iH7*2 

07 Ho :M28'1) 

08 :iov aofiOH 

70 Yb 1178 br> a«50‘7 

74 W 42(17’8 48024) 

77 Ir 4054 

7H Vt 4702 4018 

Vj^^twooH 8 T "v ^ 

do wo /Ind ouf VK-vnluiw to bo tho y o 2101 (v/B)p' bos tha values: 

ii‘?rJmT\hTSr.TSA Si-iW-., .’.uv .. 
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the neiglibouring liiie.s a' and y (tlio two onterinoHt linea) hillow fclieiii 

in their cmuse. , , , ■ ,.p v 

In Fig. 57 our earlier Htatcnicivt.s about the la’-havunir t)l A'ln.'j 
sneotra and their relationsliip to the natural syatom oI oloinonta are 
sW particularly clearly. We .see the regular inoi'oaHO oj liardneHU 
with atomic number, which is linear in our present method ot repre- 
sentation. There is as yet no sign of the periodicity of the olonnuvts. 
We interpreted this earlier as moaning that only tlie penplioral jau’is 
of the atom are constructed in a periodic way and that the (uu'rgy 



ratios in the interior of the atom inoreaso rogulai'ly witii the inutloiir 
charge. 

Tliis method of representation gains iii certainty wlion wo draw 
inferences about the possible gaps in the system of oleinonts, LC 
the figure had been drawn without account being taken of the ga|i 
which was present earlier at Z == 43 (masurium), a discontinuity 
would have manifested itself at the point in question in tlio course of 
the graph and this would at once have called attention to tlio missing 
element. Also note the sequence Te, 1 (Z = 52 and 53), which iH 
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CRtahliHliefl l)oy()tul doubt in our ditigram and which agrecH with the 
rcquit’oiuouts of tho clioniiciftl sohome (I in the seventh vertical cohunn» 
holcivv l!\ 01 and Br). 

ft iH also intcrosting to note tho magnitude of the increase of V* 
in '■.I’nblo 1:1, tliat iu, tho ohaugo in VvjB, in the Ka-line as we pass from 
ono (donunit to tho next. It ninounta to about 

0-80 -= x/f. 


(JoiiHOniiontly wo may for tho prcHont express 
h’ig. fi7 Ity tiu' following formula : 


biiu imuiir gracuent 




4 


l-v-ii,-. 


It follows also fi'oiu tho graph that tho constant a which lias hero been 
introdiieiMl and whieli wo shall call tho “ screening constant,” must be 
noarly o([uaI to 1. In this way we arrive at the following expression, 
already dovolopcd hy Moseloy, for tho Avave-nuraber of tho Ka-Iine : 

( 2 ) 


V 

Vi 




- l)® (5i 1)^(1 “ i) “ (2 2*} 


Thitt formula oxhihits a far-roaching analogy with Balmer’s expros- 
hioiv for tho hydrogen sorios given in Chapter II ; in comparison with 
tlvo formula (Ih) on page 89 wc find that tho only difference is that 
now the full nuolmir nuinbor 55 does not ocoiir and tliat it is reduced 
hy tho amount s 1. As the name ” screening-constant ” sign fies. 
this has to ho iuteeprotod ns moaning that in the interior of atoms 
tliat m-e lUllV.ront from tho Jiydrogen typo— and it is ivith such that ive 
aro luwo eoneormHl- -tlio prosonco of negative eleotronio charges near 
tlio nnelmm roduons the action of the positive nuclear charge. 

* Fmm the point of view of the theory ns accepted at 

thno we can no longer regard Moseleys equation (2) as exact. A 

Suite V nor can wo rest satisfied with the above approximate 
f 8 But above all the form of eqn, (2) 

dotoi-inmatum of tlm conatant s. . ^ Combination 

has hcon ohoHon too nariw from ,^St be represented as 

Principle. Aodowling to ni of page 206 we denoted 

tlio dilTorence of, two the aoreening constant s 

by fC aiul \ uMb inrma as is clou^ in Moseley s formula, 

as having ‘'I.''’ 'J' ” ^tset tliat the screoniiig in tlie case 
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will also contribute to the screening, whereas for the K-tcrin Gsaentially 
only the K^electrons come into consideration with a part of tlioiv clmrge. 
Hence a rational expression for the Ka-lino must not start from tho 
specialised Moseley formula (2) but from tho Combination Principlo 
and the general formula (1) on page 205* Novortholcss it will bo a 
cause of wonder for all time that when Moseley first made quantitative^ 
measurements in the realm of X-rays he at tho same time took tho first 
decisive step in interpreting theoretically tho high frequency Hp(H?tra* 

§ 5. The L-series, Doublet Relationships 

The L-series is constructed in a more complicated way tluin tlu» 
K-series, as is shown, in the first place, by its linos being present iii 
greater number. A survey of tho different nomonolatuv(^s and tlu» 
origin and approximate intensities of tlio principal lines is given in 
Table 14 ; besides the lines hero set out tlmro arc several weaker liiu^s 
to which we shall refer in § 7. A reprodnotioii of tho L- series of 
platinum has already been given (Fig. 48, § 2). 

Taulu 14 


Sninmtirfcltl 

Slogbnlm 



( a' 


aa 

Mjv Xiiii 

1 

^ ? 

■ 

CCi 

My ->L„, 

10 

? . 


Pi 

Miv -> Lii 

s 

f / 



^IV bill 

0 

^ X 

- 


Ny -> liin 

0 

8 . 


Yi 

Nfv "> h\i 

d 

1 r 


— 

OlV “> bjll 




A 

Ov -^hlH 

/ 

0 


Ye 

Oiv -> L|i 

2 

€ 1 


L 

M, ->hm i 

w 

1? J 

1 


M, ->I4„ 

1 


13* 

Mk — > Lt 

2 


ft 

Mill -> lit 

U 

■f ^ 

Yi ■ 

Nil -V Li 

1 


Yi 

Niir -> L, 

1 


— 

On -> Li I 


\ 

n 

Oiii -> Li 

] ^ 


Our nomeuclaturo agrees with that of Moseley, so far ns liis liiuM 
reach (ho had measured and named only tho lines «, j9, y, 8, JA, and 
is intended to extend it systematioally hy folIoAving on Avitli tho siuacoh- 
sivo letters at the end and tho beginning of tho Greok alplmbot. 
Siegbahns nomenclatuve is at present in general uso and has soino 
practical advantages ; it clistinguishes threo grovi|>H of lines wltieh may 
bo approximately separated in hardness, namely a B(.ii't a-gi’imi) ji 
medium ^-group and a harder y-group, the degree of liurdm^Hs aiul 
sottness of course changing from element to olomont as tho iitoiuio 
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mimbei- oliangos. Sioghalin numbers the hues within each eroun 
nocorcUng to their intensity The intensities are understood ifi the 
relative senso and relate to the heavy elements ; they olaim to give 
only average osfcimatos. ^ 

In contrast witli the first two columns the third column gives a 
rakoml nomonolatiiro to the lines. It is not much more cumbersome 
than tho two other methods and is free from arbitrariness It there- 
fore scorns to ho destined to supersede both Sieghalin’s and the author’s 
noinenolature. Tho position of affairs here is similar to that in tho 
spoctro.soopy of tho visible region. The arbitrary names given to the 
absorption lines by Fraunhofer are not much used nowadays ; rather, it 
lias been found necessary to cliaraoterise each lino by its series relation- 
ships (of. Chap. VII). Oorrespondingly we say in the X-ray region, 
instead of Ka, Lfi, . . ., Lm -> K, Miv ^ Ln, ... or K - Lmi 
Ijii MiV) . . < . It must be admitted that this nomenclature 
presupposes that wo have finally succeeded in interpreting the lines. 
Until tliis has been aohiovod wo shall have to make use of Siegbahn’a 
notation for exporimontal purposes and to our own notation of tho 
Mosoloy type for theoretical considerations. 

Tlio order of tho lines in Table M does nob correspond throughout 
with tho order of tho hardness of the lines ; « is certainly always softer 
than f} and y softer than S, but /S is not softer than y in the case of 
all oloments, 'I’ho softest lino in tho case of all elements is e (dis- 
oovorod by Sicgbalm and denoted by 1). The lines j3, y, and i/t overlap 
in numorouH places. Further peculiarities can he read off from Fig. 69. 

(Jonoorning tlio origin of the lines tho following details are ex- 
pressed in Table 14: tho lino La corresponds, as already shoivn in 
Fig. fill and 54 to tho transition of an electron from the M- to the L- 
slioll, tho lino Ly to tho transition from the N- to the L-shell. But it 
now becomes necessary to sub-divide these shells still further. Even 
ill Table 11 of tho jirccoding sootion we distinguish two L-sliells, Ln 
and Liii. It now becomes necessary to assume still another shell, 
the third, namely Li. In the case of tho M-shell wo have to distinguish 
five such stops, which we denote by Mi, Mn, ... My. The N-shell 
is analogous and must be divided into seven steps. The experimental 
ronsons for this sub-division are left over for discussion in the next 


section. 

As tho hrnokets in the first column of Table 14 (to the right of the 
notation for tlio linos) indicate, tho pairs of linos (a'^), (y'S), {^6), 
{erj) belong together and form doublets. We oall them L-douhleta ; 
they are denoted by suooessive letters of the Greek alphabet. Their 
charaotoi'istio feature is : both linos of an L-doiiblet have the same 
initial level ; tho softor lino ends in tho Lm-level, the harder lino in 
tho Ln-levol. 

Wo shall cull the pah's of lines (a'a) and M-douhlets because 
tho lines associated together in them have the same L-level as final 
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level but different M -levels as initial levels. For a corresponding reason 
the pairs of lines {y*y) and (x*)^ are calied N-doublets. We are led 
to conjectiu’G that the lines ^ and 0 aro, analogously, \inrcsolved pairs 
of lines whioh wo call 0-doiiblots. Tlio M-, N- and 0-doublots have 
been indicated os such by brackets on the left of tixo symbols in Table 
14. The symbol for the softer doublet line is distinguished from that 
for the harder lino only by an accent. In contrast with the L-doublot 
we find that in the case of tho M-doublet (a 'a) and the N-doublot 
(y'y) tho softer component is tho weaker componont. In tho caso 
of the doublets (y'x) (^AV) which have tho same final level 

’Ll (letters taken from tho end of tho Greek alpliabot), the softer com- 
ponent of tlio doublet is only inappreciably if at all wealcer tlian tlio 
liardor componont. 

In Table 15 wo give tho measurements of Siogbaliii and "J^lioraous 
for tho L-linesof tho lighter elements V 23 to Br 35, in terms of AngstrSm 
units, That the lines aa' could not be separated is not surprising. 
It is noteworthy that tho lines y and 8, which come from tho N-slioll 
(of. Table 14) are not yet represented. Tho reason for this is clearly 
tliat tho N-slioll in tlio case of these olomonts is cither incompletely 
developed or not at all, A series of weak comiianions, that aro ob- 
served hero, aro omitted (of. § 7). 


TAiinw 15 

Wavo^lenglhs of tho h-acnes of the lighter cUmenta {in A.U.) 



cc^« 


e 


0W> 

z 

23 V 

242 

_ 




23 V 

24 Cr 

245,3 

21*10 

, — 

— , 


24 Or 

25 Mn 

10*30 

10-04 

— 

— 

— 

26 Mu 

20 Fo 

17-58 

17*22 

20-12 



20 1^0 

27 Co 

15-94 


18*20 

17*77 

— 

27 Co 

28 Ni 

14*628 

14*236 

10*66 


13*14 

28 Ni 

20 Cu 

13*308 1 


16*10 ’ 

14*83 



30 Zn 

12*224 

.11*068 




30 Zn 

32 Go 

10*414 1 

10*162 

11*020 

11-68G 


32 Go 

33 As 

0*050 

9*304 

11*047 

10-710 

8-011 

33 As 

34 So i 

8*071 

8*717 

10*271 

9-234 


84 So 

3C Br 

8*357 , 

8*108 

9*603 

9-030 


35 El* 


Millikan and Bowen * have launched into the region of oxtromoly 
soft X-rays ; not, however, from tho direction of X-rays but from 
that of nltra-violot spectra, They did not make their ol^sorvations 
with a orystal lattice but with an artificial ruled grating, tho oonstruo- 
tion of which had to be .specially developed, and with a liighly condensed 


* Astropliya* Joum., 6^, 47 and 280 (1020) ; 6S, 150 (1021 ) ; Phil, Mag., Vll, 
4 , 501 (\nn 
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TabI/E 10. Wavadonglhs of iha 


z 

a' 


fi 

V 

5 


0 

« 

37 Rb 


7302*7 

7060*4 










sa Sr 

. — 

0847*8 

0000*2 

— 

— 


— 

7821 

31) Yt 

. — 

6434*0 

0198*4 

— 

— 

, — 

— . 

— 

40 TiV 

, — 

0068-0 

6822*8 

6673-4 

6373-0 

— 

— 

08l)H 

41 Nb 

6717 

6711-3 

6-479-0 

6226-3 

602-t-l 

— 

— 

060 1) 

42 Mo 

6400 

6304-3 

6106*8 

4900*2 

‘171 M 

— 

— 



4,4 Ru 

4838'fl7 . 

4836-07 

4611*00 

4301-0 

4172-82 

— 

— 

— 

4r> Rli 

4606‘60 

4687-78 

430-4-00 

4122-1 

3935-7 

— 

— 

62(17*0 

40 Pd 

43O0-OO 

4368-60 

4137-30 

3000*7 

3710-30 


— . 

493U-0 

47 Ag 

4163‘82* 

4146-04 

3926-04 

3693-83 

3614-86 

— . 


4097-0 

4S Gd 

395(l'3e 

30-17-82 

3730-08 

3606-4 

3328-00 

— 

— 

4471-:) 

40 In 

3772’42 

3703-07 

3647-83 

3331-2 

3166-29 

— 

— : 

4269*3 

60 Sn 

3001-08 

3602-18 

3377-92 

3107-0 

2004-03 

— 

— 

4003*3 

61 Sb 

3440*76 

3-131-77 

3218-30 

3010-0 

28-16-07 

. — . 

— 

3880*3 

62 To 

3201-00 

3281*00 

3089-07 

2870-1 

2706-47 


— 

3710*1 

63 1 

3160-87 

31-11-00 

2930*93 

2740*08 

2677*48 

— 



66 Gs 

2896'00 

2880-10 

2077*84 

2600*4 

23-12-62 

— 

— 

— 

fiO Ba 

2770-02 

2700*64 

2602*24 

2300-3 

2230-00 

— 


3128-7 

57 La 

2008*93 

2080-08 

2463*30 

2208*0 

2137-20 

— 

. — 

3000 

68 Co 

2606*11 

2666*00 

2361*00 

2204*1 

20-14-33 

— 

— 


60 Tr 

2407-03 

2467*70 

2263*00 

2114*8 

1060-81 

— 

— 

2778-1 

60 mi 

2376-03 

2306*31 

2102-21 

2031-4 

1873-83 

— 

— 

2070*3 

62 Sm 

2206-08 

2106*01 

1093-67 

1878-1 

1723-09 


— 

2477*0 

63 Ru 

2127-33 

2110*33 

1010-31 

1 1808*2 

1664-3 1 



— 

2300*3 

64 Gd 

2062-02 

2041*93 

1842*40 

1741-9 

1668*03| 



— 

2307-1 

06 Tb 

1082-31 

1971*49 

1772*68 

1670-0 

1620*6 


— 

2229-0 

00 Dy 

lOlO-O'l 

1004*80 

1706*68 1 

1019*8 

1400*27 

— 


2164*0 

07 Ho 

1862-00 

184.0*08 

1043*62 

1503*7 

1414-2 

— . 

— 

2082*1 

08 Er 1 

1701-40 

1780*40 

1683*44 

1510*0 

1302-3 

— 

— 

2016-1 

60 Tu 1 

1783-0 

1722*8 

1620*8 i 

1400*2 

1312-7 

— 

— 

1061-1 

70 Yb 

1078-0 

1007*79 

1472*6 

1412-8 

1264-8 



— 

1800*0 

71 Lu 

1020-30 

1015*61 

1420*7 

1307-2 

1220*3 



— 

1831*8 

72 Hf 

1677-04 

1600*07 

1371*1 

1323*6 

1170*6 



— 

1777*4 

73 Tn 

1620-8 

1618*86 

1324*23 

1281*90 

1136*68 

1260 0 

1110*0 

1724*2 

74 W 

1484-38 

1473*30 

1279*17 

1242*03 

1096*30 

1212-6 

1072-0 

1076*0 

76 Re 

— 

1429*88 

1230-04 

1204-1 

— 

- 



— 

70 Os 

1308-2 

1388*10 

1104*60 

1108-38 

1022*47 

' 1140 

. — . 

— 

77 Ir 

1360-8 

1348*47 

1166*40 

1132-97 

988*70 

f 1103-0 

003*6 

— 

78 Pl> 

1321-66 

1310*33 

1117*68 

1090-74 

066-0C 

1 1070-1 

031-7 

1407*23 

70 All 

1286-02 

1273*77 

1081-28 

1008-01 

024-01 

[ 1038*2 

001-26 

1460*64 

80 Hg 

12-10-7 

1238*03 

1046-62 

1037-70 

804*0 

1007'8 

— 

1418-3 

81 TJ 

1210-03 

1204*03 

1012-09 

1008-22 

806*71 

. 078*3 

841-7 


82 Pb 

1183-52 

1172*68 

980-83 

970*00 

838*01 

. 949*62 

1 813-70 

1 1340*02 

83 Bi 

1163-3 

1141*60 

960*02 

963*24 

811-4S 

t 922*3 

787-4 

1312-06 

00 Th 

006-24 

064*06 

763*66 

791-92 

061-7( 

J 762*61: 

1 030-1 

1112*41 

02 U 

020-14 

908*74 

718*61 

763*07 

013*61 

) 724- IS 

1 602-0 

1004*77 


“ vaoimm spark/* The Ij-aories is followed from A1 (Z = 13) down- 
wards to its oiitraiice into the optical spcotriim of Li (Z == 3). 

Table 16 contains ])reoision inoasnronients (given in X-iinits) ftjr 
the heavy demon ts ; only the lines wliicli are more important for tho 
method of classification are tabulated. Here we seo a first charaet er- 
istic feature of our doublets. We oaloulat© tho differences A A of 
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{in ^'Wiils) 



V 



z 

V 

h 

hi 

I'm 

Z 

8029^0 

6802*8 

0700-1) 

0028*2 

_ 

n085*4 

__ 

0841-3 

37 Rb 

7605 

6386*5 

0341)-1) 

5029*4 

. — . 

5571*4 

6162-1 

0302*0 

38 Sr 


6001*0 

5907*0 


- 

. — . 

5221*0 

6737-3 

5944*4 

39 Yt 

«5Q3‘1 

5652*7 

5018*2 

4941*2 

— 

6867-4 

6306-0 

5601*0 

40 Zr 

0105 

5331*4 

5295*0 

4630 

— 

4671-7 

— 

5212*1 

41 Nb 

0836 

5036*8 

5000*2 

4361*3 

— 

4280-7 

4712-0 

4904*2 

42 Mo 


4512*6 

4470*4 

3887-0 

— 


4184-8 

4367*7 

44 Bu 

4011*2 

'J277'8 

4241*3 

3077-0 


3620-8 

3031-6 

4118*4 

46 Bli 

4050*2 

4002*3 

4025*7 

3480*9 

— 

— 

— 

— 

40 Vd 

44101 

380M 

3824*45 

3200-7 

— 

8244*8 

3500*2 

3093*0 

47 Ar 

4187*5 

3674-20 

3030*42 

3131*0 

— 

3070*0 

3321*8 

3406*3 

48 Gd 

0076 1 

3400-0 

3401*0 

2973*6 

2910*1 

2919*4 

3139-6 

3316*6 

49 In 

3781*8 

3330*3 

3208-0 

3827*3 

2771*3 

2709*6 

2072*3 

3140*8 

60 Sn 

3509*0 

3184-3 

314t)-li 

2088*0 

2033*5 

2031*7 

2821*0 

2090-7 

51 Sb 


3040-0 

3001-3 

2504*9 

2505*7 

2503*0 

2070*3 

2845-7 

62 To 



2006 

2807 

— 

— , 

, — 

2383*0 

2647-6 

2713-9 

631 

2083 '3 

2600*6 

2022-93 

2232*2 

2227*0 

2100-1 

— 

2307*5 

2467-4 

66 Cs 

2807 a 

2640*8 

2511*0 

2134*0 

2129*5 

2071*5 

2002*0 

2100-3 

2860-8 

60 Ba 

2734 

2443*8 

2405*3 

2041*0 

2030*5 

1978*7 

1068-0 

2008-0 

2263-7 

67 Ba 

2014*7 

2344*2 

2305*0 

.1065-0 

1060-0 

1805*2 

1886*0 

2006-7 

2150-7 

58 Co 

2507 

2250*1 

2212*4 

1875*0 

1800-0 

1815-3 

1807-1 

1020-1 

2072-8 

501’r 

2404*2 

2162*2 

2122*2 

1797*4 

1702-6 

1740*8 

1731*7 

1830*1 

1900*7 

00 Nd 

2214 

1000*4 

1058*0 

1655*0 

1661-7 

1003*3 

1596-4 

1600*1 

1840*8 

02 Sm 


1022*1 

1882*7 

1593*0 

1687-7 

— 

1633*3 

1022*8 

1771*7 

63 Eu 


1840*3 

1810*0 

1531*0 

1525*9 

1481*8 

1474*0 

1658*7 

1706*2 

04 Gel 

. 

1781*4 

1742*5 

1478*8 

1408*3 

1423*0 

1418*1 

1408*1 

1045*3 

06 Tb 

1802‘2 

1710*7 

1677*7 

1420*3 

1413*0 

1371*4 

1304*8 

1441*4 

1687*0 

00 By 

im-o 

1065*3 

1010*0 

1307*7 

1301*3 

1319*7 

1314*0 

1380*0 

1532*2 

07 Ho 

1754*8 

1600*4 

1557*0 

1318*4 

1311*8 

1273*2 

1260*0 

1334*0 

1479*0 

08*Er 

1002*3 

1541*2 

1502*3 

1271*2 

1205*3 

1220*4 

1219*0 

1284*0 

1420-0 

09 Til 

1031*0 

1488*2 

1440*4 

1226-0 

1210*8 

1182*0 

1170*5 

1230*2 

1382*4 

70 Yb 

1673*8 

1437*2 

1398*2 

1183*2 

1177*5 

1141*0 

1130*2 

1194*6 

1337*7 

71 Lu 

1610*7 

1380*3 

1349*7 

1141*3 

1135*0 

1100*1 

1005*3 

1151*5 

1203*0 

72 Hf 

1465*6 

1343*1 

1304*1 

1102-9 

1007*1 

1002*4 

1057 

1110*2 

1261*7 

73 Ta 

1418*1 

1208*70 

1259*02 

1066-88 

1069*87 

1025*8 

1020*5 

1071*3 

1211*0 

74 W 





— 

— 

— 


— 

— 

76 Bo 


1215*0 

1177*2 

— 



— 

— 

- — - 

70 08 

— — 

1176*4 

1137*0 

903*0 

066-0 

— 

— 

— 

— 

77 Ir 

1240*1 

1130*8 

1000*50 

931*7 

025*0 

806*0 

— 

— 

— 

781*6 

1109 6 

1104*4 


001*25 

805*08 

800*3 

— 

— 

— 

70 Au 

1101*9 

1008*6 

1030*1 

800*5 

834*8 


, — 

— 

80 I4g 

1125 

1037*1 

997*8 

844*7 

837*9 

810*0 

— 

— 

— 

81 T1 

1000*2 

1 1004*00 

900 02 

818*2 

813*70 

783*0 

— 

— 

— 

82 Pb 

1067 

075*4 

035*7 

792*0 

787*4 

761 

— , 

— 

— 

83 Bi 


780 

752*1 

— , 



. — , 

— 

— 

00 Til 

^ 802-0 

746*4 

708*4 

004*4 

607-0 

4—^ 
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tho wave4Giigfch« of two asBOoiatocl doublet linos in oaoh ease. Wo 
then find tlmt for tho whole Borics of olomoiits assooiatod doublet 
linos have very nearly equal vHtve4ev[fih differences A A, Expressed 
inoro aecnralioly, wo braekot together as clou blots suoh linos and only 
such linos as have nearly e(iual distances beltoeeii tJmr wave-lengllis. 

Let us consider Eig. 58, Here we have tabulated in tho first place 
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Tablij 17. 


z 

a' 

a 


y 

6 


0 

37 Bb 


124*79 

120-07 

_ 

_ 

_ 

_ 

38 Sr 

— 

133*07 

137*88 


— 

. — 

— 

31) Yt 



14101 

147*02 

— 

— 

— 

— 

40 Zv 


160*48 

156*50 

103-50 

169-60 

— 



41 Nb 

150*4 

159*60 

166-30 

174*40 

181*38 

— 

— 

42 Mo 

1Q8'7 

108*03 

170*40 

186*62 

103*43 

— 



4't lUi 

188*14 

188*45 

107*63 

208*02 

218-38 

— 

— . 

41) lih 

108*20 

198*03 

208*82 

221*07 

231*54 

— . 

— 

40 Pd 

208'flO 

209*08 

220*26 

233*02 

245*20 

, — . 

■ 

47 Ag 

210*38 

219*81 

232*07 

240-70 

250*20 

, — . 

, — , 

48 Cd 

230*33 

230*83 

244*30 

269*89 

273*82 


— 

41) In 

241*56 

242*12 

260*86 

273*60 

288*81 

— 

— 

60 Sn 

263 05 

253*68 

200*77 

287*00 

304-27 

— 

— 

fil Sb 

204'86 

265*54 

283*16 

302*09 

320*30 

— 

— 

fl2To 

276*83 

277*06 

200*83 

310*84 

336-70 

— 

— 

63 1 

280*21 

200-05 

310*91 

331-87 

363-56 

— 

— 

55 Cs 

314*71 

316*74 

340*30 

363-68 

380*01 

— 

— 

50 Ba 

327'01 

329*02 

366-66 

370-81 

407*44 

— 


57 La 

341*44 

342*02 

371*45 

396-55 

426*38 

. — . 

. — 

58 Co 

355'26 

350-62 

387*31 

413-4-1 

4-15-75 

, — , 

, — 

51) Pr 

300-21) 

370-78 

404*31 

430-00 

-165-69 

— 

— 

00 m 

383-69 

385-26 

421*45 

448*60 

480*31 



— 

02 Sm 

418-16 

415-10 

457*10 

485*21 

628*80 

— 

— 

03 Eu 

428-30 

430-50 

476*63 

603*07 

560*86 

— 

— 

64 Gd 

443-06 

440-28 

404*50 

623*16 

673*02 

— 


05 Tb 

460-70 1 

462-22 

514*00 1 

642*76 

590*03 

— 

— 

06 Dy 

478-70 

478-46 

533*94 

602-68 

020*04 

— 

— 

07 Ho 

402-03 

-104-00 

554*40 i 

682*77 

044*37 

— 

— 

08 Er 

608-09 

511-83 

676*50 

003*26 

008*02 

— 


00 Til 

626-67 

528-93 1 

500*84 

024* 10 

094-23 I 

— 

— . 

70 Yb 

542-78 

646-30 1 

018*80 

046*01 

720-40 1 

— 

— 

71 Lu 

500-31 

564-08 

641*42 

000*56 

740-70 , 

— . 



72 Hf 

677-84 

681-80 j 

004*00 

088*61 

774*55 1 




73 Ta 

605-00 

500-07 

088*15 

710-88 

802*47 

728 05 

820-98 

74 W 

013-00 

018-60 

712*39 

733*70 

831*22 

761*50 

850*07 

75 Be 

— 

637-306 

737*240 

760*81 

— 


— 

70 Os 

051*76 

656-46 

702*83 

780-68 

801*26 

700*0 

*— 

77 H 

070- 17 

676-78 

788*70 

804*32 

021*03 

820*18 

045' 0 

78 Pt 

68S)*66 

606-46 

816*40 

828*03 

063*22 

851-67 

078*07 

70 An 

700*15 

716-41 

842*77 

853*24 

086*67 

877*70 

101 M2 

80 Hg ! 

720*10 

736-71 

877*76 

878*10 

1018*04 

004*22 



81 T1 1 

740*39 

768-20 

800*60 

003*84 

1052*02 

031*4 

1082-0 

82 Pb 

700*00 

777-16 

020*08 

020*08 

1087*42 

050*72 

1110-97 

83 Bi , 

700*20 

708-31 

960*22 

056*97 

1123*04 

087*08 

1157-5 

00 Th j 

044*08 

066-16 

1103*45 

1160*71 

1308*10 

1104*04 

1440-2 

02 U 

990*37 

1002-78 

1208*28 

1210*07 

1486*16 

1258-43 

1637*7 


our L-doublets (eij), (a'j9), (y'8), The curve ^ r} lies highoat, 
the curve a' — ^ below it, and so foiiih in the order of soquonco of the 
hardness of the j^airs of lines. But within each curve the AA*s arc 
nearly constant for the wJiolo range from Z — 40 to Z ^ 02 (along the 
x-axis), witli a Hlight droi) as Ave pas.s from lower to liiglier atomic 
numbers. The AA’s of our M-doublets (aV-) and are at the lower 
end of the figure still more constant, 
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§ s- The L-series. Doublet Relationships 

rfii-vfilUf'ff Utr, L-wj'/c/? 


« 

V 



y/ 

X 

V 

Z 

nan 

11 3' so 
12T"l 

133-1)0 

142-71 

151-83 

134-01 

143-51 

152-70 

151* 

101- 

17 

88 



37 Kb 

38 Si- 

^^0 Vf 


i:)8-22 

101-21 

102-20 

184- 

42 


40 Zr 

MOO 

M7-1 

170-03 

172-07 

190- 

4 


41 Nh 

— 

150-1 

ISO'ttO 

182-25 

208- 

94 



42 Mo 

— 

— 

201-04 

203-57 

234- 

30 



44 Bu 

17 S' 01 

iHfi'Sn 

213*02 

214-80 

247' 

83 


46 Rh 

18'1"I8 

105-00 

22'l'!t2 

220-30 

201- 

79 


46 Pel 

1»30£) 

200-03 

230-01 

238-27 

270 

17 


47 Ac 

203-80 

217-62 

2484)2 

2S()-B0 

280 

00 



48 Cd 


220-10 

200-44 

20!)'22 

308 

45 

312*17 

49 III 

224:- 27 

240-00 

273-14 

270'23 

322 

31 

328-82 

50 Sn 

23t'8fi 

253-10 

280-18 

280'7'1: 

338 

00 

346-02 

51 Sb 

2'J5'Q2 

— 

200-70 

303-03 

368 

20 

363-68 

62 To 

— 

— 

snS'S 

317-8 

— 

— 


631 

— 

305-40 

3'I2'S2 

347-42 

408-24 

400-10 

420-11 

55 Cs 

21)1'2(1 

ill H' us 

357-30 

302-01 

427-02 

427-93 

439-91 

66 Ba 

303-7 

33 3' 3 

372'80 

378-80 

440'3C 

447-46 

460-54 

C7La 

— 

34H-52 

388-73 

.305-10 

408'01 

407-10 

480-83 

68 Ge 

: 32H'02 

:Kia-4 

4.04-00 

411-80 

480-01 

487-34 

601-99 

60 Pr 

341-20 

370*03 

421-44 

420-40 

500*09 

608-38 

623-48 

60Ncl 

307-80 

411-5 

450-40 

405-41 

550-32 

551-72 

608-37 

02 Sm 

381*24 1 


474-10 

484-02 

571-72 

573-00 

i — 

63 Eu 

304-00 

— . 

402-70 

503-21 

595-21 

597-20 

614-08 

64 Gel 

408-82 

. — 

511-55 

522-07 

018-31 

020-03 

630-98 

66 Tb 

423-00 

4«l-5() 

530-83 

543-17 

041-00 

044-61 

664-48 

00 Dy 

437-07 

500-15 

550-52 

503-00 

000-28 

069-41 

090-6 

67 Ho 

452-22 

510-30 

070-83 

584-03 

091-19 

604-07 

716-73 

08 Er 

107-05 

538-40 

501-20 

600-00 

710-83 

720-22 

743-03 

09 Tu 

482-15 

558-72 

012-33 

028-72 

743-53 

747*07 

770-06 

70 Yb 

407-47 

570-01 

034-00 

051-75 

770-17 

773-00 

798-69 1 

71Lii 

512-70 

500-0() 

055-01 

075-20 

708-40 

802-48 

827-08 

72 H£ 

528-50 

621-83 

078-50 

098*78 

820-20 

830-05 

867-74 

73 Ta 

544 '05 

642-00 

701-03 

723*27 

854-04 

859-80 

888-36 

74 W 





— 


— 


75 Ro 




748-25 

774-08 

— 

— 

— 

70Ofi 




774-02 

800-82 

946-0 

052-0 

— 

77 Ir 

008-04: 

73-t'«2 

700-52 

828-80 

978-07 

084-52 

1018-17 

78 Pt 

025-03 

7B0'07 

825-15 


1011-12 

1017-41 

1061-8 

70 All 

042-50 

78'I'2U 

852-77 

884-0 

1048*0 

— 

1091-6 

80 Hg 

810'3 

878-04 

013*2 

1078*8 

1087-6 

1126-0 

81 T1 

070-70 

83C'00 

007-01 

943-3 

1113*8 

1110-9 

1102-8 

82 Pb 

004-07 


034-22 

973-8 

1140'2 

1157-6 

1106-8 

83 Bi 

SIO'IO 



1155-0 

1211-0 

— 

— 

— 

GOTh 

855-84 

nS'i'U 

1222-5 

1280-2 

1607-8 

1526-4 


92 U 


^ Wo pa«s from tlio vabes of tho A's to the values of v/It and 
exhibit a graphical representation (Pig- 69) of the values of 
siinilai* to that of Pig. 67. To invent oonfusion in the figure w show 
only the lines a, /3, y, 8, e, f/*. Wo have again plotted the atomio 
iniiTiborH along tlio aj-axis. In this case, too, the course of the graphs 
is essentially slraightf which indicates that r increases approximate y 
in proportion to Tlio deviations from linearity are, however, 
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more marked bliaii hefore, particularly in the mno of the lino S ; tlicy 
are coniieoted with tb(i relativity coiToction ” mentioned on i)ago 21 !1. 
Moreover, avo see in the hguro the overlapping Avhieh avus roforred to 
earlier and whioli Avas absent in the case of the K-series : the lino /3 
cats the line y at Pb, Z = 82 ; beyond 82 it is harder tliaii y, beloAv 
82 it is softer than y. Moreover and y cut at Pt, Z === 78. Prom 
this Ave SCO tliat the relationships betAveon the lines are not as simple 
and rigorous hero as in the case of the lines of the K-sories. 

In Table 17 Ave exhibit the v/.R- values corresponding to the pre- 
cision moasuroments of Table 16. This brings to liglvt a now relation- 
ship oliaraoteristic of doublets. Wo calculate the difTeroncos Ar/R 
but not noAV for the same doublet of different elements but for different 
h-doublets of the same elment ; these L-doublets have, Avitlnn tlie 
limit of error, the same wave-mimber difference Ar/R : 

— S — y = 0— ? — 

These values of ^ — a', S — y, and so forth have boon iu.serted 
in Table 18 ; inspection aviU shoAv that they agi:Go appreciably ; it 
Avill also bo found that the vahies of — a deviate appreciably more 
from the other doublet differencos than those of jS — a'. In this Avay 
Ave establish that the j8-lino, the second strongest lino of the L-sorios, 
does not form the characteristio doublet diftbrenoo Avitli a, the strongesli 
line, biAt Avith its Aveak satellite a/. Wo may add that the same phonom- 
onon Avill also be found later to occur in tho visible region (of, Chap. 
VIII), Avliere Ave deal Avith tho so-called “ composite doublets ” : in this 
oase, too, the AA^eak satellite of tho principal line and not the i)riucipal 
line itself forms the doublet Avitli a second lino. 

The yJino also has a AVeak satellite, Avhich avo have denoted by 
y ' in Table 14. To bo accurate avo must moasiiro tho doublet difference 
not betAveeu S and y but botAveen 8 and y\ But since y' is separat’d 
from y only in tho ease of a feAV elements * avo have inserted S — y 
in tho above equations instead of the more exact 8 — y^ Tim same 
holds for 0 — ^vliioh should really bo replaced by 0 — (of. ^Pable 
14). In tho fourth-, third- and seoond-to-last column of Table 18 avo 
have noted doAvn the M- and N-doublets a — a', ^ — f//, x ““ X** 
They are related neither among tliemselvos nor to tho L-doAiblet 
separation. 

In tho last column of Table 18 avo have given tho fourth I’oots of 
the characteristio L-doublot difference Ar/R = ^ — a', Those form, 
as AVO easily see, an arithmetio series. As Z increases tho numbom 
ill this row increase by a constant amount of about 0*043. Tho par- 
ticular point of this fact Avhicli Ave have here established omjnrically 
Avill be dealt Avith at the end of the section, Tho fourth roots of tho 
M- and N-doiiblot-separations also increase linearly Avith Z. 

Tho luAV of constant Avavo-numbor differencos is noAV immodiatoly 

* Allison, Phys. Kov., 84, 170 (1920). 
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oloar in wo call to mind tho assumiitions which we made in TaMe 14 
about tho origin of tho linos ; according to them two associated L- 
ilonblet linos should didor only in their final levels (Ln or Lni). Hence 
tlioii’ wavo-nuinhor dilToronoes become independent of the 
tovol of tho transition in question and are represented by the fixed 
distance botwcon tho levels of the Ln and the Lm-shell. 
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Bui) tho electron cannot only pasH from a higher level to the Bnf, 
Lri-shellei, but it can alno pass from the Iju-lovel to tlio lower K-lovel. 
Now in general tho transition L— >K clonotod the line Ka. Wo 
now see that this lino must be a doublet and wo understand tho origin 
of the line IC.a', which has already been hinted at in Table 11 on 
page 208 and wliioh is explained in greater detail in l^ig, 00, (I<\)r 

tho description of tho ui^per part of tliis figure see p. 220.) It is eloar 
tliat tho doublet interval (a V.) in the K-series nitist be equal to the doublet 
interval in the h-aeries and hence also equal to tho remaining 
L-doublots (y'S), (e?j), (^0), all of them being measured of course as 
v^’s or v/R's, Actually, this interval is determined in all cases by tho 
difference of energy between tho Lji and tho Lm levels of our figure , On 
the other liand, tho interval between the lines La and L^, which do not 
form a true L-do\iblet, is, when measured in wave -numbers, less tlian 



Fig, OO.—DiagmmmaWc i>o- Fig. 01,— AirK/.U (Kaot', L-doublot of Iho 
pi'Oftontation of irho origin K*soi*iea) mul AviJli (L*doiiblot of tho 

of tho most) important L-sorios) piottod botwoou iir (Z dO) ami 

K-, L- and Kd 00), 

(LiiLin), Witli rofereiico to tiro intensities we may note tliat the 
line Ka' which starts from the energy do vol Ln is weaker tlran tlio linc^ 
Xa which starts from the I/indovol, just as the lino whioli stretches 
to the Lii-lovol is weaker than tho line La which ends in the Lin-lovoJ , 
Hoiico as regards intensity K.a' corresponds to the lino Lj8 and !Ka 
to tho line La. But with respect to hardness tiro relationship is re- 
versed, as a glance at B'ig. 60 shows ; this is heoanso tho Ijh- and Lm- 
level respectively form the initial level for tho X-lines but tho final 
level for tho L-sorioa, Hence tlicro is tho following cliaractcristio 
difieronoo betwoon tho K- and the L-sorios ; in the l^-aeries the ^vea1cer 
a'dme is softer than the principal line a (smaller interval in tlio 
figure), whereas in the h^seriea the wealcer pdine is harder than the prin- 
cipal line a or a' (longer arrow). 

Tins qualitative tlieoretical deduction agrees fully Avitli the ob- 
served facts. Moreover, oven tho quantitative deduction of tho 
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equality of the donhlet (a'a) in tlio K-Horios with the ** L-doulxbt 
ill the L-sevies is completely conlinned by the inoasiirenient.s. 

Wo show this in Fig. 61. It contains all tlio oloments (from Z ^ 4:0 
to Z = 60) for which the mcasiiromonta of tho K-series and those of 
the L-aorios overlap. The values of Ap^/R, indicated hy x , are formed 
in accordance Avith Table 16 as tho dilforcnco boWcon tho r/R-valuos 
for Ka and Ka' ; the values of Ari7^> ropresonted by o, aro taken 
from the fifth to last eolumn of Table 18. To prevent confusion in 
tho ligure avo have plotted the points Arj^^^ alternately. 

For one and the same element tho tAvo points Avould fully coincide 
on the scale of our diagram, 

From liable 12 avo see that tlio K«doublot, or more eorreotly the 
L“Cloiiblet of the K-scrios, also obeys the laAA^ of approximately con- 
stant dilTerenoc in wavodongths, Aotually tlie Avavo-length difference 
of K(aV.) is uniformly equal to about 4 or 5 jr-nnits throughout tlio 
wliolo series of elements. 

Wo shall close these general considerations Avith some preliminary 
remarks loading up to tlio quantitative theory of X-ray doublets. 

In dealing Avith Table 18 avo remarked earlier that aJ^Av'/R of the 
L-serles increases by 0^043 for each unit increase of the atomic number, 
Hence avo have a linear equation of tlio form 

= 0'()43(Z - . . . . (1) 

and wo easily see from tlio last column of Table 18 that s r-^ 

If AVO I’aiso eaoh side to tho fourth pOAVor and, for convenience, 
take out tlio factor 2^ in tho donominator, avo obtain 


3 . 6)1 . . . ( 2 ) 

This laAV leads ns far into tho mechanics of tho interior of tlie atom, 
as we shall see in Chapter V, Whereas accordinff to Moseley the ivave-- 
numbers advance as the square of the alomic numbers, the differences 
in the wavemumbers of the doublet components are q)ro 2 )orUonal to the 
fonrtJi power of the ato^nic number* This not only holds, as sUoAvn here, 
for tho L-doublets, but also for all analogous doublets, for example, 
for bho M-doublet (a 'a) of tho L-sorics. In tho latter case avo have only 
to replace tho donominator 2* by 2’ S'* and tho number 3*6 by a greater 
number AAdiioh is to be ompirioally dotormined. The laArV that AA 
is very nearly constant for all such doublets now folloAVS directly from 
oqn. (1) and Moseley's laAV. For avo have 
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Since A A ia hero the quotient of a biquadratic and the a q mire of a quad- 
ratic function of Z, it becomes appreciably mdox)endcnt of Z, j)articulai‘ly 
for greater values of Z. 

We ax^pend a few remarks about the M-sories ; for tho results of 
observation and the manner in wliioh they have been sifted wo refer 
tho reader to the article by Lindh quoted on x:)agc 18G. 

The two strongest lines of the M-series are called Ma, M/3. On 
the side of the softer rays Moc has a weak satellite Ma'. Tho origin 
of these lines is ; Ma = Nyii ^>* My, Ma' — Nvi — > My, MjS = Nvi Miy. 
But, particularly in the case of tho licavier elements, wo know of 
another sequence of lines of tho M-sorios, which correspond to the 
transitions N M or 0 — > M. 

To explain tho mutual rolationshij) between tho B- and the M- 
series Ave find the following remark by It, SAvinne * of partioular interest : 
The difference ^ — a' in ihe M-series is equal to the difference a ~ a' 
in the h^aeries, Hence we find the aame relaiionshij) bciiucen ihe Mr 
and the L-aeWes as previously behoeen the L- and the K-senes (of. Pig. 
00). Our notation is chosen so that it also exhibits tliis relationship 
explicitly. For we have 

== {a'«)r, 

fully analogously to 

(«'i3)L = («'a)K- 

And, as Ave see from Fig, 60, tho same characteristio inversion of 
hardness and intensity occurs in this case as aboA^o botAVCon tho corre- 
sx^onding lines in the L- and the K-sovies : xohercas in the Miseries 
ihe weaker line p lies on ihe harder side of a, in the L-ficWes the weaker 
line a' lies on the softer side of the principal line a, 

Besides tho ”M-doublet'* (a'j8) — (My, Miy) there also occurs 
at various x^ohits of the M-sories a second M-doublet, lAamoly (Miu, 
Mil), Avliioli discloses its character of regular doublet/' like tlio L- 
doublet, by having a constant value for AA in tho series of eloments 
and also the same value for Am for lines of one and tho same element. 

Isolated observations have also been made of the N- and the 
0-series, in xwtioular by Hjalmar for the elements U, Th, Bi. 

§ 6. Excitation and Absorption LimitSt Regularities in the 
Absorption CoeBloients 

We must noAV deal more fully Avitli the process of excitation of 
X-ray series Avhioh we have already described briefly in § 3. Wo 
there spoke of tho excitation limit of tho K-lines and understood this 
as standing for the minimum energy, whicli cathode rays must have 

* Physik, Zoibs., 17, ^1:86 (bottom), 1916. Swiiino boro compares tho doublets 
(a'cc)L and It was romarkod by tho author In Zoits. f, Phys., 1, ISfi (1920), 

that it is more exact and more logical to replace (aj3)jt by (a'/S)^. 
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to rcvuKKVo an (.ilc{5ti'on from tlio K-ahell to the perijihery of the atom. 
1ji IVj^. this oxeitatioix limit of the IC-scrios was represented by an 
oneri^^y-lciYol Avhix^h is higher than the energy-steps for ICa or Kj3 or 
ovoii Ky. If wo assign a wavo-mimber 1C to it in accordance with 
the h]^ law,* wo have in comparison with the wavo-iutmber.s of tlie 
omission lines : 

IC > ICy > lCj3 > Ka, 


Honco the oxoitation limit measured in tliis way is the series limit 
to wliioh the K-lines toad (of. the dotted line in Fig. 54). This observa- 
tion loads to several eonscqxxencoa. Let us make the potential V of 
a eatliode ray tube increase to tlio value cV^ — hcKa and inquire when 
the lino ICa, eharaetoristie for the anti-cathode material of the tube, 
is lirst omitted. It does not yet ocenr when the potential is Vc^. We 
iiKjrciiHO the potential to V^j ; neither ICj8 nor Ka is yet emitted. Rather, 
wo ha VO to increase the potential ui:) to the excitation limit cV == ^cIC 
or boyoiul this value, and then we find that Ka, Kj9, ICy appear 
simultaneously, 'rbis was confirmed experimentally by some careful 
oxporinaonts by Webster, f Wo follow E. Wagner in calling tlie 
dilterouce between the wave-numbers K and ICa the Stokes transition 
for the lino ICa and so link up with Barkla's term for the 
obaraotoi’istic radiation, namely fiuoresemi radiation:' The Stokes 
transition for IC^ is smaller than that for ICa, and for IC^ it is almost 
vaniuhingly snuill. Stokes' rule for visible fluorescence is confirmed 
almost witlvout exception in the X-ray region. In the visible region 
whero tlie conditions arc simpler than in the X-ray region, apparent 
ox(?eptions to Stokes’ rule also ooour occasionally. 

TJio oircumstanoGs tliat surround tlio excitation of the L-series 
are wUll more interesting. In Fig. 64 we exhibited the excitation 
limit Xc>i‘ the lines a, y, , . , of the L-series. We shall give it the more 
aecui'a'to name Lm -limit, Regarded as a wave-nnnihei it gives ns 
the series limit for the linos ayeS, that is 


Liii > L£ > Ly > La > Le. 

Ill ITig. (10 wo drew the energy-level Ln lower than the energy- 
level LnW tbo lines that end in tliis level are harder than the 
,kn.blo1> linoH nasignod to thorn. To excite 
to vaiHo an oloot.-on from the love] L„ to the surface o the atom. The 
energy required for this is gi-eater tlmu that required for the Lni-levei 
Tlio wavo-mnnhor Ln defined by the /iv-relationship becomes the senes 
limit for tho second doublet lines : 

L„ > LO > LS > L/5 > Lyj. 

* ',ro bo onloulatod from tho oxcitotiou energy by dividing it by Ac (cf. Note 1 
« .....nninv 
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Thus ^ve have a doiibhi of p/xcitalion limUfi for the Ij-miefi. asser- 

tioti that the interval Ln — L\\i i)etweeii thorns excjitation lijuil/H lur 
every element is equal to the L-doublet Ai^j^ studied iu tlu^ pnujculin^ 
section will shortly receive support from direct jneasiironients. 

We again infer : to excite the line La it is not suificient to apply 
the cathode ray energy equivalent to La ; rather, it is neeossary tn 
raise tlie potential to the value given by eV = heXm^ and ihotx all 
the lines a, y, e, . . . of the L-sories appear simultaneously, huh not 
the line ft, S,. 0, . . . , To excite the latter the cathode ray anemy 

must be increased to the second excitation limits I^or onorgies 
the first and the second excitation limit only the softer lino of oach 
L-doublet is produced. Precisely as in the IC-sorios the excitation 
limit K coincides appreciably with the hardest K-lino y, so in the 
L-series the limits Lni and Ln coincide appreciably witli tho lim^s 
^ and d of tlie liardest donblet. 

But there is still a third energy-level Li below Ln, in wliioli tin' 
lines XX y These lines do not yet ocour when tlio second 

excitation limit has been exceeded, The potential V lias tlion Uy in- 
crease still further to a third excilatmi limit y given by tlie eqvuttion 
eY — hcLi, Only then does tlie L-sories booomo fully devolop(’d, 
We then have 


Li > Lift > Li/i' > Ly > Ly' > L(^ > 

All these assertions have been fully coidirmed by oaroful meattuiiu 
ments performed by Webster and Clark,* and Hoyt,t for Pt uiul W, 
In the case of W the three excitation limits aro 


hill-limit . . . , , V 10*2 Idlo-voltH, 

hii-hmit 11*6 „ 

, , , V =- 12*0 „ 

By adjusting the potential to values around those iignres ib rvaw 
possible to observe the appearance or disappearance of tlieso linos, 
and their changes of intensity, partly by photographic moans mid 
partly by tlie method of the ionisation ohamber. Hoyt rogarclB tlic^ 
allocation of the following lines to the three given limits as boynnil 
dispute : 


Lni-limit 
Xjh - limit 
Lj- limit 



But what happens at the excitation limits to the inoidont onoi'KV 
E of the cathode rays ? It is used to drive the K~ or the L-eloatroii 
o the periphery of the atom and hence becomes absorbed. On the 
other hand, what happens if we drive the electron out by moanM of 


• 1 h' aiidll, Clark, Proo. Nat, Acad. 2 18lMai7i* Ti T wj t. 
Phyl VlVum introductory paper by M. do ikogllo' Joiu-rl! do 

t F. G, Hoyt, Proo. Nat. Acad,, 6, 039 (1920). 
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priuinry X-rays? Its liv becomes Aveakened by the same amount 
(XB tho energy of the cathode rays. 

But tliis means : the excitation limits show themselves in the con- 
(immis X-ray spedrtwi as absoriHion limits, 

Wc HhaU give an illustrative example. Let the primary Eontgen 
radiation bo that of a tube of aboxit 40 kilovolts tension, that is, it is 
to Imvo a continuous apectnim which is to extend to wave-lengths of 
300 X- units (of, p. 41). Lot the matter receiving the radiation be 
a .silver loaf. In tho case of Ag (of. Table 12, column second to end) 
the Gxoitation voltage of tho K-sories is at the wave-length Ak — 485 
X- units. Tlio softer portions of the incident spectrally resolved 
continuoua spectruin A > Ak are only slightly weakened as they 
undorgo only a general absorption, which, moreover, decreases as 
tho ]iardno.ss increases. At 


^ = Ak a strong aolectivo 
absorption suddenly occurs, 
'riiis persists also for A < Ak 
ui*) to the limit of tho con- 
tinuous spootnnn ; it gradu- 
ally bcooincs less, oorro- 
Hponding to tho uniform 
doorenso of tho absorptive 
pOAx^or with the increase of 
J mi dll ess. 

]?Jg. fl2 exhibits those 
conditions as they appear on 
a iihotographic plate placed 
direotly behind tlio Ag-lcaf.* 
At tlie left halt of tho upper 
band, for A > Ak, the ab- 
sorption is weak, that is the 
cbvrkoning of the plate is 
intonflo, and indeed the more 



Fig, 02, — Absorption of continuous Bontgen 
light in a Ag-foil (bolow) and a Au-foil 
(bolow). Tho light M»hieh passes through 
tho foil falls on a photographic plate, and 
tho uppor bands in tho figure are clia- 
gramnmtio roprosonfeations of the pictures 
so obtained. Bolow them is shown tho 
K-sorics of Ag and tho L -series of An, 
Strong soloctive absorption by the foil 
(small darkening of tho plate by tho liglit 
passing through) is exhibited at the ex- 
citation limits of tho K- and L-sorios. 


in ton SO tho longer the wave-length, that is, it increases towards the 
loft. At A — Ajc the soleotivo absorption of the silver in the leaf 
comes into action. On the riglit side of tlic band the x^botograpliic 


plato is tluis strongly sorooned by the Ag-leaf. We have at first a 
region of little darkening and then, as tho hardness of the rays in- 
oroa+ios, a slow inoroaso of the darkening, corresponding to a slow in- 


(U’caKO in tho transparency of the Agjeaf. 

Si milar results are found for tho L-aeries. Let the matter through 
Avhioli the radiation is transmitted be, for examx)lo, a gold leaf. In 


* Wo lujro disregard altogofchor tho speeiflo action of silvor in tho photographic 
layer, which partly i-ovoi'flos tho action of the absorbing saver leaf, ihia action is 
iifustmtod ill Fig, 6[b 
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the case of Au tlio three I/- absorption or oxeitation linuts .Lj, .Lji, bin 
are at Alj = 861 , Al„ -= 899 , Alhi =- 1038 X-units. 

Accordingly, a photographic plate wiiich is placed boliind the Au* 
leaf and of which the darkening is shown in Fig, 02 (lower luilf), oxhiliilM 
intense darkening to the left of the first limit Jjiii J immediately to tlii^ 
right of this it appears very bright, on account of tJie Hel(M3tiv<? absoi’j)' 
tion in the Au-leaf. The darkening increases slowly towards th(‘ llglil, 
till it decreases snddenlj^ at the second limit Ln, though less suddcmiy 
than at the limit Lm ; at the third limit Li a tliird weak ]>righ toning 
follows, Witlx increasing hardness tlie darkening beyond Lj 
cont^nll0^1sl3^ 

Concerning Fig. 62, we have yet to remark that, towards tlu^ l(>ft 
in the upper part of the figure, the L-absoiption limits, towanis tln^ 
right in the lower part of the figure the K-absorption limit, may h(^ 
imagined to be added, but at a considerable distance away. 

After the schematic Fig. 62 we consider in Fig. 63 a spectrunx 



Jig. 63,— Rotating crystal photograpli of tho Rontgoii spootriun ()f a W anti, 
cathode (L-series, p, y, S) in which tho continiiouB spnctriim of tho anll- 
cathode forma n baokground, Tho spootrum was partly Horoonntl i)Y an 
A1 shoot 1-4 mm. thick (iippor part of the flguro). Tho Br^Ag layer of the 
photographic plate shows strong solootivo absorption of tho Bhntgoii liglit ; 
the first orc^r I£-]imib of Ag is shown on tho loft aJuL tho soooml on lor on llio 
right, the Br IC-hmit being in. tho middle, Tho Br limit is oomnlotelv 
extinguished by tho A1 shoot, but nob so tho Ag limit. 


that wag photop-aphecl by E. Wagner * and J. Brentano, of a tungHteii 
anticathode ; in the lower part no abaorbing layer wiw interpognd, 
whereas in tlie upper part tho radiation had boon made to paws tlirtnigli 
an aluminium plate 1-4 mm. thick, Tho big spot on the left w tho 
over-exposed point of intersection, of tho primary radiation with tho 
photographic plate, A revolving crystal ha,g spread out tho wav{(- 
lengths m increasing order towards tho right, that is. in the opnosiK^ 
direction to that in the schematic Eig, 02, At tho riglit end of tho 
lower part of the figure we see tho oompavativoly soft L-linos of tho 
tungsten anticathode marked ont with extraordinary oloarnoss on tho 
weakly J^ackgrouncl, which represents tho continvions speotruin 
of the anticathode. The lines a and a' wore too distant to bo taken 
on tho plate. The photographed linos aro ,Hucoe«.sivoly eoimtod from 

Broglie, G,B,, 167* m3) j*'l68 ( 1014 ).^^’ inti' 0 (l««(,ory papora Ijy M, ilii 
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right to loft, f//, p, <j>, y 8, x\ the three most intense lines B, y, and 8 
liavo. boon made recognisable as suoh in the margin In the iinner 
part of the figiuo the softer L-linos and, for the'gUt ^ 
the continuous background has been extinguished by absorption in 
1 10 aluminium sheet. If we follow the continuous spectrum towards 
tho loft, 111 the lower part of the figure, we come across several striking 
sharply dohned absorption edges that here (namely, in the scale of 
wavc-longtlis) extend towards the left with decreasing darkening 
Wliat do tlioso absorption edges in the lower part of the figure denote 
in viow of tho fact that no absorbing medium intervenes ? They are 
(Ino to tlio 'photographic silver bromide layer. The intense band on 
tho loft is tho K-absorptiou edge of Ag and it is repeated in tho weak 
band furthest to the riglit ; tho extended hand between these is the 
K-a-bsorption band of Br. Corresponding to its position in the natural 
systom (Br, Z ==. 35 ; Ag, Z == 47} tho Br-band is softer than the Ag. 
baud, Tlic former is entirely extinguished by the Al-slieet, whereas 
tho Ititter is not absorbed cither in tho second order or in the first. Of 
Qourao, actually, tho Ag-baud roflooted in the second order has the 
same wavc-Iongth as that in the first order. This explains the circum. 
stance, which at first sight seems paradoxical, that the Br-band is 
woakoned more in its passage through the absorbing A1 than the Ag- 
hand of tho second order, which, according to its position in the figure, 
8001118 softer, but which is in reality much harder. To conclude the 
doaoription of this instructive figure we have now only to mention that 
blio photographio darkening is dependent on the quantity of the ab- 
sorbed energy. Tliat is why the plate becomes dark, particularly 
whoro tho wave-lengths absorbed soleotivoly by the Ag or the Br 
strilco it. T\m AgBr layer acts simultaneously as an absorber and as 
an indioation of the absorlied energy, and its increased absorption 
is indicated by increased darkening. A bolometrio or an ionisation 
moaaiiromont of the radiation transmitted by the AgBr layer would, 
on tJiG otiior hand, indicate increased absoiqition by exhibiting a 
le&soiiing of tho energy. 

The data (joncorning the absorption limits has been given for the 
IC-Bories in Table 12 and for the L.,s 0 ries in Table 16. 

.rhe ropre^sontation of the absorption edges in Table 16 by Roman 
nuinorals (I» H, III, ... in tlie order of increasing wave-lengths) was 
introclucetl by ]3ohr and Coster, In contrast to this in the earlier 
editions of this book a representation by means of double suffixes was 
reoonimonclod wliioh gave the theoretioal quantum meaning of the 
energy stops oonoornocl. Tlio relation between the two methods of 
notation is to bo seen in Table 19, Wo have re-introduced the earlier 
notation hc^eauso of the fact tliat tho multiplicity of the edges does 
tuiHo from the combination of two quantum numbers (which we 
nowadays denote by I and j, following tho terminology of optical 
Hpootra), Mbroovor, the rational definition of j (in Rontgen spectra 
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m in all doiibleli spectra) is not integral but luilfdnliegral ; 
and the rational noiunalisation of Z is in the case of wave 
mechanics one unit smaller than in tlie older theories. We 
should, therefore, have to write Lo^^/g, Lj^ i/g, g/g instead 
of L_ii, Lgi, Lgg. This would be inconvenient, especially for 
the purpose of general term notation. Wo have eonso- 
qiiently adopted the use of the suffixes I, II, III. . , . 

From Tables 12 we see that the Kdimits lie hard by 
the lino Ky, and, indeed, in accordance with Stolcos* law 
they are displaced a little towards the direction of shorter 
wave-lengths, by about ^ per cent., as Duane and Stoiistrdni 
have proved for W by means of precision measurements.* 
The same remark follows from Table 16 with regard to the 
L-edges, and the lines L^, and L^. But Table 18 also 
shows fcliat the. absorption donblets of the L-series coincide^ 
toUhin the limits of error j with the emissmv doublets, l-lio 
significance of this fact in the atomic model becomes 
particularly clear in the light of Fig. 60 : the absorption 
doublet is given as the dilferencc in the energy-levels by 
the energy-step between the Li- and the Ln-levol, in tlie 
same way as the emission doublet is given as the energy 
drop in passing to the new energy-level. 

It is to be regarded as an outstanding achievmnont of 
the spectroscopy of X-rays that also the M-absorption 
limits have been fixed completely at least in the case of tlie 
heaviest elements. In the cases of U and Th, Stenstrom 
found three, and Coster five different limits, tliat is just as 
many as we found it necessary to assume in the sohome of 
L-linos of emission to explain their existence, There seems 
no likelihood at the present time of showing the existence 
of the seven Ndimits spectroscopically. f Even in the oa.so 
of the absorption limits of the M-series the experimental 
difficulties are extremely great : it is necessary to use .a 
vacunin spectrograph and the absorbing metallic salts have 
to bo used in exceedingly minute quantities, siicli as are 
taken up in solution % tissue paper. 

Hitherto we have dealt only with the posiiioit of the 
absorption limits. Concerning the amount of the absorption 
wo mentioned merely its general decrease as the wave- 
length decreased and its sudden increase in passing the 
absorption edge. The amount of the absorption is measured 
numerically by the absorption coefficient fx. This is defined 
by the statement that for homogeneous radiation tlio rela- 

* VvoD, Nab, Aoaci., 6, 477 (1920). 

t They havo boon observed by H. Bobinson, Proc, Iloy. 8oo,, 104, 
466 (1023), who used a refinement of the magnetio method. 
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tivo tlcoroaso of intoisity in tlio passage through a layer of depth d is 
li’rom the absor{)tion coefficient n, wo pass on to the ime absorp- 
lion coiifficient fi in which tlio loss due to tlie coefficient of scattering s 
(of. Chap. I, p. 80) lias boon subtracted ; and from this again, if we 
divide it by tiro number of atoms per cubic centimeter, to the true 
absorption coefficient per atom, which we shall call In the following 
disoiiSHion rve shall give the corresponding coefficient * for the gramme- 
atom, which becomes Lp^n, whore L is Loschmidt’s number, as this 
gives TiH a more convenient order of magnitude. According to very 
acmivato jneasuremonts by iliehtmeyor, Allen and othera, which have 
boon exhaustively discussed by B. Walter,! the following relation 
holds between L/x^(, and the wave-length A of the absorbed radiation 
and tho atomic number Z of tlio absorbing element for the short wave 
side o£ the K absorption-limit (A expressed in cms.) : 

L/r.i, - 130 . lO-" . Z^A^* for A < Ak ; . . . (1) 

on tlio long wave side of the absot’iition edge depends on A in the 
aamo ivay, namely A®, but the Z exponent becomes modified : 

L,x,i,=-0-29.10-^.Z^-®A®forA> Ak . . ( 2 ) 


'llho Z-^-law in cqn. (1) was discovered by Bragg and Peirce.! 

Wi'o arrive at the expressions ( 1 ) and ( 2 ) if we plot the logarithms 
of tho measured values of the absorption coefficients ns ordinates 
and tho logarithms of the wave-lengths or the atomic numbers as 
absoiasoj. I'lio points tluis obtained lie in segments of straight lines, 
from tho position and slope of wliieh we may determine the factors 
and oxponontials of cans, (1) and (2). The rather unprepossessing 
fraction al form of the exponent 4-3 for A > Ak shows that we are 
lioro dealing with a purely oraiiirioal expression. 

In this way we get for tho dopondonce of log p on log A the clmraoter- 
istio picture of Fig. 04. Suppose wo are dealing, for exampk, with 
Ak, at first in the vicinity of the K-absoiptiou edge. Ax = 486 X-umte. 
If wo start from the leas hard rays (A > Ak, at the right end of the 
oonthmouB line in tho figure), log p decreases uniformly as log A e- 
oroascs, as far as A = Aic At the latter point, on account of the ex- 
citation of tlie oliaraotoristio radiation of Ag, moreased absorption 
begins ; tlio absorption coefficient suddenly jump np, and, • 

to a value seven times as groat as that before the jump ; to tins ther 
corrospoiKls in tho iogaritliinic roprosontation a ^ 

log 7 ^ 0'84. After the jump the uniform decrease of the absorption 
rooommonoea as tiio absorbed radiation increases m hardness , the 

* Tlio vnhu) pIp iiHually givon donotos ^“ 0 ^! is Uin’tomlc 

is, pov gviumuo. Hwwo mir hpM l>o«mnos eqnol to Apip, wnoro 

"'“H'pen-taohritta aut doin fiobiolo dor ESiitgonstmldou, 36, 027 and 1308 (1027). 

} Phil. Mag., 28, 020 (lOU). 
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locavithmic value of the decrease as before the Jutni) licing again dotor- 
inined by the exponent 3 of A in equation (1). If, on fciie otlier lian.l 
go towards the riglit into the dotted region (wliieli is nob (uirrobo- 
srI I'll?- mnocnT'filTl 111 +>liR naae of A 2 )k WG iUTivo at tJio .L'lvbHovpiifHi 


rated by measurements in the case of Ag)> we 
limits. Our figure has been drawn with dotted linos hero lauituiHO 
it does not correctly depict the height of the sequonce of lilies in 

comparison witli the K- 
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FiO. 04. — Tlie logarithm of the absorption eo* 
efficient (x of Hdntgon radiation is a dis- 
continuous linear function of tho logarithm 
of the wave-length A. Illustratocl diagmm- 
matieally for Ag. 


edge ; corresponding to 
the gap in tlio ai-axis tho 
aequonco of linos for tho 
Jj-edgo slioiild in r(uility 
bo raised, ^.i'he oouvso is 
hero similar to that foi' 
the K-absorption limit ; 
ill ore arc sudden jumps, 
tho graph having a parallel 
course before and aftfU’ 
tho jump, In tlie liguro 
three such jumps, of do- 
creasing intensity, ]ia\^o 


been inserted, corresponding to tho three absorption limits Li, Lii, 

Lin. 

Concerning the rise of the absorption at tho limit in question, it 
is not quite sharp and .sudden as was previously boliovod and as it 
appears in Fig. 64. Moreover, the limit often has a certain striioturo. 
Stenstrom showed this for the Mdimita, G. .Hertz for the L-liniitK, 
and Fricke for the K-limits of the lightest oloinontH, Fig. 65 shows 
tho IC-limit of sulphur, according to H. Frioko,* 
as a photometric record of the darkening of tho 
plate. The abscissm are wave-numbor.s (increasing 
towards the right). Great values of tho ordinates 
denote good transmission, that is, little darkening 
of the plate meEisured photometrically and corro- 
sponding strong absorption in tho absorption film 
placed in front of the plate. Tiie photograph for 
the case of sulphur shows a precixntoiis but never- 
theless steady rise of the absorption between h 
and K. The distance fcK amounts to about 5 
X- units and is a measure, so to speak, of tlie 
breadth of the K-edge, But tho two absorption maxima behind K, 
called A and B in the figure, are still more romarkablo. (Tlie small 
zig-zags are due to the granules of tho photographio plate.) 

Kossel f accounts for the successive maxima as follows i Tho 
principal limit K corresponds to tlio energy whioli is nocossary to 



>^ia. 00. — Btructuri) 
of a UCn t;goii iib- 
otlgi) (K 
for Hulphur) ac- 
coi’dijig bo Frinko. 


‘ PJiys, Hqv., 16, 202 (1020). 


t Zoifcfl. X. .l»hyslk, 1, 124 (1020). 
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transfer an oloetron from the K-sholl into the first imocoupied orbit * 
of the atom ; tho following maxima A, B belong to transitions of a 
K-oleotroii to orbits of the atom that lie still further outside. The 
amounts of energy required for this are of course greater than the 
strongest limit denoted by K ; hence the maxima A, B, . . .lie on tho 
side of the greater wave-numbers. From Kossers view it follows 
that tlio distanoG of those maxima from one another and from IC, 
when measured in wave-numbers, should be of tho order of magnitude 
of the Ilydborg constant R, which is oonfirmed by tlie liguro. Hence 
it follows, too, that tho phenomenon of n band-strueture can be 
observed ojily in the ease of very soft bands, and Jionoo (for K- 
absorption) only in tho case of the lightest olomoiits. The successive 
maxima at the absorption edges in the region of harder rays come 
oloso together, when measured in wave-numbers* 

This brings us to the fimdamontal question : liow is it that tho 
visible si)eGtral lines may be observed in emission and absorption 
but that the X-ray lines appear only in omission ? Tho reason for 
tins, again according to Kossol, is to be found in tho contnist between 
tho interior and tho exterior of the atom. In the interior of tho 
atom the shells are ocenjned by electrons ; tho olootron which is to 
bo raised from the interior finds no place free, in aocordanoo with 
IPauli’s iirinciple, and hence must bo taken as far as the periphery of 
tho atom or beyond. Hence in the X-ray region absorption lines 
appear only in asaooiation with absorption odgos, in transitions that 
load the electron beyond tho periphery of tho atom into the exterior 
of the atom which is unoccupied by electrons. In the visible region, 
on tho other hand, tho transitions oeouv general ly between nnoccupied 
quantum states in the exterior regions of tho atom. The same line 
can occur in absor])tiQn and omission, according to tho direction of 
the transition, 

Since the structure of the outer atomic shells depends on the 
chemical activity of the atom (or ion), R. Swinno f and W. Kosael f 
surmised as early as 1916 that the position of eclgoa depended on tho 
valency state of the element. Tins dependeuco has since been found in 
many eases, particularly for tho K-edges of tho elements between. 
Si 14 and Oo 27 and for tho L-edgos of I, Sn, >Sl). The behaviour 
of 01 and »S is especially oharactoristic. According to Lindh, Stclling 
and others tliey exhibit three different edges aooordbig ns the com- 
pounds contain univalent, pentavaleiit or hop ta valent chlorine, or 
divalent, tetravalent or hoxavalont sulphur. 

Not only in the case of absorption lines but also in the case of 
omission lines it has boon possible to show a sliglit clopondonco on the 

* Tho fact Umfc it is roally tho Urflt imoccupiocl orbit that cormBponda to tho 
moat rapid incroaso of abaorption, ia proved for certain b- an<,l Mdimits of hoavy 
atoms very acouratoly by A, SaiKlstrOm, S^oitB. f. Physik, 60, 7S4 (10.-10). 

t Phys. Zoits., 17, 487 (11)10), J Vorli. d. D. Phya. Ucs., 18, 331) (11)10). 



^36 Chapter IV. X-ray Spectra 

nature of the chemical bond. Por oxainjde, in the lighter elennontK 
a fine-striicture of the Kp Une oooxirs, wliioh varies mth tlie nature of 
the bond, and also a displacement of the doublet Wo see, then, 

that we must modify our remark on page 206 tliat tlio ominsion of 
X-rays is a purely atomic property. It is true, liowovor, that tliin 
is due to a fineness of detail which manifests itself only wlnui llu^ 
measurements are extremely precise. 

finally, we shall make a little digre8.sion into the region of 7ne(lir.ul 
Montgen 2 ylioiograplm, These are, as we know, whether reeeived on a 
fluorescent screen or on the photographic plato, slmdoto TJioy 

are thus concerned only with the transmissive or the absorptive po\v<u' 
of the object through which the rays pass. The human body is esMtuvli- 
ally composed of the elements H, 0, N, 0, P, Ca (for which Z — (|, 

7, 8, 15, 20), Xow the atomic absorption inoreasos, as wo 
approximately in proportion to the fourth power of the atomio numhtu\ 
and the absorption of a oomj>ound of a mixture or of an aqueous 
solution is composed of the additive absorptions of its constitiientH. 
Thus to know the absorption of bone-substance Ca 3 (P 04 )a, wo liave 
only to superpose the absorptions of Ca, P, and 0, whereby each is 
to bo counted the number of times it occurs in tlio forjnvila (thuH, 
3, 2, and 8), and to find the relative absorption of the bone.s xvith 
resjDect to the surrounding tissues, wo liavo to comj)aro them with tlie 
absorptions of HgO, whicli is easily the preponderant constituent 
of the tissxies, In this way wo get 


3 . 20^ + 2 . IS-* + 8 . 8^ 
2 + S'* 




As we see from this, tlie amount for Ca considomhly outweighs (•von 
tJiat for P ; the fluorescent screen counts, so to speak, only tlie ( In- 
atoms. But if a lead bullet (Pb, Z = 82) is loclgod in tiio bono, its 
absorption exceeds that of the bone to an extraordinary dogroo. Tho 
excellent contrast effect produced by a solution of bismuth tiiat huH 
been introduced into the stomach or the intestine is duo to tliis ; for 
Its atomic number is 83. The concentration of tlio bismutJi solution 
need not even be high ; on account of tlie ton times higher atomio 
number of bismuth compared with oxygon, a Bi-atoni aot.s about na 
strong y as 10 000 0-atoms and 1 gmi. of Bi acts about as strongly 
as 1 kilogaa. of wafer. The same explanation holds for tlio surpriHinglv 
strong absorptive action of iodine preparations that are photogranlmii 

But fc dependence ot the nbeoipHon on the wave-lniinU. nntl Ita 

reft «"• IS 

aim “ ^ Olio of the commonest 

is Wehnelt, and the associated Wolinelb scale 

IS founded (or Benoisfs hardness-gauge, which is based on iho slie 
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priuciplo). I ts emiKtruoticin is familiar : an ahiminivnn woclgo is placed 
alongHiclc a silver ])lnl.(^ of uniform thickness. W(^ read olV that position 
of tlic alianininm wedge at wliieli it absorbs just as strongly as the 
silver plate, so that equal brightness is caused in the fluorescent screen. 
Whereas Ag absorbs the liarder rays for wliioli A < 486 X-nnits rela- 
tively more than the softer rays (of. Fig. 62), in the case of Al wo obtain 
no discontinuity in the absorption cocflioient in the spectral region 
accosaible to tlio toclinical X-ray tubes because oven the K-edge of 
Al lies at sucli. soft wave-lengths that it docs not come into question 
practically, 'llicreforo, in the transition from soft to liarder rays, the 
point of equal brightness moves along the scale in the direction of the 
thicker end of the Al- wedge, as then tlic Ag- absorption begins for a 
greater part of tlie mixed rays and so the same thickness of silver 
bocomos equivalent to a greater thickness of the aluminium wedge. 

This may suffice to show that in the medical application of X-rays 
tlie more refliied results of physical research, in particular those con- 
cerning tlio absorption laws, come into account, 

§ 7* General System of X-ray Spectra* Tables of Terms. Selection 
Rules* X-ray Spark Spectra. Relationships with the Periodic 
System. 

Wo disoussed the excitation- and absorption-limits after the omission 
lines because this conforms with the liistorioal order of development. 
From tlie point of view of system wo might equally well have reversed 
the order, Tlio energy conditioiiB of the atom express tliomsolves 
most clearly in the absorption limits, They represent directly tho 
amounts of energy througli the manifold oombiiiation of wliioh tlio 
emission linos arise. 

Tho relationship between absorption limits and omission linos in 
tho X-ray region is the same as tliat between the terms and tho 
wavo-iiumbors of tho lines in the visible region, We repeat wliat has 
already been said on page 72 : the goal of spectroscopy is the atomic 
slates and their energy -values. The observation of speotral linos is 
only a means of obtaining the values of tho terms. Accordingly, in 
this section wo first develop as comiflote as possible a Table of X-ray 

Wo must first make a reniark of fundamental importance. Hither- 
to wo have spoken of tho enorgy-stojis on which the individual electron 
js situated before and after the omission or before and after tbo 
excitation. Wo .shall now adopt a more correot point of view. In 

* This was done for tho first timo in tho third Gorman odition of tho proaent 
volume, 1022, p. 030 j a Uttle lator tho table of Bohr and Ooator, Zoitn, f . Pjiyslk, 
1^, 360 (1924), appeared whioh had beoii supplomonted b^ now data, For tho 
proaeiit wo find it host to take tho term table of Lindh, loo, cit,^ pp, 22B-231, whioh 
liaa boon furthor Bupplomontod, 
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481-8 

. — 

48-2 

47-3 



3-7 

0-3 

20 

Fo 

624-0 

— 

6a-4 

62*4 

7*1 

4 

■2 

0-0 

27 

Co 

66B-2 

— 

590 

67-8 

7*7 

‘1*7 

0*7 

28 

NI 

0J4-1 

. ■ — 

64-7 

03-4 

8-3 

6-4 

0*7 

20 

Gu 

061-0 

. — 

70-3 

68-8 

8*8 

6-7 

9 

-1: 

30 

Zn 

711-7 

— 

77- 1 

76-4 

10-1 

5-8 

0-9 

33 

As 

874-0 

. — 

100-0 

07-4 

14-9 

10-4 

3-0 

34 

vSo 

932-0 

— 

108-4 

106-4 

16-7 

110 

3*8 

30 

Br 

992-0 

— 

117-7 

114-3 

10-0 

13-6 

6-2 

37 

Bb 

1119-4 

162-1 

137-1 

132-7 

23-0 

18-1 

17-6 

7*0 

38 

Sr 

1180-0 

103-6 

14:7*0 

142-6 

20-2 

20-8 

20-0 

9*6 

40 

Zr 

1326-7 

187*0 

170-0 

103-8 

31-8 

26*8 

24-8 

13-4 

a 

Nb 

1308-6 

190-2 

181-0 

174'C 

34-6 

28-3 

27-1 

16-2 

16-0 

42 

Mo 

1473-4 

212-1 

103'7 

185*0 

37-6 

31-4 

29*8 

17-2 

17*0 

40 

Rli 

1709-0 

261-6 

231-2 

220-7 

46-6 

38*6 

30-0 

22*4 

22-1 

4Q 

P(l 

1704'0 

207-1 

246-7 

234-1 

40-7 

42-9 

40-7 

26-4 

26-0 

47 

Ag 

1870-7 

282-0 

200-1 

247*2 

63-4 

40*0 

43*6 

27*8 

27-4 

48 

Ccl 

1007-0 

290-0 

274-7 

200-6 

57-0 

48*8 

40*1 

30-3 

29*8 

40 

In 

2067-2 

312-0 

289-3 

274*0 

00*1 

61*8 

48-8 

32-4 

31-0 

00 

Sn 

, — 

1 329-4 

306-3 

289*6 

06-3 

60*2 

63*1 

30*6 

35'9 

01 

Sb 

2241-7 

1 340-1 

323-0 

306*3 

70-4 

00-0 

50*4 

40-4 

39*7 

02 

Tq 

2346-0 

304-1 

340-3 

320-1 

74-6 

04*4 

50*6 

43-2 

42-4 

03 

I 

2448-3 

382-0 

367-0 

336-0 

70-2 

50-1 

04-8 

40*8 

46-9 

05 

Cs 

2049-1 

421-8 

304-9 

300*3 

80-8 

79-3 

74-4 

64-0 

63-0 

60 

Ba 

2760-4 

441-0 

414*3 

380*7 

06*4 

84-0 

70-0 

68-8 

67-0 

07 

Ba 


402-0 

434-2 

404-4 

100*7 

00-0 

84-0 

020 

01-7 

08 

Co 

2072-2 

483-3 

464-1 

421*0 

106-2 

04*0 

88-1 

50*7 

66*4 

00 

Pr 

3003-3 

604-3 

■174-0 

430*0 1 

lU-0 

00*3 

02-4 

70-3 

08-9 

00 

N(i 

3214-2 

620*2 

405-6 1 

467*8 1 

110-6 

104*8 

00-8 

74-2 

72-5 

02 

Sm 

3467-0 

671*2 

638-0 

495*0 

127-1 

114*7 

106-8 

81*9 

79*9 

03 

m 

3683-4 

604-3 

601-6 

514*4 ; 

133-1 

120*2 

110-3 

86-0 

83-8 

04 

Gd 

3711-0 

018-2 

684-6 

533*0 

139*0 

126-6 

116-0 

90-0 

87-7 

65 

Tb 

— 

042-6 

608-3 

663-9 

146*0 

131*0 

lll)-8 

04*2 

01-8 

00 


3972-6 

007-7 

632-2 

674-2 i 

161-2 

130*0 

124-6 

08-6 

96*8 

67 

Ho 

4116-0 

003-2 

667-1 

604-7 

167*1 

142-7 

120-3 

102-7 

00*8 

08 

Kr 

— 

719-6 

682-0 

615-0 

103*0 

148-8 

134-7 

107*2 

104'() 

00 

I’ll 

— 

740*8 

708-8 

037*3 

170*3 

166-6 

140-2 

lU-7 

108*4 

70 

Yb 


774*0 

736-4 

060-2 

177*1 

162-2 

146-8 

11 0*4 

112-8 

71 

iwii 

— 

802*6 

762-0 

081*2 

183*8 

108-0 

160*9 

120*0 

117-2 

72 

Hf 


832-0 

7D1-3 

704*6 

101*8 

176-0 

160*0 

120-0 

122-0 

73 

Ta 

— 

802-2 

820-8 

728-0 

100*6 

183-2 

102-0 

132-2 

127*8 

74 

W 

' 6113-8 

803-0 

850-6 

762*1 

208*1 

101-3 

100-8 

138-3 

133*7 

73 

Pfc 

6764-0 

1028-8 

078-7 

862*0 

243*4 

227*3 

198-0 

102-3 

160-4 

70 

Au 

6040-4 

1000-2 

1014-4 

878-6 

262*0 

238-1 

202-8 

100-3 

103-0 

80 

Hg 

0116-9 

1094-6 

1048-6 

OOO'l 

— ■ 


— 

— 

— 

81 

Ti 

0280-0 

1132*4 

1084-2 

033-2 

273*9 

263-8 

210-2 

184-0 

170*8 

82 

Pb 1 

0463-0 

1100-3 

1121-0 

000-6 

283-8 

202-3 

220-0 

100-6 

183-0 

83 

Bi 1 

0046-7 

1207-0 

1160-4 

900*0 

296-0 

273-0 

234-0 

100-4 

191*4 

00 

Th 

8073-6 

1609-7 

1461-6 

1200*0 

381-0 

364-4 

208-0 

256-6 

244-0 

02 

U ' j 

8477-0 

1003-6 

1643-1 

1204-3 

408-0 

382-1 

317-2 

274-0 

2010 
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llw inlv.r-chamjm of amrgy il id not llie hidivi final declron hut ihe whole 
afmti that w involved . Every process of cxcitjition means an additiou 
of energy to tlie atom owing to tlio work of ionisation, wliolo or part, 
that is done. TJie energy of the ionised atom is greater tliaii that of 
the neutral atom, the more so the more tightly the ejected electron 
was bound. If wc agree to set tlie energy of tlie neutral atom ecpuil to 
zero, tlio energy of the ionised atom becomes equal to h times the 
vibration number of the absor2)tion edge in question. The associated 
wave-number, that is the Hontgen or X-ray term corresponding 
to the absorption edge, thus measures the energy-content of the atom 
in a definite state of ionisation, compared with the energy of tlie 
neutral atom, 

Every assertion about the origin of an emission lino contains a 
perfectly doiinite numerical statement about a relationship between 
the wave-mimber of an emission lino and two absorption edgo.s. If, 
lor example, wo describe the origin of Ka by the symbol Lm K, 
wo imply that the following equation between the wave-number p of 
Ka and the wave-mimbers of the limits K and Lni is exactly fulfilled : 

. - . ( 1 ) 

From our present point of view this equation signifios the follovdiig 
state of affairs. First the atom is ionised in the IC-sholl. If the 
electron pas.ses from the Lm-shell to the IC-.sho]l with the omhssion of 
ICa, an electron in the Lm -shell is wanting in the atom in its final 
state. TJuis tlio energy-content of the atom in the final state is the 
same as if the atom liad been jirimarily ionised in the Lm-sliell. Tims 
eqn. (1) expresses an energy relationship between the wave-mimbef 
of Ka and the enorgy-con tents (terms) of two atomic states. 

Wo are fully convinced that all such relationships demanded by 
tlio theory liold absolutely rigorously. Empirical confirmation oan 
of oonrso be obtained only in those si)ecial oases wliere, besides the 
omission lines, also the absorption edges have been measured with 
sufficient accuracy. The precision measurement of tlie edges is ro- 
striotecl by their fine-structure. Acooi’ding to the maximum to whicli 
one adjusts, different values of the wave-number are obtained. An 
oxaot Wt for the L-series has been undertaken by Coster * for the 
elomonts Bi, Th, XJ, fox* which besides the L-edges also the M-edges 
are accessible. 

In sotting up the table of terms our procedure is to postulate 
that all the relationships between lines and edges, which the theory 
.(of., for oxamxde, the column with the heading origin in our Tables 
11 and- 14 ) demands, hold quite accurately, and that inaccurately 
measured edges are corrected in this sense and new ones become added 
if, as in the case of the N-edges, they are too soft to be measured. 

♦ Zeits, f. Physilc, 6. 106 (1021). 
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Til uoiitnval) with tiro visiblo Hpocitra, for wliich tlio Jiiunbor of iSciTofi 
terms is immeaHiirably groat, wo luivo tlio advantage iu tho case of the 
X-ray spectra that tho num})er of tho tonns is small and the comploto 
list of terms of all tho oloments does not oooiipy much more than two 
pages. For there are only 14-3 4 - 5 4- 7 + ^ 4- 3 = 24 limits, of 
which, nioroovor, a fair miinher are wanting in tho case of tho lighter 
elernoiits ; thus the inunhor of term magnitudes for all tho 02 {domonts 
taken together is loss tliau 24.02. Those term magnitudes are fixed 
oharacteristios of tho atom. 

X’o accompany the tabular survey of Table 20 wo add the graj)ha 
of Fig. 66. Wo have drawn this figure in tho same way as tlio oarlior 
figures of tins oha];)tDi', in which the K-lovcl was placed at the bottom. 
Wg might also liavo followed Bolir and Coster in choosing tho I’oversed 
position, since according to the beginning of this section tho ouorgy 
of the wliolo atom is greatest when tho K-shoIl is ionised and sinoo it 
decreases, for example, when during tho emission of Ka tho K-slioll 
becomes filled and the L-shell is loft ionised. In auoh a method of 
ropresoiitation the energy-levels would represent tho posUivc energies 
of tlie whole atom, In our method of roi)resontation they donoto 
7ie(fative energies, The dotible arrows drawn in the figure arc to 
indicate that, on tho ono hand, we may consider tho energy of the 
whole atom, in which ease tho arrow is to ho taken in tho np\rard 
direction, or, on tho other hand, wo may localise the process in the cliief 
carrier in the transformation of energy and from this point of viow the 
arrow must be taken in tho downward direction, 

Tho figure is to bo regarded purely diagrammatioally, For oxam plo^ 
within each shell the levels are drawn equi-distant, whereas in reality 
the lovol-differoncGs are very diflferont. Iiikowise tho decroaso duo 
to transitions to tho oxtornal shells is muoli more marked in reality 
than as sho\vn in tho figure. In oases whore, suoli as in tho M- and 
the N-sholl, the arrows occur without letters, the linos in quoation are 
to be oxpooted theoretically but have partly not been found and partly 
not been provided by us witli special symbols. Several of tho line- 
symbols added in tho figure (for example, y* in the K-series, cffAp, 
in the L- series) are suflioiently defined through the sohomo of levels 
itself. 

This soheme is supported by a great series of combination-relations 
botwoon tho emission lines. Fig. 60, whioli depicts suoli relations is 
actually only a section of our now more oomprohensive figure, Horo 
wo shall touch only on those combination-relations which have jdayod 
a particular part in sotting up the sohomo as a whole. 

The K/3-lino comes into question in tho first place, According to 
the original Kossel relations tho following relation should actually 
hold in wave-numbers (see eqn. (2) at the end of § 3) ; 

. (2) 


vor,. T.‘ — 16 
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'L'Jie author ciicleavoin’ocl to oatabliHli itt KHh wlirillior ||ii 
equation holds nxaotly in tliiH form nnd louiid IhaV, U' ditli •o‘‘A . 

W® notually obtain from t)m preelHO oxxiliiiia.tii)U of Wu- litu'H in 
q[ue.sfcion in Fig. 06 

K /3 = K Mm, Ka == IC — • Luj, Lee Lrn ■ My, 

tliat the correct form of the relation (2) is 

Kl3 = Koc + I/« + (MV -- M,u) . . (:l) 

Secondly, wo mu^t name two relations wliieh It'd Smtdtnl j' tu 
allocate the lines and L^' corrootly : 

= Ka + Lc/, -I- (Li - Lmj , , , 

Kje- Ki?' ==L^^ -.L0' .1 • ' 



The line Kp' =« K ■'Vhioli ocoiii’s hero (hod our koIioiiU' t»f 

levels) is a -weaker satellite of K)3 whioli Inva, liowovor, Ik'i'H ftHitui 
only in tlie case of a few elements 1 in tlio tjasn of Jlh it ■'ViiH Hint 
observed by dc Broglie, J 

By comparing tlio results With the niOnHiivomonts of tlU' M- 
edges Coster |( then established the iiitorprotation of tlu? ,L- M- 
combinations by showing that the following w'lafcions liold 1 K'tWiuM i 
the L'lines and the M-edgos : 

Ij« — Le = Mj My J ■ ■ ■ 

Almost more convincing than those nniuorienl detnilH llic 
regular struetnre of tlie whole solienio of lovels itsolf furniEflicH tjm 
best evidence for fts logical conception. To make tliis clout' n o 
must mtroduoe two terms, for the introduction of wliinh wt' 
ahaii not give the reason until wo arrive at Cliai)tor V, iiann'iy : 
doubleV^^’ doublets” and “irrogiilar or Hcrooniug 


We have aboady learned at tlio oml of § 6 the oliarntitoriHlic 

there nyeatigated) depends on the atomic numbor ^ ; (,hi« 
' f explained by the tliooiy of telativiiy ijjnJ ,v. 

diif bin ii !. g®-^*'^ioe lax - .Lii, wiijoii cx-Jiihite 

different but iio less ciiarncteriatic dopondonoo on Z, wJjinJi 
been elucidated by G. Hertz (of. Chap. V, § 5). 

t‘&.‘r. flf yW- tbo end. 

mentioned juefc bVlow worn onumlamoiUanmnn'?!’'^ ihiHler 

sdlisrae ot levels, They pri>r©*pMi Th« a) h - sotting np the 

ond the St-aliell five ti^^ ^ L-aho(i is suhtfividod tbrcti tlmus. 

|Con,pt0s Be„dua 1063. 1246 (11)20). 

fl^eits. /. Physik, 5, 139 ' '* 



243 


§ 7- General System of X-ray Spectra 



oncG points to a cliftcronce in the soreeiiing constants and re- 
prosonts the typo of tho irrogiilar doublet. 

.Bxxt these two typos do not only x^resent themselves in the L-shell 
blit also in all tho subsequent shells, and, in fact, in regular alternation 
as shown in the above scheme, 

^.riio brackets ovca' tlio symbols denote rag%ilar donbUis^ those under 


Fig. 66- — Diagrammatic representation of Rontgen energy-levels. 
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tlie syjiibols irmjuJar doiihUis ; both arc oharaelnriwal by a 
analytical law as a function of tiio atomic} nuinhcu’. 

We have now to show how the oiicrgy-Iovoln oJumi(?toris{^(t Jn thin 
way combine with each other. To aceoinpliRh this wo nuisl; nnwign 
'' quantum numbers to them. Wo do thifl in the inanmu‘ found to 
be expedient when dealing with the analogously constjuiotiMl clou h lot- 
spectra of the alkalies. Ifor we distinguish between tbr(!(} ([luiiituiiii 
numbers : 

n, I, 

1. The principal quantum number n inoreases step by shspj mh avo 
know from §§ 4 and 5 of the preceding chapter, in tlie sii(K!essiv<^ nIu'IIh : 
for Ave liave 

= 1 2 3 4 G 0 

^he K, L- M- N- 0- P- shell. 

This quantum number is not restricted by a selection ])viii(npl 

2. The azinmthal quantum number I assumes tlu? values 

/ = 0, 1, 2, . . . ^ 1 , . , ^ ((j) 

Avithiii each shell, if it is fully developed. Tho allocation of thert(' 
numbers to the sub-divisions of the shells {Uniersclmhn) may be neen 
from tho following scheme : 


j = 0 K, Li, Mi, Nj ... 

t-l Lii + Ltii, Mu + Mill, Nii H- Nm . . . 

, i; , Miv -I- Mv, Niv H- Nv ... 

Nvi I Nvii . . . 

The following selection rule holds : 

AZ = — 1, or AZ = -)-!, . . . | 7 j 

necess^v^ hv^the'^fitT nuinborji is roniJorod 

irZKrlaS:'*’''' 


/niinimnm value j = 
Iniaximuin value j = n 


,} 


(8) 


forbids trensitions witihn ono and\h^ same sLu ^i l i ^ 

ground given is os follows • Coskar rPhU To An- 0 j |.|iu 

looked in vain for the Hn« L T ??».W70 (1022), l;>,irb 2, s i/v| 1, « 

the region of the M-sories ond woiibl * W'o onso of tuiigatnii llri in 

Cf. also Hjalmar, S“*f "ph^ i" ««)or solootio.fprluoip J 

absence of such lines oan be aocoiintnrt parfcioulnr p. 80. But tho 

‘''?"®®**“i-Pi'obabiiitie8 are verrsmall K*'**''^ 
Structure of Line Spectra, •> McOraw-Hiilf IMO, S S 
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The allocation to the sub-divisions of the sliolis is scon in the following 
schemes : 


j i K, Li + Lu, Mi + Mu, 

i — iJ Lui, Mm “h Miv, 

i == -5 Mv 

Tho selection rulo in this ease is 


Ni + Nu . . . 
Niu + Niv . . ■ 
Nv “b Nvi . . . 
Nvn 


Aj^^O or . ■ (fi) 

In Fig. b(j tho onorgy-lcvols arc shown with tlioir corresponding 
/-and j-valuos. By combining our rules (7) and (0) wo obtain a// lines 
drawn in Fig. 66 and 07 ily tlieso lines. O'his was shown simultaneously 
by Weiitzel * and Coster. f 

Not only is it possible to xn’ediot tho ocouiTonco of lines but also 
their hUeiisiiy generally. For this purpose we supplomont our selection 
rules so as to have qualitative inlcmily ndes. Although, like the 
former, tlio latter appear at present as empirical postulates, this docs 
not reduce their regulative powoi\ To give a theoretical basis for tlrom 
would require extensive oalonlations of a preliminary kind and >voulcl 
load us into Piraeus tlieory of tho spinning oleotron. 

We postulate ; ihos(^ tranHiiions are strong in lohich 1 and j change 
in the same sense ; the transitions are the wafer, the more the change 
in direction of 1 ami j is differeiiL To this wo must add : a transition 
in the decreasing sense Z 1 is, ceteris ^mrihuSi stronger than a 

transition in the increasing sense 1, We aliall find that tho 

same rulo holds in tho case of innltiplet spectra in tlio visible region 
(Chap, VIII) as a qualitative intensity rule, and moreover in their 
oase tho rule will first find its full apifiication, for in X-ray spectra 
(and doublet spectra in general) tho ease of oppositely directed transi- 
tions {tingleichsinnige ubergdnge), for oxamplo, AZ — — 1, Aj =: + 1, 
does not occur at all, because it would lead to a final state in 
which j — I would be two units greater than in tho initial state. 
IBiit this is forbidden since the difference between j and Z, by (8) must 
always amount to zb h Consequently, in tlio case of X-ray spectra 
wo have in addition to the strong similarly directed transitions only 
such weak transitions as have Aj — 0. 

Tho application to tho K-sories is very simxde : hero tho strong 
lines, a, p, y belong to tho transitions AZ Aj — — 1, tho weaker 
satellites, a^ y' (whioli are half as strong) belong to tho transitions 
AZ = 1, Aj 0. 

Tlio conditions beoomo more manifold in tho ease of the L-sorios. 


* Zoil-H. i, Phys., 6, 81 (1021). 

^ Ibid., 0. IBfi (1021). Tho schomo snggcjstod by Costm- doviutos only in 
formal roapoetB from that of Wont/.ol in that Coator originally oiukavourod to do 
with only ono quantum number [I or h) j later Coster aiTcl Bohr also dooidod to 
introduce tho second quantum number (our present j)* 
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K *' js”'”'* ““'"“ly I- ™<1 m, boio.,g to M » M 

T.J- »<l LS'. fi.. till, ^ ’r "T’' 

1 .. US ,.o.v .suite M ‘"T r' '• 

case of e we Jiavo M = + 1 a/= I l iL +1 ^ 

j, 1 A / A -o* \ y 3 I - 1 , in tho case of 7? we liavo AZ = 

boloni to Al 1 L w*,' ^ explained hy the circuraatanco tliat e, „ 

/ 7 e ^ r 1 (increasing seme) whereas a R liplmirr* a? 7 

itoST’prrLJt Tirp'^n’r v'“^ -< 

.hobo, I. to, H'Z:uVLiir 2 Lri?r “ “ «■ ^ 

- 1 , Aj = 0 for ii' y' \' Ti.n r r ^ v^> X ■ • . ; 

rules hold for the M n.Ji m «’«’• ' ' i x soleotion and intensity 

here. not enter into theni 

;™mo thSht 

111 Fig. 06 such lines wore nf^t li i i “■ exposure ; 

pages 210 and 218 andso fortli T? Tables 12 and 10, 

m- Occtoiouslly to, 

by «b 

exteinal fields is analotrous to flown in strong 

(of. Chap VII It TiTr-. ,r visible region 

sspectra, too, thoMcuSnct ^torbrn*" ^r"'* 
the notion of strong internal atomi^’filTi 

conjecture tlmt it Is piS oS t . to 

tosbldto llnss by „,sktog to', e^s,™ tag °' 

-.% on tot ui busrivrrxsx: “‘z “T 

.lisoovstod ly Cbib?.Tsto,iX*Xt'r:ta,‘’;'‘ ”"v-' “■■• 

s,. ..mL toXto SI w S"; ■ *>»» 

inequalities hold : ^ Ijnlnmr in 1920 , for which the 
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Tjio ICjS-liuG also has short-wave satellites. In the L-serics we know 
of botli sliort- and long- wave satellites, the latter occurring in elements 
for Avhioh the initial level of the principal lino is incompletely developed 
(Coster and Druyvesteyn *), 

Wontzol f has proposed a remarkable theory for the short-wave 
Hat(illites, which was described in some detail in tlie fourth Gorman 
cnlition of tho present volume. This theory interpreted the satellites 
in question as ** spark spectra of tho X-ray spectrum.’' As remarked 
in Chapter II, § 2, we take spark lines in the optical spectrum to stand 
for lines omitted by the ionised atoms. To excite ordinary X-ray 
linos single ionisation is already necessary ; to excite the spark 
linos ” of tlio X-ray speotnim Weiitzel considers that double or muUipU 
io)hisation is necessary. 

,It was j)Ossible to confirm this theory in several jjoints in the case 
of tho short- wa-ve satellites of the K-series4 but some objections have 
also manifostecl themselves. The double or multiple ionisation of an 
atom is a process whioli is improbable in itself. The excitation poten- 
tial necessary to effect it is considerably higher than that required for 
Hinglo ionisation, It has, indeed, been shown experimentally that 
tho short-Avave satellites actually appear at first at higher potentials 
tiuui tiro principal lines, but the potentials are not in general as high 
as is to bo expected from Wentzel’s theory. The interpretation also 
bcoomos considerably more complicated for another reason which 
Wentzel (| himself first recognised : whereas tho ordinary X-ray 
spootra liavc a doublet character the X-ray spark spectra should have 
Hingulot or triplet structure or in the case of higher ionisation, multiple 
structure in general. Tho excitation limits Avhich are then to be 
decisive for tho omission of X-ray spark lines not only become different 
from the ordiiitiry or arc lines but also far more numerous. The 
number of possible combinations increases correspondingly. Wentzel 
expends no fewer tlian twenty-four lines in the case of double ionisa- 
tion whether of tho K- or L-shell or in tho case of simultaneous ionisa- 
tion’ of tlio K- and L-shell f (K^- L^- or KL-terms ; formerly only two 
Huoli comhinationa were enumerated, which were allocated to the 

lines and . , . . j 

A view Avhich differs from that of Wentzel has been proposed 
and Hunuorted by Kichtmyer.^* Ho, too, assumes as a condition for 
tlio appearanGc of satellites a double ionisation, the one occurring m 


* f. Vhveilf* 40, 706 (1027)» 

J niSSiK’ T„. p...,cu,„ P.U.. ... 

volvU i» 'uo wUfcv o( tho w.vvo..nimbor diffoi-onoo «« - of on elomont w.tl. 
rKvo.«und?o'' clilTorcnoo 

!( otoniogon, ipk(“ Bns Rontgon-spoktrum 

..«itoyV;t uev.. 34. 674 (1929). 
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A-ray hpecua 

or .shell, tlie th jin 

the inner hIu'U ’'voiikl 

I'L-satolliteH tl««* * V N-hIk'** 

XI. J J.1 At- « tiMltuMt 


trfi 

iM t'aWi 


f/ouMf 

Ijit. // rwnf 


side, in Avlii(?li I?* H4i 

to the hv of 1-1 >4' ViHihl^' H| 
to occur in UK'' ' ' .smsuu -4 <»f 




an inner shell, the otlier in an outer 
sayj by an electron ejected from 
velocity. In the case of the K- or 
be tlio K- or L- shell resj^octively, tlio outer tlu^ " 
tively. Tlio satellite is sux^posed to arise tlirongh 
{I)op 2 )elspmng) in that both gaps are filled up iiy 
case from a shell lying furtlier outside, 
these two transitions become added 
Such double transitions are known 
in fact lead to particularly eharaoteristio and (’f. 

(for example, the j^jpMines of the doublet- ami ^ |J j n"< 

Chap. VII, § 7). A kind of Moseley's law ]mUy {{^ 

A V between the wave-number of the satellites ami t ^ ^ lilliug 

line'' (that is, the ‘diagram line" which 

of the inner shell alone) ; for we have that ^/Av in i ^ * V ^ V^\uM*iniKi i 
the atomic iiuniber. This law^ has been well conllrii tK* ^ ftir t litme 

by Biohtmyer for the short-wave satellites of ICa, iiK M- 

of La, Lj8, Ly, in particular in the case of those 

or N-sliell is incomxfieto, that is, where the external ga I* * >nvt^ n-ut ial 

is present of itself. The difficulty of the Jiigh extK *’**"* '/*^' 
mentioned above as necessary for M^ont/.ers ^ I 

niperfluoua in Riclitmyor's * theory : the oxoitati^llL“lK*t^^^ilY *'44. Av«a 
hit little greater than that of the parent-lino ((^xpc*^i^n *^*^'*^**^*h’^ 
between 20 per cent, and 30 per cent.). 

We now return to the true diagram lines and eoimic l«>r 

ir absence in connection with the theoiy of the poriitt I t C! HjmUuu- ^ ^ 

We have pointed out repeatedly that the nuiubor wiilvfli vmhhmih 

if the levels iuGreases as far as the N-sholl and then 

f it wore to increase still further, thus, if the O-Hltcl l to bt"* 11 lun- 

hd instead of five-fold, more lines would have to oeei 1 r i 1 1 il 10 At - w , 
ccordiiig to the selection rules, thaji have aotmilly rihnit^i'VM wI, 

his may bo regarded as a first test of Bohr's tlu'ory of tlu> 
astern. 

We shall now look for fxirther signs of tliis theorjy^ in iUo w^licde 
gion of X-ray spectra, They will emerge, to spcHlc c|iiifn goiiiM'filly, 
om the circiinistance that certain lines dooreaso in iiifcoiiNity^ wJion 
3 pass froiu the heavier to the lighter elements, Jn pjt'OjJOlTitm it** thi\ 
lantuni state of the initial level is no longer roallHOcl tlui itfcojilio 

L'uoture, 

Let us first consider tho levels Pji and Pjii ; they cl rojij onfc bn t \vf 
92 and T1 81. Actually the line Pur— > Ni has bees 1*1 obHcrrvncl Jiat 
ly for U 92, Th 90, but also for Bi 83 ; the tranwitioMH Pnr - >• M i, 
[t^ My arc so far known only for U 92 and 'Tli 90. 1 V in rnmark- 

’♦'III tho moantimo tlio tliooiy has recoivoct considonihlo fmcii Mto 

let investigation of the lino OiiKag, of, L Wi L« Moud lU 1 r:| >V • I lovt. I "li 
30, 799 (1030). * * ^ * 
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§ 7- General Survey of X-ray Spectra 

able that ia the L-serios certain lines suddenly ax^pear between Ho (17 
and Ce 58 which must be allocated to the transitions Pn, jn — >Li, 
According to our Table 0, 16J1, wo have that in the case of these 

elements onl}^ the Pi-shell is ocoupied by two electrons (at most). 
Thus the lines just mentioned coiTC8X3ond to transitions to Li from 
energy-levels not yot ocoupied (virtual). At anyrato no linos starting 
from the Pdcvols have been observed in tlie ease of elements which, 
according to our view, have no electrons at all in the P-sliell. Wo 
shall get to Itnow two examples of combinations with iiiiocciipied levels, 
but in eaoli case they are levels which belong to shells in whicJi at 
least one electron is xu'osont. 

The next onorgy-levol that fades away in the periodic system is 
Ojv or Ov. Whereas, according to Table 9, in the case of Pt 78 this 
level is ocoux)ied by eight electrons, in the case of Hf 72 it is occupied 
only by 2 and after that only by one electron. In the same region 
of the periodic system, the lines L£, Oy ^ Lm and L0, Oiv Ln 
exhibit a marked decrease in intensity ; below Ta 73 no more lines 
have been observed, which would correspond to combinations witli 
fcho.se two levels Oivj Ov* 

The energy-levels Nvi + Nvir cease in the region of the rare earths 
(from Hf 72 down to Ce 58) ; Ce has only one olootrou in this shell. 
Actually, combinations of these levels have been shown to occur only 
as far as Dy 66. 

The energy-levels that next fade out arc, in order, On + Oni, 
Niv. + Nv> Or. It 18 in agreement with the fading out of On + Om 
at In 49 that the line L^, Om Lr hero linally ceases. Tiie level 
Oi, which is represented in the observations only by the weak lines 
LA = Oi —> Lin «^nd L/x == Oi — > Ln of the L-series should ooase, 
according to theory at Hb 37. LA was la.st observed at In 49 and Lg 
at Ba 60. The fading out of Niv + Hy, wliioh we expect at Y 39, 
may be tested by moans of the strong linos Ly, Xy Liii and LS, 
Niv -> Lii. They have been proved to occur as far as Zv 40. 

The lines of the K-series are partioiilarl 3 ^ serviceable for further 
investigation ; wo sliall use lines of the L-series only wliere, on account 
of the solootion rules, lines of the K-series are no longer available. 
Let us consider Nn -h Hin, that is, the lines Ky, y' ; the stronger 
of the two Ky's arises in the transition Nin K^ According to theory 
the level Nm should occur for the last time at Ga 31. Hence our 
experience with the ]j-sories would load us to exj)eot tliat Ky is strong 
as far as As 33 and oannot bo followed far beyond Ga 31. Aotiially, 
however, the Ky-line * has been shown to exist as far as K 19, that is, 
as far as the element, in wliioh electrons occur in tlie N-sholl at all. 
From this wo must infer that not only the energy- levels actually oo- 
(uipiod I)y olootrons but also, as in the visible spectrum, virtual levels 

* Bacldin, M. Siegbahn and ThPi'aWj Mag,, 49, C13, 1320 (1026). 
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Chapter IV. X-ray Spectra 

may servo as initial states for the X-ray lines. In admitting this wo 
somewhat weaken the strength of our argument. Accordingly we 
shall regard ohservations about the fading -out of X-ray lines as being 
instructive for a theory of the structure of the atoms in broad outline 
but not as binding in details. 

The last levels to disappear are, in order, Ni, Miv + My, Mn + Mm, 
Mi, Lii + Lni, Li. Ni can combine only with Ln and Lm ; according 
to Jrig, 60 Ni-^Lh^Lk, Ni->- L m = Lt, Both linos are weak 
and known only as far as Rb 37 ; theoretioally they should last o(ioiir 
at K 19. The levels Miv, My reach as far as Sc 21 ; but hero, too, as 
in the case of Ni, combinations with K arc not po.ssible normally, but wo 
certainly have the lines Mv Lm — La and Miv — > Lm == La', whieh 
have been measured as far as V 23, and the line Miv Ln = Lj3, which 
is known as far as Cr 24. The levels Mn, Mm should cease at A1 13 ; 
in reality the lino K — only ends at Na 11, that is, at the 

first element which has an electron in tlio M-shell, Kj3 behaves similarly 
to Ky, It is known with certainty that K)3 docs not exist below Na 11 . 
We cannot say anything about the vanishing of Mi, because here again 
only combinations ^vith Lir, Lm are possible and the L-scries is not 
knoAvn as far as the critical region (Na 11). Ln and Lm give with K. 
the combinations Ln^K — Ka' and Lm—>IC^ICa. Wo should 
ox];)eot them as far as B 5, or after our exporienees with and Ky 
porhap.s as far as Li 3, where the L-shell begins. Mbasuromonts of 
Ka * are available as far os B 6. Finally, Li gives no linos with IC, 
so that we cannot follow its disappearanoo with the X-rays. 

As a result of our last reflections wo must once again state that 
wo here* liave on the whole a convincing confirmation of tlio tboory 
of the periodic system developed in the preceding chapter. Our 
ultimate result as regards the content of the present section is, how- 
ever, far more positive : it has been completely and finally ]K)Hsibl(5 
to arrange the whole material of observation in X-ray speoti‘ 08 co))y 
into a term- and levol-scheme. This scheme is strengthened by in- 
numerable combination relationships and governed by very simple 
selection rules. 

Thibaiid and A. Soltan, Comptos Rondus, 186, 042 (1027) ; ilourn, do 
phys. ofc lo Endium, 8, 484 (1027) ; A. Dauvillior, ibid., 8, 1 (1027), 
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TH150HY OF FINF STRUOTIJRF 


§ !♦ Eelativistic Kepler Motion 


W E shall rofmin hero from giving a special introduot 
the theory of relativity such as was given in the earlier 
of the present volume ; in the first place heoauso tlr 
of relativity has become common property to all readers of sole 
secondly, because the few results which wo shall require — a 
come only from tlic “ special and not from the '' general ’ 
—liavo already been met witli in Chapter I, n?heso results 
follows : 

1. The variation of mass with velocity (cf. p, 20) : 


m ^ 


VI 


2. Tlie inertia of energy (of. p, 44). By defining the kinot 
as the excess of the energy of the moving body above that of 
at rest and by expressing these energies by means of the coriQ 
masses m and 7no> wo obtain 

= o\m - TO#) = =L^ - l) . 


The ex])resHioii of .classical meohanics results from 

must, by expanding in ascending powers of j3 to a first appre 
that is, for the limit o— > oo. 

We first treat the relativistic Kepler problem in an e 
way hut tlion jnoceod as in Chapter II, § 7, to use t 
Hamiltonian method,*' whioli. is remarkably suited to tlio 
oui’ pi’obleni. Lot the nuclear clmrgo bo Zo, and the ohai 
electron — e. Wo shall leave out of account the relative 
tiio n\ioleus and siiall take the nuolous as the origin of a polar c 
system r, 


* M?ho fumlainontal papers have licon coHootod in i>ho volnmo T 
of .UeUUivUtjt by LoronliTi, I'iiriBknii, Mliikowsid (Mcthiieu). ( 

^Vou iu The Theory of UckdivUyi Einstohi (MgUuiou) i Eiiistehi' 
IlelaHviiyi Born (MoUuion). Boo also W. .Uault, BiizyJcl^ rf. math, V 
art, 10, Leipzig (Toubnov) \ Space, Time, Maticr, Wayl (MoUmeu). 
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Chapter V. Theory of Fine Structure 

The differential equations of relativistic mechanics state, exactly 
like classical mechanics (cf. p. 77) ; change of impulse or momentum 
is proportional to tlio external force. In the present case the external 
force is the Goulombian attraction emanating from tlio nuoknis. The 
mpulse or mommlum is mv. We resolve it Avith respect to the co- 
ordinates r and ^ into the tAvo momenkm com2}one7ii8 : *** 

= m}\ p^ = mr^ (Jl) 


They differ from the impulse or momentum co-ordinates obtained in 
the noii-relativistio treatment (eqn, (4) on p, 110) only in noAV having 
the mass m variable. Instead of starting from the clifforential equa- 
tions of tlie problem Ave prefer to start from their first integrals, the 
law of areas and the energy lav). 

The laAv of areas states, as in classical mechanics, that the nionumt 
of the momentum about the centre of force, that is, our impulHC (jom- 
ponent p^ is constant : 

p,^ — p ^ const, . !, . * (‘1) 


In the energy laAV the kinetic energy is given hy cqji. (2) ; the potoniial 

energy is the same as in the classical treatment, nainely - ^ 

Hence the energy equation f runs 


or 


E.» -I- E... - _ l) _ ™ w 


1 


VI 


Noav, in vicAV of eqn. (3) avo have 

or, on account of (1), 

1 “ j8* ^ 


* The momonta oanonioally conjiigato to the co-ordinates q are to bo cloflnod 
relativistically as dorivativos with rospoct t o tho not of the kinetin energy, 
but of a “ kinotio potential ” F *^=5 — yi — fP -p oonst. 

t Hero the rost-onorgy ni^c^ has not boon iiicliulod in Honco the (Miorgy 

oonetant W iioro has clearly tho early Higninoaiuio (cf., for (^xnini)le, Chan, Tl)*! 
energy without rost-onorgy. In Note 0 wo aliall incluclo tlio rosii-onorgy in t>iu' 
calculations ; there tho energy -constant E is related to W by tlio equation 

E = W + 



§ I. Relativistic Kepler Motion 
Svilistitiitod in oq^n. (5) this gives 

1 ... -U/rf + V') „ (i + W+Mrv 


By oqn. (3), 

'vvhore wo have sot 


(14 


dtf) 


s ~ ■ 


1 


Taking out of tlio braokots in eqn. (6) wo have 


1 + 




Wn^C^I 


W + Zehy 




^53 

(6) 

(B) 

(9) 


.(I) +«*]-(! + 

It is oonvenient to cliff orentiato this equation with respect to 4 : 

By cancelling dsjd^ on both sides and taking ovor the tornia in 5 to 
the left-liancl sido» we obtain the following linear differential equation 
for .s : 

,^. + r’C-0)-o. . . • (10) 


Here wo have rised the abbreviations 

, _ 1 2 V 

y 




j)Sy2 


(10ft) 

m 


The gonernl integral of (10) is 

s = A oos H- B sin y<ji -|- 0 ♦ » * (11) 

where A and B are the integration constants. We oount the angle 
r/> in siioh a way that 4^0 corresponds to the perihelion of tho orbit, 
that is, to the value r ^ rn»in, « == Smox. We then have for 4^0 

^=0 and, by (11), B - 0. 


Eqiiftl-ion (11) thou becomes 


s = - = C + A oos yr/j 


( 12 ) 


Tho equation (12) differs from tho non-relatiyistio form of tho orbital 
equation only in having tho factor y in the argument of the cosine. 
By (10ft) tins argument has the significance 

. . . 

r pi 


. (13ft) 
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wliero denotes fclio abhroviation 






. (IM) 


and has the same dimensions as For c =j oo we iiiul tluit — 0 
and y = 1, so that our eqn, (12) becomes tiio equation wluc^li r(q)res(^ntH 
the ordinary Kepler ellipse. In reality, on acoount of tlu^ lugh value 
of c wo see that in all the oases that conic into question in mull 
compared with p and y is very Uille leas than 1* 

The form of the relativistic Koplor orbit lias been drawn in 07. 
Here 0 is the fixed focus at which tlie nucleus is situated, V is tlu^ 
initial position of the perihelion. Let f/> — 0 bo tlio straight line OF ; 

the orbit then reaches its 

perihelion next, not when 
<{) ™ 277", l)ut wJien yf/> — 27r, 
that is, when 



' Al 


277 ', 


PiC4. 67.— liolatlvifitio Koplor motion. Tho 
poriholion and apholion movo in two con- 
centric circles round tlio miclouH at U. 


Tho motion of tlio peri- 
helion occurs in tlu^ same 
sense in which the orbit is 
being dcHoribcd and luis tlu^ 
angular value 

A0 - - 2n . (14) 

If WO refer tlie motion to 
a polar co-ordinate system 
which partunpatt^s in the 
motion of the jierilielion, 
namely to tlie systom 

r=-:r,0==:y^ * , . . (in) 

then wo again have an ordinary closed ellipse. In Fig. 07 avo have 
a so inserted, as dotted circles, the gooinetrioal loci of the .suotiCHslvo 
perihelia and apholia, the outer and inner envelopes of tlio orbit. 

Tlio motion of the perihelion of tho rolativistio Koplor ollipso 
invites us to make a digression into tlio fiold of astronomy. As wo 
know. Mercury, in disobedience to Neivton’s law, exhibits an ndvamio 
of tlie perihelion which, occoi'ding to Nowoomb,* amounts to 4;i" 
anomaly be explained in the light of formula 
(M) above In the first place it is clear that our rolativistio motion 

Mere nw£ T T '““f 

Merouiy, the planet nearest the sun. For this motion beoomos inoro 

Both numbers am ..iHeuHse.I 
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pi’(itioniie(Ml y dceroasGs, and y decreases with 39. Btit tlio planet 
tile HUH has the HnuiUost areal constant ^ of all blio planets. 
(Jalenlatiou allows, however, that our relativistic motion of the peri- 
lielion in novortholoss far too small. In the case of Mercury it would 
amount to only 7^' per century. It was only when Einstein widened 
liirt special theory of relativity and proposed his general theory of 
ndativity, which included gravitation, that he was able to give a 
theoretical explanation of the observed motion of Mercury's j)erihelion. 
J n this way he found that for Mercury the theoretical value came out 
accurately as 43'' oentury 1 

Wo mm proceed to deal with the q[uantum conditions and the 
calculation of the energy, This is best done by referring to Hamilton's 
general method with which wo treated the non-relativiatic Kepler* 
ellipse in Ohaptor II, § 7. Instead of the momenta we introduce the 
action function S by means of 


^)S 


J)S 


(16) 


Eqn. (0) then becomes the Hamilton- Jacobi differential equation of the 
relativistic Ke])ler problem 



— 2moW + 



(17) 


'J^ho last term on the right-hand side is the supplementary relativity 
term, which distinguishes this equation from eqn- (6) on page 110. 

Equation (17) admits separation in the co-ordinates r and Since 
tjt is cyclic the law of areas holds 


^ = const. — p , , * • (IS) 

The azimuthal quantum condition demands tliat 


whore is a positive integer, the azimvihal quantum number. On 
aueount of (IS) wo have 

, nJi 

or 

Ifenee ecpi. (17) becomes 


Dr 



( 20 ) 


wliere 


A = 2moW -1- -f = + ^2)' " ^)] 

B =. m„Ze« + ^ = m„Zc«(l + 


C == - 






. ( 21 ) 
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In bho last expreaaioii, 0, we have used tlie abl)roviati<>n 


a — 


27^ 

he 


. m 


already in troducedin ecjii, (8) on page 86. a \h called Uio fluo-sti‘Uoturo 
constant, It is a number which has tlic approxiiiuite (or exact ?) 
value -^-1^ 

The radial quantum condition demands 



Here is a positive integer, namely the radial quantum mmber. On 
account of (20), (23) becomes 

This condition differs neither in form nor in con tout from that ol 
0haj)ter 11, § 7, eqns. (10) and (11), and heuoo gives 

- 27rj(VO~;;^) = 7i,A. . . . (24) 

But on account of the preaent moaning (21) of A, B, 0 wo hn vo 


- 27riVG =. - 

' Wrf, 


B Ze»f 

VA ~ c ' 

Hence eqn. (24) becomes 


\ m„a^) J ' 


1 ^ == [nr 'I- • (20) 

Dividing by h wo get iaZ in front of the bracket ; squaring wo obtain 




^ “ h + 


ujag! 

a“Z“ 


[»r + Vnj - «2Z2 


kS'Z* 

a." 


(20) 


We can now Avrite down immediately the general rela,lwialic fomiila 

for all hjcb-ogen-Uke series by adducing only Bohr’s fundamental 
equation 

hv = w, - w. 



§ I. Relativistic Kepler Motion 257 


(where Wj — ouorgy of the initial orbit of the liyclrogon electron and 
Wg = energy of tlxo iinal orbit). Wo fclieii obtain 



The indices 1 and 2 attached to the bottom of the brackets } signify 
tliat for and % wo must insert the values corresponding to tlio initial 
and final states respectively, Z is equal to 1, 2, 3, . . , for H, Ho’^ 
Li+ ^ ... 

Since the right-hand side of (27) has zero dimensions R is expressible 
in tlie same form as v. Hence wo may, according to requirements 
express v and R simultaneously either in wavo-numbers (cf. j)» 70) 
or in vibration numbers (frequencies). 

It is only necessary to add a note about the constants that multiply 
the square bracket in our way of writing eqn. (27). From eqn. (26) 
wo first obtain 



for which we wrote in eqn, (27), 



. (28a) 


We see at once from the significance of R in aeo,**^ 


R = R«, 


27r%ofi^ 
" ^ 


a == 


ho 


that the two factors in (28) and (28a) are identical. The fact that 
wo hero calculate with R(o is connected with the oircumstance that 
wo have disregarded the relative motion of the nuolous in this section. 
To take this into account subsequently (of, also note 2 on p. 269) wo 
sliall continue to take R as standing for Rn (in the case of He the 
value is Rho, of. Chap. II, § 6). 

Our present spectral formula no longer depends only on the quantum 
sum -h as was the case in the earlier spectral formula (14) on 
page 112, Hence it follows that the Urns having iho same principal, 
quantum mmber earlier now become separated by relativity. Tlxis 
separation depends on the correction term which carries the small 
factor = 5*3 . 10“®. For this reason the separation is only slight 
and can be shown to exist only by the most refined means of experi- 
mental spectroscopy. The lines that were formerly described as 
coincident jiow sxfiit iq) into a narroio com^dex of lines. The individual 
VOTj. I. — 17 
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component lines of the complex determine, tlirough thoiv iutc^rvalu 
of separation and intensities, the ftne-structure of the eoniiguration . 

The above-calculated eMmjyAevds ajid the line-coinpjexeK tti he 
derived from them also retain their validity in Avave-mechanics. 
way in which wave -mechanics derives thorn is not only far less piotnr- 
esqiie (aiischanlich) but also much more laborious than tlio way desoribed 
above. Hence it was necessary to carry out the calculation as far as 
possible according to the method of the older quantum theory ; the 
inferences drawn can then later bo taken over directly into annia'c- 
mechanics. 


§ 2. General Inferences. Line-separations and Relativity Corrections 


To make the final formula (27) of the jn’oeeding section inoro 
convenient for purposes of calculation wo expand it in pow(n"H of 
the small quantity a®. If Z is not a largo number (H, Ho' ) it in Huf* 
ficient to retain the first two powers of a^. This is so in tlic case of the 
visible and 'uUra-violet spectra. If Z is a great number tlio third and Iho 
fourth power of must also bo taken into consideration. This i.s so 
in the case of X-ray spectra. For oxtromoly groat values of % (U> 
Th, . . .) it may even bo convenient not to oxjmnd a® at all but to use 
the complete formula (27). 

For the visible spectra the oaloulation therefore bocomos Hiinidc. 
If we denote the denominator that occurs in eqn, (27), § 1, gonemlly 
by S, then 

S = M, + ■s/nl - (aZ)a == n,. -f - J- («Z)a . . (1) 

and we obtain 


fi .L = 1 _ 3 W 

I ^ S* / 2 S* « 8^ ■ • • 

Further we obtain to a sufHoient dogroo of approximation, 

ri — n^y 


(2) 

with 


1 r 1 “1 

"" r ~ + . . .] 

-^ = 4* + . . .] 

Substituted in (2) tliis gives 




S» J 


1 _ 

2 


1 («Z)</ n 3 


2 




-|) + 


(dO 


If we substitute this expansion in eqn. (27) of the preceding sootion 
the first term 1 of the two expansions oanools in the diiTorenoo, and wo 
may divide out the factor 2/a®, which stands in front of the bracket. 
Ihe wave-number v then appears as the diiforenco between a Jlrsl 
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^iosilivc term dopondi^nt on fclio quantum numbors of i\w final orbit and 
iL fimmd negaiivfi term dopeiidoiib on tlio quantum numbers of the 
'initial orbit. By using the aamo symbol v for the terms as for the 
t^niitted wavo-iuimbor we obtain 



Tlie first term on the riglit-hand side agrees with the term repre- 
mentation for the lij^drogen-liko lines in the second chapter and depends 
only on the principal quantum number n. The second term expresses 
IjIic influence of relativity. For the states * n,/, it is 

4 

4 # 


Compared n>iih the Balmev fomula it effecia an increase in the value of 
the tmns. Wo call this part the general relativity conection. In the 
oase of the first term of the Balmer series (Z = 1, = 2) it bears the 

f ollowing ratio to the whole term ; 



3 . 10 - 0 . 


On the other handy relativity causes a special increase in the case of 
the slates n > which depends on n and n,^ individually and in- 
a7*eases loiih decreasing n^. Calculated relatively to the aiates n = its 
'Value is 



AVe call this part the se])amlion (Aiifspaltung) of the term ; it is tlio 
foundation of the fine-slrxichvre of the lines,'\ For the first term of the 
13 aimer series and the only state that comes into consideration liere, 
'tv n^, {n = 2, — 1), this separation beam the following ratio to 

tiho whole term : 

= 1 - 3 . 10 -“. 

4 


* Tho states n — clearly donoto oiroular orbits in tlio Bonao of the old 
orbital itloaa («,. — 0), whoroas tho Bbatos n > Vt;, donoto “ olliptio orbits ” 
> 0), Wo avoid those expressions now booauso. these old orbital ideas can 
Ijo al located untqiioly to tho wavo*moohanioal atatos only with rospeot to energy, 
iLiofc with rospoot to quantum mimbors, of. § 4 of tho prosont ohaptor, p. 280. 

f C* G. Darwin has porformod tho same caloiuation, taking into account 
idgorously tho rolativo motion of the nuolous []?hil, Mag., SO, 637 (1020)], Ho 
Jlnds that the nuclear motion manifests itself not only in tho Rydberg constant, 
Viut also in a small additive correotion term of tho order of magnitude 
(w — olootronic mass, M === atomio mass), which is inapproolablo praotioally, The 
fino-strnoture romahis qnito unaffootod by it, 
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For tire purposes of X-ray speotroscoiry 'i"! 

accuracy of the\naculabiou further. In (D- 

must then write 

S = + 3^8 lOaJ; 

3 (aZ)« C 


(lo) 


p+sf-r 


1 1(5^ 

2 S* 


+ 


8 S< 


1« S« 

.j. 


128 "S« 

and to a sufficient degree of approximation in oacli case 
1 


(2o) 


i 

Sa 


n 






+ 


+ 3w% -|- 
8w%l~ 


(«Z)“ 


CJrt) 


1 = Ifl + ^(.Z)- + («Z)‘ + • 

S'* n*L ^ 

p='S«[*+- • ■] 

If we substitute (3a) in (2a) wo obtain (after oanoolling 1 and multi- 
plying by — 2R/«*) as the complete exproBsion for the term : 


+ 

+ 


TO® LJw*/ 4\TO.f/ 2 sj 

LsUJ ^ SW ^ SUJ 8 \nj 


. 16 n 351 , ^ . 1 V 

+ ‘8 m 04 J “I” * * •}» ^=-1, ^ (^n) 


We shall use this expression in § 4 ; the expression (0) is suifloiont; lor 
the next problems, which lie in the visible region, Wo are ooncornncl 
with the separation of the different seriog? terms. A survey ot the 
types of sepai’ation is given in Pig, 68. Tho distance botweoji tliu 
lines gives the difference in the torm-valuos and also the cliff oroncu 
in the vibration numbers of the spectral lines whioli are formed fi’Oin 
these term-values. The numbers attached to the clistanoos botwoon 
the lines denote ratios and are explained by tlio equations (8a), (Oa), 
and (10). The types which stand vertically below one anotlier wro 
not directly comparable in size, having beon reduced to equal distancoH 
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for tlie extreino components, whereas in reality these distances 
decrease rapidly on aocount of the ^ 
increasing denominator, 2'^, 3^ 4'^. . . . j • 

n — 1, = 1. ' ' 

The value = 0 is to bo oxoliidcd 2 i 

hero as in the non-relativistio case 
(cf. p. 115) ; the a&viea term is sim'ple. 


n = — 2 or 1. 

The aeries term is double. The 
dilTorenco between the sub-levels 
(Teilniveaux) corresponds speotro- 
scopioally, according to eq_n, (6), to 
a do^lbUi4ine with the difference in 
vibration nuinbers : 


A. = 



n “ 3, n,^ — 3 or 2 or 1. 

The aeries term is three-fold. The 
corresponding term- values — 3, 2, 
1 increase suooossivoly. By eqn, (6) 
the successive term differences are : 


Fia. 08. — ^Rolaliivo Bopat’ation of 
tho hydrogen terms, n. 
aecording to tho rolativiatio 
term formulra (C). Tho 
numbors written against tho 
indivickuil linos donoto tho 
rospoctivo values of ««/i. 


Term-difforonoo between ^ 3 and n^ ^ 2 ^ 
Term-difference between = 2 and = 1 =; 


3^ \2 3/ 

Ra^ZVa 3\ ’ 
3* U 2/ 


( 8 ) 


Corresponding to thorn wo have the differences in vibration-numbers 
of a tri 2 M with the relative distances between the lines : 

Avji:Av 2=1:3 , , . . (8a) 

n = 4, n.f, “ 4, 8, 2, 1 , 

The series term is four-fold. By oqn. (0) tho siiocessivo term differ- 
ences come out as ; 


Term-difference between n^i^ ~ 4 and j} 

Term-difference between % — 3 and 74 = 2 ™ 
Term-difference between % — 2 and n.f,^ I ^ ^ 
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The four-fold value of the terra gives rise to a quarlel with the siiccoKsivo 
relative differences in vibration number ; 

A^i:Av,:Av, = 1:2:0. . . . (««) 

n = 6. 

The successive differences in the vibration nuinbors in tlio re.sulting 
quintet are in the ratio 

Ari:A.'a:Ava:Av, = 3:5:10:30 . . (!«) 

and SO forth. ' , , ?■ 

Tliis separation of the terms must bo disbiiiguisliecL from tlio Itw 
configuraimi which results from combinations of tho torniH* It 
the mnltiplioity lies in the lirst, that is, tho coiisictiii and pQfiit'ivCfi 
term of a series (represented in eq^n, (6) by wo have an analogy ^ 
to tho doiibUa, iri'phis and so forth, whioh liavc constant difference 
in w(ive*nvMbei\ in the subordinate series of tho alkalies, alkaline ortrfclis 
and so forth (of. Chap. VII, § 1). If the mnltiplioity lies in tlie sooond, 
that is, tho variable and negative term (represented in oqu, ,(5) by I'a) 
we have an analogy to tlio decreasing differences in the vibrafdon n^mlhcrs^ 
as have been observed in the inincipal series of. tho elements are 

not hydrogenJike (of. Chap. VII, § 1). On account of tho nogivtiyo 
sign of the variable term the components hero sucoeed one another iii 
the inverse sense to the struotures resulting from tho positivo first 
term. If both the constant positivo term and tlio variable nogativo 
term are multiple, complicated lino-oonfig\irations result thnmigli 
supeiposition, an imxiression of whioh is given by tho figures in tho 
next section. 


§ 3» Comparison with the Results of Experiment 

The constant term 1/2^ of the Balmer series of Jtydrogon gives rise 
to a doublet of constant difference of imve-mmber, Tho valno 
of this difference will serve as a unit in the sequel. Thus by oqn. (7) 
of the preceding section and since Z = 1, 

Ai'n = 0-3636 ± 0-0006 ora.-i. . , (1) 

Here we have set cc^ = (5*306 ±0*008) . 10"^ and R = 1*007 . 10®. 
The calculation of cn? is based on the numbers 

e -= (4*770 ± 0*006) , lO-^®, h =- (6*647 ± 0*008) . 

Of the numerous exjiorimontal determinations wo sliall refer fcp 
only tho oldest and the newest. The oldest was that carried out by 

♦The analogy is incomploto, bGcaiiao tho lino>sl'ntotiiro in tho oaae of micli 
elements is not hydrogen-liko. 
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Miolu'lsoiv * iu 1887 by the intorferometor method, which gave the 
value's 

for H„ Hp 

Ar = 0-32 0-33 cm - 1 . 

Tlio most recent determination is that of G. Hanson, which was 
(iaiTUul out with the support of the Zeiss works, Jena ; excellently 
ftfcpartul Lunimor-Qohroko plates were used. The following un- 
corrected vahics for the doublet-separation were found among others ; 

for H« liy Ha H, 

A r ---■= O'SIO 0-317 0-328 0-322 0-324 om.-i 


'.1,'hUH At'ii is appreciably constant within the series. This corresponds 
with tlio origin of Avn from the first constant series term, cf. the end 
of the preceding section. The dillerenco in magnitude between the 
obsoi-vod and the oaloulatod value (1) is explained in part by the 
inlhionco of the sooond variable term (see below). 

Direct observation is rendered dillloult on account of the blurred 
character of the H-linos. This blurred oharaoter is duo to the heat 
motion of the omitting H-atoms and their Doppler effect. The higher 
the toinperaturo tho greater the velocity due to heat-motion, the higher 
the atomic woiglit tho smaller the velocity due to heat-motion. Hence 
ia tho caso of the iiydrogon atom the heat motion is particularly in- 
tensive ; ill this ease wo must go down to the lowest temperatures 
to obtain tolerably sharp lines. A further reason for the blnr^ 
of tho hydrogen linos is tho Stark oflfeot (Chap. VI, § 3). This efteo 
m-oduocs far stronger separations in tho case of hych-ogen than other 
Ivtoms. It ooours not only in ai-tifioially applied fields, but also under 
the olootrioal action of neighbouring atoms, which distort the eleotronio 

orbitH of tho I’oforooco-fitoJTi, ^ , 

But there is an indirect method of ob8ermt^on, which w^ 

Pasolion (SCO below) and whioh enables the vaUie of 

iiri the fmo-structure of the lines of a more favourable atom (He ). 

Pasolion t finds 

(0-3645 ± 0-0046 om-i (in 1916) ^ ^ ^2) 

A I'K = |o-368 to 0-363 cm.-^ (in 1927) 

* Phil. Mov.. 84, 40fl (1887) ! To,m ■ of. in poitionlar 

. DiBSOi-totion. .Toim, 01 . a 

d. Phye.. 60, 001 (1916) , 88, 689 (1927). 
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according to theory (of, the end of the loreceding section), Const'- 
quently tlie Wo douhlet-oompononts consist for thoir part of a 
in the case of H«, a quartet in that of a quintet in Wiat of Hy, and 
so foi^h. 

We illustrate the structure of in Fig. 69. Wo begin with the 
doublet lines I and II, wlaicli correspond with tho first term 1/2^. 
II follows on I in the sense of inemsing wavo-uvtmhors. To both 
lines we add the triplet ahe which arises from tho soconcl term X/fl'**, 



Jia, 89 . 116-8 tmoture of Ha, Tho sfcruoturo I, II originatos in tho rolatiVJHjiitj 
subdivision of bho ond lovol n « 2 , tho sbruofciu’O ahe from that of tho initial 
lovol n ^ 3 , Tho hoights of tlio linos roprosonfc tho liitonsitioa calonlatod 
wa VO -mechanically, Tho Hup Ila vanishes, 

namely, in the sense of decreasing wavo-numbers on aoooniit) of tho 
negative sign of the second term. Hence wo liavo not two separate 
lines I, II, but two groups of lines I and II, each consisting of 3 lines 
afic, that is, of 6 lines in all, one of which is of vanishingly small 
intensity. The intensities have been represented in tho iignro by tho 
length of the vertical lines, The lines abc bear tlio oharao tori H tie 
separation-ratios to each other, given by eqn, (8a) of tho preceding 
section : 

A : A V2 = a6 : = 1 : 3. 

The doublet-separation I II = Avn, eqn, (7) of the preceding sootion, 
occurs twice, namely between the similarly named ooinpononts bb^ cc, 
(The fact that it does not also ooour between aa is booauBe tlio short 
wave a-compoiient has vanishingly small intensity.) Tho triplet 
soiDarations A A are expressed as follows in terms of A vit aooorcUng 
to eqn. (8) of the preceding section : 

"2 S'* ~ 2 3'^' " ~ 81'^’'“ 

A __ 3 Ra« _ 3 2 ^ . _ 8 . 


( 3 ) 
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Fig. 70 iUustmtes in the same way the lino-struotiire of Wo 
again start out from tho donblei-lines 1 11 that correspond to tlie first 
iorm 1/2® and add to it tho quartet abed 
in decreasing wave-numbers, which arises 
from tho second negative term 1/4®. Of 
tho B linos that result in this way only 
f) have non-vanishing intensity again. 

According to oqn. (Oa) of tho preceding 
section the linos abed boar tho oharaotor- 
istio separation-ratios for quartets : 

>ab : be \ cd • 






1 : 2 : 6 . 


T 

d eda 


A iq : A vg 1 A vq 

The doublet distance I TI = Avh occurs 
again twice (on account of the intensity 
of tho satellite linos vanishing in part), 
namely, between cc, dd, 

Tlio dilforoncos in tho wave-numbers 
oC the quartet are, by eqn, (9) of the 
preceding scobion, in terms of A nr : 

Ai/i == i i — Anr — —duviu 
^ ^ 3 4^ 3 4^ “ 48 

1 


4- 


cdk 


Fia. 70,— Fino structuro of Hp. 
I, II corresponds as in Fig. 
60 to tho structure o£ tho 
end level n ~ 2, ahed to 
that of tho initial level 
n — 4, Heights of linos 
~ wavo-mochanical inten- 
sities. Tlio linos la, Ha, 
II6 vanish, 


1 


. 2 R«« 2 2 \ 

= 3':4r — 3 = 


Ava = 2- 


,1^* 


3 4< 

.21 


24 




Hi 


1. 


2 jiAvii = gAvn 


(4) 


Tliim tlio two groups of lines I and II have contracted at Hj, as com- 
pared with Ha ; tho number of lines has remained the same, namely, 5. 

From irigs. 00 and 70 we read off tho reason why the observed 
hydrogen doublet of tho Balinor series does not quite coincide with 
fclio ideal hydrogen doublet. The ideal hydrogen doublet denotes the 
distanoo between similarly named lines act, bb, and so forth. In actual 
moftsuromonts, liowovcr, wo adjust to the intensity maxima of tho 
groups of linos I and II, whoso separations are less than Avh- TJie 
iilml hydrogen doublet would be correctly measured only when wearrwe 
at the limit where the high members of Balmer's series occur (Hi, H„ 

. , .), for which tlio fmo-structure arising from the second term con- 
traefa more and more to tho pure doublet of the first term, Ihe 
observations of Hanson communicated above correspondmgly show 
an inoroaso of ^v witlv increasing order number in the Ba^er seri^; 
but this increase is loss than it should be according to i^ry. 
romark, hoAvovor, that tlio Ar observed by Hansen for Ha nearly 
coincides witli the soiiaration that Ave obtain if we ca ou a 
intonsity-oontros of gravity in tho grqups of lines an « 

according to Avave-meohanios. 
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We now come to the true test of our theory, the spectra of ionistMl 
They wore photographed by Paschon * and wore intovi^n'oted 
in close collaboration with the author whoso theory of fino-8truotiirc\ 
was put forward at the same time and was definitoly confiiuned in 
Posohen’s results. 

Wliy are the spectra of Ho^ more favourable for our j>iirposo 
than those of H 1 Both are of the same degree of simplicity ainl 
theoretical accessibility, both being produced by one oleotron and a 
nucleus. But the He-lines are sharper than the H -linos ; tlio 3 l(V 
atom is four times as heavy as the H-atom, honce its linos nro lesH 
widened by the Doppler effect duo to heat motion ; moroovor, tlu» 
He-imcleua is twice as strongly charged as the H-nuolxnis, an c l ho ncui 
its lines are also less influenced by the Stark effeot (of. tho next ohaptor). 
Nevertheless the .separation of the components is also not cc)inplnt(? 
in the ease of Ho and makes great demands on the resolving power 
of the spectroscopes used. 

We deal first with tho Fowler series, wliioh is orronoously c^nllrcl 
the '' principal series of hydrogen ” (of. Chap. II, § 2, p. 7d), the form ula 
for which runs, if wo disregard all relativistic influences, 



The following lines (or more accurately the groux^s of linos) belong to it : 


» = 1 4 

6 

6 

7 ' 

8 

A = 1 4686 

3203 

2733 

2511 

2385 


They form the transposition, effected by the factor 4, of tlio infra -rot I 
aeries of hydrogen discovered by Pasohon into the violet region. 

The groux^ of lines A = 4686 (initial term quadruple, final term fciix)hA) 
consists virtually of 4 . 3 :== 12 components ; tlie latter term procluooH 
a triplet I, II, III with the oharaotoristio separations A iq : A — 1 : 8, 
the former a quartet a, c, d with a reversed sequence of tlio linos with 
the separations A : A Vg : A ^3 = 1 : 2 ; 6, 

In the top line of Fig. 71 we see tho relative tlioorotioal position 
of the twelve components. Tho intensities hero aHSiimod (lengfclm of 
the vertical lines) have again been oaloulated by Avavo-meohanicB for 
the case where tho atoms are subjeotod to no disturbing infliEonoos 
of any sort (direct-current discharge) ; then only 8 of tho 12 com- 
ponents are to have non- vanishing intensity, the linos Id, IXa, Ilia 
and IIT6 fall out. The component IW of the quartet II ovorlapK with 
the quartet I. All the component separations are expressed ration- 
ally in terms of tlio flno-strueturG component a» and lienee are rational 
multiples of the liydrogen doublet Arji. For example, by oqu, (8) 

* Bohr’s Helium Lines, Ann. d, Phys., 60, 001 (1010). 
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on page 2(R and eqn. (1) on x^ago 262, we obtain in wave-nuinbers : 

(fla - la) -= (II6 -Ib)^ . . 8 (§)^Avh 

(Ilfo - lU) (1116 116) = , . . = 2^iy^^vn 

and liy ecpn (9) on imgo 261 and eqn. (1) on page 262 : 

{lo - Id) ^ (lie - lid) = . . . ^ 32(|-)^Avh 

mikI mo forth. 

For eonipai’JHon wo have given in the second row the experimental 
picture, huoIi as is obtained in an intense spark-discharge (groat current- 
density). If wo start from the right-hand side we see that in the group 





468S0 53 3 ? ^ ^ 

WiQ 71 , Knio-Btruotiu‘o of A4086 (Ho+, n — Afc the 

^ shown tho bhooroticftl roaolution nncl wave-meohamcal mtensity 

Sn^niion cS2t<Hl for D.C. disohargo (- efoo - 

foul of K bwolvo componoutB vanish theoretically, namely, W, Ha, Hla, 

iri7n 

TXT the odiacont ooiuponoiita oh are fused together, but the lines 

The .idth »d toight ft. “ 

Uio idoft™ oxhibit ft. 'vidft and .tongth ol ft. 

ll„J « »d I. .1.0 I.»xl to^tte i» l“> S'” Th“^k tvS 

“r'jriT ’s. - 

doublet, of. page 268. 
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In order tliat the experimental difficulties of obtaining the 
graphs may not bo imderestimated we call attention to the soalo of 
wave-lengths attached to the figures. It shows that the diutanccj 
between the extreme lines lUa and Id does not oven amount to 0*«A. 
The picture assumed a different aspect when, instoacl of the inionso 

spark-dischargo an ordinary dirv.ct 
current was used to excite the lie limn 
tube ; the diffcroncG lay in the 
tensities but not in the 'position of Ihe 
lines (of, the lower row of Tig. VI)* 
Hero the intensities also apprf)aeh 
tlic theoretical values roprouonted 
in the top row, for example, in tho 
fact that tho linos lllab are abHOut 
in the picture given by tlic diroct 
current. 

Ill I?ig» 72 wo are able to give 
pliotomotrio measurements kindly 
oommunioatod by Ih’ofessor iPasolion. 
Tlioy are derived from two original 
photographs taken in tlio third 
order, wliioh liavo also been taken 
into account in Tig. 71 in ropro- 
senting tho visual impression, and 
which are here ropresontod ob- 
jectively by means of tho galvan- 
ometer deflections of a thormo- 
eleotrio photometer. Wo see inn tend 
of tho rootanglos drawn earlier non- 
timious curves of photograpluo 
density with well-defined maxima. 
Tliese lie exactly over each other 
in both photographs ; tho differcncHO 
are only cliff orenoes in iutensity, 

Wo pass over in tho aoriea (5) 
to tho group of linos ; 

A = OitSUO, V ^ — ^2^ 

It consists theoretically of tlie combination of a triplet with a 
—as a whole then, of 16 components, of which again only 8 are 
to have non-vanishing intensity. The quintet is (on account of tl\e 
denominator 5^) contracted moip strongly tlian tho preceding quartoC, 
and that is wliy the quintets I and II hardly overlap any moro liore. 
In the experimental picture (direct- current pliotograph) Ilcri^ apiioars 



Pia. 72. — Photometer curve of the 
fine-struoture of A4686 (Ho+) 
according to Pasohen : O with 
D.C. discharge, X witli con- 
densed spark disolmrgo. Tho 
area below tlie ourvo oorro- 
spondiiig to the latter is shaded. 
The theoi'etical positions of the 
lines ore indicated by small 
vertical dashes placed below 
the curves. 
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us the sl.nmjroHt, Ife/ (in<! Il« «« the second strongest components. 
Ill//, IS woaher, and the components llle and le are nuite weak, 
of linoM Oiroot^curront i)hotograi>U of the next group 


» = m 

booomoH particularly simple. The sextet of the second term is here 
already contracted so far tliat it appears unseparated everywhere in 



& dob ea d eba^ doha 

y ' 15 


Vio, 7ft--FinO'BtvuctiU’o of A3203 with D,0* clischargo (H+, n ^ 5 n — 3 ) 
Rooordiiig to tlto visual improsaiou recorded by Paschen, The theoretiool 
positions of tho linoB nvo shown bonentln Of the fifteen components the 
foliowing vanish thoorotioally in tho D.O. picture— la, le, Ila, Ilfc, 

ILtc, 


ohHOi’vatioiii It m in acoordance with this that Pig, 74 Dxliibita t)ie 
jmre IriplM of the first with the charactenstiG separation^ratio 1 ; 3 . 



I It M 


PiQ. 74, — b'hui'Stvuoturo of A2733 with I>,C, disohargo (Ho+, « — 6 ^ ti, =5 3) 
according to tho visual improssion recorded by Paschen. Tho theoretical 
posi (lions of tho linos are shown beneath. Of tho eighteen coraponmita 
the following vanish theoretically in tho D,C. picture — la, I/, Ho, 

Tie, Ilia, in/;, TITc, nXd. 


l?a«o]iou has also investigatad the aeoond of the He*^ -series men- 
tionod on page 7(5, tho so-called Pickering series, formerly called 
orronoously tho “ second sidioixlinato series of hydrogen ” : 

«- 5 , 6.7 .... 

It is tho oo\intorpai'b to tho Brackett infra-red series of hydrogen 
(of. p.'7:i), hut is displaced towards the violet owing to the presence 

of tlio factor 4, ^ 4. -ti 4.1 

Owing to the first term tlie fine-structure is a quartet with the 
soparation ratios 1 ; 2 : 6 ; the far narrower multiplicity arising from 
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the HeooiKl torn) emikl not lie rcHulved. 'I’lii' (lirn- lir«l. liiieN of llie 
fpuu'tet alHO (JverliiiUK'il to form adill’ime i!oiii|ioueML ; in iiiltittiou ti> lli'm, 
Jiowovor, tljo fourth lino of tlie (pnirtot, wliieh wax Iiirllier Hopiu-iiled, 
could in most oaHcs bo nioasiirod as a weak compononfc on tlio violeV 
side. Tho wavo-lcngths of the princi|)tvl linen of this hoi-ios liaye 
already boon given in aoeordanee with I’uHolien's measni'eniotilH in 
Table S on page Ob and have boon taliulatod witli tlio ix'ji^bi Hiring 
Balmer lines. 

Wo luwo now to explain the data given above a hunt tJw^ inton«il>V 
cUstrilmtiou hi the (ino-Htruetnro pieturnH, that ia, we must dis<MJHM 
tho selecUo7i- and •rules that hold foi' H and lln' . Miatoinoally 

wo must remark that these rnh^H are more eomplitaduul than wan ’ 

ally assumed, The cliange in the state of affairs o(!eiUTed in 



J Rontg, Atk 

4 ^ My 

1/2 Mn 

f? ^ JS 


^/2 Li^i 2fij 




n lI 2S 


i'iGt. 7 i).— Old (on i\\o loft) and Jiow (on tho rlglit) (puuittim notat ion of tlio liydrii* 
gon lovolfl. On tlio oxtvomo right is givtni tho Muhoinritlo mproMrijnaiion of 
tho ooiTOAponding Uentgon- and ivIkali-toniriH, Tho Hohuino of jl^ Jnvld^f 
rg shown, against tlio arrows iiro phuiotl the HyiiiholH doiiolhig flii» fv:irro> 
spondlng Btintgon linos. 


when Goudsinit and Uhlonbeok disoovered the spin of tlio eJee!r<iin 
Whereas previously wo oharaotorisod tho individual liydvogendike 
energy-lovol by moans of tivo quantum nundiers n and we umnl 
now donoto it by three qiianbiim numborB : 

? n, Z,,7, whore j i d : 

Tire introduation of j with tho oluvraotorisbie addition ± ^ pohitw tn 
electron aphh that is, to wavo-TiioohanioB roflnod rolativistienJly. 

How tho allocation of n, I, j to tlio earlier 7i, ^j^-lovela Is to lie 
performed is iliustrated in tho oiiho of H« (Jfig, 75 ). TJuib wo av^ 
Gonoerned with tho flno-striioture of tho terms ?i 2 and Ih On tlio 
left-hand side of tho flgtiro wo have given the earlier notation wiUi 
n and ; oaoh pair of lovols shown close together in tho figure but 
ooinoidont in reality has the same 71,1,} tlimugh the valuoH 
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§ Comparison with the Results of Experiment 

1 , . n. On thci right-hanil side we have written down the new 

nntulioii. / niUH Uirough the values 0, 1, . , . /i — 1. In eacli pair 
tff (inineid(Uit hovels Ilia l^’Valuefi differ hy ^inily^ whoreas tlie ^'-values 
n\v tyual, IKo j* values diltor by unity in the case of each pair of 
ueiglihouring levels separated by relativity. The fact that for every 
n tlu^ uppeiiUdst level bears only one cijiher is due to the oircumstance 
tluit / may iit most eciiial n — 1 and § at moat I ^ n — Tims 
\\0 assign to tim hydnjgou IovcIb the aamo quantum miinhers as to the 
X-ray ieriim h\ the protiodiug ehapter, of. li'ig. GO, page 243 ; that is, 
wtJ i 1 lie r prut tlie H -spectrum like that of the X-ray terms as a doublet 
Mptsdinnn. Rut in the case of H the above-mentioned peculiarity 
occurs, that two IovoIh Imving tliesame n, j always ooinoide. Besides 
tUo lunv quantuin nuinbors avg have also given on the right-hand side 
of Fig. the eor responding X-ray levels in the system of notation 
ol: Oliapfcer I V, and also tlio alkali terms, for later use, by speoialiaing 
wbieli wo can derive onr hydrogon levels, We shall not delay here 
by explaining tlm alkali terms, 

tl\«> J'h and fn iiehetion rules liold, which we already know from 
X-ray Hpeutra ; 

±hAj^ ±lov0 . . . / (0) 


'riiese ruloH w(U’e introduced empirically into X-ray spectra and were 
uonlivined by the auhetno of terms. Wo shall regard them here, too, 
art tacts of cx})erienee ; in the Hncocoding chapter (of, also note 7) we 
whall Itnd a pi’ovisianal foundation for them, and in the second volume 
(on wavti-incolianios) %sre shall establish them on a permanent and 
ilndnitely oiroumsoribed basis : 

'rite applicjation of oxir soloction rules to Fig. 76 shows directly 
that tm the Avbole wo have 7 possible transitions, of which, hoAV- 
c^ver, in tho case of hydrogon 2 in two separate casoa are identical : 
they liave boon braokotod together at the bottom of the figure. Hence 
(Uily 5 components of the fmo-struoturo arc loft. If we call those 
ariowH that load to the U])por final level as group I and those to the 
lower UH group II and if wo number the initial levels, in so far as tliey 
do ju)t coinoido, froju above downwards as a, h, c, then the of 
traimitionB that are idontioal in themselves 
on account of the solootion rules the transition Ila (AJ 2, A; 
iM forbidden, and that is why wo gave it the intensity zero m tie 
oivrlier Fig- 01b At tho middle of the arrmvs ive have appended the 
iUvmeH of tho X-ray linos, for Avhioli of course no coincidence m pairs 


same Fig. 76 may, however, serve to display the structure^of 

tl,.;lla,no.'ltoc.H„H„ ... In the o«. ol H, «n.l tennto 
tlio amiic imiltipUoity n» In the onse of H« : the inidol term n — 4 
iTta™«m tl.e InitW tevm ot H. io'tlmt we h«e to drew tho level 
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tlmt AvaB uppermost before floublc (wo liavo to add / iJ, ,/ .j) 

and we iiave also to add a simple level (/ j -- i) whieli uinv 
becomes the xippormost level* These two additional levels may uot l>o 
combined eitlier with I or with II (on' account of = 2 or II)* For 
this reason the number of components in lip and all the following 
Bftlmer lines remains tlie sainC} namely 5, and several componenis 
have the intensity zero (in the case of they are and lib). 

We come next to the 116*^-11110 A = 461^0 (Fil?- • tlu’cc’-fold 
final term, four-fold initial term, or, if wo also inolude the eoinoidcmt 
levels, five-fold final term (M-levels), seven -fold initial torm (NJovoIh), 
The number of transitions is seen from Fig. 70 to be III, of whieli, 



J Rontg. Aik, 

V? kv\\ 

S/? > N m 4f sy^ 

5/^ Nv 

iqsji 

^/2 Nni 

Nu 4Pfjt2 

Vz N, ‘fs'^ 


^/2 My 30^^^ 

3/2 Miy 3Dj/z 

3/2 4 3P,% 

u » 


PiQ, 76, — Now quantum notation (on iho riglit) of tbo achomo of lovola of 
(Ho+), Arranged as in Fig* 76* 


however, 5 pairs (those that are braokoted) bcoomo identioal. Eight 
therefore remain. The old method of counting (3 q^uartets Id . * * 
Illd) gave 12 components. Four of them, namely Irf, Ila, ![Ila, and 
III6, are forbidden by our seleotion rides, and liave therefore not been 
drawn in Fig. 76. In the earlier Fig. 71 they are of zero intensity. 
The corresponding X-ray lines belong to the M-aorios ; their synibolH 
liave not been given in Fig. 66. 

The number of comjionents 8 also remains preserved in the case 
of the higher lines of the He'^ -linos, 

Our selection rules are put out of action by sti‘ong elootrio liolds, 
of. Chapter VI, § 1, and Chajiter VII, § 2, That is Avhy in Fig, 71 
the “ spark discharge exhibits more components than tlio “ diroot- 
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ijumnit disciliargo pioturo ; for oxainjilc^ in the fovmor the com- 
ponents arc roprescnteth* whereas they are absent in the latter. 
In other resiioots, too, the intensity conditions difier somewliat in tho 
two pictures. 

Wo now arrive at the intensity rules. Wo adopt an cssotitially 
ompirioal standpoint, precisely as in tho ease of X-ray spectra, bGoaiise 
a full thoorotical treatment is possible only on a wave-mechanical 
basis. Wo therefore make the following statements : 

Those transitions are strong in which j and I change in tho same 
sense. Moreover, tho transitions witli increasing Ts aro weak com- 
pared with those of decreasing ^s. Since tho combination of I 

with Aj — rJr 1 Gomo into question hero any more than in tho 

case of the X-ray spectra (of. p. 2415), we must distinguish between 
four oases : 

. AZ = — 1, Aj = “ 1 strongest. 

. 1, A j — 0 loss strong. 

AZ = -h == d" 1 weaker 

AZ — f 1, Aj — 0 weakest. 

Comparo with tliis our sehomo of transitions in ITig. 70 and our data 
about intensities for H« in Eig. 69. Tlio strongest ooinpononts are 
la and lib (of tho tyj)o AZ — — 1, Aj = — 1, in tho case of 116 in 
each of tho two transitions Ixoro fused together). Tho oompononta 
16 and lie (of tho type AZ = — 1, Aj — 0) aro loss strong ; Ic (of tho 
typo AZ — + Aj = + 1) is still weaker. The typo AZ — +1, 
Aj = 0, whioli wo must regard as tho weakest, does not show itself 
separately but only fused with lie. 

In the ease of A = 4080, too (we are dealing with tho clireot-ourrent 
picture in Eig, 71), tho strongest oomponents aro of tho type AZ -- — 1, 
Aj = — 1, namely IIIc, II6, la, The fact that II6 comes out more 
strongly than la may bo related to tho fact that iu IIZ; two transitions 
of this typo are fused together , The weaker components belong to 
the typo AZ — — 1, Aj = 0, and so fortli, Tho oomponont Id should, 
theoretically, bo absent in the direct-ourront picture, 

Tho quantitative values for tho intensities drawn in Figs. 09, 70 
and 71 have been caloulatod by wavo-mcolianica ; they are in agree- 
ment with our qualitative rule of intensity but cannot bo accounted 
for lievo, 

§ 4. Relativistic Doublets in the X-ray Region 

There is a diroot road from tho minute hydrogen doublet over tho 
hno-struoturcs of ionised helium to tlio doublets of tho X-ray spectra. 

* Easohon romarhs, howovor, loG* ca., Ann. d, Phye., 8^, 080, in agrcomonli 
with Loo, Ann, d. X^hys,, 81, 757, tlmfc this oomponont m probably to bo aaorlbod 
in a largo monsuro to a Ho 'baud. Tho intensity originally ostlmntod by Paschon 
and roprosontod iu Fig, 71 would bo too groat for a lino that is forbitfdcn,** and 
that has only boon called xqi by tho field, 
von. I. — 18 
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The hydrogen doublet is produced in the bold of a. singly cluirg^^^^l 
nucleus, the line -structure of in the vicinity of a doubly oliargrul 

nucleus ; the X-ray spectra come from tlie interior of the atom anti 
hence originate in the bold of a highly charged atomic nucleus. 
magnibcatioii factor of the bne-struoturo as compared ■\vith tho 
hydrogen doublet amounts to 2‘^ in wave-numbers in tho case of Ho '* ; 
but in the case of the X-ray spectra of an clement of atomic nunilu^^r 
Z It is multiplied * by a number of the order of magnitude 
in the case of uranium is 


92<» 7*2 , 10^ 


The salient facts of experiment are known to us from Oliapter IV, 
§§ 6 and 6. We shall discuss chiefly the L-sorios. Tho Tj-doublot 
arises between tho lines (y'8), (erj)^ (^0), . , . , Tho iutorprota- 

tion of these constant doublot-diiferenees was contained in G'able Id:, 
page 214 ; all lines of the L-series start from different initial staton 
and end in the L-shell, and the difforonoo in tho levels Lni and 
determines the L-doublet. 

We can now give the reason for the difforonce in tho and 
LiL'levels. The K-shell belongs to tho quantum -number 1 and iw 
therefore simple. The L-shell has the quantum sum 2 and is therefore^ 
ihreefoldy by the arguments of Chapter IV ; wo shall, liowovor, at 
present deal only with and Ln, Lm has tho quantum-mimborw 
^ — f > i — = 2, 7h ^2 and Lii has, analogously, i! = 1, j | , 

— 1, =: 2 (sec Fig. 75). According to the torimformula {(\a), 

p. 260, Lit therefore has the leaser oiiorgy (duo regard having been paid 
to the sign), that is, lies lower than Ljjr- 

The "L-torm»* is the positive first term of tho L-sorics. Our 
data about the oonstanoy of the L-doublota and tho intensity ratlci 
of its components are therefore particular applications of the goimmi 
assertions of §§ 2 and 3, page 202 ei about doublets, triplotn 
of constant difference of vibration-number and about tho intensity 
of suoh ** doublot-combiiiabions/^ 

Eqn, (6a) oji page 260 also gives a oomplotoly satisfactory quanti- 
tative exjirGssion for tho Lur- and tho Lti-torma. With Z ^ wo 
obtain : 


A 1 ^ atatomenfc rotors to tho diftoronoo Av in wovo-numbor. Tlio difforon no 

^ in wovo-length, howovor, is ossontiolly indepomloiifc of Z (of. p. 230). Sinoa in 
the wavo-length A is inoosurotl in rolftbion to tho crystal lattioo- 

coraes'out nroSi))^ necuraoy of tho fino-stnioturo moasuromontis 

prfiotimlly the some for all atomio numbors 5J. Tlio foot that tho 

aaoVrtrSn muohVovo ol' mid 

Ct ^ f tl)6 Visible region is not duo to tho greater valuo of Ais 

thniikH^n ’ y®}"® Mio ranch rtnoi' lattice, which may bo naod. 

thanks to the sranllnoBs of the wavo-longtha. sr »•> irami. 
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(lUl(u*oiieo botAVoou the two terms gives the magnitude of tlie 
li-dinihU^fc in wavo-iiumbors, namely ; 

^ . ^aVE\2 . o3ocVE\\ 1 /m 

Onv moth 0(1 of representing tlio L -doublet is expressed quite com- 
]»lot(dy nml raticnmlly by the lino-structure constant — i3'3 , 10“^, 

E 

thc^ Hydl)^!'^ fiHHiuonoy R ==: and the nuclear number — , We 

nu iHt lirrit got clear about the latter number. 

Wo know that the IC-shoIl is situated within the L-orbit, and that 
tlin oloctronH of tlio K-hIioH screen the nuclear charge. But the L-shell 
in \\\m onoiipied by sovoral electrons and they also exert a screening 
notion on the true nuclear charge. In place of the true nuclear 
ohargo ** wo therefore have an effective nuclear charge which is 
smaller fcluin Wo sot 

.... (3) 


B ^ 

— = Z — 5 


vSinee wo oannot oalciilato the “ acrooning-niimber ? s beforehand 
by i!\cory ^v^^ derive it from observation, that is, we treat it as a dis- 
jiimable panunetor. To obtain a first idea of its value we, moreover, 
diseivrd tiio bighor relativistic terms in (2) and write 




^ ^*(Z - «)* 




'I’liiH ia tho thcorotioal (or povhapa, OAving to tlie presence of the 
nivriimotor -s, the lialt-omjririoal) formula to a first approximation, which 
in traiwnoaml from liyclrogon, Wo compare it with the empirical 
formula which wo clovolopocl at the end of § 6 of Chapter IV, oqn. fa), 

page 225; o m-s 

— 3 - 6 ). . ... ( 5 ) 

B 2 *^ ' 


ThttfU’t two fomuhi agw not only in their general structure but also m 
iJivir numerical value. Wo aoo hove a preliminary oonfimation of 
mu- rolativiabio view o£ the L-doublot by the results of 
autl furfchoi' (lorivo os tho dmpirioal vaUio of our soi-eeiung-numbei 

By^iiAtvoduoing tlio value of the hydragon doublet from eqn. (1) 
on page 2(12, Ba* 
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wo may eqn. (4) in the following form : 

Ai^l — Ai^ji (Yj — . (tS) 

We ilUistrate this in Fig, 77. Here we have plotted Z as abscuHsm 
and Itavo taken as our ordinates the values of Aru calculated accord iiig 
to eqn. (6) from the Ar\s of Table 18 on page 223 and dividotl by 
(Z — sy. We see how the interpolated oxirve drawn through 
points aiDxwoaches a constant limit for small Z’s — a limit which agroos 
excellently with our ideal liydrogen doublet. 

The, fact of fine-structure may therefore be foUoived throughout ike 
whole system of the elements ^ from hydrogen to wwiium, The L-do} thief 
appears as a direct copy of the hydrogen doublet. 

Wo shall not, however, stoi) at the first approximation in our 
quantitative account of the L-do\iblet, but shall also take into account 





Fig. 77, — Tho Avu vqIugs, calciilatod with the help of equation (0) fronv I ho 
obaorvocl values of Avf„ approach with dooreasing Z tiio constant litiiit cif 
die hytlrogou doublot Av^ — 0*30 cm,-* (dotted lino). * 


the higher relativity correotions. This will at the same time give \\h 
a moans of judging the accuracy of our value s = 3*6 for the sorooning- 
niimber and will convince us that tho L-doublet is represented within 
the limits of experimental error aocuratoly by our relativistic fornuilft 
for tho whole series of elements. 

We may proceed by calculating the value of E/c Z — s separately 
for caoli element from formula (2). That is, wo start from 



2 


(Z - 5)2 + 


^?L(7 
8 2 ^^^" 



and derive tho square root by applying tho Binomial Thoorom after 
multiplying by 2^/a^. In this way we obtain 
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+ 32 


5 )“* + . ■ . ) 
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18*30 

47*53 
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Z 
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3*47 

00 Dy 
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3*46 

07 Ho 
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08 Er 


00‘fil 
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70 Yh 


76*08 

3*60 

71 Lu 
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73 Ta 


92*40 

3*47 
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08*49 

3*46 
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111*08 

3*40 
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118*63 
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78 Pt 


126*85 
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133*62 
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81 Tl 
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160*12 
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iltM'o WO may alao imo tho firafc apin’oximatiou from ecp. (4) in the 
oorrootioji t(U'm oir iho right-hand side without introducing an ap- 
prociablo error. We thou obtain 




Tho nuinorioal implications of this formula are shown in Table 
2L T'lio first column repeats tho values of A v/R = Lj3 — Lot' from 
Tal)lo 18. I'lie second gives the values ot Z — s calculated by eqn. 
( 1.0), whoro we luwo sot = 6’30() . 10“® (cf. § 6). In the third column 
Avo luivo tlio values of tho soreeiiing-oonstant e that follow from the 
valucH of 55 — 4?, Tho moan of all the values of ^ amounts to 


5 3*50. 

Am wo see, tho individual values of s fluctuate about the mean value 
in a quite inisystomatio way. 

Morn important tiian tlm constancy of d is tho accuracy with Avhicli 
tho cjuantumui umber 2 is conflrmed by our oalculatioii and the 
rolativistic Uvav for the progressive inore^e in the doublet-interval 
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is oonfirmed. T he la tter also explains the increasing curvature of 
the graphs for V vjR in Figs. 57 and 69 of the K- and L-sories, If 
tlie X-ray spectra could be represented rigoro\isly by a formula of the 
Balmer-Moaoloy typo, V v/U could be represented, as a function of 
the atomic number, by means of a sfci*aight lino. The elf cot of taking 
into account the relativity corrections of the first and liiglier orders 
is to give an inoroasing upward bend to tlie straight lino as Z increases. 

Not only tlie L-doublet but also the M- and N-doublets confirm 
our relativistic fine-structure formula. 

From observations of the L-series the doublets (a 'a) and 
are kno™ to us ; we oalled them M-doublets (of. Table Id, p. 214) 
beoauso their origin is duo to the differences in the M-lovols, (a'oc) 
represents the difference (MyMiv), ^ho difference (MinMn)» 

corresponding to the following scheme derived from Table 14 : 

Ja' . . . Miv Lin Li 

l^a . ♦ . My Lni [(l> ... Mixi-->-Li. 

The M-shell belongs to the quantum-number n = 3. From the 
general expression of the terms, (6a), on page 260, wo calculate for == 3 
the term -differences for 2 and 3, and also for = 1 and 2. 
These are the differences in the values of the levels Miv M.y and 
Mil — Mm, respectively. We denote them by Av^ aneVAvg and have, 
by the equation mentioned, if wo set Z == E/e, 

, 317aVE\^-] 

E “ \e) 32 32Vc>' 2mBAe) J 

Arg /EyaTS , 279 aYE\2 13069 aVEy 

R u) 32 sAe) 266 

The ratio of the two would be — we neglect the higher powers of 
and take E/e as having an equal value in both. formuloG — equal to 
1 : 3, in agreement with eqn. (8a) on page 261. In this case wo should 
have the hydrogen triplet with wliioh we are already so familiar. 
But the assumption that E/e is the same in oacli case no longer applies. 
The hydrogen iriplei resolves into two hydrogen-Uhe do^ibhts* Tlie 
levels which in a certain sense acoidontally ooinoide in liydrogen 
(of. for example, Fig. 76 for the case of H^) separate in the X-ray 
spectra and give rise, for n — 3, to the five M-lcvoIs Mi to My, of which 
the two pairs (MnMm) and (MiyMy) are the relativistic or regular 
doublets in question. 

The calculation for (a'a) has been carried out by E. Hjalmar * 
on the basis of his precision methods, Tlie object is to sliow tliat 
eqn, (11) represents the observations on (a 'a) for all values of Z if 

* Zoits. f. Physik, 3, 262 (1020). 


. ( 11 ) 
. ( 12 ) 
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a now “ soreoning-Qonstant ” « bo suitably ohoson, whoro, as in the ease 
of the L-cloiiblot, wo sot 

E/fi = Z - s, 


and oaloulato « otnpirioally. The oivloulntion is curried out in tlio 
manner of oqns. (7) to (10) of the present section, tl\o last of which 
hero runs : 


(Z • - sy 



2^) Av 
”1« R 


')( 


1 h 


rm Av\ 

1024" ‘ r )‘ 


(la) 


Wo And that for all oloincDtii bobwoon Z 41 and Z 74 a romark- 
ably oonatant valuo in obtained for namely , 

5=-i;H), , , , . (14) 


tlio lluotuationB appearing to bo quite unayRtomatio. 

In prooiBoly tho Bamo way cqn. (.12) roprosontH tbo M-doublob 
(il>*(fi) in tho L-aoriett, Tho faot that tliia doublet in oouHidorably 
furblior Hoparatod than tho doublet (a 'a) in tho L-Horios agreon at loaat 
qualitatively with tho ratio 3 ; 1 of tho Hoparabiona liotwoon the 
GomponontB in tlio liydrogon trijilob, Ib \h uIho possible bo oaloulato 
a scrooning-ooiiflbant h from tho ohaorvationH of {</>b/d on the liasiB of 
(12). Tho formula analogouH to (13) now runs : 


(Z ^ 6)^ 


and gives * 


/3 

270 Aa/ 

, . 11)1 „AiA 

V«VX “ 

" lO'lT/V 

. 1 -'' 32“ r) 


s 8*5 


(15) 


(16) 


Just as tho M-sholl bolongB to the quantinn-mimbor 3, bo tho 
N-sliell belongs to the quantum-numbor 4* By Kctting n 4, 
4 and 3, 3 and 2, and 2 and 1, rospootivoly, in tho gonoral 
expression for tho terms (i]a) on page 200, and forming tho difforoncGs, 
wo obtain tho three doublets : 


— Nvi Nvrr. - Njy — Nv) Ai^j, — Nu — Nm, 


wliioli, in tho oaso of hydrogoin owing to the ooinoidonoe of tliroo 
pairs of levels, combine to form tho quartet Av^ : Ar 2 ’ Ai^g =^1:2:6 
(of. eqn. (9a) on p. 202), namely, 
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(17) 

(18) 
( 10 ) 


* Pov tho, mil nor I «al <lata roquirod for oaloulating this soroouing^confitanji and 
that of tho N'douhlot, soo A, Bomniorfold and 0, Wont/oh ZoitH. f. Pliysik, 7, 
80 (1U21); G. Wpntviol, ibid., 16, 40 (1928), and further, from a more geiioral 
point of viow, h, Pauling, Proo. Hoy. Soo., A, 114, 181 (1927), 


zSo 


Chapter V. Theory of Fine Structure 

Of these three regular doublets only the last may be derived as 
an ** N-doublet (yy') of the L^series “ (of. p. 214) to a suffioient degree 
of acouraoy from direct measuroinents of distances between linos. Here 
again tho relativistic doublet fully proves its wortli ; wo obtain as tlio 
ficrconing- number from a formula analogous to (111), (1/5), 

8 = 17-0 {n)a) 

To arrive at the other N-doublots wo are compelled to derive them 
indirectly from the combination of several differences of linos. 
Corresponding to the values so obtained for the separations of tho 
doublets wo get, according to the formuleo (17) and (18), tho following 
approximate values for tho screening- constants : * 

« = 34 (17«) 

and .9 =:= 24*4 . . . , {IBa) 

respectively. 

It is remarkable that the screening-constants 8 of the M- and tlio 
N-levels appear to be approximately integral multixffea of a unit 
quantity which lies between 4»2 and 4*3 : f 

(Miie Mu) 8*6 ^ 2 , 4*26 ; (My Miv)13*0 === 3 . 4*3 
(Niii Nil) 17*0 = 4 . 4*26 ; (Nv Niv) 24 = 6 . 4*0 ; (Nvii Nvi) 34==8 . 4*26. 
The L-shell, for which s = 3*6, appears, however, to form an exception 
to the rule. 

The increase of the screening-constant 8 from 3*6 for the L-doublot 
to 24 and 34 for the N-doublet is quite satisfactory from tho point 
of view of the model since it points to an increase in the number of 
interposed eleotrons, likewise the increase of s in the transition from 
A and A in the M-series or from A vg to A i^a and A Px in the N-serios. 
For Apq refers to elliptic orbits of great eoGentricity which closely 
aj^proaoh the nucleus, that is, which are only slightly soroenccl wlioroas 
A vg and A vx orbits of small eocentfioity for which tlie screening 

is naturally expected to be strong. Hence although from tho point 
of view of wave-mechanics we must be cautious about taking tlio 
orbital ideas too literally, we nevertheless see that in a qiialitativo 
way there is niuoh truth in them. 

To oonolude we shall touch on a matter which was a mystery 
until Dirac ^8 theory of the relativistio electron appeared and which 
can tlieroforo bo fully dealt with only when wo discuss this theory 
in the second volume of the present work ; namely, the allooatioia 
of quantum -numbers to tlio regular doublets on the one liand and 
to the irregular doublets on the other. On pages 244 and 270 wo 
assigned quantum -numbers j to the levels in such a way that tho 
regular doublets were given by adjacent fs and equal Ts, and tho 

* 'J'ho aorooiung-coiiattmfc of HyiNyii appears to show a systonmdo dooroase 
below Z — 74. 

t A. Sommerfeld, Journ. Oj)t. Soc. Amer-i 7, 603 (1923). 
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iiTogular doubkita by adjacent /’s and equal j’s. In contrast with 
fclviH wo have now assigned two adjacent values of to the two levels 
of a regular doublet (cf,, for example, Fig. 76), whereas according 
b^^ our earlier assertion we should have ^ -f 1 (p' 115), so that 

didereneeH in the -values should cause differences in the lvalues. 
The apparent contradiction is removed by Dirac’s theory, which 
shows that tho quantum-numbers Z, j are actually required for dis- 
tinguishing between tho hydrogen terms and the combinations between 
them, but that for calculating the relativistic term- differences it is 
lUHseHsary to introduce a quantum- number that corresponds to our 
By ap] dying Dirac’s theory for hydrogen to the X-ray spectra we can 
j\iHtity our procedure in the present and the preceding chapter although 
wo cannot yet explain it satisfactorily. 


§ 6. Irregular or Screening Doublets 

'.riui law governing irregular doublets was discovered by G. Hertz,* 
11)20. We may regard as a typical doublet of this kind the difference 
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ill the limits LiLji, which was measured by Bhrtz, TJio moasure- 
menta made by him refer to the elements Os /55 to Nd 60 ; they are 
plotted in Fig. 78, which is taken from his paper and which also 
inolndea the differences in the limits L]Ln measured hy Duano and 
Patterson for the oloments W 74 to U 92. This hgure expresses the 
following law : if we plot V v in the manner of Moaahy ilia graplifi for 
Lj and Ln run apimciably parallel to each other, in contrast to the linos 
Lie find Liii, Avhioh move away from each other more and more as 
Z increases, in accordance with the law for regular doublets. 

Thus the law governing screening doublets states in general tliat 
the diflferenoG in the V i^-values of the two doublet components is 
ax>proximately constant. Table 22 illustrates this for (LiLn). lioro 


Table 22 
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1 

hJ 
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> 

II 

> 

li 

> 

1 ^ 

1^: 

> 
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-17 Ag . 

21*0 

O'OO 

0*63 

1*33 

0*20 

1*32 


51 8b . 

22*6 

002 

0*04 

M6 

0*80 

0*87 


62 To . 

23*8 

0-03 

0*01 

1*20 

0*68 

1*00 



63 I . 

26*0 

0’06 

0-60 

1*21 

0*08 

1*04 



85 Cs . 

20*0 

0'67 

0*67 

1*24 

0*46 

M2 



60 Ba . 

27*0 

0-07 

0-G7 

1-22 

0*48 

M2 



67 ha , 

28*7 

0-08 

. 0*66 

1*23 

0*47 

M3 



68 Co . 

29*2 

0*07 

0*68 

1*22 

0*40 

M3 


60 Dy . 

36*5 

0*70 

0*00 

1*23 

0*40 

1*32 

2*6 

08 Er . 

37*0 

0-70 

0*60 

1*24 

0*42 

1*20 

2*0 

69 Tu . 

38*0 

0*70 

0*58 

1*27 

0*30 

1*36 

1 2*7 

70 Yb . 

30*2 

0-71 

0*67 

1*28 

0*46 

1*38 

1 2*8 

71 Lu . 

39-7 

0-71 

0*67 

1*29 

0*37 

1*31 

2*8 

72 Hf . 

40*7 

0-71 

0*60 

1*23 

0*40 

1*30 

2*7 

74 W . 

42*4 

0-72 

0*60 

1*27 

0*48 

1*41 

2*6 

78 Pfc . 

48*1 

0*70 

0*52 

1*33 

0*27 

1*56 

2-6 

79 An . 

46*8 

0*71 

0*67 

1*23 

0-01 

1*40 

2*6 

81 T1 , 

48*2 

0*72 

0-02 

1*24 

0-00 

1*17 

2*2 

82 Pb . 

47-4 

0*70 

0-06 

1*23 

0-08 

1*36 

2*2 

83Bi . 

48*6 

0*70 

0-00 

1*18 

0-70 

M2 

2*1 

90 Th . 

68*2 

0*76 

0*71 

1*24 





2*0 

02 U , 

60'4 

0*76 

0*07 

1*20 

0*64 

1*28 

2*0 


we have copied in the first column the r/R-differoucos from Table 20, 
page 238 ; Jn the second column we have tabulated under the heading 
VLt — VUr the dilforonccs in the V r/R-valucs for both levels. These 
dlfferenoes arc exactly constant within tlio region of Hertz’s observa- 
tions, , having the value 0*06; after that they iucroase slowly and 
continuously to 0‘76, 
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rooog,u-KCHl a« rcaativistio do" T 

soiumu* (Ml Dtiac 0,(9 Jutr" ^ ’ i . doublets in the 

I j <1 tr 7 » ate bracketed together dowjiwa.irlw 

IH, iloiow tbo M-Iiimts M:iMi: and Mm Miv, the N-limite NjNn Nm Ntv 
N v Nyi. .1 .0 .-/il-vahics usedfor them in Tabic 22 are likewise derSS 
fmm he nl.k, of torms on page 238. Although only sraall differences 
and qua nfcitioH that aro indirectly derived oceui- in thl table E is no 
,loi( rt rtlKKit tbo approximate constancy of the succession of numbers. 

Ihu U intoiprot.s tho law by expressing the wave-number r of 
ohfclliits’ 'approximately as a Moseley formula, and ho 




. . W 

whore a denotes a now semening niiinher. If and <7^ are the values 
(d a that hohnig to the two levels of the irregular doublet, it follows 
from tlio Hooond of oqti. (1), since those levels always belong to the same 
Hholl, that JH, Jiavo tho same ?t, that 



( 2 ) 


ih tlio law of irregiilar doublets establislied by Hertz. Prom 
tho jlvHt f>£ tupiH. (1) it «imulttineo\i8ly follows for Ar itsolf that 


_ 2Aa/^ OTJ + 

- :j5r 


( 3 ) 


tVoin (3) wo can draw the following coaTparison between 

rog\dav awd ivvogular doiiblots ; in the case of irregiilar doublets the 
difference Av increases essentially linearly with the atomic 
niimlwri hi the case of regular doublets it increases with the fourth power 
of the atomic number. Again, in the case of irregular doublets the 
diJfmmcA A A in waveAengths decreases as the atomic number increases; 
actually it varies as the inverse cube. In the case of the regiilar doubUls 
it is, as we know, appreciably consiani. 

But tlio oxproHsion (1)18 still very incomplete and only arranged 
fc(> fulfil tho prosonb purpOBo. Wc supplement it by combining it with 
th(^ goner (il oxprcHsioii (6a) on page 260. Tlie essential feature is that 
wc sliould choose tho screoning-mimber in the first term (principal 
term or MoMoloy term) difioront from the soreening-mimber in the 
higlm' lenns {relativistic correctio7i terms of tho first, second, * * . order). 
Wo (loiu)fco tho torinor number a, as in (l)i and the latter s, as in tho 

* DiaeGi'tation, Miiuloh, 1021. CCi 2i©lis» £, Pliysik^ 6^ 84 
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preceding section. In this way we obtain the general term-ex;pressmh 
for X-rays ; 



From this formula we obtain our earlier formulm for the regular 
doublets, if we give the same value to tlie constants a and s in the 
two levels of such a doublet. Tlie principal term then exactly cancels 
when the differences are formed. 

With the help of (4) we can also immediately formulate exactly 
the law of irregular doublets. For by (4) eqn. (2) is incomplete, 
because in forming it wo left out of account the relativistic oorreotion 
terms. It is in agreement with this that the A -values in Table 
22 are not rigorously oonstant ; in the case of (LiLjr) and (MiMn), 
at anyrate, they exhibited a small systematic variation, But on the 
basis of formula (4) Hertzes law can now bo made more rigorous. 

For this purpose we start from (4) and form the expressions, 


(Z — g)^ 



( 5 ) 


which we call reduced terms. Since wo know* the sorooning- 
numbors 8 in the terms involving a^, cc^ . . . from the relativistic 
doublets, wo can oalculato niimerioally from v, Table 23 shows 
liow Table 22 changes in the case of L- and M-lovols, if wo insert the 
V values in place of the VV/R- values. In the case of the 
N-levels the relativistic reduction becomes inappreoiablo oomparod 
with the moan error. Hence these levels already led to appreciably 
constant differences in Table 22 and did not requite to be taken up 
in Table 23. 

The rigoro us form of Hertz’s law thus runs ; not the vahies A V 
but Ay exactly constant for every irregular doublet. According 

to out defliiition of reduced terms in (6) this of course denotes nothing 
else than that the screening- difforence,s Ad* are constant. In the last 
row of Table 23 wo again enooiinter, as on page 280, a tomarkablo 
integral relationship : the means of the AV v^^^/R- values are apxn’oxh 
mately multiples of 0*57. Since by (5) these values differ from the 
values of Act only by the integer it, the Act’s are also whole mnltiides of 
0*57 . Tl\e same relationship liolcls for the Act’s in the N-levels, in whioli, 

♦ Thia is not fcho caso with N"i lovola. But in thoir oaso wo can 

clotermiuo s by poafculating tho rule of constant Ac’s as valid also for tho lowost 
soieoning-doublets, Cf, Ot, Wontzol, Zoits. f, Physik, 16, 46 (1023). Tho qqtvq - 
sponding s-vaiiios aro 2*0 for Lp 6*8 for and 14 for Np 
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UH has been mentiouod, can bo ulcntiftocl with v, that is, the 
Atr in <]iU!Htion can bo dorivo'd directly from Tabic 22. 


Taui-k 2 a 
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0*61 

1*20 
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0*62 

1*19 
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0-68 

0*63 

1-19 
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0*58 

0*58 

0-64 
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M8 
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0*68 
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1*22 

70 Yb 

71 lal 

72 HE 

74 W 

7H I'll 

71t Au 
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IKI Th 

112 U 

• * » 

0*68 

0*68 

0*58 

0*57 

0*60 

0*63 

0*63 

0*60 

0-50 

0*50 

0*40 

0-60 

0'60 

0-61 

0-61 

0-43 

047 

0'62 

0-SS 

0-56 

0’88 

0-54 

1*23 

1*24 

1*18 

1*21 

1*26 

1*16 

1*16 

1*16 

1-09 

1*14 

M6 
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0-60j 

0*628 
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(LiLii) 

(MiMxi) 

(MhiMiv) 

(NiNii) 

(NiiiNiv) 

(NvNvi) 


2 . 0-67 
3 . 0'67 
2.3. 0-67 


4 

2.4 

4.4 


0-66 

066 

, 0-6 


From tho Aa’s wo burn to the absolute values of the or's. which are 

oalo\ilated by means of oqn. (®)‘ „„iue8 graphically as a function 
Fig. 70 represonts andV same shell 

of 7j. Tlio parallohsnr of the TT„,.t„>g in.^ Bub, moreover, it 

confirms our more rigorous form of Hertes law. 
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hUowh that tho o-'s are noithor inclependoiit of Z nor cupial to iho hh , 
Ihitlior tho a’H aro alway.s greater than' tho .s'a unci inoreaHc^ witli Z^ 
^viulu, iVH w'ti know, the fi'a are (exactly ooiiKtant. 'I.’lio iiieroase of tho 

<t's is explained by tlie oir- 
oumstance tliat not only the 
inner but also tho outer 
cleotrons, wlioso inimbor in- 
oi’oases witli Z oontribiito to 
tliG sorecning-nuinbors o*, 
wJieroas they liave no in- 
fluonco on tho s's. .Bohr 
calls this oiloot “ oxtornal 
screening.” Wo shall in- 
vostigato it more closely in 
Ohaptor VII and shall there 
also refer back to tho details 
of Fig. 70, In paiiiionlar 
Ave shall there clisousa all 
tho striking irregularities in 
tho eoiirso of the ourvoa for 
tho rare earths, since these 
irregularities are connected 
with tho re-arrangemont of 
the N-sholl, 

Not only in the oaao of 
the X-ray spectra but also in 
tho case of tliose of the visible region our laws for tlio regular and 
irrc5gulai* doublots as well as Moseley’s law have been .shown to be valid. 
Wo shall rovort to this disoiussion in Chapter VII, 



§ 6. Universal Spectroscopic Units. Spectroscopic Confirmation of 
the Theory of Relativity 


Throe main-streams of rosearoh in modern theoretical pliysios 
are oonfitiont in our theory of fine-stnioturo : tho olootron theory, 
tlio quantum theory, and tho thoory of relativity. This is sliOAvn in 
a particularly strikiiig way in the struoturo of oxxv fme-structure coustant : 



27Te^ 


( 1 ) 


Hero & is the representative of the electron theory ^ h fittingly represents 
the quanltm, theory, and c comes front the theory of relativity ; c may in 
faoi bo regarded os ol\arttoterising tho latter theory as compared witli 
tho olaasioal theory. 

Wo derive the value of a speotroscopioally by measuring tho 
hyclrogon doublet (best indirectly, by measuring tho Ho'^ -lines, since 
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mul ilu) raUoH of iho uioinio woiglita c)M:Io aiul XI, 

* 'A.H. k^tfOoKUMi* Moy. HoiJ., UrtK s (0)30). 
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by iuean« of oqii. (1) on page 5 and footnote 1 on page 08. Our 
doternunatiou of the three unknowns c, mo and h involves only speobro- 
sGopic moasuroments and hence is based on the most trustworthy 
observations. On the other hand, the original determination of h 
from heat-radiation data entails the measurement of liigli temperatures, 
that of e/mo deflection experiments entails the measurement of 
liigh potentials, neither of which measiiremonts are as free from error 
as the speotrosoopio measurements. Tlio determination of li from 
the short-wave limit of the X-ray spectra also requires the measure* 
inont of high potentials. 

The eqns. (4), (6) and (d) can be expressed in such a form that 
from (4) and (5) we can obtain ejmQ (in e.s.u.), as has already been 
done on page 95 and which led in conjunction witli Houston's values 
for Rk and Rho to 


~~ = (1.761 ± 0*001) . lO’c 

With its help we there also arrive from Rn and Rno at 
R«, = 10973742 ± 0*06 om.-i 
The significance of Roc is 

T} 27r^noe^ _ 27 t^(c^/A)^ 

” h^G ^ e(c/mo)c 


( 7 ) 

( 8 ) 
( 9 ) 


Our method of writing the last term in eqn. (9) includes the combina- 
tion which also occurs in (6), We can eliminate it from (6) and 
(9) and obtain 


47r6(c/mo)' ^ 47rRoo(e/mo) 


( 10 ) 


We need now only to refer back tb eqn. (0) to obtain the value 
as well, namely, 

j 2TrC^ 

h = 

ge 


of h 
( 11 ) 


To bo consistent wo should now calculate the value of a from the om- 
]pirioal value of Arji, in accordance with (2). But the valiios for e 
and h so calculated would leave too much play in the matter of accuracy. 
Wo liavG tlierefore already given that value of g in eqn. (3) which we 
liad obtained in § 3 with the help of the theoretical formula from the 
best values of e and h obtained from observations, We write down once 
again the values for e and h used in the process, 

e === (4’770 ± 0-006) . h ^ (6'547 ± 0*008) . 10-^7 (12) 

Hence our x^rogramme of using only spectroscopic units cannot yet 
be carried out fully. Although we have stressed the importance of 
specifying the universal constants as accurately as x)OS8iblo wo have 
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been eonipolled for the present to boiTow from non -spec troseopio 
measurements. 

We have already indioated in Oluipfcer IV, § 2, page H) 8 , a speotro* 
scopic method of do ter mining Loschmidfc’s number L and honco of 
oalevilating the elementary charge e. This X-vay spootroscopio 
method, however, assumes that the crystal lattice is (lawless and that 
we have an accurate knowledge of the density of the crystal in the 
parts of the crystal involved in the rcdcction. Until these points are 
fully clear, this method, too, remains an interesting but unfulfilled 
programme. 

Finally wo rewert once again to the beginning of this chapter, 
in particular to the x^art where wo deal with the law according to which 
the mass of tlio electron (and mass generally) depends on the velocity. 
According to the theory of'rolativity tins law runs : 

The older absolute “ theory which assumed that there was an ab- 
solute space or ether and that the electron was in shape, had 

as its law of the charge of mass,* 


m = log - l) = }no(l -I- s/3» H- . . .) (13a) 


The tost as to which of those two formiilto is valid was regarded as the 
Gxpermentum cmcia for or against tlio tlieory of relativity. 'J?ho 
direct proof in the oloctrioal sphere (by means of oatliodo rays or /S-raya) 
was attempted by Kanfmann (of. Chap. I, § 4), but was only achiovocl 
many years later by his suocosaorH by more refined methods. t We 
sliall endeavour to arrive at a decision here by spectroscopic moans. J 
Connected witli the law of variability of mass is the law according 
to which the kinetic enei'gy depends on the volooity. Wo know ac- 
cording to the theory of relativity that 


= (m ~ - l) ] 


Vl-fi' 

-9 + . . .) 




(14) 


* First dovivecl by M, Abraham. Soo his TkeoHe der Mehtrhitflt, Vol, IT, 
3rd odn,, pp. 102 and 175. 

t 01, Sohafor and G. Noumann, Ann. d, Phys,, 46, 520 (1014), in which a 
method suggested by A. Buoheror is dovolopod j Oh. B. Guyo and Ch. Lavanchy, 
Arch, de G 0 n 6 vo, 41, 280 (1010). 

I The idea of trying this teat was first suggested to the author by W. Lonz. 
It was worked out by K. Glitsohor in his Muiiloh dissorfcation, 1917 j of. also Ann. 
d.Phys., 52,008 (1917). 
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wliereaH the absolute theory assorts * that 

== log - 2 ) = -1- -f . . .) ( 1 *. 

We have now to treat the Kepler x>i’ohiom of elliptie nuitioii 
tlio ease of a hydrogen-like atom acoording to the abaolnU^ tlu^< 
amUfrom it to calculate tlio line -structure of the spectral ^ 

first iind that as our second Kepler law wo have the law of iin^ 
which is valid here, quite independently of the law of vavial)ilit;V'' 
mass ; the law of areas states that tlio moment of momentum 

is constant (r and <j> arc the polar co-ordinates reckoned fron^ “ 
nucleus, which is assumed to bo immovable). The momentum in 
(/)-direotion (projection of the momentum on the tangent to th<^ ci 1 
r ^ const.) is then mr(f> — and the total impidse is mv ■ « 
From these two wo get the momentum in the r-direetioii ac(Mn'<l 
to Pyblmgoi’as's theorem as 

= mr = V {mvY -- 

The quantum conditions are : 
for tlio azimuth : 

= 2rr27 HK • • • < 

for the radius vector r : 

j == {mv)^ ~ ^ dr ~ nji , .1 


The integration extends over the whole range of values of ?*, thud 
from to and back to 

To be able to evaluate the integral (IG) wo miust know wv i 
function of r. But at jn’esont we know m and lionoe also 7 nv 
by (13a) only as a function of We may, liowovov, use tlie <mt*] 
law and tlie formula (14a) for the Idnetio energy to obtain p 1 : 
function of r. The energy law runs, if wo set the nuclear (4n 
equal to Zc and hence the x)otontial energy equal to — Ze^/r, 

E„„ = W - =, W -1- 

If WO use eqn. (14a) here, wo obtain 


+ m - w + “. 


To determine p and mv = mep from this wo i:)roceed in steps by 
stituting the first approximation in the correction term of the stM 

* Gf, M. Abraham, /oc, cil, ' 
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order. We write the result in a form whioli embraces tlu^ absolute 
theory and the relativity tiieory ; namely, in view of (liJ) and 



wliore y lias the significance : 


y -- for the absolute theory, y -- J for the theory of relativity. 

We now use eqn. (17) in the (piantuui eonclition (10), whose integrand 
now appears as a simple function of r. The integration may be per- 
formed aoeorcling to tlio sohemo given in Note 4 under (a), and gives 
finally 


W 


2y(KZ)a 


= ______ ... 

I w, I- V 4 - 2 y(«Zp I J 


:zj.- 


4 


(IS) 


Our generalised ecpi. (18) is distinguished from the rolativistio 
eqn. (20) on page 250 only in having ^ya? in plauo of on the riglrt- 
hand side and 2-)/W in place of W on the loft-lvand side, Oonsoqiieiitly 
tlic power expansion at the beginning of § 2 of this eliaptor may bo 
applied directly in our present eqn. (18), l^’or example, in the 
expression (6) for the torm on page 259 wo have only to write 2ycf? 
instead of a^. ilfroin this it follows, liowever, that all our thooroms 
about flnO'Structiiro roniaiu intact so long as we replaoe a'^ by 2ya®. 
Hence the rclaiim magnilucUa of iha fi7ie-slniGlure,Hi for example, the 
interval 1 : 3 between the oomponoivts in the liydrogen-liko triplet, 
and so forth, also mnam m the abfiohUe theory ; 07ily 

the absohUe mag')iihides of the fi7ie-air7icturei^ are 7'e(hiccd by the factor 

2y i 

in com'parison toith the theory of relalmty. 

Tim holds in farlivMlar for the hydrogen (kmblid, wliicli would bo, 
according to the absolute theory, 


Avii 


4. Hof 4 
5 "2* 5 


0'3G 0*29 


cm, ' 


(19) 


This vahie for the hydrogen dQxd)let is i7ico7n2)af4ble with Pasche7i\s or 
lionston's 7neas7i7'e7nenl8 of the llo'^'dmes. The same may be said of 
the hydrogen doublets in the X-ray region, tlio L-doublets, and so 
foi'tln Talcing the resulis all together 7ve may draw the amclnsion 
that the absohUe theory comes to grief 071 the s2)ectroscopic facts. 



CHAPTER VI 


OLABISATION AND INTENSITY OF SPECTRAL LINliJS 

§ 1. Bohr^s Correspondence Principle in the Case oi the Hydrogen Atom 


W HEREAS the quantum theory of light deals primarily only 
^vith vibration classical optics gives ua a deep insiglit 

into the /om5 of the vibrations in that it distinguishes whether 
polarisation occurs or not, and, if so, whether it is linear or oiroular, and 
it determines the relative intensities of the vibration components from 
the type of motion of the exciting partiole. How may those resultH 
be made use of for the quantum theory of light 'i The decisive word 
in this connexion belongs to wavo-meohanics, By describing the 
quantum states as wave states it is able to make quantitative matlio- 
matical statements about the intensity of the light. In oontrast witli 
this we must here at this stage of our account remain satisfled with 
the qualitative and approximate assertions made by the oorrospondoneu 
principle in matters relating to intensity. Novertholoss wo mviht 
note at once that the statements about polarisation and selection rukSy 
which we shall derive presently from the oorrespoiKlcnee prinoipks 
also remain preserved in wave-moohanios. 

The first hint as to how to formulate the oorrespon deuce botwooii 
classical theory and quantum theory is given by the hydrogen speetruin. 
The frequency that is emitted in the transition from tlio to the 
orbit is, according to the quantum theory, 



* ( 1 ) 


It differs from the frequency which is omitted aooording to the 
classioal theory. In the latter theory the vibration ooours in rhythm 
with the frequency at which the orbit is traversed (identity of tUc» 
optical and mechanical frequencies) ; the omitted fundamental vibra- 
tion is equal to 1/t, whore r is the time of revolution, In aclditiou, 
overtone vibrations occur, at least in the case of elliptic orbitft. 
Aooording to eqn, (4a) on page 86 or, more generally, to oqn. (17) on 
page 113, we therefore have for the fundamental vibration 


^cl 


1 ^ m 

r n^ » 

202 


/ ( 2 ) 
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'riii« \\\o\n\H lliitl ihv hi{fht r tiuauiutn Inuosiiiou^'t ott ri/t* ioto fhv tou r- 
ftviv vilmUiotiH of ihr cht^iHivnl fwjittoctf, 

Wo hIiiiII nxpmH IIiIn rnluriniiHliip in a kUII luori^ alrikiiiK wny* 
If il tlin pliaHn'iningml for llio |iriiuii|Mil {[iianlann iiumiHM' 
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AW 

r.,. (1) 

On (In* nilirr }umil» W Iloiu^n by (2) iho ftindaniCiiitMl 

vilimlioii rorrrMpomlin^ In M10 nrliiliil lunibutH ia by 


1 dW dW 
k lilt it.i 


lVHidiiain|4 wiih Umh ihn ovnrU»na viVimilniiH wo nlitirin iia ilia Hparirum 
of iha n*v<»lvinf4 tMrnirnii, on alaHainiil Mimry* 

Ovi , , . . . (fi) 


I'lia ilifTarcMU‘0 hoiwiMMi iho quiuiimii nnil Mm nlawHiniil ritMiunnay 
iMMimply thiii hidwcaai ihi^ tpiolit til nf (fn* diffmnrr^ mid thr dijfmniiol 
fluolitoL M'lia muwo rlHT('nMa*n utaanYt i|nii<* );(anm*ally wkan wa |iiniM 
fmin riioiaia lluairlrH to rnitMiuniiit thanrioH, 

\Va now jiIho undio^rtiimtl wliy lla* ahiHKloiil itiul ilia «|uiinluin fra- 
ipHMU’irH njiprnanlt i*aah niliar aaymplntliMitly whan n ban ^rani vulurH 
or, raihar, wln*n a >» Aa. Knr. If wa aonMiilar VV m ri^piaHanU'd 
f^rH{j|drnlly a fiiiudion of n wa Uiul liuti for j;i;raid- vhIik^k of a ihi> 
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chords and tlie tangents, and tlio 
quotient of the differ onces and the 
differential quotient hecoino niori^ 
and more nearly eoincidemt. 

When n has snfiiciontly groat 
values there is coincidmea and 
when n has inodoratoly great 
vahies tlioro is a correfipondmc,c, 
between the results of the clasHuml 
and the quantum theory. C/or- 
responding to the fuiulamontal 
vibration of tiro classical tlic()ry 
we have the quantum transition 

— 1, and oorrcspoiidiiig to 
every overtone vibration wo liav«s 
according to the equations (4) and 
(5) tho quantum transition whoso 
An is equal to tho order of th(^ 
overtone vibration. 

This is illustrated in ilfig, HO, 
Between tho two top lines wo luiv<^ 
the Balmer series in the scale of 
tho v% exactly as in X^'ig. 11) on 
page 09. Tho frequoiioy r — 0 is 
shown as a dotted lino on tho loft- 
Jiancl side, and tho series limit 
V — 11/2^ is given on tho right. 
Between the two bottom linos w(^ 
show the olassioal spectrum for 
the final orbit n — 2. As a result 
of oqn. (2) its fundaniontal vilira- 
tion ooinoides with the series limit 
and has boon denoted by a since it 
corresponds to the lino XL. 
first overtone vibration wJvujk 
corresponds to lies at twieo 
tho distance from tho zoro-liiio, tlni^ 
second overtone vibration lies at 
three times the distance, and ho 
forth. Hence in order to visiuiliso 
tho correspondenco kinematically 
wo must displace tlic olasHieiil 
spectrum towards the Icftduuul 
side so that the infinitely distant 
overtone vibration coinoidea witli 


Slop's fundamental vibration coincides wfeh H«. 

inVlinr «(irtV>M U nothing to be seen of a coincidence of the 

■ft All i I onnreo, due to the fact that the condition 

Sr- rather ^==2 here aaid 

A/i ^ A)i tJ,o higher lines of the series. 

fluJ!^ “f the formal correspondence or coincidence (in some canes) 

/ It t r uu na ly a considerable difference in the point of view. On 
f • vibration.s are emitted simitUaneously 

' , . u traversed. The ^vhole vibration speotniin 

ovii.s Its origin to one. uniform process, li'rom the quantum point 
^ jV*.''}’ uiwovor, every lino of the spectrum corresponds to another 
V’' process and another kind of quantum transition. The 

iiuliVKliial proccasea do not occur simultaneously but hide^e^idently 
oj one another. The exporiraontal results obtained in the excitation 
n ^poo ral huoa (o£. iu particular, the section on electron colligiions 
111 (/luip. VII) confirm without exception the point of view of the 
<iiuiiiCuiU tlioory, 

liio oorrospoudcuco iu tlio frcc^uencifts according to the t’\vo 
cljihirout theories is by no means accidental ; rather it has its root in 
IIk^ ptvit played by the classical theory of radiation as an approxinia- 
tiniit obtained by using the idea of a continuum, to discontinuous 
reality. .Does it apply only to freqitencies and not to vibration forms 
mitt iutonsitios, that is to polarisations and amplitudes ? This can 
Imi’dly bo denied for tho largo gnantum numbers. But Bohr demands 
further that the amplitudes and so forth given by ciassicnJ calculation 
Hhall also apply approxiiuatoly in the case of moderate and amah 
((uantvim numbers,* It is precisely this extension that renders Im 
( loi‘rospoiuUmco Principle so fruitful, ffollowing on Tig. 80 we formii. 
Into this pi'iuoiplo as follows : in cli82ylacing the. sjiecimmfrom its classical 
into itfi qimitum position wemnst leava each line the intemiiy anA polar isa- 
lion {if it ccJcnn*}) which it has according to the classical theory. The 
(hrrespondcnce Principle asserts that in this way we obtain the inteyisiUj 
and ^iOlarimtioih of the actual spectral lines perfectly correctly in the case 
o{ fiurlninni nnvihars that are sufflcienily great, and approxiTnaiely cor- 
rectlff in Uie case of ynoderniely (peat gtiantmrt ^mmhera. 

Wu numO bear iu mind that tho question of intensity is in reality 

alatislical problem. The quantum theory eonsidors individual 
evoutrt in tlie atom and offers no measure for the frequency wth wliich 
tlu’y 000 ur. But it is this frequency of occtUTence that is 
in aU questiouH of intensity. The classical theory of radiation, 
however, uhoh jncolianics to derive from a given orbital curve the 
e.unvplox <ff vibrntious contained in it together with their amphtiides. 
Tn tiniilnvHt with this tlm CorrespondDiice Principle assorts tirat'. 


§ I. Bohr's Correspondence Principle 


^95 


* Iff. tbc diftftCitatiou by H. A. Kmmor&, IiHemUies of JSpeclral XAnen, Copen 
Ijagciv Anmlomy, 1011). 
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the unknown alalialics 0 / individual quantum processes is 

by the classical calculation ; by calculating the amplit'iulcs of Ihr f b 




specinm we obtain the correct numbers for the frequency of 
0 / the corresponding quantum processes^ 

This prooecluro is not, liowovor , nniq^iie, and this in itsolf (^ha r n'* o' ■ I ^ . 
it as an approximative process* In calculating the cluHKiral 
tudes, are wo to use as our basis the initial orbit or tht^ (Inal ^ f 

an Intermediate orbit defined by taking an average of 
The Gorrespondonoo Principle offers no answer. It is ohmv 5*^ 
that with the asymptotic condition An < n the amplitiuirn 
obtained from the initial or the final orbit or from an ^ 

orbit must come out appreciably the same. But wh(n» Au 
have values that are not very different from oaoli other a ^ 
arbitrariness remains. Wave-meohanics disposes of tills 
by taking into account both the initial and the final orbit in ^8*^' 
mining the intensity ; and it uses them symmetrically. 

Another difficulty is connected Avith the particular 
of the hydrogen spectrum, The Koplor problem Avithotil ^ ^ 

is a degenerate problem. It is quantised by the principal 
number Avhich determines the energy of the orbit (ita iniijMr 
but leaves the form of the orbit (eccentricity) undotcrinim^*l 
us consider, for example, the final orbit of the Balmor Horiosi* m 
If Avo disregard the fino-.structuro avg cannot distinguinh 
the circular or the elliptic orbit of Fig. 27 occurs. Bu( tlirn ^ 
amplitude ratios of the omitted spectrum Avould remain ■ 

Actually, tlio circular orbit is given by 

X ^ a cos 27 rvti y ^ a sin 2iTvt 


Avhoro V ^ 1/r stands for the classical frequency of rovnlutiMii 
classical vibration hero consists of only the fundamontal 
V ; the amplitudes of all the overtone vibrations 2v, 3l^ ♦ . . itfr 
The. iiolarisation is circular for an observer in the ^^-di root inn 
position is different Avith the olliptio orbits. If avo imaginn ll^ priiK“ i |«i 
axis to bo the co-ordinate axes and likoAvise to bo funotituua r4 
time, then they assume the form of infinite Fourier sorh^H : 

X a OOH 27rvt H- a' cos 4:TTpi -\- a** cos i^irvl -1* , , . ) ^ 

?/ = 6 sin 27rr^ + b* sin ^ttvI sin 4* ■ • - I * 

The particular form of this expansion * results on tlio one lmi«i 
the periodicity of the orbit and on the other from the fact ilml % 

* Tho coolfioienta o£ tbiB expansion arc Bossel function a with 

the ecoontrioiby as argument. The abaonce of ovorlono vlbratioiift in 
18 duo analytically to the circmnstanco that Boasol functions of vaniflldujgBjr 
argument and non^ vanishing index vanish, Tho name Bosaol 
tho theory of these functions was elaborated precisely in conuGOf icn 
Kepler problem, 
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and odd nuinbova are involved in the dependence of the time on the 

and tlio ?/-oo-ordinate respectively. That Ave must add the higher 
terms in both the equations (7) is aeon direotly from the fact that the 
motion in the ellipse is not uniform. All the overtone vibrations are 
noAv ])resent. Their amplitudes relative to the fundamental vibration 
are given by 

+ b '^ ; dVa"^ + ; . , , . 

TMio factors 4, 0, . . . associated with the overtone vibrations result 
from the fact that the omission is not given by the co-ordinates them- 
selves but by their second differential quotients, the accelerations. 
Hence in elliptic motion we have a different distribution of intensity 
in the spectrum, as calculated on classical theory, than in the circular 
nrotion. In the present ease wo may, however, say that the observed 
intensity which is due to the emission of radiation from very many 
atoms, arises from both kinds of transition (into a circular or an elliptic 
cirbit) and is obtained by superposing the partial intensities due to 
those transitions. ^?ho statistical weights (probability factoi's) that 
must bo associated with those transitions can bo dotorminecl only 
again Avhen avo deal Avith Avave-meohanios. 

The ambiguities in the manipulation of the CorrospoiAdonco 
Principle vanish in the particixlar case Avhero the Pourior cooffioients 
have the value zero for the initial and the final orbit, In that case 
Ave can Avithout fear of error assign the value zero to the emission, 
The Correspondence Principle then becomes specialised into a rigorous 
Selection Principle : it forbids the occurrence of those spectral line,s 
Avhich have no corresponding partial Aubrations in the Fourier scries 
in question, 

A very simple illustration of this is again given by the hydrogen 
spectrum. Can a transition be effected from one circular orbit to 
another ? In tlio case of the circular orbit all the overtone vibrations 
in eqn. (6) are absent. Since these vibrations correspond to the 
quantum transitions An > 1 Ave must infer tlmt sucli transitions can 
never lead from one circle to another. If avo assume the final orbit of 
the Bahncr series to be a cirole the initial orbit of Hy)(4 — > 2), of 
Hy(5 -> 2), and so forth, must necessarily be olUptioal ; it is only in tine 
case H«(3 2, 1) that aa^o can imm from circle to oirolo. From 

this wo SCO that tlio different Avays of generating linos, Avhioh avo 
eniimeratod for the Balmor series on imgo 114, hocomo restricted by tlio 
selection principle and that Fig, 22 on page 90 Avhioh used only circles 
is too diagrammatic, 

M'o formulate tlie selection principle still more rigorously avo sliall 
use m mil' basis tlic lum-degcnerate hydrogen atoms (Chap, V) or a 
diagrammatic atom not hydrogen-liko (Chap, VH). In both cases tlie 
azimuth (j* of the revolving electron or ot the external “ scries olootron/* 
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plays the part of a cyclic variable, as it does not occur in tho energy- 
expression and hence has a con»stant moment of momontiiin p- 
Tlie obvious difference as compared with the degon orate Ko]>lor ollipsc^ 
is that (j) docs not change purely periodically but exhibits a ** Hcciilar ” 
motion, rotating its perihelion. To visualise this let iis fix our attention 
on the first figure of Chapter V. Wo mfto 


^ =3 (i}t i) 

and take o) to stand for the angular velocity of tho secular motion. 
The remainder 0 which is left when wi has been doducted from (J) in 
purely periodic and depends, as in the case of the degonorato problem, 
only on the principal quantum number n. No secular levin ooourH in 
the ease of the r- co-ordinate. Hence wo writo 


and form * 


r := i) 


X + iy — rc^'^ = 1) 


(H) 


The function F, which is com2:)osed of E and (T^, has the same |>ro- 
perties and periodicity as 0 and likewise depends only on n, F nuiy 
be expanded in a Fourier series in multiples of 27 rviy such as wo have 
already witten down explicitly in eqin (7). If wc make a) — 
so that Vfl denotes tho frequency of revolution of tho seoidar motion, 
WG obtain from (8) 

+ 00 

x + iy ^ 2 (^) ‘ • * 0 ^) 

” 00 

where we have used negative values for the summation letter s h>v 
the sake of simplicity. A striking feature here is tho difToronce in 
the two exponents of e : in the case of vq the integral factor is ahsCMit, 
which is denoted by s in the ease of r, That is, the integer assigntul 
to Vq — say 5o — has the valued, or, since we may reverse tho sign of 
i in (9) the values d: L Now, 8 denotes the order of tho overtoil o 
vibrations and, by the CoiTespondence Principle, tho magnitude nf 
the quantum transitions A?i fi. If all tho s*8 occur all tlio arci 
allowed by the Correspondence Principle. On the otlioi' liand, the 
azimuthal quantum number belongs to tho azimuth 0 aiul Mi«> 
integer corresponds to the quantnm transition A?^. From Sq — J- i 
we deduce by the Correspondence Principle that 

An,|, == ± 1 . . . . (10) 

In place of 71 ^ we shall use the wavo-raechanioal symbol I — 1 

(of. p, 115; the relativistic dift'orence between I and or — I, 


* Cf. Note 7, in ptirtioiilav (e). 
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^vhich nxpr(3SHod itself in !Fig* 76, p, 270, may here be left out of 
iKscount), IiiHtoad of (10) we may also write 

A? ± 1 . , . . (lOrt) 


Thr. azimuthal (jmntum mimber I can change only by unity. Besides 
I A/ I 1 also A^ — 0 is forbidden ; the intensity of the corresponding 
finant 117)1 Irmmlmis is zero, 

1 1 itlnn’to wc have assumed the orbit to be plane y which is ceitainly 
true ill tlio case of the Kepler ellipse and the rather simple atoms that 
ai’(^ not hycivogon-liko ; so long as wo schematically regard the forces 
cX(^rtc<l by the atomic core on the series electron fis 'ce^itral forces and 
(Uh regard elaciron spin. But if the atom is situated in an external 
iic^ld of force the orbit will ho spaiialy so that a 2 J-coinponent will have 
to 1)0 added to the x~ y-inotion. Let the external field bo parallel to 
and Hynnnotrioal about the 2 J-axis. In contrast with the azimuth 
</) nimiHLU'cd in the orbital plane, the equatorial azimuth 0 measured 
ill the iry-plano (equatorial plane) has now a cyclic character. Its 
Htauilar motion docs not influence the ^^componont, This may bo 
])ut in the form 

+ 00 

g s= 2 (s) i)g . . . • (11) 


whorcuiH wo have rotiunod the assumytiou (9) for tho .r- jz-co-orclinates. 

Ciirtihor details see Note 7 (/)) , . . ^ ^ 

'L'Jio alisonoo of tho oxponoet in Vgl in (H) may 1)6 interpreted as 
moaning that hero = 0. Wo denote the equatorial quantum dumber 
uorron ponding to tho cyclic co-ordinate >f) hy m and, applying the 
(JnrroHpoiulunoe Principle, aasurao that the qmnium iransiiton 

Lm — 0 (1^) 

/.s niUuimU whereas equation (9) states that tho quaiiluM IransUions 

Am = ±l 


piari alfio occur ^nlensUy. 

'tUo .oiioriiBiitioii of on oxtoran,! loroo tlnm t,»ii»l>o«es «i« iielMtwn 
tL, «»i,n»th«l <loo..U.m numto- 1 m « 
farm to the equatorial quantum mnnhor m. This lontVeia me 
, )i utl .1 mwltam treoly vorloMc: in proportion na tiro ptae orbit 
" r"j intJi . .paw (twi.t«.l) orbit by oxtoiml «,!. «.o 
origiiinUy forhitlrten transitions for which 

AZ 0 and j A? ] > 1 • • • ' 

"-''IS”:;? 5 >o 

...n-ilnt *i'«ity («I. (ihap. vn, 8 2) b0"» “o 

(mtiridy with the oonoluHions.liore drawn. 
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But the expressions (9) and (U) for tlio orbits not only contain 
statements about intensity but also about the polarisation of tlic 
light, Avhicli is emitted, according to the classical theory, when the 
series electron traverses the orbit in question. According to tli<? 
Correspondence Principle the statements about xiolarisation also 
apply to the quantum emission. 

It is true that the polarisation luvs boon observed only in the cuso 
where an external field is present. In the force-free case the orbits 
are arbitrarily distributed in space and lienee the polarisations 
corresponding to them escape observation. But in the jireHcnco of 
an external field the polarisation phenomenon can b(^ inoasured. most 
easily. 

Prom eqn. (9) wc read that for a field of force directed along 
the ^-axis: cormponding to the quantum IramUiont zi- L we 

have circular poUtriaaiion in the plane poApcndicular to the Hnaa of 
force ; corres2)07iding to the quantum tramitioni Aw — 0, ^ve have Umar 
2)olari8aiion parallel to the lines of force. 

We shall have more to say about the polarisation conditions wlion 
we deal with the Stark and the Zeeman ofioots in the present cliaiitor. 
Compare also the ideas duo to Rubinowioz given in Note 8, whicli link 
together quantum theory and electrodynamics and signify tlic lirst 
step towards quantum- electrodynamics, which is still wrapt in obscurity 
at the present time. 


§ S. The Orbits of the Hydrogen Electron in the Stark Effect 

The influence of the electric field on the omission of the Balmcr 
lines was discovered by J, Stark * in 1913, and was examined hy him 
in the succeeding years experimentally in an exemplary fashion as 
far as all the details of the fine-struotiiro f and polarisation, not (udy 
for hydrogen, but for a scries of other olomonts, He, Li, etc. It whs 
a happy coincidence that in the same year, 1913, Bolir’s spectral tlu^ory 
Avas proposed and was elaborated far enough to bo able to gra|>])lo 
with the problem of the electrical resolution of hydrogen lines. Tlio 
solution of the problem Avas obtained simultaneously and along 
essentially similar linos by K, SoliAvarzsohild J and P. Epstein |1 in 1.0 1 li. 
Whereas the classical theory failed completely, the quantum theory 
yielded all the many details of Stark’s ol)servationH of tlic finc-Htnujtiirn 
in such complete coinoidouce Avith experiment that it Avas no loug<u’ 
possible to doubt the correctness and iinambiguity of the solution 
found. 


* Borlmor Sit'/aingabor., Nov., 1013 ; Ann. d. Phys., 43, \nm ami \m flUJd). 

/^ipiqartdinud^/sc. 

I Gottingor Naehr., Nov., 1014. 

if.?* Quaiilenllicoritit .Uorlinor Biliy.ungHljtjr., April, lOld 

published on lUh May, tho day of SclnvarzschiUPfi doatJn . ^ 

IjP. S. Epstein, Ziir Thoorio dos Starkoffoktes, Ann, d, Phys., 60,' 408 (1910). 
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We shall just shortly romark on the oxporiinontal ditlfionltios of 
tUo problom, Tlio ohjoot was to subject liydrogen atoinw during thoir 
omission to a ])oworful electric iicld of, say, voltn per oni. 

This was not possible Avitli the ordinary aiTaiigeinont of the Gcisslcr 
tube, in wliioh the liydrogon lines aro usually produced. Geissler 
tubes arc comparatively good conduotons ; an cleotric field in it sirn])ly 
collapses. >Stark, thoroforo, used in place of the Geiaslor tube the 
luminesoonce of a canal -ray tube in a layer directly behind the per- 
forated cathode. By using an oppositely charged electrode placed 
parallel and close to the cathode, he wan able to generate a niiiforin 
and measurable eleetrio field in a space of a few milliinGtres. The 
shortness of the space between the electrodes of this additional field 
310 1 only favours the production of the resulting great potential drop 
but also prevents (in aocordanco with the peculiar laws of tho pro- 
duction of the dark space in discharge tubes) the ooeuiTonoo of a spon- 
taneous diaoliarge between the eleotrodes. The potential dilTerencc 
is great enough to influence olTootively the canal-ray ions that fly 
through the perforated cathode in the usual way and to distort per- 
ceptibly tlio oleotronio orbits which aro being traversed in tlioni. 

In contradistinction to Stark, Lo Surdo * uses as a means of iu- 
fluenoing the phenomenon of lumineaconco no additional field but the 
field of the discharge tube itself, and, indeed, the jiart within tlio dark 
space of the cathode. Thus his method saorifioes quantitative 
definiteness and homogeneity of field but offiors spooial advantages 
for the inirpose of qualitative observations. For this reason many 
oxpovi mentors, parMcnlarly in Japan, use Lo Snrdo’s method. Tlio 
successful and acoumto investigations of Rausch von '[Praubenberg | 
on hydrogen linos, however, wore done with Stark’s original arrange- 
ineiit, 

Thii) general experimental results of Stark and Lo Snrdo, rospoe- 
tively, wore : 

1 . Every Bulmer lino boooineB ^ipUt np into a number of componon ts, 

2 . T'he number of eompononts inoroaHos with the serie^^ 7iumher of 
the lino. 

3. The components are linearly polarised xohm mewed iransversally 
(transverse offoot), being polarised i>artly parallel to the field (Tn-oom- 
ponents) and partly xiorpondioularly to it (or-compononts). 

We must then first define clearly what those terms usually signify, 
In the case of the 7 r-( 5 ompononts the direcMon of the electric vibration 
in the light ray at the point of observation is parallel to the linos of force 
of the external field ; in that of the (r-compononts, the direction of the 
electric vibration is perpendieidar to tlioeo linos of force. Thus it m 
not the position of the optical piano of polarisation, as shomi by a 

* Of, his gonoral roport in Phys, Zoitfi,, 30, 7C0 (102C). For atoniB other tlmu 
800 the report by K. Ladonbiirg, ilnd,t ]>. SCO. 

t Afioftd, doi LIncoi, 28, 83, 117, 143, 2fi2, 320 (1014). 
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Nicol’s primn, that is to servo to distinguirii “ tt ” and “ rr.’' Shioo, 
as wii know, the plane of jicdarisation in the light ray is per|)eiulieulur 
to tlic direetion ol‘ eloetrical vihratiuji (or, what is tlie same, it passes 
tJiroifcgU the piano of magnotic vibration), wo sliould have to transpose 
the torniB tt and o* if wo judged tliom according to the piano of polaima- 
tion. Tiio use of the words parallel ” and pcrpondicjiilav,” aa lioro 
applied, arose historioally out of the ideas of tlio classical wave-thoniy. 
If wo imagine a vibrating electron to bo added to tlie place at which 
tlie emitting atom is situated, then the wave onutted by this electron 
would have, according to the classical view, a direction of oleoirio 
vibraliioiL that would have the same direction as t]u\ coni jKniont of 
acceloiation of the electron (v„ in Fig. 7, p. 24) that is oJTcotivc in tlic 
direction of omission in question. Tlie tt- and the fr-compononls 
thus arise, in classical language, from vibrations of an exciting electron, 
whicli take place parallel or porpcmdicidarly^ to the lines of force of 
the external field. 

4. When viewed loiigilndmaUi/ (longitudinal eiTect) the u-com- 
pouonts are invmble and the a-components arc nnpolarised. 

Tlie intense 77-ooinpononts in general lie on the onlmde, and t)ui 
intense tj-components on the insido.. 

G. In tlio case of liydrogon tho resolution and tlio polarisation are 
distributed symmeiricallg on both sides of tho original line, Init in the 
case of other atoms, the divStribiition is largely unsijmmetrkuL 

7. Tlie distances of tho coinijononts from th(3 centre art^, in tlu^ 
case of hydrogen, whole 7 miUt 2 ^let<t of a certain mnalleHt dislaiice belween 
the ImeSj and. actually, measured in the scale of vibration nuinbcrs, 
tliorc is the same lino -interval for tho various hydrogen lines. 

8. Tho resolution (in pai'fcioulnr, this smallest lino-interval) incronses 
Xn'oporimially tvUh the field. In tho case of more intense iiclds there 
is oh served in addition to the linear Stark elToct one of the He(3on(l 
order, and if tlio intensity is still fiuther increased a Htnrk elTect of 
tlio third order manifests itself, 

We have already formed in CJiaptor II, page 114, a general theoret- 
ical idea of the cause of the Staric ollect. We spoke there of the various 
possible ways in which one and tho same Balmor line may be prodiu?ed 
by circular or elliptic orbits with the same quautuni suni. Tlusse 
various modes of origin certainly coiiioido in one line if no extormd 
field of force is present (and if we leave out of conskloi’arion the rc]uti>^- 
istio fino-strueturo). But they become separated if a powerful elec trie 
field is inpioscd. 

Tlius the Biark effect denotes the, artificial sepaniUon of the various 
'possible modes of 2 ^f'oduciion, tvhich originally cohicidcd in a Balnier 
linCf of the initial mid the filial orbits this sejjaralion being effected by 
the ai'iplication of a?i external electric JiekL And, owing to the spatial 
Iiosition of the orbits, tho composition of tho same quaiitiim sum out 
of three (|uantum niimbora is involved, This is easily under, sto{)d from 
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faid> I hat tlu*. (dloot of tlio electric iield on the oi'bits of the hydrogen 
oleiitrou will be fmiiul to depend not only on the shape and sixe (Wo 
t] nan turn miiiilHM’s) hut also on the H])atial position of the orbit with 
i'eH|Kad to the ekudrie lines of force (third q^iiantinn niunber). These 
orbits are in tlie electric field, no longer, of course, circular and elliptic 
oihits; or, oxpn^sscd more generally, the states disturbed by the 
elee.trii^ lield dilTor from the undisturbed states of the hydrogen atom. 
Our ohji^et is to select from all tho inechanically possible orbits those 
that niHi (listinguished by having cpiantum values ; this is accom- 
plisluMl by choosing tlu’co approx)riate quantum numbers and expressing 
the ori)ibal energy as a function of tliem. Corresponding to each such 
(Xuantum trqdct in the initial and tho final orbit we liave in general 
a diiloront component in the Stark fine -structures. Tliis exjjlains 
immediately tlm increasing number of com- 
ponents in tho Hoquonce of linos H«, II^, 

: as the quantum sum of the initial 
orbit gradually inoreases the number of 
(quantum triplets into which tliis sum may 
be resolved also increases and with it, tho 
number of oomptmonts of tho corresponding 
I'CHolution tlue to tho Stai'k elToot, ns shown 
])hotographically, also increases. 

Wo now consider tho mechanical prob- 
lem : how does an electron move when 
under tlie influence of a fixed nuclear 
ohargo /jo (in tlu^ ease of the hydrogen atom 
this Z 1) and under the simultaneous 
action of an external Jiomogoneous oleotrio 
Ihild of force of the intensity F ? This 
problem is contained in tho more general 
one : bow does a point-mass move when 
under tho infivionco of two arbitrary and 
arbitrarily idaccd lixcjd (Newton-Goulomb) centres of attraction ? 
T’he ajTpropriate (jo-ordinates for tlio treatment of this general problem 
are (aecsording to Jacobi) the parameters of the families of confocal 
ellipses and hyperboloj that aro desoribod about the two centres as 
:fo(n, tcjgethor with tho angle reokoned from the line connecting the 
(sentres. If one of tho centres is talcen off to infinity whilst its attractive 
])()wer eoiTt^spondiiigly increases, the general problem reduces to our 
Kpt!oial one ; at tho same time tho systems of confocal ellipses and 
liypcrbohe resolve into two families of confocal parabolas of whicli 
the second fixed cojitre, tho nucleus, is tho focus, and tho field direction 
tlu’ougli it is the common axis. Wo call the parameters of these two 
parabolio sy.stoms f and y. They, together with the angle i/j counted 
from tlie diicotion of tho axis, are tho co-ordinates which wo shall 
have to use in our special x^robloin. 



If'm. 81. — ^llepiacemonli of 
tho piano cartesian co- 
ordinates a’, y hy tho 
parabolic co-ordinates 
7f. Tho now co-orclin- 
afco line.s aro given by 
equations (1) when I ^ 
constant and if — eon- 
atant, 
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III 81, 0 represents tlie inicleiis, x the dircetioii of the liiu«M of 
force. 'I*ho parabolas S = const., t) -- const., respectively have 11 le 
equations 

^ + 2* = ^. . . . (I) 

For each point, P (x, y) of the jila.no we calcnilato liy iiK'anH of IIioni' 
equations the paminoters nj of the two paraholiiH whioh intorsoot 
at p. '.Chose two parameters may servo in plane of ;k, y to dellne Dm 
point P, and hence also to (letermino the position of the olecitvon within 
the plane of the diagram (“ meridian plane ”) The jiaralmlaH ^ :« 
const, have as their ai«is the negative direction of a', the jiaraholns 
y =: const, the positive direction of v. 

The simplest way of introdnoing paraliolio co-ordinates is ti.s follows. 
In the meridian plane we define an X -)- iY ixdated to the eoinjile.N 
variable a: + iy by 

a- -p iy == i(X -h •iY)a . . . . (2) 

By equating the real and the imaginary jiarts we got 

.a ^ i(X8 - Y»), y^ XY . . . (!)) 

If we eliminate Y and X, respectively from tlieso two equations we have 

^ -{- 2 x = X® and — 2a — Y^ . . (.| ) 

The equations become identical with (1) if wo wi'ite 

^ = Xs,y = Y* . ' . . . (fi) 

prom (2) wo form the lino-element in the plane, that is, the distinKie 
between two neiglibonring points PP' ;,tlna is again done most simiily 
by using miaginaries. By diffei'entiating {2) we obtain 

dx + idy = (X H- iy)(dX -|- iilY) 
and by taking tlie absolute value 


ds^ = da* -f dy* == (X* -)- Y*)(dX“ + dY*) 


From (6), however, it follows that 

"H' 




dX*, 


dY* , 


dij® 


') 


(7; 


and lienee 

If, however, we take the absolute value in oqn, (2) wo obtain tli 
distance r of any point P of the plane from the origin 0 : 

r® == a® + y* = ^(X® -I- Y®)® = i(^' -t- y)* . . P 

In Fig. 81 the lengtlia OP == ,• and PP' = ds aro sliown. 
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Wo now «u|>j>oHo blio piano of the figure to be rotated about the 
iii-axiH and we call tho angle of rotation 1 //. Tlie co-ordinate hitherto 
UHcd then denotes tlio distance p from the axis of rotation. The 
rtHtbangiilar spaco-oo-ordinates, xyz^ whioli are now to be introduced 
nro t^x pressed as follows in terms of the plane co-ordinates hitherto 
wwi], which wo shall ]iow call a-' and y\ and the angle 0 : 

X ^ X*, y ^ y' cos \p, z ^ y' sin 
'Vho. Ivna-almmt in then beoomos 

- dx^ dy^ -p dz^ = + dy'^ + y'^li/^^ . (9) 

II we take the vahio of dx*^ ~\- dif^ from ( 7 ) and express 1 / by ( 3 ) 
UM(I (H), in torins of ^ and t/, (9) booomes 

. . . ( 10 ) 

Vvom (10) wo obtain for the ex2ms8io7i of the hineiic en&rgy in 
hidic (U)-<mlimip.s (p. -- mass of the electron) : 

-I- ’?)(! + ^) + • ei) 

The. polmliul mergy i» 

Ze* 


wluii'o Zfl juiolunr oliivvgo, F == liold-stroiigtli, — eF = force of the 
Hold on the oleofcron ; r and a; tiro given in iiaiubolio co-ordinates by 
(S), (H) uiid (/5). Hoiwio 


2Ze« . cF,. , 




Farabolio co-ordiniitas offer a considerable advantage over rectilinear 
oo-ordiiuitOB in enabling the potential energy to be expressed in this 
, manner without root signs in torins of f and rj. 

From (U) wo obtain for the momenta p(, p^, p^ by differentiating 
with rospoot to tho pnrabolio velocity co-ordiimtes ■>), ^ in tho manner 
of otjii, (5) on page 78 : 

iPf =" ^(^ + = 4(f + 7).^> • (13) 

lienee, expressed as tv funotion of tho momenta, ( 11 ) may be written 
as follows ! 


vuL, I, — -20 
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Tho sum of (12) and (M) in tlio cxpreaaion for tho total energy in 
pambolio position and mo men. turn co-ordinates or, l.iy j>age 101, the 
IlamiUoman fwuclion H. It is invariable during the motion nud is 
equal to the energy -constant W. Plence wo have 

+ ’/>w - + 4i}pl -I- -1- (1(5) 


In accordanoe with tho rule in Cliaxiter II, page 101, wo hero sot 




Ptp == 




and obtain tho x^aHial dilTerential equation for the action function H 
in the following form : 


■'-■‘’iW -Kr+^As?) 

= -I- r})W + 4^Ze» 

and ^ ia a oyclic co-ordinate. Hence 


/reF(P-,,2) (1.0) 


= const (17) 

and oqn. (16) becomes 

4^(11)“ H- + r,)W + 4pZe^ 

~peF(P-r,^)-(^^+^^pl (18) 

We ’write tho terms depending on $ on tho left-hand side, those de- 
pendent oil If) on tho right-hand side, and in this way wo havo suecss- 
fully sexiarated tlio variables, Tho separated ]mrta nuist bo equal to 
the same constant, Mdiieli wo may conveniently denote liy — 2/x^ : 

- 2/4W - 2pZe^ -I- peW + ^pI 
ITonco we obtain 


|| = jOf = Vfi((h ^ • • (1») 

wlioro fi and have tlie following significance : 

A(f) = + 2p{Ze^ - j3) - - ^ 2 , 2 }' 

UV) = -I- (5) -I- pe-pv^ - ^ 


( 20 ) 
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[♦'roiii Mh'm wo nmy without further oalculatioii draw 

ti gen ora I iiih^nuico Jihout the farm of the orbital curves. Wo see 
iToni (ID) and ( 20 ) that ciuring tho motion f remains restricted to values 
for which > 0, since t)S/c)f, i.o, must he real. Tho extreme values 
that f can aHMiime are thus tiio roots of fi[i) = 0. We denote them 

^min fwinni* -Til l^ho caso E = 0 whcro /i = 0 becomes a 
(jumlratic? (jquation in ^ there arc ojily two positive roots. In the case 
E tliinl root comes uj) from infinity but is of no interest to us. 

We take and to denote tliosc two roots that proceed by 
(toi\tiiuious devolopment from those that occur in the case E = 0. 
What Jiolds tor f holds equally well for ?/. Here, too, there are two 
real positive values and between which 7) is enclosed. 

By repeating tlio argument of 
page lOU wo next show that in tho 
course of tho motion ^ increases 
contiummsly h’om to Tor 

if ^ wm'o to oliange its direction of 
])rogress we should iicecssarily have 
^ 0. But l)y ( 12 ) we should then 

liav(^ — 0. Noav r/^i can vanish 
only it 0, that is if ^ 

from 

roveu’se^H for tlio first time at the 
jxnnt f Whereas > 0 

hitherto, the negative sign of the 
N(piare root now applies ; by ( 13 ) 
when 0> ^ < 0 . The decrease 
of ^ now (JontinuoH until f 
where it rovorscs, its values again 
incrt^aHhig gradually, and so forth. 

IVii sm ikaf’ during the molio7i ^ re- 
muiuH rv.Hrkkd to the region between 

imin tmax> ^ through tllB 

inlervening values in 02)2)osUe dirco- 
Jd07is (lUmiaiebj. Tho same apifiies 
to n, in which case also tho roots rj^mn Q'nd of f^ir]) = 0 form tho 
reversing points or libration limits (sco p. lOfi) for the successive 
values of the ij-co-ordinato. 

main featuroH of tho form of the orbits in tlio »Stark effect are 
iiouM^xpoHod. In Eig. 82 wo exhibit tho ourved quadrangle wbioh is 

formed by the iiarabolas f — Vmin^ V == 

7Vm orbital CAirve is enclosed within these limits ; U aliernaUly touches 
u £■ and an ami in Ihe course of time closely covers the whole 

<if the curved ijtmdrangle. Our figure oxhibita the ooiiditions only in 
t)Uo inovitUnn iikno, that in, in a plane ft = oonat. Besides the motion 
it! this plane a rotation of tlio plane in apace about tho direction ot tho 


X 



Eia. 82.— Orbital enrvo of the 
hydrogen oloobron in bho Stark 
oftoob (without relativity ) show- 
ing tho libmtional motion insieje 
tho ourvotl qiiiulrilatoral 

Vftiftx* ^mtn* ^mtix ^1^® figUI’O. 

Tho flguvo moat be regavdcKl 
U8 rotating about tho oj^axis 
(diroobion of fcho field). 
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lines of force takes place in which the moment of imnnoatuin is 
constant. By eqn. (18) there coiTOspoiuls to it a quantity, njta- 

tional velocity, which is variable within certain limitH. plane 

orbital curve shown in the figure becomes a spaiiid orbital ("htw. which 
cmUmially coils round the direction of the lines of force. 

Having dealt with the mechanical aspect of the ]>r()l)lom wo turn 
to the quantum aspect. We apply the quantum contlitions In {uir 
co-ordinates 7 ^, that is, we postulate 

^ = tiih, ^ p^drj — nji, I p^diji = n^h . (21 ) 

where n^, denote whole numboi-s. Wo call tlio liquatoniil 
qmntum number. Tlie integration with respect to i/i strotoheK (ivor nl] 
positions iji of the meridian plane from 0 to 27 r. Since is (loiiHtimt 
by eqn. (17), we have 

. . ( 22 ) 


Let ns call and m, parabolic ^anpim numbers. I'Jio integration 
over ^ and p extends over the whole range of values of thoao vavial)l<m, 
that is from to and back again for and similarly f«>r «. 
In the first two of the equations (21) this closed patli of integration ia 

c euoted by the sign Q. If wc substitute (19) in those tw'o cqxiatioiiK 
we obtain 

n(h, ^ Vfi(7i)dr) = 71,//, . , (21)) 

By (20) both integrals have tlie sanro form. Wo combine them in 


u 


A + 2® -j- ^ D,. (ij. _ 2nh 


( 2 .)) 


On the nght-hand side of this equation n stands for 7 it in tlio oik' 

A, = 2pW. B, = ,(Ze* _ p), c, = - ^ ,,,,, 

in the other ease they denote 

A,^2pW, B3 = ^(Ze* + ^), c, = -f^*y, D, = 


H- ne¥ (2<i()) 

S'elf worked out in Note 4 under lb), 

y 9 • (8) it becomes to a fii-st approximation : 

-<)^.-L/r* B D /3B» 
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Consequently, if wo arrange (24) in terms of B, we obtain from (24) 


/t/ /tx 


( 86 ) 


We regard tlio term in D fxa a correction term (external hold small 
compared with the nuclear hold) and hence replace B^/A in it by the 
following approximation (to the first degree) derived from (26) : 


A 


= (\/0- 


TT / ’ 


0 - 


A 


20 H- “^vTT-l. 3(i‘)’ (88<.) 


Hence wo obtain from (20) 

B = VS( VC-- !^‘) H- + "^Vc - 2C) . (87) 

Tins single equation really stands for two equations, Wc use it in 
the one ease with 


B 1=: — j9), I) == .0^ — — /icE, n — % 

and in the otlior with 

B Jig ==: /t(Zca + fi), 1) \\ -= /iCF, U 11,, 

whereas 

A 2;xW and C ==? — (7^ft/27r)^ 


in each ease. Wo then form lialf tim sum of the two oquationn 
winch result in this way. This causes the separation constant fi to 
vanish, and wo obtain 


, iieli'/’ii (»i - «;)/»'* 
4A Vs ■ .TT* 

Wo thou Hiibstituto 


VO 


n^M 

Stt 


3(% — n^)hiVi '\ 

‘n y 


(28) 


(tlio reason for tho ohoioo of sign in given in Noto 4) and oalotilato 
A to a first dogreo of approximation, that is, for F = 0, 


477a(/xZe^)« ^ _ 47r«(jaZg»)a 

(«{-)•- 4- ?tW'> 


(29) 


Avhoro wo have sot n = + n„ ■]- Wo substitute this vahio in 

tho oorrootion term of oqn. (28) Avhioii involves F and now oaloulate 
A to a socoiul approximation : 



47r®(/AZ(!*»)8 


3/i»F 

•Iw^Ze 


?»(»„ - n^) 


, (29a) 
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Dividing by -- 2/iA wo obtain 


W 

h 


27rVZV , 


3AF 

Sn^fjZe 


n(n^ ^ ?4) 




The first term on the right-hand side is the unpaHurhcxl Bahnv.r tnvni ; 
it emerges from onr calculation in parabolic oo-ordinatnH jn'Oidnvdy, 
as it must, as in the earlier calculation 'with polar eo-orclina.tcH. The 
second term gives the 'joe-rlurbaiion of first order ariniiig from lln^ 
electric field and contains, as avo shall see in the next section, tlio wbnlo 
manifold of phenomena, Avhich Stark has observed in tho onso of Vbe 
different Balmer lines. 

We have yet to make a few remarks about tho ehara({t(.n’ of 
eracy of the problem and its quantum numbers. In tho linut V • > O, 
for which tho right-hand side of (30) reduces to its first tovm, tho HyHtoin 
is doubly degenerate. Instead of depending on the throo nunrixu’s 
n^t Wq, it depends only on the principal quantum numhor n, lion* 
n is defined in parabolic co-ordinates as the quantum sum ; 


n^ni + 

Instead of using Ave shall in future, hoAVOAmr, use the nunihcu^ 

1, 2, (;U) 

as the true equatorial quantum number, in a manner aimlogouu In 
the true azimuthal quantum number Hu the Koplor problem (of. j** 

As ill the case of I so here this definition is AA^avc-inoohanioiil in cn'i^in, 
III AA a'V’'D-niechanics the quantities in and / ocour from tlio outsut 
as nan-negalive integers. Our principal quantum number n ih tlum, 
in the case of the Stark effect, 


■ 




Aviuch is fully analogous to the principal quantum iiumbor 

n — ?e,. d - 1 -f I , , , ^ (;l2u ) 

in the case of the Kepler problem. Prom m ^ 0 it follows that 

, % ^ I 

which implies that = 0 is forbidden. This deoree, forbidiliiiK n , - 0 

inTrS7 nooossitytf tivml' 

M n ’ ''It” electron with tho nucleus, exactly as him doinvin 
f”' *1^*^ Kepler problem (see p. ifs). Mowadiiw 

wo prefer the wave-mechanical explanation to this psoudo-o-raDliiiml 
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4j iiantinn iiunibor that it cau assume all positive integral values except 
•Mm), 

In enntvast with the limiting case F = 0 we find that for a non- 
vanishing t tlm problem is simjyly degenerate to a first approximation. 
iUi) eoinplotti expression. (30) depends on the two quantum numbers 
or combination of quantum numbers : 


n and — n^. 

All tliHM^ quautuin lunnbora including m, however, present themselves 
only wluni we pass on to the quadratic Stark effect, that is, when 
wo r(dain the tonus involving in the energy-expression {cf. Note 0), 
II H it is only thou tliat the degeneracy is completely eliminated. 

Ah abovt^ remarked, while the energy in passing to the limit F ^ 0 
a HS limes the Hume value in calculating with parabolic and polar co- 
ordinates, the orbital curves in the two oases come out diffe^entl 3 ^ 
'‘INiey arts of course, in accordance with general meclianioal laws, 
(dlipsis with the juiolous as a focus also in the case of the parabolic 
co-ordinates, !But they are not represented by the Fig. 27, page 117, 
which arose from quantising in polar co-ordinates. Quantising in 
puraliolic eo -ordinates lends to a seleotion from the totality of mechani- 
milly possible orbits wliioli is different from that given by quantising 
in polar co-ordinates. We shall describe the difference between the 
two sots of ellipses in greater detail in the last section of this chapter, 

Fv(m if tills difference is intelligible from the point of view ot 
diigenerato systems it remains linsatisfactory from the physical point 
of view. It roinains equally unsatisfactory from the wave -mechanical 
point of view, whoro we 310 longer speak of orbits but of states and allow 
the nunbanieiil orbits only to bo regarded as carriers of quantum 
miinbeuM. But we may bridge over the contrast between the two 
Hids r)t orbits or states by moans of the following considerations. 

Thi) fonio-free Kepler motion is a degenerate problem only if we 
tr(^at it acKumling to classical mechanics ; from the relativistic point 
(if view tlie d(^g(uiorttoy is eliminated, at least in the problem for the 
plane. But our treatment of the Stark effect has been carried out 
luu'o in ])arabolie co-ordinatos on the basis of classical meelmnics ; 
our ([uantising of the Stark effect thus holds only so long as classical 
tnr^oliaules applies. This is the oaao with strong * electric fields but 
not wlu>3\ the HcIcIk are arbitrarily Aveak. The simplest way of dis- 
til iguishiug wlietiiev a field is strong or weak is as follows : Lot Ari.- 
bo tlm resolution produced in a Balinor line by an olectrio field F. 


(»Kli»nial i\M mnali not of convao bo m a(,rong Uiat oiiv perturbation 
enleul«ii.ion fiillH. 'PhU onhniladoii nHBiuncH the oxtemnl (iold very amaU 
,,ninp,iml with llio attmelion due to the vmv.lous, Jn thu ^ 

Munnlinn uumberH a (p;rmit distanco from the mmknm) ^ mte nnl 
llni'DjiiM i)f the order of inaMuitudo of tho nvwloiw neUL Our portLirbatioa mobhod 
iboii hiuioinoH invaiidaled and tho orbit may bocome impossible in given ease , 
u£. Fig> 8t of the next sootion. 
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On tho other hand, let Avn bo the natural doublet interval of tiic> 
Balmer lines whicli 1ms its origin in relativistic inoohanicH. H 
Af'F < Avh, the field is to be called weak ; if > Arjt» fts L alAvays 
the case in observations of the Stark offoot, wo call tho field strong. 
In the latter case the quantising described in tlio present soobion in 
correct, in the former it fails. 

Tile difficult question — ^interesting from the point of view of inothocl 
— as to how the quantising is to be porforined in tho ease of voi\y 
weak fields has been answered by H. A, Kramers, But since, nft or 
what we have said, it is of no acoount f for interpreting the Hiark 
effect in hydrogen wo shall not discuss it Jiorc. But wo wisli to oni- 
phasise that this form of motion investigated by Kramers intorpemon 
itself between the parabolic quantising for intoiiso iiolds and him 
relativistic exuantising for vanishingly small fields, Honoo it is really 
not permissible to effect the passage to the limit F 0 from tho Buli'i 
of the parabolic quantising as wo did above, In forbidding this wo 
at the same time diaxiose of the lack of continuity in tho orbits and 
states in passing from parabolic to polar co-ordinates, whioli was a. 
necessary conseqnonce of the conditions of dogonoraoy. 


§ 3. The Resolution of the Balmer Lines in the Stark Eftoot 

If AWi and AW^ denote the ohaiigos of energy xn’odiioed by iJin 
oJectric field in the initial and the final states, the change of froquouoy 
or the resolution is calculated from tho formula 


Mr ^ AWi - AWg, 

The second term on the right-hand side of oqn. (30) in tho prooediiic 
section therefore gives 


4 31iF 


■ «i(w., - «f)l} 


(I) 


For hydrogen, of course, il = 1. Eq„. ( 1 ) „„,8t bo supplomented hy 
MS mk, as dovolopod in $ 1, pagon 

of polarisation rules are clearly indepondoJit 

of the absolute normaUsation of tho equatorial quantum nun or 
It s therefore immaterial whether we express them in to U ™ 
aarher or m i. ^e agree to profof tho lattm- 

atoi. “tm"* InTSVrforl non-hycirogon 

very weak. Tho linear Stark offoot ivh pi. when tho Holds avo 

fields in hydrogon, ja a conseatmnoA np P oclominaloa m tho cciso of stronir 
(cf, the end of tho proaont section) In hydrogen atoniR 

(iegeiieracy k cmicollod by the intoriml Ti ^*?*J'bydrogoii atoms I> 1 k> 

effect 18 possible. ^ noinai (itomie field and henco no linear Stark 
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In tlio first i^Ihqq, we road off from (1) the exporimentul results 
tabulated under 7 and 8 on page 802 : all the line-resolutioiis A v in 
the Balinor series arc whole multi j)hs of a minimum line4nterval, 






As the lield-strongth increases so docs a, and hence tho wJiolo resolution 
picture of (3ncli Balmcr line increases 2^roporlio7iaUy io F. 

Equally directly wo read off from (I) tho empirical result 0 on page 
802 : in ovory Bahner lino the resolution is symmetrical on both sides 
of tlio original lino. Ifor it the transition 

.... ( 3 ) 


is pos.siblo according to the soleotion principio, so also is tho transition 

.... (3a) 


If tlie former leads to a component at tho distanoo + A v from tho 
original lino, tlion hy (1) tho latter leads to a eomponont at a disfcfinco 
A r. Also tlio ^polarisation is tho samo for both components, since 
(of, pp. 21)9, 809) it doponds only on m and sinco m is loft unchanged 
ill tho two transitions tliat arc lioing compared, I'ho fact that also 
the intensities of tho two transitions aro equal cannot bo proved lioro, 
as wo liavo no final intensity rule available, but in view of experimental 
results and tho more rigorous wavo-mochanioal theory wo may liero 
assort it. 

Concerning the jiolarisation our polarisation rule states tho follow- 
ing ; if 

Am mj^ — mjj d: 1 , * , (4) 


then a wave is omitted (see p. 800) which is csironlarly polarised about 
tho cl i motion of the lines of force, 8uoh a wave appears in tho 
ti;ansvorso effect in all oircnmstancos as polarised perpe^ulmtlarly to 
the lines offeree (in tho aonso more closely defined on p, 801). In t)io 
longitudinal offoot it would be observed as a oircular wave if only one 
jirocess of emission wore observed. In reality, however, every ob- 
servation represents an average of many elementary processes. Of 
thoir total number tho transitions Am — 1 occur just as often as 
the transitions Am === + 1, If tho former lead to right-handed oiroiilar 
polarisation, tho latter load just as often to loft-liandod polarisatioji. 
Tho superposition of those two therefore brings it about that 7 i 02 Polarim- 
lion is observed in tho direotion of tho linos of forces. 

If, however, 

Am--0 . ... . . (/)) 

tho polarisation is linear in tho direction of tho linen of force (of. p. 800) 
Consequently in the transverse effect linear •polarisation imrallel to 
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Hie. lines of force is obsewed* In the longitudinal elfect the same com- 
poiionta of the resolution are invisible according to tlie general rules 
of kiiiGmaties which do not allow omission to occur in the direction 
of tho vibration. Tliese deductions agree literally witli the experi- 
mental results detailed inider 3 and 4 on pages 301, 302. 

We next consider successively tho resolutions of H/j, Hy, IL 
and introduce tho abbreviation 

A ~ ^ 

Cv 

By (2) and (3) A denotes tho displacement, jneasurod in terms of the 
unit a, of the ooinponont in question as compared with the original 
line. We tabulate all the possible transitions and enumerate them 
according to the magnitude of the equatorial quantum number 
by making m pass through all its values from the maximum in (3aoli 
case to its smallest value, zero. 

In tho case of wc have = 3, ^ 2, and honco 

A -= 2(7^„ -- *- n^)i * . * (7) 

By equ. (32) in the preceding section we have simultaneously that 

^ 2, Wa ^ 1, 

in tJuit tho sum of tlie tlireo non -negative numbers and. in be- 

comes equal to 2 or I, respectively. .For tho parallel components 
A^m — 0 wo find that ~ 0 drops out, since oan at most equal 1. 
We therefore begin our omiineration with = 1. Whereas the 

corresponding final orbit is fully dotorminod, being (001), there arc 
two initial orbits belonging to Wj namely (101) and (011). I'ho 
two transitions that are accordingly possible are 

101 ^>001 and 011 ->001 

and differ only, like the transitions (3) and (3u), in having the first two 
quantum numbers intorolianged ; tlioy thus give rise to symmetrically 
placed components, In our table wo record only tho first of tho t^ro 
transitions, that leading to a positive A, and imagine the symmotrioal 
Gomponents iwoduccd by interchanging the first two quantum numbers 
to be added. Wc then consider = 0. Here there are throe transi- 
tions that lead to a positive A ; they are given in the first column of 
Table 24, The last column is calculated by eqn. (7) as tlio difference 
of tho two preceding columns. As a whole tho electrically resolved 
lino consists, on both sides, of four Tr-components at intervals A 
to bo taken from Table 24. 

Passing on to \\\q perpendicular compononts wc begin with — 2* 
I, oonusponding to the first ti’amsition 002 — 001 given in T^ible 
2 G. jStarting from — 1, 77 I 1 — 0 there are two transitions that 
are clearly shown in the table. The component A 0 arises in two 
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TAJiWij 24 







A 

101 -> 1101 

- 3 

e 

3 

1 ID Oil) 

0 


2 

200 100 

- 0 

- 2 

4 

201) -> 010 

_ ft 

-I - 2 

8 


' Paulk 25 

H«, CT-4!()inponoiifcs, nii = ± 1 





A 

002 -> 001 

0 

0 

0 

10.1 -*> 100 

- 3 

- 2 

1. 

101 010 

- 3 1 

H-2 

5 

200 001 

- 0 

0 

0 

1 10 001 

0 

0 

0 


ways ; bosidos it thoro aro tlirco transitions having a positivo A anch 
of course, just as many having a negative A. 

iror comparison wo examine the result of observations by Stark, 
I’ig. 83 is a slightly modified roproduotion of Stark's original figure 
redraAvn from the scale of AA's in the scale of Ar's/ The lengths of 
the vortical strokes donoto the iiitonsitiGs of the resolved eompononts 
as estimated by Stark, The attacliod numbers ropresont the resohi- 
tion (in wave -numbers), expressed as multiples of tlio fuudainoiital 
unit a, tiiat is, our A. 

Wo see that as far as A — <1 the IheoreMcal expeclalmi agrees fully 
mlh the ohservaiioTis iiiade for For example the x)ositions 0 and 1 
are free of Tr-compononts and ocouxiied by a-compononts, whereas the 
reverse is the ease at the positions 2, 3, 4, both according to theory and 
experiment. 'I'lieory indicates a few other components of greater 
resolution, 8 as tt- components, 5 and 0 as a-compononts, which aro not 
indicated by experiment. This is duo to tlio small intensity of' these 
lines. For jSohrddingor *** has shown by a wavo-mechanioal ealeulation 
that the 7 r-comx:)onont in question must bo a thousand times weaker 
and the a-oonix^ononts in que.stion a hundred times weaker than the 
average of tlie observed (sompoiKUvts, H(me(^ their ahs(me(^ in iSf^irk’s 
photographs is qiilto in oi'dor. 

* Ami. th Phyfl., 80, 437 (1026)^ QV in kis Collacliod Papors (Blaoluo)* 
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In the sanae \^^ay tlio resolutions of Hy, Bs givo a convincing 
impi^ession of tlie aociiracy of the theory. 

Tho following tables do not require much olucidation. In tlio 

Tablk 20 . 


H/?* n-comj^omntSt 7)1 ^ 





A 

201 ^ 001 

1 - « 

' 0 

1 8 

111 001 

0 

0 

0 

aoo 010 

- 12 


14 

300-^.100 

- 12 

- 2 

10 

310 010 1 

- 4 

-f- 2 

5 

310 100 

- 4 

- 2 

2 


Taiji.k 27 


'Hp, o<comj)oncntat jMi — i 





A 

102 -y 00:1 

_ 4 

' 0 

• 4 

201 -y 010 

^ a 

-1^ 2 

10 

201 100 

8 

- 2 

0 

' III -y 010 

0 

-H 2 

2 

210 — >• 001 1 

“ 4 

0 

4- 

300 001 

- 12 

0 

12 


oasG of tho TT-componenis of we have to begin our enumeration with 
mi = 1 again on account of Wi = and m 2 g L There are two transb 
tions from I and four tranaitions from mi == 0 which, according 

to tho selection prineiplo, lead to Tr-components on the positive side 
(A > 0 ). The symmetrioal components on the negative side also arise 
liere by interchanging the lirafc tAVo quantum numbers in tlio transition 
scheme of tlic initial and tho final orbits and these are to be supposed 
added. There is an exactly equal number, namely six, of transitions 
that lead to positive (or negative) a-oomponents. 

The agreement Avifch the experimental picture of the resolution 
ill Fig. 83 is again very striking. All the theoretical components 
jiave been observed. In addition there are sliOAvii in Fig. 83 a very 
Aveak A — 4 among tho -Tr-coniponents and a doubtful A — 12 ; among 
tho fT-coniponeivts a Aveak A = 0 and a doubtful A — 8, Tho a-com- 
ponont A 4, AAdiioh is strongest according to observation arises, 
according to Table 27, iu two Avays, which partly accounts for its 
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!FtG. 83, — Boaolution of tlio Balraor linoa in nu olool/iuo iiold aoooi'ding to observa- 
tions by J, Stark, A soalo of wn-vo ntimbors is naocl, and tho tt- and 

<7-eompouoiits aro shown soi>aratoly. 0?ho length of tlio JInos roj^i Gsonia llio 
visually oatimatod intensity , Doubtful ooinpononts have a quostioii mark 
placed against thoin, Tlio luimbors givo dirootly fcho value of A (of, aqua- 
tions (G) and (2)). 
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predominating intensity. For a more detailed diHenasion of the inltnn 
siiy qiiestiojis wo niiist in this case, too, i;(dor to SoJjnidinger’M impor. 

In the case of H,, there is exceptionally per leu; t agn^enunvO 
thenry and observation. The theoretical tabulation gives fcb e f nl U » w i : 


Taulk 28 


Ily, TT‘C0m2)07lC}US, — Wg 



««, - n^), 

tc. 

r 

A 

301 -> 001 

-- 15 

0 

15 

211 001 

™ 5 

0 

5 

400 -> 010 

™ 20 

-h 2 

22 

400 100 

~ 20 

— 2 

IS 

310 010 

- 10 

■h 2 

12 

310 100 

- 10 

- 2 

H 

220 -> 010 

0 

+ 2 

2 


Table 29 

Hy, o-cofnponenis, vii = ± I 





A 

202 -> 001 

- 10 

0 

10 

112 -> 001 

0 

0 

i) 

301 -s. 010 

- 15 

-h 2 

17 

301 ^ 100 

15 

- 2 

J8 

211 010 

_ c 

-h 2 

7 

211 100 

- 5 

— 2 

2 

400 001 

- 20 

0 

20 

310 001 

10 

0 

JO 

220 -> 001 

0- 

0 

0 


The photograph of the observed results is, according to Fig. HM, (icnn- 

pletoly identical witJi those tlieorotioal i-csultH. I’lio same aijnlifu 
to H ,5 * * 

Table 30 


Hj, TT-cojnponentSt ?/ij r:s 




401 001 
811 001 
221 001 
500 010 
500 100 
410 010 
410^ 100 
320 010 
320 100 


jW02 

«(>',, - )i 

2<n, “ "{>8 
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- 24 
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24 
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0 

12 
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0 
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+ 2 

32 
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- 2 

28 
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-1- 2 

20 
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- 0 
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- 0 

- 2 

4 
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212-^ OOl 
‘101 010 
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■h 2 

' {] 

1 20 

■101 -i- 100 

- 24 

- 2 

22 
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■" 12 

+ 2 

U 

im -> 100 

^ 12 

1 --2 

10 

221 - > 010 

0 

-f- 2 

2 

fioo 001 i 

- 30 

0 

30 

■110 ->■001 

- 18 

0 

18 

1120 -> 001 1 

-- 0 

0 1 
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inner rogularifcy of ttio resolution pictures is illuminated by 
tliu following j'cmarks. 

In tlio (mso ot II ^ and lid only even multiples of the iniewal A occur, 
l)otli in theory and experiment (the theoretical reason is that the 
ooninuui (livisnr 3 of tlio principal quantum luimber n in the first and 
HO(!oiid terms of tlio series expression for and Ha also occurs as a 
XiKjtni' ill tlu) quantity A)* 

hi the case of /Ac compo7ients are paHialhj polarised ; in Hy 
uud IL ihey are completely polarised^ both in theory and in experiment 
again. This is expressed in the theory by the fact that in the scheme 
of tlie A'valucs of the tt- and the a-sories partly coincide* whereas 
in 11 y and Hd tlioy do not, 

!Vhe sequence of comj^o^mits in iJie series of lines H«, H/j, Hy, Hd 
im'ome less and km dense. The interval between neighbouring com- 
pmunits amounts to 1 for II«, 2 for alternately 3 or 4 for Hy, 
4 fuiulainontal viiiitH without exception for lls> 

-h^jr more exact experimental data about intensity we refer to a 
papur by Mark and Wierl * ; they have booome of particular interest 
nineti it lias become possible to oomi)ai’e them with the results of wave- 
ineolianioal calculations. 

It now appears almost self-evident that besides the interval re-^ 
latioushipH of the compononts also the absolute values of the intervals 
wliould bo correctly given by the theory. The absolute magnitude 
of tho r(?soIution is given by the constant a in eqn, (2) and depends on 
the Rold :iL '.Plus cannot be determined very accurately by experiment 
{hardly to within 1 per oont»), Henoe we may calculate the field 
intonsity as IUpstoin and, more recently, Rausoh von Trawbenberg 
\u\Xi\ done, fi’om a measured resolution, that is, use the resolution in 
tlio Stark efPeot as a means for acoiirately measuring an electric field, 


Zolts. f. rJiya., 63. 520 (1028) j 66, 150 (1920). 
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j)i'uciae]y txa han uccimioiially beoii done Avith the reHolution in tlui 
Zcoinaii eileot for incasuriiig n magnetic lield. 'Die ficld-Htrongtli 
measured in tliis way deviates only slightly from the experimental 
nieasureaiont. 

WJiereas in Stark's case the lield-streiigtli amounted to ahmit 
100,000 volt/cin., Rausch von. Traubonberg siicoeeded in prodiKjing 
field-strengtlm of over a million volt/om. In the latter ease terms in 

and IP^y which we neglected in our formula (30) on i)ago 310, beoonio 
appreciable. The ipiadratio Stark effect (xiroportional to F^) is par- 
ticularly constructive' because in it the wavo-mechanical calculation 
gives a somewhat different result from that of the older tliooiy (cf, 
Note 0), whereas in the linear Stark effect which has alone been treated 
hitherto there is full agreement between both theories. Tlie measure- 
moiits made by Rniiaoh von Traubenberg and Gebauor * completely 



Kp Hy Ha IL Hf 

Fra, 8^, I — Lo Surcio photogm^jli of tlio Balmor linos taUon by H. Bausoh v. 
Traubenborg, 11, Gobaiior mid Q. Lewin, The oloctrio Hold inoroasos fvmn 
bolow upwards (from about 100,000 to .M4 million volts/om.) mul at Uio 
vory top auddonly bocomo Kero again. TJio linos Hy to fc coaso to exist 
at cortnin. points in the over • diminishing flold in tlio order Hy to Hf. Tlio 
violet Stark compoiionta aro moro x)orsistont than tho rod. 

ooniirni tho wave-meohanical formula for tlie quadratic Stark effect 
and hence restrict the validity of the account here given to the linear 
Starlc effect. The nieasurenients just mentioned have boon obtained 
essentially by the quantitative arrangement devised and used by Stark, 
In pig. 84 we exhibit a moro qualitative i)liotograph obtained by 
the same author with Lo Surdo's aiTangemont, piartly in order to give 
one illustration of results obtained by this arrangement for non- 
hydrogen atoms, for whioli it is particularly important and partly to 
show tho various “ existonce limits of the Stark components, which 
occur in tlio figure. The field increases in the figure from bolow up- 
wards and thou again becomes zero at the uppior edge. The horizontal 

Zolta. f. Phys„ 64, 307 (1020) ; 6^, 280 (1930). 
t Taken from tho Naturm^sefisckafien, 18, 320 (1G30), by kind pormiBsion of 
tho publfs]ior, Julius Springor, Berlin. 
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§ 4 . The Normal Zeeman Effect 

bright li aoH eorrospond to strcvtcdiod wires that served as nuirks in 
jiieaHiiriiig tho Hold. Tho inoroaHi^ of resolution with the Hold sJiows 
the ofTcicts of higiior order togothor with the linoar olle(it, Tho figure 
acquires a partioidai* signifioanco, however, in that it exhibits the 
fading out of tlio difTorent lines for different Held -strengths. H'he 
line Hf ceases to exist at lower intensitioa of field than the line H,j, 
the latter sooner than Hj,, whereas in the case of H/j the existouoe limit 
has not been renclied even at a niillion volt/om. Moreover, it is shown 
tiiroiighoiit that tlio long- wave ooinponents fade out sooner tluxn tfie 
short-wave ooinponents. Both these phenomena wore first explained 
by wave-moohanioal methods by Lancsios * but may also bo understood 
directly on the basis of orbital ideas, as we shall see in the last section 
of the present chapter. 

§ i. The Normal Zeeman Effect 

In 1896 Zeeman discovered that tho lines of the series spectra may 
ho influenoed by magnetic means. In tho simplest case tliore appear 
instead of one lino, when viewed 
longikidinallyy tliat is when the ray is 
in tiio direction of tho magnetic lines 
of force, two linos (Zeeman doublet i 
longitudinal effect), but when viewed 
transversely ^ that is when the ray is 
perpendicular to tho magnetic lines of 
force, instead of one lino, throe linos are 
observed (Zeeman triplet ; transverse 
effect)* Of the latter throe lines one 
occupies tho position of tho original un- 
resolved line, and fclvo other two are 
displaced by equal amounts to greater 
or smaller wave-lengths, and occupy tho 
same position in the spectrum as the two linos of the doublet in tlie 
longitudinal effoot (of, 85, a and 6 ). Tl\o displacement amonntH to 

4.87. 10 - 8 . H . . . (1) 

/X dvre 

wliore H =« tho intensity of the magnetic field iu absohito units (Gauss), 
If wo wish to measure v in soo.^'^ , wo liavo to take e on tlio right .side 
of tho equation as the eUctroslatic charge of tho oleotron ; but if wo 
measuro v in om,“^ as a “ wavo-number,'' then c is tho charge on tho 
olootrou measured in olooti'omagnotio units, and c//x l-VOI . 10 ’^ is 
tho specific cliarge on tho oleotron measured in the same way, Tim 
numerical value 4*67 . iu oqn, (I) refers to the latter method of 

* Nftturwiss,, 18, 820 (1080) ; f. Phya., 6 S, 518 (1080). 
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Fig. 80. — Normtil iicoinaii offeo t, 
n I’oproaoiits tho longitudi nnl 
offocb (obsorvation pai'cvllci 
to tho linos of foroo), b tho 
trausvorao oflfoot (obnorva* 
tioa at right angloH to tho 
linos of force), 
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measuring r, and thus gives tlio displacement Av in the scale of wave, 
numbers. 

In the lirst ol)S( 3 rvation.s of Zeeman the lines w(U(^ not eoinplidely 
sepUTHteil, bcjcause the resolution was too feeble and the linos \vor<' ioa 
wide. But he succeeded in establishing beyond doubt the 
of polarised light at the extreme edges of the lino conflguratioi v. 'riie 
type of tlie polarisation is indicated in our figure. The Hyinboln 
TT and a (parallel and perpendicular — German soMlcrexht — to tbe^ lines 
of force) mean tlie same as on page 801. They refer not to tho |Ju>Hitiim 
of the optical plane of polarisation but to the direotion of the (di)(jtri(uii 
vibrations in the ray at the place of observation. In tho longitiidiiial 
scheme tho circular arroivs denote that’ circular polarimium wan 
served, and, as is shown, the sense in the two lines of tlio d(itibl(d; is 
opposite. In general, in the short-wave component the senao of the 
circular polarisation is the same as that of the positive current in the 
coils of the electromagnet, which produces the magnetic field. 

We first wish to emphasise tliat our two figures a and h oxjprc^HH llu* 
same facts under different circumstances of observation. Tho 7r-(u>ni- 


poneiit of the transverse effect must be inefTectivo in the long! tiidi mil 
effect and that is why in Pig. 85^^ no line occurs at tho position of the 
transverse tt- component. Actually, this tt- component arises from a 
vibration phenomenon for which tho direction of tho lines of Unvv 
is a line of symmetry of the intensity or (expressed in tho languages 
of the older theory), it is due to the vibration of an oleotroii^ whluli 
moves iu the direction of the lines of force). But such a vibraticuu 
as we know and have already used in the Stark offeot on ptigo 8 Id , 
emits no light. On the other hand, the circular oompononts that ociuir 
in the longitudinal effect are due to a vibration phenomenon, in whioh 
the xfiane of vibration is perpendicular to tlio lines of force (in words 
0 the old theory), due to the vibration of an electron, which close rilu’H 
a circ e m this plane. Such a vibration phenomenon, liowovor, Henda 
out in the transverse direotion linearly polarised light, whose oloefcriu 
force vibrates m the plane of vibration perpendicular to the magnotiu 
lines of force, likewise analogous to the circumstances in the Stark 
effect, cf. page 313, Hence tho a-compononts of the trauHvor^a! 

correspond to the circular components of tho longihudinu! 
scheme. Accordingly, it is sufficient to study the Zeoman olToot in 
y one neo ion, for example, in the transverse direotion 'vvliinli is 

ralsn mirTi Z observation : transverse obsorvafch.n 

s also piefeiable because it allows all components to manifest tlioin- 
selves and this may be of decisive importance for tho analvfliH of 
ieTSov™' pai-tieularly in studying the anomalous Zeomai/ oll'oot 

nf ^^®®°“bed are fully explained by Lorentz’s Thmrn 

/ the Z^man Effect. This is based on the assumption of niiaHi 
ota,t...ll, bound elootn™, ,vl,ioh o»ito ,1I,«K„«Z tbo oH, J Zi 
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are Hynclironoiis niid in (JoiistraiiKHl (aniiKwIon witili the vibrations 
of tlii^ oleelrnjus. Mon' pmasoly : tiie (^leoLron Ik eoiiKidenMl bnnnci 
to a. pas it ion of rest in tiio atom in siieli a way tJiat when it is (lisplaeofl. 
a rostoriiig force acts on it proportional to tins (lisplaooinout from the 
position of rest, aiuh indeed, the force is the same for all direcMoiU'^ 
of the displacoinoiit. Wo know nowadays that tins picture is too 
simple. Nevortliclcss it has proved of great service for explaining 
the typical Zeeman elTect. 

For lot ns imagine the motion of such an electron in a magnetic 
field. Whatever it may be in itself, wo may nisoh'^e it into a linear 
component which takes place in the direction of the magnetic lines of 
force and into two circular components that take place perpcndioularly 
to the latter with reversed senses of revolution. 'J’he first compoiiont 
is not influoncod by the magnotie field, so that its frequency of vibra- 
tion is the same as when the magnetic field ia not prcsoiit, Thai is 
ivhy wa gat the, Tr-componmi in the 2^oaUio7i of the original line (^^^hen no 
field is present) token the obaervatiotia are made transversely, Tlie two 
circular components are for the one i)art accolcratod and for the otlicr 
retarded hy the magnetic field, according to the Biot-Savart law. 
Hetice we ham the two circular componmis in the case of longitudinal 
obaervaiioti or, respecHvelyf the two a-compionenis in that of tratisverse 
observation. Tiie value calculated for A r in this way will bo onllod 
the Lorentz vibration difference and the group of lines that occur in 
tlie transverse effect will be called a Loreutz triplet. 

Lorentz/s theory, however, far from includes the wliolo eojn]>lex 
of facts of magnoto-optic pliouomenon ; rather, it is limited to lincH 
of the simplest structure, so-eallcd singlet lines. 

In tile ease of multiple lines (doublets, triplets and so forth), 
the atiomaloua or compilex Zeeman types occur in place of tlio normal 
Zeoiuan effect of Fig, 85, The fact that the Zeeman olfoot is 
anomalous even in the case of hydrogen appeared incredible only a 
few years ago, The reason for its oooiirronce is the existence of Electron 
spin. Wo shall discuss this in tlio next sootion, 

Here wo sliall deal only with the normal Zeojuan ofrect. It oau 
oocur only in the case of atoms which have an oven number of oloofcrons 
and only if tlio electron 8]}in8 mutually compensale ea^h other. Lot us 
uovortheless supxioso that it is pormiasiWe to use the simple model 
of an clootron revolving round the nuolous as in the case of the hydroge]i 
atom. Wo shall imagine the other clootron or electrons to bo oombined 
with the nucleus and to ooiistituto with it an atomic core,** whose 
action on tJio revolving oleotron wo treat together with the action of the 
nuclear ohargo as ajiproximatoly that duo to a eentral field [potential 
energy V == V(r)], Suppose our revolving electron describes a certain 
orbit in this field ; we do not require to know the exact form of this 
orbit. Following Larmor,* wo state tliat the stqwrimposed field H 

♦ Phil. Mttg., 44, 003 (181)7), 
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J earns the form of the orbits and their incUnctUou to the fniu/ntdic Ihrs 
of force i as also the motion in the orbit y unaltered ^ ami invreltf leads it) 
the addition of a uniform ^^precessioti of the orbit about the direrdion 
of the lines of forces the precessmial velocity beimj 


1 cH 




This law liolds provided that the velocity iinpartfOd to the (dcuJtron by 
the precesaional motion alone is small compared with, tlie v(V|(H)iiy 
that tlie electron would have in its path, without the pr(U)eHHit>niil 
motion ; under the circumstances of our atomic model this is the oas(^ 
even for the strongest magnetic field that eaJi be producxjd, 1'lie 
proof of Larmor’s theorem is based on tho conco]>tion of Coriolis 
forces, wliioh is laiown from the mechanics of relative motions (for 
example, from the circumstances of the rotating earth). 

Generalising somewhat tho special conditions of tlio central Hold, 
we consider the motion of a point- mass n under tho influouco of forc(‘H 
that are distributed symmetrically about a certain axis A, wlii<tb, 
for example, arise from several centres of force on this axis. We (Uill 
the co-ordinate system of reference there used tho stationary system ot 
reference. We next imagine tlie point-mass to traverses the sanu^ 
orbit at the same rate but relatively to a syatoin of roforonce whieli 
turns about the axis A with the uniform velocity 0 relative to the 
static system of reference. In this case tho motion of tlie point- niUHs 
is no longer natural or free, Rather, to maintain this motion, for<toH 
in addition to those acting in the stationary system arc lUJCCHsary 
which just neutralise the inertial resistances of the rotation, 
inertial resistances are, in the first place, tlie ordinary centrifugal 


7j — 


CO 


where /} signifies the respective distance of the point-niass from liho 
f(^'e ^ secondly, tho composito centrifugal foreo or Ooi'ioIiN 

0 = 2^[VOJ 

where v is the velocity of the point-mass in tho orbit that is being turned . 

m I’otation 0 drawn 

nitriflP the axis A. Eqn. {4) determinos not only tho niag- 

mtude but also the direction of C, tlio latter as the oonimon non ml 
to the directions of v and A. On tho other hand, tho force whioh 
a magnetic field H exerts on the eleotronic ohargo (~ e) moving 

rotating system. 311^81110^1^ two onlv'bv*!a 

is proportional to o, this signiBes negiocting “ 

may also say, of tho order o». when wo malfo equal tho ^ v’e 
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wiiii i'lio A^eloeity v in, according to the laws of electromagnetism, 

K==:-^[vH] . . . . (5) 


fonu? oxactly neutralises the Coriolis force if the direction of tlie 
Jiiu^s of foi’eo eoincidoH with the dirootioii of the axis A and if, also, the 
<?oiiclUi(iii for the Jiiagnetic field holds (avg equate C and — K) ; 

2go -H, o = ~ . . , * (6} 

G 2 fl c 

i [ \vv disregard the centrifugal force Z for the moment, then a magnetic 
linld of siiitiibly clioson intensity is just able to bring into equilibrium 
the inortifil action of the electron in its rotating orbit. Thus, in the 
nnigiieti(5 field H, the rotating orbit ia a natural orbit or, in other Avords, 

I fie electron describes in the magneMc field the same jyath as token no mag- 
nef ic field is aeling but does so with to a system of reference tohich 

is roiided wilU the velocity o deiemined by the egiu (2) or (6). Uegarded 
Jr(mt‘ ilie standpoint of this system of reference the orbits are traversed as 
if no field were present, Precessioti of the system of reference and action 
of the magneMc field are interchangeable and equivalent to one anothe)\ 
(loncorning the ordinary oontrifugal force Z Ave may easily convince 
ouvHolvcH, on tho ])asis of the restriction made in Larmor's theorem, 
that it may bn neglected in comparison Avith C, This restriction is, 
in oiir proHiMit notation, 

po < (6^^) 

Ah avo HC(i from tlm expressions (3) and (4) it is identical with 

,Z<0. 

VV(^ give another proof of Tjarmor’s theorem in Avhioh Ave do not refer 
dinudly to the Coriolis forces but use only the piunoiples of mechanics 
and (deetrody mimics. 'Ji'Jio equations of motion of the electron 
I'ohuTcd to t;ho stationary system runs (if Ave neglect relativity), 

- 1-/(4 . . ■ • ( 7 ) 

wlnsro fir) roprosontH fclio ocntiwl /oi'co of fcho flold of the nucleus or the 
ivloinio eoro. Wo write down this eciriation in Cartesian co-ordinato 
and divitle by /*. Wo toko tho a-asis in the direction of the magnetic 
iicild (|H| r- ]h,| H). Using tlie abbreviations 

... ( 8 ) 

/zc M r 


;i> — of/ -I- ^(r)x 

fl = ox -I- ^{r)// 


( 9 ^ 


wo obtain 
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The intensity of tlie magnetic field does not occur in the last equation ; 
the vibration parallel to H is not olianged by the field. Wo nood not 
concern ourselves about this equation for the present. We eom])ino 
tlic other two equations by mnltiplying the second by i and fomiijig 
complex expressions : 

(x + iijY^ - i<j(x + iyY == (l>{r){x + iy) . . ( 10 ) 

We now introduce in xdace of tlio system x, ?/, z a now co-ordinate 
system whicli rotates uniformly about the ^-axis. Let the nenv co- 
ordinates he called : 

x + iy^{S + iv)e^^\ . (U) 

la accordance with. (10) we must form sxiceessively 

{x + ii/Y = {(^ + ii?)' + io($ + 

(x + iij)" = {(f + iy))" + 2to(^ + i-q)' — o‘^(i -1- 

Eor x — iy we have merely to write + i for — tin the above equations 
and in those that follow. Substituting in (10) wo obtain 


If we hero set 


cH 

^”2'^ V 


( 12 ) 

(13) 


the term with the first differential coeffloient vanishes. We can readily 
convince ourselves that in general the term in f -h it] on the left-hand 
xside of (12) may bo neglected in comparison with the first tenm 
Actually, by (13) 0 is not greater than 0*9 , 10^^ (soo™^) even in fields 
of the order of 10<^ gauss (Kapitza), whereas the frequencies of revolu- 
tion w = 2?r/T of the electron, whoso square appears as a factor of the 

4Z2 

first term, are, by (4), page 85, of the order of . 10^^ (Hec“*), 

Hence in the case of quantum numbers that are not too liigli wo may 
certainly replace (12) by 


+ ivY' = + h) 

and hoiico also 

I = 0(r)^ 1 

V ^ i 

Moreover, we have by (9} and (11) 


(14a) 

(14fc) 


(I4c) 


These equations, taken together, repre.sent a system of equations of 
motion which refers to the rotating system and which is of the same 
form as the system (9), which referred to the stationary system, if wc 
sot the field equal to zero (a = 0) in (9). Thus the action of tlio 
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magnetic field in equivalent to a uniform precession of tiio co-ordinate 
system with the angular velocity ( 18 ) about tho direction of tlie iiokh 
In tliia way we have proved Larmor's theorem again, from first j^rin- 
oiples. 

Hitherto wc have used only the methods of classical mechanics, 
Wo have now to deal with tho aspect of the quantum theory of tlie 
process, '^riic fiold-freo electronic orbit with which wo started is 
quantised. How are we to quantise this orbit in tho field 1 Wo saw 
that this orbit, regarded from the point of view of tlie xjrecossing system 
of icferonco is a field-free orbit. If we transfer the quantising of the 
field -free orbits from the stationary system to tho processing system (^f 
reforenoe wo obtain as the quantised orbits iviih the field the same or'bils 
in the precessmg systems of reference as in the siaiionary system^ when no 
field is acting and in fact with the same quanltoin ntmbers* In § (1 of 
tho present chapter we shall traoo back this process of transposition, 
which is here introdnoed merely as an assumption wliioh readily 
suggests itself, to tho general Adiabatic Principle. 

Of the quantum numbers of the orbit wo aball require only thc^ 
equatorial or magnetic quantum number m wliioh is allocated to the 
geographical longitude of tho electron and is measured in the plane 
perpendicular to IL Wo call this longitude i// in tho case of the liold- 
free orbit, wliero it is measured in the stationary system, and likewise 
in tho magnetically influenced orbit wlioro it, however, refers to the 
processing oo-ordinato system. Wo distinguiak from it tlie geo- 
graphical longitude y which specifies tho position of the elooti'oii in 
tho x^^’^cessing orbit in the stationary system of roforenco. U?he 
rolationship botweon those quantities is clearly 

X ‘A T X ^ *A + oi . . . (16) 

Wo shall call tho corresponding moments of momentum 2^4^ Vr 
For the following quantum condition holds (for both meanings of 
0, on account of tho Adiabatic Prinoixilo) : 

^p^xhlf^niht — * • • (Ifi) 

the latter on aooount of tho eonstauey of wbioh again holds for both 
meanings of j//. Tho fact that the corrosponding condition for 
and X fl^GS not hold will bo explained in the last section of tins oliapter. 
Wc have neither constant in general, nor is 'Px canonically oon- 
j ugato momentum to the angle y, which tho quantum condition would 
demand, 

We now form tlie exjmssion for the kinetic cMergy of the electron, 
first when there is a magnetic Hold, (H), and again when there is 
none, (0). ^J'he latter expression is 
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At the same time this denotes the kinctio energy of the eleotron, when 
tliore is a magnetio field, related to onr rotating system of roferen(H>. 
The Jcinctio energy, when tliore is a magnetic field, related to onr 
stationary system of reference, is therefore (wo merely intercliangn 
<// and x) 

IWH) ==!(/•=> -I- -I- . . (IH) 

By substituting from (15) wo got 

+ »•* siiia 6if>^ + 2r^ siii^ Oi/yo + • ■ •) (•'') 

The last ineinber (not ivritten here) is quadratic in 0 and hence, owing 
to the restriction contained in Larmor’s theorem, is to bo neglcohul. 
If WG also take into account the significance of 

TjuJi 

as well as the expression for in cqn. (17), we may write in pliK'i^ 

of (10) 

H- * 0 ♦ • « (20) 

Finally, wo introduce the expression 

AE,,„ - I3h«(H) ^ E,,„(0) 

as the ohange in kinetic energy of the electron arising through tlu^ 
magnetic field H, and express by eqn, (16), in terms of the quantiiin 
number m. We thus get from (20) 

“MJ 

AE;.,-,, = 2^oA . . , • (21) 


On the other Imncl, we have, as regards the potential energy, 

AE,,e = 0 . . , , (21a) 

gS 

For the potential energy of the Coulomb attraction undergoes 

r 

no ohange tlirough the introduction of the magnetic field, since the 
distance r in the processional and the original orbit remains the same 
within the limits of accuracy of pur calculation, 

Honco from (21) and ( 2 lii) wo get for the magnetio clinngo of the 
total energy W of the olootron 

AW-goft . . . (22) 


Likewise wo got for tlie difieronce of the total energy in the initial mid 
final orbit of the electron 


AWi - AW^ = 


nit 


7)1 




hh 


m 
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JitHt a« the frequency v of tho emitted spectral line is determined 
from tlin Bolu’ condition 

HO tlu‘. inagiKjtic infltionco Av of the line is obtained from tho con- 
dition 

/iAr^^AWi- AW^. 

cqn. ( 2 B) states that 

'7}}) I 7}tn 


hAv 




or it Avo Hubstitutc for 0 from (6), 


Ar = Ara- ~ 

fl 4770 


(24) 


Wo note that tjio quaiit\im of action h has charaoteristically 
cjancidled out in pattsing from (23) to (24). This is the reason Avhy 
it was possihle to develop magneto-optics in Lorontz’s theory up to a 
eortain ptiint on the fouiKlations that Avere aA’^ailable before the quantum 
theory was introduced. This Avas not possible in the case of electro- 
optics (iStark oilect) nor in the general optics of spectral lines. 

Eijially avo must apply our Bcleotion principle. This affects only 
tJio eq^iaiorial quantum number exactly as in the oleotrio field, and 
niiiH 

Aw ™ ± 1 or 0 . ♦ . (25) 


41 once from cqn. (24) Ave obtain 


Ar — d- “ or Ar — 0 . » • (26) 

fl 47TC 


'l^his falls perfectly into lino Avitli Lorontz’s theory, eqji. (1), and has 
been obtained by moans of the quantum theory.* 

The 2 )olansaiio 7 i of the Zeema7i compoiimits is also given correctlj^ 
by our theory. For as slioAvn at tho end of § 1 circular polarisation 
ahoul the Hum of forces corresponds to tho quantum transition ± 1, 
mwl Ihimr polarisation in the direction of the lines of force corresponds 
to the quantum transition zero. v ^ 

As regards tho obsorvation of the polarisation in the longitudinal 
<dfceO Avo must emphasise the folloAving difforonco betAveen the Zeeman 
oJIcot and t)io Stark offoot. In the Stark effect the transitions winch 
w)ii]d load on tJio riglit and tJio left-hand side to polarised light are 
(sqiial in oiiorgy ; they tlioretoro coincide in one line and give unpolansed 
liglit. In tlio Zeonmii effect 1 >liey are different in their energy amounts 


iiniinr hv Dnhvo ibi<L, V, 507. or UOttmgor, Naolnv, Juno, 1010. Since tne soiec 
t Jon vulo watt nol! known ol. thot time suporlluous cotnpononta oconr m both papers 
containing multiplos of fcho Ijorontz Ar. 
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and hence give ditereiit liiie’-oomx)onenfcs Avhicli are circularly x>olarisod 
in oppoKifce direefciona. 

§ 6. Anomalous Zeeman Effect 

On x:)age 323 of the preceding section we have already jneiitionod 
that the normal Zeeman effect occurs only in the case of a few lines 
and tliat it reijresents the exception rather than tlio rule in atoinio 
si)ectra. In general it is replaced by inore complicated types of ro- 
solution ; even the hydrogen atom exhibits theoretical and oxpori- 
mental deviations from tlie scheme of the preceding section. 

Actually, we have liitherto neglected the sj^in ” of tlie elcotrom 
The discussion in the j)receding section applies only to tenns and lines 
in wliioh the influence of the electron spin becomes zero (of. p, 323), 

We shall now proceed to derive the Zeeman effect of an atom with 
only ono outer electron, taking into account the electron spin, Oiiv 
cliseusaioii tluis ajiplics to atoms of the alkali type ; wo deal with tlio 
sx^eclal case of liydrogeu at the end of this section, When tJioro is 
no electronic moment of momentum tlie moment of momentum duo 
to tJie orbital 7 noiion of the electron is constant in magnitude and 
direction (of. § 7> Chap, II, eqn, (6), — p = const,). According to 

wave-meclianios we must allocate to this orbital motion the quantum 
number I = — I (of. 116). We allocate the quantum number s 

to the moment of momentum of the spin-motion. The orbital and 
the s^Din moment of momoiitiim now combine to form tlie resultant 
total moment of momentum. It is constant in magnitude and 
direotion. Corresponding to it we have the quantum number j : 

l + a=j . . . . . (1) 

Wo get information about the values of s from the considerations of 
Cliaptoi^IIj § 8 ; the Gerlaoh -Stern experiment witli liydrogen suggested 
that in tlie ground-state vre must have j = But since the value 
; ^ 1 = 0 (since — 1) corresponds to this ground-state, 

it necessarily follows from j — i that s ^ I, This result, which forms 
a of the liyx)0 thesis of Goudsmit and Uhlonheok,* has already 
been mentioned by us earlier ; it was formulated thus : iha quantum 
numbar s tvhich corresifonds to the moment of momenltim (sx^^^) 
eheiron with resqject to its own am {Eigendrehinlp^(J^) always has the 
value s — J. 

The values of the quantum number j of the total moment of mo- 
mentum wliich follow from the liyxiothesis of the spinning electron 
have already been given on page 244, They ax3})ly to all systems 
Avith one outer electron, for the inner closed shells, for examxfle, of 

* S. Goudsmit and G* 33. Uhlenbeck, Naturwiss., 13, 963 (1926); Natm’o, 
107, 264 (1926). 
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tlio alkulioH, ]iavo no moment of momentum according to Pauli’s 
Principle (of. (Jhap. VlII, § 8) and cannot therefore contribute to the 
values of the quantum uumber j. 

^Vnsociatod with the rotation having the moment of momentum 
fi is a magn(^l)i(5 moment, just as it is associated witli the orbital motion 
of the el(K!trou (ef, p. 127). We must regard the electro 7 i as a small 
mmjnel. Tho magnetic field produced 
by motion iu the orbit and having the 
(1 inaction of / a(its on this magnet and 
atttunpts to 'j)uU it into its own direc- 
lion. !J'he r(?sult is a precossional motion 
of llu5 mngnetio axis of the electron 
aboul the axis of the (internal) magnetic 
Hold — exactly as in the preceding section 
whnr(^ we dealt with the adjustment of 
the atomic magnet into tlio external 
inugiK^tie field. Tlie relative motion of 
I and s to each other is, however, bound 
by anotlier condition, namely, that I and 
,s together must form the resultant 
wliicii is for its part fixed in space and of 
invariahle viiluo. It follows that I and s 
rotates together as a rigid system about j 
and thorivtore perform a iirecessional 
motion of the kind depicted in Kg. 86. 

Wo shall eall it brlolly inner j^recession 
{inuen ‘‘jmkrMmi) . 

Ooneiu’ning the vahui of tiro magnetic 
moment of the atom wc liavc already 
considered in Ohaptor II, pages 128 
and 121), the moment which corresponds 
to i\\i) orbital motion. Wo obtained for 
the ratio of the rnagnetio moment to 
th<^ m(U!hani(ail moment of momentum, 
by cMpi. (12), page 128, 

^ (orbital motion) . * » (2) 

^mcoh 2/xc 

where ji (deotronic mass and e is measured in e.s.u. 

Wo again obtain, information about tho moment that corresponds 
to the spin- motion from the Gcrlaeli-Stern experiment : for the ground- 
stale of M , wliere I 0, and lienee s alone is cfTocbive, tho magnetic 
inoimuit was found experimentally to liave the value of 0110 magneton, 
d'he meehanieal moment of momentum of the spin was eq^ual to 
P/2tr. If wo assume that the exact value given by the Gerlach-Stern 



Fig. SG.—Tho vector frame of 
the atom according to the 
hypothesis of electron spiip 
I and 8 combine to give 
and the inagiiotic momonts 
Ml and M, in like manner 
to give M, Tho direction 
of M is not tlio same as that 
of jy in conformity with (2) 
and (3). 
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experiment for hydrogen is equal to 1 magiintou then wo obtain- (Hfff 
ihis is the other part of the hypothesis of Qoudsmii (ind Uhlc^ibecki 


(spin) 


(•0 


that is, twice the value of the ratio ( 3 ). 

The total magnetic moment M of the atom is oomposod of part 
due to the orbital motion and that due to the spin, Prom tho iunquaVit-y 
of the ratios ( 2 ) and ( 3 ) it immediately follows that tho dirootion of h\ 
does not coincide with that of tho mcclianioal momont of nioinonlum, 
that is, witii that of y (of. Pig. 86 ). Moreover, we may inter froin i\m 
precession of I and 5 around j that tlie oorresponding imignotic juoinnnlJt 
perform a precession about j and, ’with them, also M,, Wo 
tliG vector M to be resolved into two componoirtJ^, one parallel to j, 
the other perpeiidicidar to If the precession of M about j ockuitn 
siifftcientiy rapidly only the component of M parallel to will l) 0 ( 3 C)ino 
appreciable for observation, because the other cancels out when nv(u‘^ 
aged over the time. We shall work out tlic component pamllol to 

The mechanical moment of momentum of the orbital motion is and 

"t 

hence the assocUted magnetio moment is ~ for tJio snin we 

7i, e 

iuive ftiiaiogousiy : ^ Altogether we obtain for tho required 

comiJonent, wliioh at the same time gives the total niagnotie nionumt 
of the atom when averaged over the time, 

^ • • ('*•) 
We take the values of the direofcion cosines from Idg. 81 } and oi)tain 


cos (ij) 




2 lj 


cos {sj) = — 1^’ 


Snl)stitiiting in ( 4 ) and writing Mn as an abbreviation for ~ • 

- 2v ' 2/ifi 


(Mb is to stand for the Bohr magneton ; cf. p. 128 wiiero tho magneton 
referred to the luole and Was meosurecl in olectvomagnotio units), 


M|| = magnetic moment of tlie atom 
where 




3?2 -1- fl'-S (a 




/= 


3 j* + sa _ ^2 


2 ja 


- 1 


f - 1 - 


P 


Sf 


Mn..?./ ( 5 ) 


(fin) 


K we bring tlie atom into an external magnetic iielrt H, bho axm 
0 the magne 10 moment of the atom will, aceoixling to tho argunim.!! 

directionrth^fiJt*':"'”’ "lotion about tlri 

Id , we call this the outer preoession 
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.Pi'fiztu'ision), ^riio kinetic energy of tliin precesaioii is equal to the 
\v{)vk \vlii(?li the i^xtenial ik^kl perl'niuiia on the inoineiit M while the 
liehl gradually iiu?reases in Htrength, namely, equal to 

AW =- MH cos (MH) . . . (0) 

M^he ve(du)r j sets itself in accordance with directional quantising in 
siKili a posit loll that its projection on the direction of the lie id becomes 
ocjiial to viy where m may have the values 

w j - 1, j -2, 1), - j . , (7) 

[Vhm result also remains generally valid according to wave •mechanics, 
III (fl) M eos (MH.) donotoa the projection of M on the direction of the 
iielil. But only the (joinponont Mp of M is effective so that wo may 
write M'lf eos (jll) in place of M cos (MH), By (7) cos (jH) is equal 
to mjj. In view of (5) wo obtain in tliis way 

AW-?h/M]jH , , , . (8) 

If we measure AW in terms of the unit of resolution of tlie normal 
Z(;onian elfeet MjiH (see oqin (22), p. 328, and (2), p. 324), we obtain 
Nimj)ly 

AW-w/ . , . . (Sa) 


If we wer<^ to use tJiis value for AW in our subsequent calculations 
we should obtain results discordant witli experiment. Rather, we 
innst apply a (jorrection to our preceding remarks, which is demanded 
by wavenmniluvnicH ; the necessity for this correotion was recognised 
by .bandt^ frimi tluj available oinpirioal data long before the advent of 

wavc-meolianicH. * 

Wave-nuHjluinios asserts that iJw absolute value of a moment oj 
mommiunt twxior to which the quantum number A is assigned has the 

wiluK \/A(AT iy ^ X~, as wo might expect. 

Accordingly in Eig. (80) wc must replace by j(j + 1), P hy l{l + 1), 
and .s» hy s(s |- 1),*' and so fortli. The formulto (2) and 3) remain 
valid also in tlio now mechanics, hut in place of /in (6n) wo lave 

_ 1 , /( / -I- 1) -I- s{s -I- l) .zij(L±l) . . (9) 

(/ — 1 r 2j( j + 1) 

ami (/ is called .lAiidd’s f splitting factor. 

In this way (8rt) becomes 

AW = 

* On (.licotliorliftiul, ''hV"')!'’® “/• '"’“ntZo 
lion. uHoil romain vnlul. .I’ho i„g oon-oofc in wnve-meclianics, as 

A, imnioly, m A, A -- I. .. . . <,1 the model the “ projootion ” ot 

nhenily montioiuHl above, .in the 

tUc vector o( tlio moment of momentum VA(A + U^tn i 
HxiH is, in wavo-moohnnioH, equal ° I 

t A, T.aiuM, ZoitH. f. l.’hy**., 6, 2,)l (1021). 
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1.1ns Portnnla ro]n.’osonls tiie ommy cMiige in Ihe 'tnannelic feUl, 
iiieasurud in units of oti lltc (mumptioii (see above) Uial tin- 

m'fVnjM o/ M about j /,v fio rapid Ilia I only Mj| in of jsiirvcibin. Wo sluiU 
liavo to consider later "wluit tl\is restriction implies. 

We now introduce into oiir disonssioii the quantum numbers of 
tlie one-electi’ou systems (doublet-systems), such as wero introdncod 
on page from tlio hypothesis of the spinning electron ; and we 
first write down the values of the splitting-factor g. By c(pi, (9) wo 
obtain, for example, for the term I == 0, j = (by p. 830 n always 
has the value 

for tlie term I — 2, j ^ 

V - 

and so fortli. 

In Table 32 we Imve tabulated the fjr- values for doublet-systems ; 

TABjm 32 



i-v? V 2 Va 

l 0 

2 

1 i 

“/a Vd 

2 

V. •/» 

3 

‘h “/7 

4 j 

“/. '“/o 


It is to bo noted that in the case of a doublet, since j ^ I :iz Va 
p. 244) tim {/-formula (fl) may he brought into the following Him])Ior 
form ; 


2j + 1 _ 21 . 

^ - 2U + 1 ) - 2(1 + 1 ) 


fOl- j =: I 


V, 


2^ + 1 2(i + 1) 

2j ~ 21+1 


for j = I + i/j. 


This enables us to determine by ]noans of (10) the resolution patterns 
of the individual doublet -levels. Poi' the terms ? ^ 0 wo liave j = 
and hence by (7) m — + V 2 > V 2 mg ^ ±1. The terms I ^ 0 
resolve under the action of the magnetic field into two levels, which 
are distant from tlxc original field-free level by an amount equal to 
the interval of the normal Zeeman resolution. In general the j4evel 
resolves into jnsL m many levels as there are m-values^ nmiiely {2j + 1). 

Formula (10) taken in oonjunotion with (9), shows that AW depends 
only on I, s, m and is quite independent of the principal gmntwny 
member n, Gonsequenily all the terms of a series exhibit ihe same resoki- 
Uon and hence {ill lines of one and the same series exhibit the smiie Zeeman 
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effect.'^ ''.I'hin riilo was disoovored (^xpori men tally hy Preston Long 
before the re was a theory of the aiioinalons Zeeman eiTeet. 

Ill eonL'oniiity with Not(^ 7 (/) we take nv(.n' tln^ tided lou and 
iion nUeti, wliioli were tlioro obtained, for our magnetic quantum 
number m. We may iiavo A^n == 0 or i 1 ; Am ^ 0 gives tt-coih- 
ponents, Am 1 gives (j-oomponents. 

We can now easily state tlie Zeeman effect for any arbitrary com- 
bination of terms. Eor tiro initial level we have : energy is ec[vuil 
to the sum of the energy Wi® when no field is present plus the additional 
magnetic energy AW^ whieli wo must obtain from eqn. ( 10 ). The same 
applies to the second term. The observed lino-froquoncies follow 
from these values if wo form the dilToronees : 

hv -= Ws® + AWi - AWa - + hAu 

where vq denotes the froqueney when no field is present. If we make 
onr moaHiirements from tliis frequency we olrtain in 

AWi — AWa = A(r — v^) liAv = U 

all the frequenoiea of tire resolution pattern. 

Let us consider, say, the combinations Z ™ 0, j — I •“>/=!, 
j = {J. and I = 0, j r:=r 1 , j = Wo fiud it expedient to 





ni 


- 'k Vi V, 

1 - ().,'/• - '/, 

m y 


~ 1 1 

/ =. 1. »/, 

my 

i) 

\\ 

2 2 fi 

:j 5 » 



-^5, - 

i),(i), :hr) 
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m 

- */« 
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1 ■--= o.j ^ V, 

m g 

1 

1 

if 
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1 -- 1 » “ Va 

m (1 

.1 

5 




- -h 1 

[- 2), (2), 4 



^ Tn Chaptor VIIT wo shall inako (his nilo inovo roslTi(>tiv(i by fornnilating 
it' inoro rigorously. 
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write down in tabular form first, the possible and nmierneaUi 

them the values of mq for tlio first term / <b.? =“ a 

for tbe second term / I, i - 4 or -J. Wo ]Hi;b o",''" '^1 

a common denominator and bracket the transitions ^ 

nouents) in order to distinguish them from the ooinliinations am { 


(fx-eoiiipoiionis). . * 

In Figs. 87 and 88 tlie two Zeeman ’types are sliown as obHorveO 
transversely. They are particularly interesting beoanno tlmy \v]\\V' 
sent resolution-patterns of the two B-lines ; .Ifig. 87 oorn^siKUids in 
the line Fig. 88 to the line D^. These I> Hno tyj)eH ” have butm 
known and measured since the very beginning of the I'csearolios mw 


the Zeeman effect. 

It is readily seen that the Zeeman offeot in gciujral eon tains Mm 
more components the greater the ninnber of iniuw qnantvini nninb(M’s 



normal normal 


Fiq. S7, — Anomalous ^ieeman effect of Fra. 88. — AnoinalouR i^oonum uflVcl 
tho combiuatfon I ~ 0, j ^ I -> I of tlio coinbiimtiou / - (),;/ = • J - > ^ 

=5 I (doublet -aj^stein of tho Dj^dino ?= j i (doublot.systom of Mm 

typo), ^ jmaition of tho lino with- type), Othorwino us in 

out a field, it* and ff-oomponouts ai‘o Fig, 87* 
shown sopnmtely. 

that combine, because a>s j increases the nuinbor of nmgnotie torin- 
levels increases in accordance Avith the factor 2; + 1 (son iihavo). 
The hne-structnres of the hydrogen lines for example, shoiikl 

shoAV a quite complicated Zeeman %pe, Before dismissing it 
must limit more accurately the range of validity of cqns, (10) and (0)* 
We had assumed that the precession of M about j ooours ho rax>idly 
that tlie component j^erpendicular to j cancels out ivliou averaged 
over the time. This signifies that the precession of IVf about j (or ( d 
I about j) must occur much more rapidly than that of j about tlu^ 
direction of the field, as otherwise Mj_ Avould not vanish when tho Oinio- 
mean is taken. 

Now it is show in Note 7 {a) that corresponding to tlxo cUmical 
freque7icij of precessio7i about J we have that quanltm Ira^isUmi of 
energ}/, in which j alone clianges Avliile all tho other quantum uuinbum 
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I'oiiuiin unelmiiged, Hint is a oluinge of energy of l-ho magnitiido of tlu* 
tcu'in reHolutitnis wlien no liold is anting (cf. for exampio, Fig. 75, |>. 270). 
On the other hand, (jorresponding with tho |)roooHsi(mal froquoney 
oij about H we have the quantum transition in wliich only ?«, namely, 
the projection of j on H changes — ^tliat an energy- change (ff tlu'- 

order of magnitude of the Zooman -roBolutioiis, By the Corrospoiidenoo 
Principle wo may assume tliat the energy- ehangos are small if tlu' 
precossioTi is slow, and vice versa. Hence 02 ir amnmpiion about the 
velocUiefi of 2 yf'ccession denoietS that in the cam of a term unth a definite I 
the field-free reaolulion which is given by j shonld be much greater than- 
the resolution of those individual ]4evels caused by the magnetic field. 

But what happens if tlio magnotie ffokl is muoli more in tense ? 
(Iti the ordinary investigations of tlio Zeeman offeot it is of the orden* 
of 8 . 10*^ to (1- , 10^ gauss.) If tJie inagnotio field is gradually made 
more intense tlio outer precession will gradually attain tlui order of 
magnitude of tlio inner procession. This denotes inooluinically that 
we are no longer able to calculato as above, as if j remain h fixed f or 
a first approximation and as if the (uniform) inner precoHsioii of / 
and s took place about tliis axis. Rather, the external field will 
apjirooiably disturl) the internal field and wifi loosen the (inagnuticj) 
coupling botwoen I and tlius converting the proviously uniform 
procession about j into an irregular precession. In tho Foiuuor oxin’os- 
sion for the motion the harmonies of the prcecssioiial frequencies 
then x>reaont thoinsolves ; this signifies, according to tho CorrcHpondoiicc 
Principle, that in addition to tho transitions Aj — 0, :b 1> tliose 
of greater amount occur, namely Aj = ± 2. Thcorotioally and 
experimentally * this transgression of the selection rule is an effect 
whicli OGcnrs in passing from weak to strong fields. Wo can deal mi,\\ 
it more fully only when wo come to Chapter VIIL 

If, finally, the external field becomes so strong that il prcihntinaies con- 
skUrably over the internal fields that is, if tho torin-rcHolutionH produued 
by tho oxtornal field have booomo much gi*eator than the natural ” 
fiold-freo resolutions, wo may disregard the mutual action of tlie two 
inagnotio momonts entirely. For I and .9 individually wo liave 
directional quantising relative to tho magnotie field H ; I and s perforin 
their precession about the H-dirootion independently of each othor. 
Strictly speaking, there i.s no sense in this ease in talking of the total 
moment of momentum j of the atom> for this can ho dofinod tinly so 
long as wo may regard tho atom as almost closed and the external field 
as only a small perturbation. 

We call tho projections of I and s in tho direction of H vii and ni ^ ; 
according to the rules of directional quaiiti.sing (Cliap. il, § H ; of. also 
the note on p. 388), we obtain analogously to eqn. (7), 

-I . . (12a) 

* .]*\ ;pn8ohon and Back, Physion, 1, 201 (1021). 

VOL, T.'-~22 
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luul m, = s, . . . — s. 

The last equation reduces in our ease, on account of s to 

.... (I2A) 

1'lteso are the only values permissible for 

Tlie additional magnetic energy AW is composed of the (uiiitrilni- 
tions of the two magnetic moments. By cqns. ((1) and (2) wo obtain 
for the contribution of I 

AW, = WjMbH, 


and for the contribution of s, by eqns. (0) and (3), 

AW, = 2<MnH. 

In all we obtain 

AW = (w, + . . . (13) 

or if we use as our unit the resolution of tbo normal Zooinnn ollVct 
(see eqns. (8f/) and (10)), 

AW=m, -Mw, .... (13 h) 

The selection and polarisation rules hero run soinewl\at differently 
from those in the case of the weak field. The magnotio monioiit of 
s now no longer has an appreciable effect on the orbital revolution 1. 
C.onseq\iently the spin-frequencies in the Ifourier expansion of tlu' 
orbital motion now no longer occur. This signifies that tlio oorro- 
sponding quantum transition in m, is zero : Am, = 0. On tlio other 
liaiid, the precession of I about H gives us the solcotioii principle 
Am, = 1 and circular polarisation about H (o-components) for the 

Fourier expression of the components of the elooti'io moment per- 
liendicular to H. In the same way the expression for the cemjionoiUs 
parallel to H give the selection principle Am, = 0 and linear Tiobivisn- 
tion parallel to H (7r-components). (Comparo the analogous ronmrltH 
about m and j in Note 7 and in § I of the present chapter.) 

According to formula (13a) a term with a given n, I resolvos in 
a slrong magnetic field in such a way that the level intervals Imonw 
integral multiples of the intervals in the normal Zeeman effect. Aotuallv 
are integers (m, = ± i see above). For the Zoomaii 
effect of a combination of two terms (n, 1) wo obtain from (13a) pre- 
eisely as in eqn. (11), i»i> 

AW, - AWa = h(v~ ro) = (m, + 2m,)i - (m, + 2m,)a. (M) 

•mraud^m,^ar 

AWj — AWg = /,(,, _ Vp) = 0, ± 1 . . (] fj) 

This means that all combinations oflei-ms {n, 1) exhibit the norma l LoreMz 
tnplet m transverse observation if the field is sufficiently intense, that L. 
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n npiM^rs in Mio position of the fiolchfee Line and two 

si Uu' noriTial " diHlaiMje 011 hoUi sides. 

Wliai <loos iiold-l'reo lino stand for hero Olcarly, our result 
^vas dorivtMl as if wo weni dealing with an atomic model in which there 
was lu) nintual action between I and 5 and on wliicli a magnetic field 
ii nids. In that case wo should need to take into consideration the 
mil tun I notion between I and s only in a liigher degree of approximation. 

order of magnitude of the perturbations is here just the reverse of 
Mint \n tho (3aso of weak fields, where the inter-aotioii (/§) had to be 
s(d; dc^wii as tlio most important contribution and then the action of 
Ihc ningii(^tic5 field became added as giving a higher degree of approxima- 
tion. In a- (jorrospoiiding manner earlier the flekbfreo termdevel was 
Miniply tluj term n, I, j without a fiolch But here s has no influence 
in tlui apjn'oxiniabion of zero order on the orbital motion (on account 
of fclu3 ai)HOiioo of tlio interaction (/.9)) ; in the approximation we have 
It niodol witlu>ut a spin, from wliicli wc sliould have to calculate the 
liolihfrtu? lovtd {«, 2). In Chapter VIII we shall find on the basis of 
a Hoiiii-cdassicai '' formula for the Zeoman-resolutions, which is 
oonlirimMl hy waveuneobanies, tliat the 7 r-component of our Lorentz 
triplet cuiiuoid<?s with the centre of gravity of the field-free doublet- 
i i^solutiou, dliis centn^ of gravity divides the original doublet-resolu- 
tion of tlio t<u‘m {n, 1) in the ratio 2 ; Z + 1 and lies nearer to the level 
\rhlel i has the greater j. 

If, !iH above suggested, wo proceed one step further in the caloula- 
idoii t)f tliopoTtuibatioihwofindthat AWin (13a) becomes supplemented 
<m luuuuiat of the intoraotion between Z and s by an amount of the 
order of inagiiitudo of this intoraotion, that is, of the magnitude of 
doublot-ri^solution of the {n, Z)’terni. The individual lines of 
uuv uonual Zeeman edect (Ifi) bocomo subdivided through this into 
Hinuu'iil (30111 piments tliat arc distant from one another by the amo\mt 
of the (lonhbt-intorvals. According to our assumptions (doublet 
H true*. turn ' luaguotic resolution) the latter intervals are small com- 

jifiri^d witli the intervals between the threo lines of the normal Zeeman 
oihu't (ir>), Eor the ooinbination Z == 0 ->Z — 1 the pattern has the 

folUiwiug iippearanco (see Eig. 80), 

Wo hIuiU bo able to give the quantitative basis for Fig. 89 only 

wliou Avo arrive at Chapter VIII. j. x- 

It is cloar thou that the magnetic field prodiioos a transformation 
irf blKt Tdsolution-pivttom wliicli la in genoml very eompiicated. So 
l.iiitT tiH tho <i()nl)lot;-roaolutio)is are groat compared with the i-esolutiom 
duo i,(i tli« intigiiotio fioW avo have the anomalmis Zeeman effect, u'hich 
in .Umeu-ihod by oqm. («) ami (10). The 

whiiiii (iiiixiarH in strong flelda ia called the PascUn-Bach Effect aitei 
ils lUHOovorova.* Tlio final stato, Avliich ia given by eqn. (ISa), is 

A* VnHiihon imilK. Haok, Ann, il. Pliya.. 30, 807 (1012) ; 40, 000 (1013). 



340 Chapter VI* Polarisation and Intensity of Sjicctral Twines 

reaelied when tho niagnctio roHo]niion,s Imve h(>(!()inn grtnii <!()ni}mreM| 
wit'll the doubiot'X'osolutionH. Tim'v. /.s in lallciu{} oj nmtk or 

stro7ig magncliG fields only in reUilion to the original lerm-rmdutlofi^- If 
these are tlieuiselves small, as in the ease of tiydrogon, the Ihisidieii^ 
Back effect appears even at comparatively low 11(0(1 -strengtliH. 



normal 

Fig. ^89. — Paschen-Bnek offoeb of tho (loinbiuabi on I 0 "> I 1 . 'Plio i wu 
Zeeman off eats of Figs. 87 and 88 nro fjoinblimtl bogothoi' in this flgiirn. 
I'i — position of the C, of Cl, of tlio two “ rtold-froo ” linos of W\p^n, H7 iiinl 
88. Fino-sbi'uotnro roaolution of tlio ff-donijmiiontH of tlu^ Boroiil/. tripU^t 
ill tlm linos taken two at a time, whoso imibiial inixu’vivl is oq^iinl bo 2/8 of 
the original fiokhfrofi ^‘-rosoluticm of the P-tonns (/: 1) (</, Vill). 

Let ms calculate in particular tlio iuteuaity of Hold for wJiieli in Hk^ 
case of hydrogen the magnetic resolutions are of tlu^ mmo ordiu' aw iln 
fine -structure. We oh tain 

hAviic SMuK, 

The factor o is necessary because wo rcickon Ann in aiul not iii 

seo.''h Using the value (p. 321) 

A'Wmal = ^ = ^’07 . H (0111. ') 

and (p. 262) Aon == 0-36 (ora,"i) : 

H g 7700 gaiiHH. 

In the case of liydi-ogen the quoation of tlio magnotic tmiwforinntion 
appeai’8 to be still more complioatod than in that of tho inodol liitliorto 
considered. For in the fine-struoturo the disbanooH hobAvooii tho 
levels having a fixed n and difioront l'n nro of tho snino ordtu* of mug- 
nitndo as those between levels having a fixed I and dilloronb j (id. 
Fig. 76. p. 270). Hitherto wo have spoken only of this lust Huh-division 
of the (w, /)-tei'ins into j-lovols as being Hiinill ooinjiai'od Avith the 
inagnetio resolutions and avc have tacitly aHHUined that the /-toniiM 
are swil far removed from one another, as is aotually so in the ease of 
the tUkahes, It is easy to see, hoAvovor, that a strong maginitie field 
also in the case of hydrogen produces essentially tho same efleet theoret- 
ically as that described in Fig. 8«, namely, a normal Zooinan trljilot 
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wliose Gompoiients app(uir siib-divicled into individual linas, whoso 
distances from one aiiotlier arc again of tlic order of magnitude of tJie 
iinc-structtire, 'I'his is contirnicd by the mcasuronuMitH so far as they 
can bo earned out in face of tlie difficulties involved. 

§ 6. The Adiabatic Hypothesis 

At tJi(^. first kSolvay (^yongn^ss,'** in the year H, A. Lorontz 

])roposod the question as to liow a simple pendiiluin bohavos when its 
length is sliorteiicd by holding the tlinaid between two lingers and 
drawing it up between them. If it luis initially exactly tlio correct 
energy that corresponds as an energy dement to its frequency, then 
at the end of the process when the frequency has become inoreasod 
this energy would no longer suffice to nuilco iq) a full energy element , 

Einstein at onee furnished the correct reply in saying that the 
suspending thread must bo shortened hifinilAy slowly and then tluj 
energy would ineroaso proportionally to the frequency and would 
continue to he equal to an energy olcinent. 

This answer is covered Ijy Ehronfest’s Adiabatic Hypothesis. t 
Wo formulate it as follows : Let ns consider any arhitrary meolianical 
system and an arbitrary initial state of motion wliioh is eorroetly 
quantised, We now alter the state iniinitoly slowly by gradually 
imposing aji arhitrary exteimal li(4d of force or by gradually altering 
the inner constitution of the system (length, nuisH, charge, connections). 
This causers tlur original state of motion to Ixr transformed by mechan- 
ical means to a new state of motion. For the new conditions of the 
system this now state of motion is n quantum-favoured state if the 
original state was so under the original conditions \ it corresponds 
to the same quantum numbers . as the latter. 

The oxpr(5ssi()n Adiabaiio Uy^mlhests'^ is taken from thornm- 
dyimpiie.s. tTust as in an adiabatic change of state in thclrmody nan lies 
tile’ co-ordinates tliat determine the heat motion are not dire<3tly 
aifocted, but only indirocstly wliilo no luuit is added from without and 
the conditions of tlio system ar(3 altered (for (Example, tlie vohimo, 
the position in tlu^ gravitational li(dd, and forth), so in the applica- 
tions of tlie adiahati(? hypothesis to the (piantum theory the motion 
of tlio system is not (jontrolkxl flireotly by external agouoy ; for such 
agency acts, not on the eo-ordinatos of the motion, but on a para- 
meter of the system. rJiist as in tlierinodynamiofl an adiabatic eliangc 
of state is to be regarded as a eliain of states of thermal equilibrium, 

^ Kiipporls du CongW'H, ‘Pni'in, 1111:2, ]>. <150. 

t idi'flt Hol; up by I'JhnmfoHt ni {H)Uiu)xinii wilU l^ho proldenm of (Uivily 
radiation ” in Ann, H. IMiys., 30, HI (IHU), 2 and 5, and Mn>n uppllod by him 
to otlior problmiiH ; h(?o ViX'h, d, DniitHf^h. IMjyaikal. (Jra., 16 , 451 (11)13) ; Ainatord, 
Aeadomy, 2S, 53(1 (11)13); Pliyn. Zniisahr., 16 , CH? (lUll). A dnUiilod aurvoy 
for systoins of aavoml dogrona of frtfoilom ia aontainod iu Aim. tl, Piivs.. 6L 327 
(lt)l6). Cf. aUo J. M, Burgorw, ibid., 62, M)0 (1017). 
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ao in the quantum theory the adiabatic transformation from the original 
to the final quantum state has to occur infinitely slowly, that is by 
])a8sing througli intermediate states of equilibrium of motion. Quan- 
tities tliat remain unaltered during this transformation are called 
adiabatic invariants. fi?he quantum niimbors that fix the original 
state are by tlie adiabatic hypotliesis themselves such invariants. 
All otlior adiabatic invariants must be expressible in terms of tliOH(5 
simplest invariants. 

'Inhere are three charaoteristics that are both necessary and at tlu'. 
same time sufficient for adiabatic lorocesses, 1, The infinitely sloio or 
reversibh element of the process. In tliormodynamios plionomona 
are also known that occur without the addition of boat but are irre- 
versible (for example, the diffusion of a gas when no cotton- wool 
aperture is used). Such processes are not adiabatic in tlio present 
sense. 2. The effect not on the co-ordinates of the motion but on one or 
more parameters of the system that remain constant in tlie original 
motion. 3. The U7isy8temalic or irregular nature of the hifluence (effect- 
ing tho alteration) in relation to the phases of motion. Even in the 
casG of tho simple jDCiidulvim wo could intentionally cjarry out tlie 
shortening of the thread in such a way that tho onei’gy of motion then? 
remains oonstaut, if wo draw up the thread only at the x)oints at which 
tlio motion is poriodicalty reversed, In that case, as Warburg remaikcd 
at this Solvay Congress, a contradiction to Einstein's assertion and 
to the quantum theory would aviso. Such intentional or methodical 
alterations are tlion in no case to bo included in tho category of 
adiabatic processes. 

We next consider the mechanical aspect of the question, Tho fact 
that in ordinary mechanics wo set aside the adiabatic processes is not 
because they arc less interesting, hut booaiiae tliey are more difficult 
in comparison with the ordinary problems of mcohanios. In the ( 5 as(.^ 
of the sinqilc pendulum, we easily attain our objeot by direct calcida- 
tion without having to seek support from tho general laws of adiabatic 
invariance, wliicli wo shall develop from this exam])le. 

Let I be the length of the pendulum, m its ma.ss (ooneontrated at 
a point), (j) the angle of tlie instantaneous deflootion, c tlio amplitude, 
and r tho frequency, so that 

^rrv^Vgll .... ( 1 ) 

Tho tension S acting on the thread is, an we Icnow, 

8 ^mg cos tj} + • 

in which the first part is due to gravity, the second to the centrifugal 
forco. If wo shorten the thread infinitely slowly ]]y | (U\, we liave to 
perform work against tho tension ; its amount is 

dA = S I I mg cos ^dl — 
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Tlie hori«iQutal bar denotes that the time average is to bo taken and 
ijxdicates that during the shortening by the amount dl many swings 
of the pendulum are to oeeur. The negative sign nccitrs because 
I dl I is to denote a sliorteuing, so that dl itself is negative. From 

<}) ™ c sin ( 27 r vt + y) 

it follows til at 


f’ • (a) 

dk ^ ~ - -^dl - mg^dl = - W!f(l + 


tlius 


^Hio one part, — ingdl^ of tliis work dA is used to raise the moan 
position of the weight mg. The romaindor 

dA'— — mg^dl .... (4) 

^i: 


increases the energy 13 of the motion of the pondiihun. !L<'roni (.S) 
we see that the mean kinotie energy 


In tlio 0 HB 0 of tlic yondiiliim tho iiofcal oiiorgy E is, na we know, twico 
iia groat, and Jionoo its difl'ovontial is 

(tl5 = mg^dl -[■ viglcdc .... (<i) 

By eqiiating (4) and ((1) wo obtain 

“ I cdl ~ Mg, 


Integrating, 


f; log I = — log c -|- eojist. 


li = const. . . . . {'ll 


From this it follows that wlion tho pondidum is sliortencd adiabatically 
tho angular araplitudo c incroasos, ns may easily bo seen by porforming 
the oxporimont, whilst at tho samo time tho linear amplitudo Ic de- 
cu'oascs. Ooiicorning tho onorgy wo oonoludo by comparing (5) and (7) 
that it inoroasOH whon the ponduluin is shortened adiabatienlly, as i.s 
ovidont from the work dA' performed ; it is invorsoly proportional 
to VI. 

By scpiaring ( 7 ), and inserting tho values of Ir^ from (/5) and Vl 
from ( 1 ), wo may write (7) iti tlie form 

= const. 

V 


• (S) 
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Eqn, (8) is an illustration of the general law : the action integral 
(of, p. 100, eqn. (14)), 

T 

. . . (!>) 

0 

taken over a period is an adiabatic constant* 

The adiabatic invariance of the q^uantity (9) already played a part 
in tlie general investigation made by Boltzmann to bane the hcmjoikI 
law of thermodynamics on statistical considerations. Its relation 
to the (Quantum theory is clear from the eqn, (24) of Cluiptor .t.T, § 7^ 
wliere the quantum of action written down in our present oqii. (9) led 
to the introduction of the princijyal quantum number n in the cana 
of purely periodic niotio 7 i 8 . From hero we have a bridge to tJi(> more 
general class of conditionally periodic systems^ in loliich each individual 
pha8e4nteqral or each of the corresponding quantum numbers iq is an 
adiabatic invariani. (In adiabatic processes it is forbidden to pass 
through a degenerate system, as we shall show in Note .10 .) In the parti - 
Giilar case of the harmonic oscillator, and honoo also of tlio pondulum, 
(9) becomes identical witli E/t', Honoo by setting (9) equal to nh 
we got back to Planck^s quantum law : E — nhv. 

We next use the adiabatic hypothesis to fill in a gap that was left 
in § 4 in tlie Zeeman effect. 

To deal at the outset with the simplest case wo consider a hydrogen 
atom in which the electronic orbits are circular in a piano wliioh is 
perpendicular to the magnetic lines of force. Lot a and oj be the radius 
and angular velocity in the circular orbit wJien the field is zero, and lot 
a + Aa, w + Aoj be the same quantities when the field H has boon im- 
posed adiabatically . The flux of lines of force through tlie orbit is B 
Since we regard it as a small quantity (of the order of tlio inoromonts 
Aa, Aw, whoso squares and products ntay bo neglected) it suffices 
to use in it the original a instead of a + Aa, By Faraday’s law of 
induction, the flux of the lines of force gives the whole oleotromotivo 
force that is excited by the increasing field in the circular ourront ” 
of radius a, that is the work performed on the oiiiTont eloment. Our 
rotating electron, the charge of which is e in E.S.U., roprosonts a oiUTont 
which, measured in E.M.II., is of intensity cr/c =; e<o/27rc (of. p. 127). 
Thus, by setting the work performed equal to the change of energy 
AW of the electron, Ave get 



II 

III 

or = AE»,„ + 

. (10) 


II 

AE^,^„ = fi{a^wA{o "b <^w®Aa) 

. (11) 

E.. = - 

AE^o/ ^ rgAa — paw^Aa . 
a 

. (12) 
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■where ji = mass of tlio eloetron. In the last transformation we vise 
the equation for the centrifugal force 

= |a ■ • • • (13) 


By aubstitutiiig (12) and (11) in (10) and dividing l)y iiaho^^ wo got 


Aoj — JL M:. 

a) a 2fi (vC 


(M) 


A second equation is obtained from tlio circumstance that during 
tlio adiabatic change of state the dynamical laws, hero the equation 
of centrifugal force, arc to remain valid throughout. In eqn. (13) wo 
wrote down this equation only to a first approximation for the field 
xoro. III genornl it is 

ix{a + Art){w + Aoj)'-* •= (- 
or, when multiplied by (a T Aa)^, 


li{a "1“ Aa)’'*(w 4' Aw)'*^ — 4- " 

From this, Uy using (13) ajid dividing by wo got 

^ 5 ^ Mi. 

w 2 a 2ftr oto ' 


(15) 


(16) 


By comparing (10) and (14) wo see at once that 

Aa 0, Aw = ~ = 0 . . . (17) 

2fx c ' ' 


Hence, ivhen the magnetic field is introduced adiabalically the radi us 
a remains ^mcliangedy the rate of relation is changed by the amount 0 of 
the Lamor precession (of. oqn, (2) of p. 324), being increased or dimin- 
ished according to the direction of the field. 

The same calculation may bo carriocl out for a oirciilar or olliptio 
path inclinod to the lines of force, and the, result is : as the magnetic 
field increases gradually, the nho and the shape of the orbit remains 
preserved (ooiTCsponding to Aa — 0) ; but the rate of rotation beoomos 
changed in that the angular volooity 0 about tlio axis of the lines of 
force becomes added. But tins means ; the orbit as a U)hoU performs 
a precessional motion. 

The limitation to a gradually ^ that is infinitely sloivly^ increasing 
field is absolutely necessary. The xH’ocossional orbit arises from tho 
original one with tlio fixed orbital jdano only if wo pay due attention 
to the necessary initial volooity of tlio olootron in tho dirootion of 
procession (porpendioiilar to tlio lines of force). If tlio liold is intro- 
duced suddenly, tho momentary volooity of tho electron is not nFooted ; 
for a change of velocity tp porno about it is uecossaiy that tho electron 
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traverse its orbit one or more times during the time that an ap|n'('rial»I<" 
oliange of tlie magnetic intensity of field takes place, 

>So far wo liavo been dealing with adiabatic mechanics, T.lm ({uauhna 
asx}eet of the adiabatic change comes into question only if wt^ winli 
allocate quantum niimbors to tlxo changed motion. Tu tlic csmi' I'l 
the circular orbit that is simply placed perpendicular to i]n^ linr,^ 
force, this lias to occur, by the adiabatic liypothesis, thiiH : Mi*’’ 

initial circular orbit (a., (o) be quantised, that is, lot it bo such Mud 


^2 


(|H) 


Then the altered motion (a, co ib o) is also quantised, and (joircHiimiil'^ 
also to the quantum number n^. But this correspondencii <1 uch red 
mean that now tlie formula 


.... ( 1 »» 


liolds, which would contradict the preceding cqn. (18) ; hut i'ii(h>a. 
(18) atill remains valid. Whereas, however, the loft side of (lil) 
the moment of momentum in the stationary system of roforeni'c. Mc" 
loft side of (18) represents the moment of momentum in the Hyslem I'f 
roforonco of which the precession is di 0. Thus the latter, uui Mii* 
former, is quantised, This is extended still further tlien to th(^ gcinu/d 
on so of elliptic motion. The precessional orbits in the maifnefiv Jh ld 
co}respo7i(l to the same quanUim nwnbera as the Kepler ellipHVs i\) ih 
case when no magnetic field is present ; but the phase iniegraU urr 
to be calmlaied with reference to the atalionari/t but with referenrr bt (h 
preceasioml co-ordinate system , 

This was, as a matter of fact, tlie method that we followiuj in ^ 1 
(j). 827), and which is accordingly justified by the adiabatic 

particular simplicity of the Zeema)! effect now cons is Is \\\ lii** 
oireumstance that in it the adiabatioally altered orbits arc idc'ulii iil 
ill shape with the original orbits, and differ from them only in I hi it 
precessioiial motion. 

The conclusions liore drawn from the adiabatic hypothonis 
in general with the results obtained in Note 6 under (c). In n(n 
(i8) wo are dealing wtk the canoixioally conjugate momentum m 
ordinate denoted by p ; the left-hand side of eqn, (19) c)orrus|iiind'« 
to tho now elementary moment of momentum, denoted p^ wliji^U 
is not quantised. 

Another aiiplication of the adiabatic hypothesis coiKUU’nH Mu^ 
shape and position of the orbits * in the Stark effect in tho limit avIii’U 
Mie eloetrio hold becomes vanishingly miiaH, LimF->0. himu 

(p. 811) that these orbits arc Kepler ellipses, but that they <lifiVr finm 

* Comnuuiicatecl ijorsonally by W. I*auli, in tho course of a couvorw*Uii<u 
(luring tho preparation of an earlier edition of the presont volumo. 
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the Koplor ellipses in the force-free case, or, better expressed, from 
those in the magnetic field of vanishing field intensity Lim H 0. 
Onr (jbjeot is to prove the relartionship between the two groups of 
Kophu' ellipses ; we abbreviate them thus Kh==o‘ 

liold V is to bo in the direction of the iu-axis as before. Tlio 
potential energy of tho electron in the field is eTrr. The total energy 
is W, and is composed partly of kinetic energy, partly of potential 
emn'gy in tho field of tho nucleus and in the external field T ; it remains 
constant duvitig tho motion so long as the external field is kept constant. 
!lf it iH alttu'od hy an amount ST, the total energy alters by the amount 
S\V -r. t Since tho change 8T of the field is to take ifiace infinitely 

nlowdy, we may roplaoo x by tho time -mean x for one or more revolutions 
and write 

8W 6X8F. 


W« follow Bohr ^ in calling 3 the a;-oo-ordinato of the electric centre 
of gravity. fifiio idea is as folloAvs. We replace tho succession of 
positions 'of the motion of tho electron in its orbit in lime by tho dis- 
tribution of a charge in apace in such a way that for every element of 
tho orbit there is a charge proportional to the time taken to traverse 
it. fi-'bis method was first developed by Gauss for the perturbation 
nroblum of planetary orbits and signifies an fond the approximation 
of tlu^ proeoHS in time by using the first term of its Fourier expansion. 
In our case, whore the field F is homogeneous, we may, moreover, 
i'n\)lutio the cliarge distribution by its centre of gravity, and allow the 
forces of tli(^ iiold eW to act at this point. ^ For reasons of symmetry 
tin? v.imtvi) of gravity S lies on tlie major axis of the ellipse, namely at 


th(i (liHtanee 


8 


( 20 ) 


from tlu! imoUuiH iii tho clireotion of thoaplielioii ; hero eis thoinimerical 
<,ci.H.nfcrioity, wliioh in equal to the clistanee o£ 

„(,nti'o of tho ollipHO clmtled by the soiui-TDa]or axis. Eqn. (20) is 

Otvsily proved as follows ; ■ , \l,l . +l,o nnqi+ion 

'rho ohargo doiiRity on tho elliptic arc is {— e,)dllj , P 
of the oonfcro of gravity on the major axis, along which we me 
t\vo c! 0 " 0 rdiiuito given by 

■ ■ ■ • 

|}y the law of soetional areas 




dt 


whore a (loiioto.s tho mass of tho olcctron. 

, « 1 IIS RnliL' linlcecl up the ti‘e&fcnient 

SKr^rr -w. 
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Hence it follows that 


dt^^r-hli . , . . ( 22 ) 

P 

and also that 

tiff 

pr “ == ^TTficlh — 

0 

If we substitute (22) in (21) and take into account that ^ = r oos f/;, 
^ve obtain 


ilT 



But by tlic equation to the ellipse 


1 __ 1 + e cos. ^ 

7“^ 


(2/5) 


and iienco by (24) and (23) 

Stt .tiir 

?. ^ — g^)^ f c os (ftcltf} _ a {l — €^) ^' f coH 

^ ^ pT J (1 4“ € cos </>)^ 277 J (1 -f € COS (/>)^ 

e 0 

At the same time wo deduce from (26) and (23) that 


%Tr 

J (1 -I- € CO.S 


217 

(1 - 


(27) 


and by differentiafcing (27) with respect to c 

j" cos _ 3776 

J (TTecoF^ “ ~ (T^r^ 

If we substitute this in (26) wo obtain 

^ Ua 

This proves eqn,. (20) since, except for the sign, s coincides with 
The negative sign of f clearly assorts that the centre of gravity 8 .lies 
on the negative ^-axis, that is, between the nucleus and the aphelion, 
wiioreaa tJio positive ^-axis was directed from the nucleus to the peri< 
helion, iSinco ea denotes the distance of the nucleus from the oonti’o 
of the ellipse, the centre of gravity S bisects the distance from the 
centre to tlie other focus of the ellipse. 

Hence if & denotes the angle between the rr-axis, that is, tlio direc- 
tion of tlio field and tlie ^-axin, namely, tlie major axis of the ollijiso, 
we have, by (20) or (20), 


(28) 

( 20 ) 
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It thr Ii(.|d iiiercuHcs from 0 to W tlio change in energy is 

AW = jsw = Je-rSF = . 

0 

In the lust term of this cfjuation we have assumed x iiulependeut 
of |t . In otlier word.s, we luivo neglected the change of ^ resulting 
from tlic inercuisiug hold as this involves only a term in W in the 
cxprt>MHi<)i\ for AW and this is of no account. We may therefore 
vise Olio value (ilO) for x. 

Oil blio other hand, wo take the value of AW from eqn. (30) of § 2. 
We then ohtain, hy etjuating the two eximeasions for AW, 


349 

. (ill) 


eiEF = - 






3/t^ 


- Wf) = 


(32) 


In IjIio hxHif equation we have substituted the well-kno'wn value 
a ■ -i for the major axis of the Kepler ellipse. Comparing 

(112) with (HO) we hod tliat 

e ena © == .... (33) 

n ^ 


Whemifi in iM case of the Ke^^ler ellipse Kh==o ^mni-axis (of. 
u(|n. MirJ on ])» IlH) and the ecxeniricUy e tvere fixed by the qua7iiuTn 
^i nnihcrH alone (there they wore % and n), there enters into the expression 
c for the Kepler elKjpse non-quaniised angle ®. The limiting 

rases and Kt,v.ti thus actually differ from one another. 

Our (M|in (!32), deduced from adiabatic considerations, allows us 
tu draw a conclusion not only about the shape but also about the 
)K)sition of the orbits. For wo road out of (32) that ; if > n,,, then 
X immt :> 0, fcluit is, the electron in traversing its orbit remams loyiger 
on Ihc front side of the 7 iucleus than on the rear side ; if 7^^ < 7^ then 
X < 0, and the orbit conversely is longer on the rear side iha^i 07i the 
I'ront side of the iiucle^is* Hero the front side denotes that whioli faces 
in the diroction of the lines of force (a; > 0), 

Ah we see from formula (1) on page 312, in the Stark efiect the 
linu-dittplaocmont duo to the initial orbit always predominates con- 
Hulorably over tliat due to the final orbit, Tlius if in the 

initial orbit, A v beeoinos positive, that is, the Gorresi:)onding component 
of tlio lino-resolution lies on the short-wave side of the original line. 
it nt < 7?,j in the initial orbit, Av becomes negative and we have 
a long- wave coniponont. Combining this with the ineoeding I’^^ult, 
wi) ,nuiy say ; the shorl’^ivave (lo7ig-’Wave) components in the Starh effect 
fire fhie to Iransilions m which the inUial orbits lie more on the front side 

{rear side f I'es^xiotively) of the nucleus. 
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'Lillis ronmrk in imofiil for inOorproting certain difTorenoOH of in- 
leiiHil.y hntwtuni tlu^ long- and sin >i’t- wave coin p one] i Is, f wliieli have 
bin nr o!>M(nwoil in rapid (ninal rays of hydrogen. 

We nro no w also in a positiou to explain the fading away {Amdarbm) 
of the lures qualitatively (of. 84, p. 320). We first consider the 
red components : for them wo have for the initial state, 

< 0. The a 2 )heliQn of tire initial orbit lies in tire negative direction 
of tlio field if wo reckon from the nucleus, in the direction of tlie 
j^osUive (positively charged) plate of the condenser by which we jnay 
pioture tire electric field to bo produced. On tins side the Initial 
orbit of the field is perturbed to an extraordinary degree beeanso the 
attractive force of the field acts in opposition to the nuclear attraction . 
In this case the orbit may clearly be perturbed if the field is sufficiently 
intense. On tlie otlior side of tJie nucleus the initial orbit will bo 
forced back by the field against the nuclons. Now for the violet com- 
ponents ; here we have in tlie initial state rr > 0. Tlie 

ai^helion of the initial orbits lies towards the negative jdate and th(5 
orbit is forced back towards the nucleus by the field, On the peri- 
lielion side tlie orbit may again bo perturbed, but only wlion the field- 
strengths are greater than before, because the orbit now passes by 
more closely to tlie nucleus than in tlio ca.se of the rod components, 
Hence wo see : the violet and the rod components may be perturbed 
if the fields are siiffioiently intense, the red being perturbed sooner 
than the violet. This agrees perfectly with the findings of Fig. 84. 
Furthermore, wo see that tlie orbits with greater values for the 
]>rinoipal quantum number % are more easily jierturbed because they 
liavG greater orbital dimensions than those with smaller values for n. 
This in also shown in the measurements : pci^sisis longest, then, 

in turn, H^, H,?, H^, If wo oaloiilato quite roughly with circular 
orbits (radius a = Oq . where -- radius of the fii'st Jiydrogen 
oj'liit), wo ol)tain as the condition for the perl>url)ati()n of tlie orbit 

that is, (X dcoreaHc of tlie critical field-strengths in the ratio Ijn^. If 
we set F = 10® volt/cm., wo obtain J 


n — 4 


V®o 


i21 

• 300 


’ 8-4, 


that is, a value which is obviously too great, as is showu by Fig, 84, 
but nevertheless it is of the correct order of magnitiido. 

* Cf, N. Bohr, Phil. Mng,, 30 , 405 (10] 5) ; A, Sommerfold, Jahrbuca f. Had, uiul 
Floktr., 17, 417 (1921)} A. Kubinowicz, Zeita. f. Phys., 6, 331 (1921). TmiiBlatcid 
into the language of wavo-inoohanica by Pr, Slack, Ann. d. Phys., 88, 570 (1927), 
t «T, Stark, Kloktr. Spektralanolyso, § 14 and § 33 } H, Limoliuid, Ann, d. Pliys-> 
46 , 517(1014)} Wiorl,BjssGrfcation, Munich, 1927 ; Ann. d. Phys., 88 , 503 (1927), 

f The fnetoi^ is nceoasniy in order to bring tho volts to Glootrostatic nnits. 
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SKIlIfiS LA^VS IN GENERAL 

i; 1. Experimental Results Conneotea with the Series Scheme 


O N tlio basis of oxtonsive experimental results spectroscopists 
have clevoloiJcd ti numbor of physical points of view bearing on 
tho armugomont of the lines into separate series, such as the 
ftti’iiotiii'o aiul tho multiplicity of tlie lines, the readiiaess with which 
tlioy a]ipcar, tlmir dopendonco on temperature, their diffuseness or 
nharpnoHH, thoir hohavioiir in the Stark effect or under pressiu’o and 
HO forth. Ifi'oiu this thoro emerged as the final criterion that a line 
Imlongcxl to a definite series tho possibility of its fitting into a formula 
I'opvoHonting tho regular sequence of lines. For tho sake of brevity 
wo sliall liogiu lu'vo with tlio expression of tho series in formulce ; the 
individual data of oxporiment may then be derived conveniently in 
tho revorso direction from this description. 

Wo must profneo onr remarks by stating that at pre.scnt it has 
]jy no moans i)eon possible to prove the existence of series in the ease 
of all oloinonis. Tlio series character dominates only the first three 
voi'tioal ooliimiiH of tlio periodic system. Towards the end of the 
poiiodio system, from the sixtli to the eighth vertical column, the 
numbor of linos inorooses onormously (as in the ease of the It'e-lhies 
and in tlio tfiiuls altogether) ; licro tho mxdtiplet structure (cf. Chap. 
VI II) oomoH into prominence and the series scheme recedes. Cor- 
I’OHiiomling olomonts, whioli lie in a vertical column in the periodic 
Hystoni, holiavo in an analogous manner as I'egarda their spectral 
limnitcstations, for oxampio, they all show a clear aeries character 
or all allow a eoiifviscd aooiimulatioii of lines that apparently belong to 
no Horios. This is in agreement with the view already expressed ni 
(Ihantor III, ‘1, that tho visible spectra originate at the surface ot 
tho atom and' hence oxliihit similar behaviour if the surface structure 


lOvory series is oonstriioted, like Balmor’s aeries, from the difference 
of; two lorms, a amslani firal lerm and a variable second tern. We 
also call tho latter tho mneni term. As in the Balmer ^ 

nlly, the euiTGnt torm depends on a whole number n, the mw rent 
munhor, and approaches tho limiting value zero as w goes 
hVom rmr oavlior ronmvks (see p. 72) wo already know that the tnio 
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goal of Hpc^cl;rc)8copy ia ttie tornia Ujo- msolvoH and imi. Mh'* wluol 

are Torn led hy amlmiinij the turnis. Wo HliaU tn)W give Llu^ imm 
dolinitioji of tlio oiirronb term for tlic Principal Sorios, tho i and X. 
Subordinate Scries and so forth. 

The Principal Series * (Hati2)tserie) is oharaotoriaod by thci Uith? 

; its ciirront term is written tlius : 

H.S 7tP. 

The integer n distingiiislies tlxe suocessivo linos or inoinbcra of tlr 
series, The letter P serves to indicate the atomic coiistantH tha 
play tlio decisive part for this term. nF does not doiioto the prodno 
of the ourrent number n with an atomic constant P hut syinboiiso 
a eeiiiaiii function of n whose form w^o shall develop in the next sixotion 
The same applies to the following symbols liDy n^y . 

The First Subordinate Series also called tlio Diffusi 

Subordinate Series, is oharacterisecl by the letter i). The onri’cnt tern 
of the I Subordinate Series is written thus : 

I. N.S n3). 

The Second Subordinate Series is also called the Sharp Subordinati 
Series, Honco we use the letter S and denote its current term by 

n. N.S nS. 

When a method was found of analysing tlio infra-red part of tin 
spectrum the so-called Bergmann Series became added to the thrci 
scries types above given which had already boon loiown longer, W( 
shall donoto it by tlie letter f F and shall Avrito its ciiiTont term tlum 

B.S 

A survey of the complete set of soric.s terms is given by tlio scliemo 

IS 2S ;iS 4S fiS OS . . . 

2P ;]P 4P fiP OP . . . 

3D 413 /5D 0:D , . . 

4F 5F OF . . , 

5a 6G . . . 

OH . . . 

* Forjnorly wftB customary to iiflo small Jotters inatoad of cap i tain, o.g 
■p in bho case of the Principal Series. Wo hero follow the Amorioan pi’uotici 
(Riissoll and Saundors, Astrophys, Journ., 61, 64 (1926)), which lias bocomo genorn 
and which ia capable of hoing oxtondod in many directions t of, Oliap. VJ IT, 
Tlio name “ Fnndamontal Series which is often used instead of tlio ox pros 
sion Porgmnim Series in English and Amorioan literature whore it is olmmotorisoc 
by nP iuBtead of 7iB, is founded on the “ hydrogen-liko '* ohnraotor of tlio Herg 
niaiin s erics. But this is not a decisive oliaractoristio of tho J3orgmann aorios siiicJ 
it occurs still more markedly in the iiltm-Borgmaun sorios (soo below). Tf w( 
wish to oall a sorios- term fundamental it should be tho S-torm whioli, nlldiougl 
it is least “ hydrogen-liko ” is in many cases allocated to tho ** groun^l-oi'bit ’ 
of tho atom. Oiiv oxoubo for using tho symbol is that tho symbols nD and xd 
also rofor to ohamotorisbies, diffusonoss and sharpness, whioli do not alwayi 
actually occur. 
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II, l■xlln*HH(>^^ [Ik! fiuili thnt, klio ouiTont-number n in the S-terni runs 
III! iintiiil v'aluen from I to co, in the P-terni tlirougli all values 
from 2 to co, inid so forth. Moreover, its Inst row.s indicate that the 
l''-tonji is followeil hy higher terms, so-called " nltra-Berginann terms,” 
in wliieli the viiIikw of n start from 5 or (5, 

( iooeeniing till! conutmil term of oiir different series we tind that 
ill till! I’riiKsijial Sei'ies it coincides witli the term IS of the II Siili- 
orilinato Keries ; the constant term in hotli Subordinate Series is tlie 
lir.st tonn 21’ of tiu! toi’niK of tho Principal Series ; tliat of the Bergmann 
Scriiis is tlie (irst term of tho I Suboixlinate Series, namely 3D, Hence 
fclio constant terms jnn.y he tabulated thus : 


H.S IS 

I NH 2P 

H H.S 2P 

B,S 3D 


( 1 ) 


licneo in oiii' four oases tho ultimate expressions for tho series are 

H.S IS — mP w = 2, 3, 4, . . .I 

T. N.S = 2P — mD ?i = 3, 4, 6, . . 

1 [ lSf.S a = 2P — ?iS TO = 2, 3, 4, . ■ 

H.S = 31) — toP TO = 4, 5, 6, . . 

It must not ho imagined that the combination of tlie lines into 
sci'icrt and tl\cir rixsoliition into two terms are possible without con- 
nidorahlc practiee ami ingenuity. Piret of all tho Imea of the various 
HiM'ics are all mixed together and must be sorted out according to tlie 
evitnvia mentioned at the beginning of this section. In most cases 
only a imslerate uumher of liiios of any one series is available, fo 
obtain liy extrapolation tho scries limit ami hence the constant hrst 
term of the series we nnist first have found an analytical expression tor 
him current-term (of. § 2). Tlio series limit is then obtained together 
■with tlu) undoterminod pnrainoters that occur in the series law by 
using a granhieal or mimorical method of approximation.’^ It la almost 
always found that tlie first ternia of the series are not given sufficiently 
acimrakely. '.riic ta-sk of calculating tho series is considerably snnphfie I 
if other HCvicH or aeries limits of tlie same element are already known 
On aecomit of tlio combination-relationships (see below) between the 

Hovoral series to bring them Into harmony. It is obvious that the 
“,“1™,“ bo coated a t bote ft. 

ijau 1)0 oal(Hibifcc(L 

t 1 • .1 mr 11 7l Paschon-Gotzo, Third Introduction; 

*CL tlio workH moubioiiod on p. 71 , iaBon specially developed 

I.-.nvler, I'nit !, SS fV V. to ^ fes^evtation, 

hy I’uHiilmii iiml liiH tiillownm 18 dosoiiViod by l-<. 

Ann. a. I’liya.. 03, I a»20), Stondarcls. No. 327 (1018), 

t Of. Ilio tobloH of MuggoTB and I Uvi e « o 

or ilio f able ot h'l'qiiis’aibs «)Von by H. Ka^e oLvaaaod wiL tho correct voluoa 
till) wavedengllit) inouHiiroil in air mo dueowy ^ 
for H viunntin. 

VOti. I,— 23 
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Tlie expresfiions (1) conlaiu tlie following laws \vlii(4i Ihn 

sei’ies representation historicaUy and leil to tlieir {Muuieiation : 

1. Thd series limils of (he 1 and I.I SuhonUnoiv tSrrirs nnitrufe. 
.For according to (I.) they both li(^ at the wav(^-nunihe)' r - liP. ^'Iio 
limit of the Bergmann series lies at the wave-length r ■ ^ Ml). M'licHi* 
limits cannot be observed oi’ ol)sorvo(l accnmttdy in most eases bnl. 
must be calculated by extrapolation. 

2. The series limit of tlie prjnoi])al seri(\H has tin'- wav ('-number 

r — IS. The difference helwean the wave-n'mibers of this series Hviit 
and the coimnon limit of the fi7\d and second subordhale series is equal 
to the wave‘7ivmbcr of the first of the prhtcipnl series (Rydborg- 

Schuster rule) ; the second subordinate series, too, if W(^ (extrapolate 
its expression in series to — 1 hauls to the same wavi^-niiinlan* Nvilli 
the sign reversed. 

So far we have tacitly spoken of series of simjde lines. But frjv- 
quently the series linos consist of several compomnits ; tli(\y ai(* 
do7iblets or triplets. The systematica analysis of tins ” (snnjjh'X 
structure ” of the terms and its wondcu’ful regularity in tiu' pm'ic>di(' 
system occupies the wholes of the next ehajdiu’. multi jjlhdiy 

that occurs in the IT. Subordinate Series of tlio liiu^-eonflguralionH is 
always duo to the constant term 2P, ))eeauHe the S-tcumi is alwiiys 
simple. In the 1 Subordinates Serhis, too, tlie multiplhdty of iJu* 
lines is usually caused by this constant term 2? alone, la^etausi^ Ibo 
inultiplioity of tlie B-torms does not .need to bo taken into aia^nunl. 
The multiplicity of the terms of tlie principal Horitjs is indieak'tl liy 
writing instead of in (1) ; 

fi h {5 * - * ‘ . Boiibhit Hories, 

0, 1, 2 , , , Triplet H(U‘ies. 

Concerning the general signiHoaneo of tlie index j and its lialf-inti^gral 
values in the easo of doublet scries, see Chapter Vltl. 

If wo bracket together the lines having the same values for } wo 
speak of a partial scries {ToMserie), Tho following laws then holil f(»r 
the partial series tluit occur in a doublet or a tri 3 )lot serii^s ; 
laws have been particularly useful in finding ])rincipal and HubordiiiaLc 
series, 

3. In the first and the second stibordinale series ike law of cons fan I 
differences of frequency (differe^ice of wavemumbei^) hold, M'liivt is : tiu' 
doublet or triidot differences hi the I and H N,8. have a dinerom !0 A r 
(measured in wavG-numbors), whicli is indepondont of the nuunbor 
number of the lines and is identical in the I ami H Subordinate Scu4os . 
Moreover, it coincides with the wave-number dihorenoo in the first 
member of the principal series. This follows immediately from the fatH- 
that the multiplicity of the sulhsidiary series is duo to tlie conslunl term 
2F,, In Chapter VITI, § 1, wo shall illustrate in the ease of Li tluit 
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3SS 


law Ih, on JUMJOiiiit of the additional nuiltiplicnty of ilio D-torin, 
only a law of approximation in the I N.8. 

4. Thii wave-nnmbi^r diJJmmcAis of Ike prlnciptU fkcrmm to 

zm) m tlia mvAnher nu^nhcr imreases, 4.'li(i rotiHon for thia is tiiat in 
this (5aso the multiplicity is (ionditioned by tho variahla torni, whereas 
tlic constant term is, strictly speaking, simple. 

From (3) and (4) it follows, in particular, for scries limits that : 

5. The 2io>rti(il serieft of a principal mies approach one and the same 
scries limits as the number of the member increases. The partial series 
of one and the same sidnmlinale series have series limits ihai differ from 
each other by the consia7il wave-number difference of the 'partial series 
in question ; Iml corresjmtding qnirtial series of the first and second 
subordinate series ajrproach the sa^na Tieries limU as n mcreases, 

A further difference between principal sories and siilmrdinate 
series follows from tho intensity of the lines hi tho doublet and the 
triplet series. 

We next consider the example of the E-lincs, tlio iirst member of 
the principal scries of tho Na-spcctrum ; as is well known, they form 



H.s 


— > V 


l.and II.N.S 


Pick of roaolution (ropvoHoiilotl dingraminalkally) iii tlio courso of 

a SDi'loH— on tho h)ft for tho H.S,, on tlai right lor tho 1 1 N.S, (H'lio right- 
hand flgiiro only roprosoutn tho I N.S, whon the vosolntioiiH of tlio ourront 
torms a VO Hinall in (toinpai'iHon M'itli that of tho constant IMornis.) 


a doublet, d'hc wave-length diiferenoo of the lines .l)| and amounts 
fairly accurately to OA. 1\ is of sliortor wave-length and more intense 
(twice as intense) as I)i. ^Fhis is to bo interpreted in the bouho tliat 
the number of Na- atoms that omit \\ is greater than {twice as groat 
as) the number of Na-atoms that omit D^. In Fig. 90 we show sohem- 
atlealiy, besides tho linos DiDg, also tho next membor of tlio principal 
scries, in which tho doublet interval is already markedly sniallor, as 
also one of tho succeeding members, in wliioh the doublet no longer 
appears resolved. On tho otlxer hand, tho tyj>o of the two subordinate 
series is indicated in Fig. 90. By Law 3 their constant wavo-mimlmr 
diilcreneo is equal to that in tho first member of tho principal hoHos, 
The distances of tho sorios momburs from one another, with winch 
wo are not at j)resont ooncorned, liavo hero (just as in tho case of the 
principal series) boon ohoson arbitrarily in tho scale of tho p’s. What 
arc of essential intoro.st to us at present are tho conditions of intensity. 
In tlie subordinate sorios tho in ore intense component of tho doublet 
is on tlio op])osito side to that in the principal series. Tho reason 
for this wo see witliout diihoiilty by looking at the formula) (1) is that 
nli^j noenrH in the exprossion for tlio principal sorles with, tho revorno 
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sign to that of 2Vj in tho exprosaions hr the snbordinato sorit^H, \Vi* 
geiieraliso this for arbitrary doublet and triplet siu’^s and oiiimoialr 
our last proposition as follows : 

6. The order of fieqtteiice of lha inlenmties in llw donblel.s and Iripltdii 
of a princi'pal series is the reverse of that in the correspoiidmi/ douhhb^ 
and Irvphls of a subordinate series. 

For tlie rest, we have already in Ohaptor TV, § 6 , Fig. (iO, establishocl 
the same fact with reference to tho Ildntgeii spectra for tho iiitiuisiiiosi 
of Ka, Ka', as well as for those of La, La/, Lfi respc^otivoly. 
What was hero called, in connexion with series repmsonliulion, 
reversal of sign, appeared tlierc, more vividly, as an iirtoreliatig^^ of 
initial and final path in the one or tho other pair of lines, 

As a comprehensive example of tlic preceding theorems W(^ shnll 
compare in Fig. 91 the line-spectra of potassium with one another ; 
in the first row is the principal series, in tho middhs is th<^ sernml 
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Fia, 91.— The series laws ilhistrafcocl with potiiHsiuin ns an oxiuni)lt 5 . 'Plje Hiilf- 
ordinate series have tho same sorios limit. Tho (liiTonaujo of t ho hit inn 
limits of tho H.S, and Hm N.S, equals tlio wavo-mniihor of tho firal int'inlMT 
of Uio principal sorios, and so fortli, 


subordinate series, and in the bottom is the first subordinate Hcriiw. 
The lines have been drawn on tho coiToct scale of their frotpieiuiies 
quantitatively ; but we have magnified the doiibletr intervals tan tinn^s 
to make them perceptible ; the weaker doublet lines have through niU> 
been drawn as dotted lines. 

We see from the figure that tho limits of tho first and sceuncl siib- 
ordinate series coincide (Theorem 1 ), both tho continuous and Uin 
dotted limits (Theorem 5). The limit of tho principal series, diniiniHlaul 
by the common limit of the first and second subordinate series, givoM 
the frequency of the first member of the principal series .(Thooroni 2, 
the Kydberg -Schuster Law ; it is indicated for the oontinuons and dotird 
partial series by the continuous and dotted arrow). Tho doubbit 
intervals are equal and constant in the two subordinate series (M'luMU’tuii 
3); in the principal series they decrease rapidly towards tho vioh^t 
(Theorem 4), That is why the limit of tho prinolpal series is siinphs 
and that of the subordinate sorio.s is double (Theorem 6 ). onlivr 
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ol iK^nco of tho intonsitioa of the doublet lines in the principal series 
is tlu^ i’ovorH(^ of that in the subordinate series (Theorem 6). 

Th(\ sp(M5tra of the alkalies being easy to grasp first led to the 
tiM'iingonient of spectral lines into series and to the discovery of the 
relationships onibodiod in them. In the elements of the second and 
third ctfiunin the clmraotor is much more manifold ; here there arc 
seines types of simple linos, scries types of doublets and triplets which 
in tlioir turn again r(3solve into principal series, subordinate series and 
[hn-gnmnn stories. Eor a time it was therefore conjectured that in all 
oloinoiits the (Jompkdo series seheinc must consist of doublet, triplet 
and «inipl(3 linos. Bub this conjecture only helped to obscure the true 
stnt (3 of affairs. Eor, as wo shall see in Chapter VIII, § 2, the doublet 
Htu’ios (5or respond to a state of ionisation of tlie atom other than that 
to wlu( 5 h the simpler sorien and the triplet series correspond, which belong 
togetlior, !l.)<)ublot series never oceur in the same atom (in the same 
4 itf)ini <5 state) in conjunction with triplet and simple series. In the 
last c 5 olninns of the poriodio .system the number of lines and their 
<3hanud(3r l)C(H)mes nioro and more complicated, as has already been 
stated aliove. 

;Bo.si<les the four scries hitherto mentioned tlierc are in the case 
of all ck^monts numerous other combination lines and combination 
Horios. For (example, we may combine the term 2S instead of IS with 
tlio r-.t( 3 rms, or !1P instead of 2P Avith the D-torms. In this way we 
arilvt 3 at a w^oond representative of the H,S. or I N.S. type, aaIiioIi may 
bo rojm^Honted by tlie following formute analogous to (1) : 

H.S. , , . , , -nV 71 =: 2, 3, 4, 5, ... \ ^ 2 ) 

I Isr.S V 31? — 7iJ) 3, 4, 6, 6, ... J 


U.Im f(jlk)wing series ore often also rci>resented : 

3D TlP . . . . == 5, 6 . . . 0 (3^ 

V 4F — ‘mD , , . ♦ Ti. === 5, 6, 7 . . . J 


Uity/s Oombiimtioii Principle (p. 72) would oven lead us to expect 
iJmt w<3 may combine every term 7iS, 7z-P, 7^D, . . . Avith eveiy 0 ler. 
Wo shall 0 ( 30 , hoAV 0 V( 3 r, in the next section that under normal con- 
ditlouH tills principle is subject to oertain limitations. 

lloUum (neutral helium, not He* ), the element which inimediately 
HUC 3 (!(HidH liydrogon, already shows a very complicated senes scheme 
Uiab i» iu'many ^vaya very rcmarkablo, It 

kovlch tonna that do not comhinc mtli one another. We fo low Bdu 
in calling tho ono orthohelium ; to i^b * 

vollo w He-lino, tlio Ifraiinliofcr lino Dj for which A - j 87(). r -2^ . 

Wo nail the other aedas .sysfann pM'helilim ; it wi^ 

to ,v,i olonumt holioved to bo dilforent from holiiun. Tlic sene, of 

* \V« uiw Bmivll lottos hero tor oonvonionoo (soo bolow. in tho text). 
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ortholieliiim have a Jino-afcruoturo (triplots), the linoH of parh(ilinni 
are strictly simple. 

Wo make use of the following scheme of levels ” ’ ) . 

Starting from the energy-level zero’’ denoted hy co (an (diMtliron 
at an infinite distance from tl\o atom) Ave plot tlu^ numerical value of 
each series term dowmoards and draAv a stop that is to visualise tlui 
term. Since the terms are proportional to th(^ energy of tln^ atom 
in the corresponding states of motion, each stej) dcuiotes a pns.Hildo 
energy -level of tlie atom — quite analogously to tlu^ earlitu* (Igiuns 
for the Bontgen region. It is found convenient to <len(»t(^ only I ho 
levels of parhelium by capitals (S, P, .P), those of ortlioheliuin by 

PaThcliuni Orth oh fill vun 



small letters {s, «uoh a,s "woro used generally (uivlier. I n imi' 

modern systematic notation we should designate theni ))y *W, 

Direct transitions between the ortho- and the j)ara-]ov(ds ar('- very 
improbable as is slioAvn by the spectrum,'*' 'Pliis is indicated l)y [ho. 
tAvo heavy vertical lines separating the levels in tho figure. Wo luivo 
omitted the siiccession of .P-terms and higher terms, and also tho 
multiplicity of the levels of orthoholiuni Avhieh on acoount of tlioir 
very small separation could not in any case bo slioAvn eloarly in tlio 
figure. The S-Wols arc niiml)ered from 1 to oo, tim lM(^vols from 

^ * Th. Lyman (Aatrophys. Jonvn,, 60, 1 (102^1)) fouml. Lho linn A nilJ-rSl A. 

m the nUrti'Violot and iutovpretod it as tlio eomhinatkm IH ► - iip ; Iml- (aernrdiii>? 
to H. B. Doi’golo, Physiea, 6, ir)0 (102(1)) this lino bnloiiKH l;o Mi(» nnon Hpnuti'um, 
ho it appears that tliero ai'o no “ hit'or-noinbinations ” Ijotwcim lho oi'tho- luicl 
tho para-systom. 
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2 to CO, tho ,D-lovols from 3 to 00 . On account of Pauli’s Principle 
there is no term in orbhoUolium analogous to the level IS in para- 
holtuni (of, Ohap. VIII, § 3) ; all the other levels are represented in 
pnrholiuin as well as in orthoheliiim. The level IS in pnrhelium and 
2.S in ortliohcliuni have been drawn more thickly to indicate their 
statnlity or meta-stability, respeotively (c£. § 3). The meaning of tlio 
ui)ward. arrows shown in tho scheme of levels cannot be explained 
until wo get to § 3. 

Tho arrows drawn downwards, being the difioronce of two terms, 
ropresont the omission lines of ortho- and parlicliiim. Let us con- 
shier first the I and II N.S. Their arrows end at tho level 22) or 2P, 
respectively, and begin nt the level vd, ns or «D, ?iS respectively. 
'I'o bo able to draw those arro’ws, tho level 2^ (2P) has been extended 
hy a (lotted lino in both dircotions. But the extension does Jiot extend 
l>(\Y(md tho central partition lines between ortho- and parhelium, 
Hiiioe, as wo said, tho levels of tho two heliums do not combine witli 
one another. Tiro longth of tho arrows increases as the member 
muuber inorcuscs in tiro series and finally approaolres the limit, which 
is common to tho I and II N-S., hut clillorent for ortho- and ]jnrholium. 

Passing on to tho H.S. (Principal Series) wo distinguish between 
the II. s. with tho symbol IS - nP (of. eqn. (1)) and those with the 
syinhol 2S - wP and 2.9 ~ np (of. ecpi. (2)). The H.S. with the symbol 
IS — • wP lies in the oxtromo ultra-violet and is denoted in tho left 
Hide of tlio iignro l)y dotted arrows. The linos 

A = r)84'40A., r = IS - 2P 
A = 537-08A., V = IS - 3P 


correspond to the.so arrows. ■ 

'I’lioro is a wide chasm between tho levels 2S and IS 
imlicivtod in the figure hy a gap in the arrows^ The distance IS. -S 
is almost five times as great as the distance (2S, co), so that it could 
not he represontoa accurately to scale in the figure. Since ^ levo 
is is missing in ortlioholium, there is in its case no H.S. witl^the 
Hvmhol 1,9 ~ np. a’ho main series with the symbols 2.9 - np, 2fe 
lU’e represented in botli ortlio- and parhelium. The majority of the r 
SnerUo in Urn 'dsible region ; only the first line of both senes is m fte 
infra-red, as is Indicated by the shortness of the corresponding an . 
'.I'licir wavo-longbhs are : 

A 10830A. S l,r, - 2s - 

A 20f)82A. ”221, V = 2S — 2P (paihohum). 

M'lm first, being the “ mHonanco line ” of helium (of. § 3), is particularly 

2,,. 3,, 3,,. l.»™ 1, M l.yd id or 21), 

to H (iontinuovm Btop-iiKO uno. 
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the first of these step-lines breaks ofi at 2^ (2P), tlie secoiicl at JlrZ (III)) ; 
to the step -line 4s, 4^, there would become added, if avo had incluiled 
the Bergniami series, the level 4/. The levels that liavo in this Avay 
been grouped together by moans of the common current mimlxu' 
n are actually uniform and correspond to one and the same Balnuu* 
term as Ave shall see in the next section. 

Hitherto avo liave spoken only of emissmi lines, "rhey result 
after previous excitation of the atom, that is, after the atom lias hc^en 
raised out of its naturally most stable state or ground^-state to om^ 
that is less stable and from Avhich it strives to escape into a stahi that 
is again more stable, Accordingly, corresponding to tlio groiind-stat (3 
(IS in the case of helium) we liave (algebraically) the mialkfil amoml 
of energy or, Avhat comes to the same thing, the greatest term, 

In the case of absorplio7i lines ^ on the other hand, in ho far as tlioy 
arise in cold vapours, the initial level is ahvays the groiind-Htate of 
the atom. In our diagram the absorption linos Avoukl have to be re- 
presented by aiTOAVs that stait out from the natural or ground level 
and arc directed nptvards. Hence the lines of the H.S, typci IS — n\\ 
clotted in the figure, if inverted, therefore roprcaont the absoiption 
lines of cold He-gas, The fact that they all lie in tho extreme ultra- 
violet explains Avhy He-gas is quite transparent in the visible region. 
Llearly the position of the absorption speotnim is of fundamoiitiil 
importance for tho knoAvledge of the sculos scheme. It tolls us, in pui‘- 
tioular, that in the case of Ho the loAvest level accessible to speetroseojiy 
(here 25) cannot bo the true natural or ground orbit. 


§ S, Expressing Series by Formula. The Selection Principle lor 
the Azimuthal Qxiantum 

The distinctive property of tho hydrogen atom is, spootroscopienlly, 
that it exhibits only 07ie sorics speotrum, tliat of Balnior. The division 
into principal and subordinate series serves no purpose Jioro, if avo 
disregard fine-structure. We saAV the reason of tliis in Ohapt(U' 11, 
§ 7 ; the individual series term depends only on the sum of the azi- 
muthal and the radial quantum numbers, n = n,/, -j- and not on 
these numbers separately. Tho same apiilies to the iiydrouou-lilce 
atoms Ho*’ and * 

I ho case is difToront for atoms that arc not of the hydrogen ty])o, 
and lionco even for neutral Ho and Li, Hero the pure Goiiloinhiaii 
field Avith the nuclear charge Zc no longer reigns, Wo distinguish 
betAVcon an oxtomal initial electron {AufcleJckon), AvJnoh is tliroAvii 
by some agency of thermal or oloctric origin out of its stable position 
into an orbit further removed from tlio nucleus, and tho Z — 1 inn<f>r 
electrons which essentially describe their normal orbita (avo re,stri(jt 
our attention for the present to the neutral atom and to tho arc Hj)uu tnim 
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which it Gmits). This external initial electron moves in the liokl of 
the iiiiclous, which is screened off by the inner electrons. This field 
is stilh indeed, asymptotically a Conlomhian field : for snfficiontly 
great distances the nuclear charge Ze and the Z — 1 electrons near 
the nucleus act conjointly like a simple x)oint (jhargo 'j- e ; but foi’ 
modorato distances the individual distribution of tlio electrons near 
the nucleus enters as a factor. It ])rodiiccs a suppleinontary field 
that differs from tlio Oouiombian field. Tlie orbits of the external 
electron are tluiroforo no longer Kepler ellipses. Nevertheless they 
ai’G more or less related to tlie latter, being tbo more related the furtluu' 
tlio orbit is removed from the miolous. 

We imagine the 8iip})leinentary field idealised into a central 
field, that is, we write its potential energy as a pure function of the 
distance r between the nnoloiis and the external electron. The orbit 
of the latter then becomes In the x)lane of this orbital curve 

wo measure an a'/aniuth (j). Wo then allocate two quantum numbers 
and as once before, to the co-ordinates (j) and r. 

The energy W of the orbit depends on and iiy but no longer 
merely on their sum, 71,1, -h some more general f\inotion of 

and iiy ; 

( 1 ) 

This moans that in tlio ease of elements that are not liydrogen-liko 
the Balmer serks resolvo.s into a system of series. For if wo form the 
difTercnco of two expressions of the typo (I) for the initial and the final 
state with the resx)cetive quantum numbers and and 

then keep 07 ie quantum number of the initial state, namely 71^, flx<id 
besides the quantum numbers 71^,^ and of the final state, and if we 
then vary the otlior ?iy, wo obtain for every definite value of 7 i<t>i a 
definite scries. In this way wo obtain a system of series for difforojit 

An important xirojierty may be predicted from tins function (1). 
For great values of 7i,f , — great values of 71, j, denote great sectional 
areas and hence groat average distances from the nucleus — this 
function transforms into the corresponding Bulmor function. We 
can see that for a auflioiontly great 

... ( 2 ) 

A more tlotailed investigation by the author Avhioli will bo deseribeil 
in § 4 has given rise to the following exju’cssions for the function 
?v) * whicli represent dilforont degrees of apjiroximation. 

'“Mimeh, AkuU., 10 1 C, ]>, 131: Yaw Qiuintanduiorio ilor KutiklmUhiion, 
JiJrgdnznngou uml JiJrwoitoriiiigon, 
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{(t) To a first approximation tlio atomic field is to rogurdod m 
Coulombian (see above). Its potential energy with ri^speet to tlu^ 
external electron is 


Corresponding to it we liavo, as in the ease of liyflrogoii, 

. . . (:{») 

{!)) To a second approximation lot tlio potential (mergy l)r n^pti'- 
sented by 



The corresponding value of / becomes 

- 5i7+l,T# ■ ■ ■ 

The quantity q here introduced depends on the (jonstaiit 6^ f)f the 
atomic field, and also on the azimuthal quantum number 94, hut is 
independent of the radial quantum number Uf., As 74 iiu;reaH(‘s 
q vanishes in accorclanoe with cqn. (2), 11 has the same Hignilieamu^ 
as in eqn, (Sa). 

(c) To a third approximation tlio potential energy of th(^ atomic 
field is represented by means of two constants and Cjj by 



This leads to the same form as the expression (8/7) given as a He(jonil. 
approximation. We immediately pass on to 



Then we obtain as the value of f 

fiH, n,) = + n, + f -I- «/(?vh;)]2 ■' • 

The same applies to i< as Avas said just above of q : k, hesidoH dc^ 
pending on tlie constants of the atomic field, de^KUulH only on 
and not on 71^ and it vanishes for 71,1, co. 

Henec we obtain as tlic series term, if avo now denotes the principiil 
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qiumfcnin nuinbor + n, byu, to a first, second and third deeiee 
o£ apjiroximation : “ 


/ ^ 


{lly q) - 

in> q, /<) -= 


R 


{n H- ry)3 

R 


l>i + q + K(n, q, /c)]“ * 


Balmor, (4a) 
Rydberg, (46) 
Ritz.* (4c) 


tRreo foriiiH of tlio sories term arc the same as those whicli 
the experimental investigation of series Brought to light as the first, 
n(U!on<l anil third stage of clovclopment corresponding to the increasing 
relinmrumt of tl\c methods used. The first form is Balmer’s, The 
Hoenml used by Rydberg in his first attempt to unravel line spectra. 
Mlio third form wan proposed by Ritz; and was tested on a whole group 
of series. The method (?^ q, k) of denoting terms is also due to Ritz, 
In this last form the term is not expressed explicitly but implicitly 
hIiioo tlio burin also occurs in the denomiuator of the expression, ah 
tliough only as a (sorrectiou term attached to the small factor k. 

'riiero can now bevno do\d)t as to how wo are to arrange the Principal 
Smiles, Suhordinato , Series and so forth, alongside one another in our 
givneral Huheme. This is done in the following fundamental Table 35 ; 
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Ciirunif 'IVriii of llm 
Syiiiliiil . 

11 N.S, 

IT.«. 

i» 


1 

2 

1 . 

0 

1 

f/ . 


P 

H * 

a 

It 


IN.S. 

1> 

Jl.S, 

p 

G 

li ■ .* . 

3 

4 

6 

6 

2 

3 

4 

5 

d 

/ 

if 

h 

8 





'.rhus wo iumibo. sucMssively increasing values io the azimuthal qurnUum 
mmher 7 U in the current or variable term {Jjaufierm) of the II N.S,, 
t N.iS,, B.K. and ao forth. Below the value of we have ivntten the 
viihioH, wliioh lira all less by 1, of the wave-mechanical azimuthal 
iliuvntuiu munhor I (of. p. 115). The symbols for q, namely, 

q = 8,p, 


fr>rinuUi 


W. M. HiiOtfl iirnfors, in iiis oxtoiwivo Rpoctml researches, the following 
ila, wiiidi nlflo involves Iavo f.’onflOints, in placo of (4 ) . 


Ch -4, 


q^'callm on tho 


(n + q H- 

Anahjau, of Spectra, by W. M. Hicks, Canihritlge, 1822. 
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call ationfcion to and correspond with the ayjnbols 7 il\ 7iD, ni^ 
. . . of the preceding section. In the sequel Ave shall agree to take 
these symbols as standing directly for the expressions (4i^) or— in more 
acenrato calciilationa — (4c). Tlic symbols 

/c ™ a, Tr, 8 . . , 

agree Avith the notation AAdiioh EitK used in applying his fornuila. 

We see a flrst confirmation if our allocation of n,f, to the various 
series terms in tho manner in Avhioh, as aa^c proceed from left to right, 
lha resemblance to hydrogen (or hydrogen-like character) becomes more 
and more pronounced. In tlie term of the I N.H. the deviation from 
tho hydrogen typo is less than in tho term of the principal s(nueH ; in 
tho Bergmann term tliis deviation is already so small that it Avas possible 
originally to express tliis term immediately in the Balinor form. In 
the subsequent terms nG, ?tH, Avhicli avo alloAv to correspond to the 
azJinutlial qAiantuin nnmbors == 5, 7^^ = 6, this still occurs nowa- 
days (cf. 300 beloAv), tliat is tlieso terms are iisimlly Avritton as 

Jijn^ = 5, 6 , . . 

'riius Jiero tlio limiting case considered in ecpi. (2) has already been 
reached practically. 

Particular comment is demanded by tho S-torm, ~ I, in Avliicli 
tho reseniblaiicc to hydrogen, is least. Even in tlie alkalies, A\diere 
tho conditions aro simplest, the denominator of the term exceeds the 
integer n by about for example, O-bO in Li, 0*66 in Na. !lt Avas 
tliorofore thought necessary formerly to combine tho value J Avith th(^ 
current niunbor 71 and to Avrite the S-terin in thedolloAAung half-integral 
form ; 

-h i S) - LSa i 2‘5S; 3*58 

and so forth. 

NoAmda 3 ^s avo explain the particularly marked deviation of the 
g-term from tlic hydrogen type as being due to the penetration of 
the S-orbit into tho atomio core (cf. § 4). 

Wiiercns, according to oiir Table the azirmdhal (luaniiim 
has a doliiiito value for each series of terms, tlio I'adictl (jxumlnm 
is able to assume all values from 0 to co. Since 71 ?= fhe 

minimum value of n in every term is that is, equal to 1 for tlie 
S-term, 2 for tho P-torin and so forth. We have expressed precisely 
this in our sehemo of series terms on page 362, Hence the triangular 
shape of tliis scheme signifies a second confirmation of tho intorpretation 
of the series terms given in Tablo 35. Wo must also note hero that tlio 
true curycM number is, properly .speaking, nob the quantum .sum 
(principal quantimi number) hut the radial qnanhm number n.^,, whioh 
is in reality the cpiaiitum number that can vary to an unlimited extent : 
0 g n^. S GO. Wo add here, as avjU be shoAAUi in § 4, that the series 
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ronniilii. «'li(’Hi(n' in llytllxvrg’s or Rita’s form, is really nothing else 
Hum l.lu> qmmtnm iumdilioti, 

'riu'. Iriim^ular rtduMiio on xmgo Hiiggosts to us to iiu^uiro how 
tlui prin(!ipiU quantum ninnboris to I )o rationally normalised, a r|uestion 
whiVrh <uin he Holvod only in relationshix^ with the x^eriokic system 
(<^r. § {\). in § (> wo Hhall distiiignish the rationally ndrinaliHcd xnincipul 
qiinntuni number n from the conveniionalli/ normalised curi’cnt number 
n. Wluu't^UH we make the latter Ijegin with 1 in the S-torms, 2 in the 
IVtornm and so {nrlb» the former will be normalised by numbers that 
are gi‘(;at(U’ hy soino units. It may hax3X3en that of the orbital types 
f<3rinorly demoted by iii (uee x>« those with smaller values for n 
will ivJriMuiy havt^ biKUi built into the interior of the atom as structural 
Old) its and hence arc no longer available on the outside of the atom for 
vh'tual sj)(^etroseopie orbits, We shall meet with numerous examines 
in § (b 

Hitherto our orbits have been restricted to the neutral atom and the 
iKTv. Hiioetrnm emitted hy it* Theory indioates a unique way of geueral- 
iHing the spectral formula so that it ax:)x)lies to the singly and multiply 
ionised atom and the spark S2}e^cira emitted by it. In x>iace of R 
\vo luvvo simply 

4:R, 9R, 16R (5) 


ill the spark spectra of the first, second, third * . . order, the values 
of the atomic constants (j and k being simultaneously altered. We 
Icnow tlic simpk^st oxainido of a spark spectrum of the first order, 
invnioly He'’ (p. 95) ; the simxdest example of a spark spectrum of 
the s<^(U)ml order in given hy Li’'"'* (p. 90). 

In the next m'-otion wo shall consider the condition.s of excitation 
under which tlie indi vicinal series are x)roduced. We shall there find 
f nrth(»r confirm, alory mdence justifying our allocation of the azimuthal 
i iuantnm nuinher to the various series terms. 

Hut we gain absolute certainty that, this allocation is coiTCct on y 
it wa utUlueo tlio Holcction principle (Chap. VI. § 1). According to this 
i)rincii)le we mimfc expect only those combinations of the P-, H-, 
If'-tcrmH in wliicli Ihe azimuthal quantum number differs by one unit, 
A /ti = - -! • l i «i’, what comes to the same thing, Ai = ± 1. 

I,ot »m wi'ifcc down tlic rows of series terms in the order of increasing 

u?4in utlitil (|nnntvini nmnlier I : 


11 N.s.c;[ “ 5’ 

= 2! 

= 3, 


S-Tornt 
P. 

P- •> B.S. 
F. „ 


■DH.S. 
D I N.S. 


^I'lic arrows on the right-hand side of the terras denote those transi- 
tions froni an initial to a linal state in which the aziimit ial q^^^iun 

l.y 1 (A( = i. - " I- D. «'■»« "" «» 
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side (loiiotc transitions in which the quantum number inereuses by 

= ^ 1 ). 

For oxiiniple, tlio priiicijjal series arises from tJus transition h1h)\mi 
at the top on the rightdiand side, cori'esponding witli its syinbolie 
representation : 

V = IS - n=^2, 3, 4 . . . . 

Tlie characteristic feature is the combination of the P-term (/ ™ 1) 
with the S-term (/ — 0). Our selection principle clearly allows the 
following series equally well ; 

r ™ 2S — V == JhS — . . . 

which correspond to tJie transition I 0 for I, I'heir oecuirremee 
was discussed in eqn, (2) of tlie preceding section and again, particularly, 
in Fig. 92 in connection with helium , 

The I Subordinate Series is characterised by the middle transition 
on tlie right-hand side, corresponding witli the series forniiihi, 

j; ^ 2P — nO, 71 ” i]y 4, . . . 

The essential feature here is the combination of the P-torni with the 
B-term = 1 with I — 2) \ instead of 2P we might also have 4P, 
according to our selection principle. Such transitions liave actually 
been observed, although less often than the lines of the I Subordinah^ 
Series in the narrower sense, 

The lowest arrow on the right-hand side leads to the fallowing 
symbolic representation of the Bergmann series : 

= 3D - 7iFy == 4, (5, 0 . , . 

or of the Bergmann series of higher order : 

1; 41) — uF, == 4, 5, 0, 7 . . , , 

Tlie ultra-Bergnianu term with their combinations 


4F--?^G; 5G-7iH 


would follow below on tlie right-hand side of our scheme , According 
to Pasclien and GQtze they ocoxir in all alkalies, in He and so forth, 
and are written, on account of their hydrogen-like eliaraoter, 


4F E/C2, - K/08. 


Whereas the series 4F nG lie ordinarily in the infra-red region 
and lienee mostly escape observation, they are displaced in the oas(5 
of spark spectra, owing to the increase in the value of the Rydixjrg 
constant, cf. (5), into the visible region, Fowler * discovered a scries, 
rich in lines, of this type in tlie spark spectrum of Mg but described it. 


* Phil, Trans. R, Soc„ 214A. 225 (19U). On p. 121 of Fowlor’s rnnorl fli« 
mtorprelntion 4/ - mf is retained but is marked with ii sign of intmTogiition, 



§ a. Expressing Series by Formulae 367 

eoulrury l,u Uio selection priiiciplo, as 4F — nP. This interpretation 
is poHsiblc as an approximation only because tlu; terms hG fliHer only 
very slightly from »1'' (and hotli arc of the Balinor tyjic). Nevertheless 
Fovvhu' linds hiinsclf compelled t(i speak of “ imiccmute combinations ” 
betwemi ?iF and 41''. '.rhe correct interpretation 41i' — ?iG was found 
by .llnselidestwenaky ; * this disposes of the contradiction to the seleo- 
ti«>ii iiriiusiple and tlic combination principle. 

]'’urthcr examples of ultra- Berginann series are given by the spark 
sjundra of highe.r order (At* ' , Bi* ' * ), which were first investigated by 
JhiHohcn and Fowler, and later, also by other experimenters (cf. § 8). 

Wn next consider the left-hand side of our scliome. The upper- 
most arrow lailongs to the IX Sidiordinate Series. Its symbolic 
I'opresontatitm is 

V = 2P ~ mS, w = 2, 3, 4. . . . 


When n is dift’erently normalised (cf. p. Sb.*) and § 6) we may again write 
:VP, 4P ... in place of 2P. 

'.I’ho two lower arrows on the left-hand side lead to series which have 
brum observed, (or example, in the calcium singlet scries as particularly 
iiitimsn lines ; they are of the form of eqn. (3) in § 1. 

Snnunarising wo may say : those cmnbmalions which the selection 
jn-ineipk allows lead to the ‘cmnmonest and strongest series (Principal 
Kories, I and II Subordinate Series, Berginann Series). We may regard 
this disoovery as a furtlier confirmation of the allocation of the varmts 
series iarms to the azimuthal quankm number. 

But tlim‘0 are also exceptions to the selection principle, both some 
in which the iv/.imuthal quantum number remains unchanged (Al = 0), 
luul othci-s in which it changes by more than one unit, for example, 
A/ -- 2 J Stark f aiul eo-workers have 8)iown m the ease ot 
lumtval helium tliat series of this kind are invisible under ordinary 
iliHchargo conditions and arc produced only by applying in nae 

oloctrio Helds.' 

'l.’bo series in question are ; 


,, _ 2'p - nP . . . w = 3, 4, 6 

2 S - nJy . . . n = 3, 4, 5 

1. = 2S ~ ?iS . . . « = 3. 4:, 5. 


'I'lioy have been shown to occur in parhelium and 

lU-st of these .series was called the HI Subordinate Senes by Lenaul, 


--...o none Helimnsorie unter ™ Stiek^toffs, 


48, iilU (lOlfi) } J. -Koeb, 48, 08 (lUlo). 
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wlio (ii'Hir ol>scrv(Ml tluMii in the alktilioH. The iirst and the thin! of 
ttio aliovi^ sorios are (^xainples ol: the transition A/ -v.: (), tlio scMioiul 
of tiio transition A/ = 2. In onr solieine on page 805 tlio series belongs 
ing to the transition D —> S has been represented by the dotted 
arrow shown above on tlie right. Isolated lines of this series liave 
also been observed occasionally in other elenunits, for oxaniplo, in 
all the alkalies. Footc), Meggers ami Mohlor * have oven found 
that when the current density is very great the line IS 81) 
surpasses all the other lines in intensity in the spectrum of Na and K, 
It is very remarkable that S. Datta f obtained tlxo same line in absorp- 
tion in the case of K (cold vapour), These and other J oxporimuntal 
results appear to sliow that the combinations IS — 3D and so forth 
occur in the alkalies without its being necessary to make an electrical 
perturbation caused by an external field or neighbouring atoms re- 
sponsible for the transgression of the selection rule. Moreover, there 
are combinations between the If- and the P-torm which have been 
variously measured and which also contradict tlie selection rule ; 
in our scheme on page 365 they are indicated by the lower dotted 
arrow. In Cs combinations between 3D and the tornxa ??.G have 
been found, || but they liave certainly been caused only under abnormal 
conditions of emission (electric fields). I’inally we must mention that 
transgressions of the selection x)rinoiplo (transitions with A/ ~ S, 8, <1, 
and so forth) occur in oxtornal electric fields at smaller field -strong tlm 
the greater the current number of the combinations in the series. ‘jf 
Tlxis is, in fact, to bo expected from the qualitative considorations 
in Chapter VI, § I (at the end) : the greater the current number, the 
more intense is the action of the electric field and lienoo tlie selection 
rules are triinsgressed at oorrc.spondingly weaker field-strongtlis. 

Ill Giiaptor VI, § 1, wo deduced the selection principle specially 
for field-free emission, but we showed at the same time that it is put 
out of action by strong electric fields. This ease has been shown to 
occur in the experiments of $Stark, Footo-Moggors-Molilcr, Meissner, 
blanaen-Takamine- Werner and Schiilor as well as in the rescarolu^s 
on the Stark effect. In tho combinations IS — 3D and so forth in 
the alkalies wo are probably dealing with qua(lni 2 ')ole radiations , Onr 
di.se ussioii of the eorrespondenco priiioiple in Chapter VI and Note 7 
depends on the assuniiition of a dipole moment for the atom,; wo 

* Asfci'ophys. Joiirn., 66, 146 (1922) ; cf, also Footo and Mohlor (rofoi’onoo 
on p. 129). 

t Proe. Roy. Soc., 99, 69 (1921) ; 101, 639 (1922). 

t Of. G. M. Shriini, N. M. Cartor and H, W. Fowlor, Phil, Mag., 3, 27 (1927). 

II K. W. Moiasnor, Ann. d. I^hys-, 66, 378 (1921). 

H. M, Hanson, T. Takamine and S, Wornor, Daiiako Vidonsk, Solslc. V, 3, 
(Obsorvationfi in Hg) ; H, Sclihlor, Zoiis. f, Physik, 35, 336(1926) (Obsorvaiions 
in Zn). 

This has boon, made vovy probable in Uio moantimo by tho rosults of iu- 
VGstigations on the transvorso Zoonian offeofc (13. Sogr6, 2oits, f. Physik, 66, 827 
(1980)). Of. also Tttmann and Brinkman, Naturwisa., 19, 292 (1931), 
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diHr<^|,rnr<liu! higher inoineuts in the charge cli 8 trih\ition of the atom. 
IT wi^ tiikc^ thorn into coosiderafcioii wo obtain for the polarisation and 
sedoetiem i’ 11 Ion of those linos that correspond to these Itighcr inomonts 
other roHidts than those for dipole radiation ; in particular, we obtain 


foi 

A/ 


dipole radiation ; in particular, we obtain 
tlio iivHfc quadrupolo radiation to be expected tlie selection rule 
0, I:;!, :J: 2, The possible transition A/ — + 2 corresponds 

to tho oaso of our lines IB — IVD. These selection rules have 
\nH\n ])r<)VcKl to hold in wavo-mochanics by A. Rubin owic'/.* 

Tlu! K(dootion principle gives x^rt^oision to the combination principle, 
rOHtri(^ting itB unlimited range and increasing its practical value, 
formulation of tlio combination x^i’biciple : every series term 
7naf/ hn Cfmhined with every other term to form a apeclral line is now 
(^xproHHod in the improved form : every series term may normally be 
vomhiiml with miry other series term whose azimuthal quantum number 
differs from the first by unity ; combinations which coniradicl this re- 
slrlidiort are. not excluded in imnciple but require aqyecial conditions of 
exviUiUon or have the character of quadniqwle radiation. 

Wo elosod tlm proccdlng obax^ter with a rex3re.sentatiou of the series 
of helium *, we ahall close the present section with the series 
Holioino of tho alkalies, which is partiouiarly clear and tjq^ical. The 
tiM'iuH again roijreaonted as energy-levels, corresponding to their 
Xn'oper xdiyaical definition ; tho ratios of the magnitudes correspond 
to Hodiuni. Tho stei)s on tho extreme left belong to the S-terms, 
those adjacout to thorn on tho right belong to the P-terms, tho next 
to the |)-torni« and so forth. Tho numbers (I, 2, 3, . . .) on the left 
atfcaisluMl. to each Huecossion of steps denote tlio current numbers ; 
for <ixam|)lo, fclio soquoiioe 3 ooinprisos tlio terms 3S, 3P, 3D. (Tins 
<!ot\venfcioiial enn'ent nnnibor is cliffcx'ont in the iS-term and tiie r- 
torm from tlio rational prinmpal quantum munber n, normali.sed nc- 
wn-diiiK to tho noriodio system, cf. § 6.) In agreement xvitb tlie actiia 
Indiaviour of tlie terms the loiigths of tlie stop.s (between one level 
(imt tlK' iioxt) deoroasos lus we in-ocoed upwawls and vanishes entirely 
at 00, Avliicli oorresponds to the iiovo level of the energy, name y, 
tlio roforcnco oloctron (AiifeleUron) is at an infinite distance 
atom . '.riui transitions from one level to a lower level are chai ac ^ , 

,y arrows ami represent the lines of the H..S. I N-S and so fox_th^ 
Wo have doixotod not only LS - aP but also 2S - nP as H.S. The 
O-lixm is roprosexxted by tho arrow IS - 2P on the 
It wiiH ixot possible to represent the doxxble character of the P-leN 
ill Hio iiKuro so that the Uvo components and D, are shown y the 
Ine a™ In contrast with Fig. 92 xve find that in the alkalies 

tho grcmncl-atato IS is easily accessible optically (of .the enc 

l„.cuio<ling section), The lines of the H.S.. Xo^g 

tliom the :D-lines above all, appear in cold Na-vapoux ,as stxong 

* A. ttobiuoxvio'/., Zoita. f. Physik, 08. C62 (1930). 

Yor., 1 - — 24 
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ahscji.'ption lines ; th(^ Hanio ap])lies g(‘.nerally to the alka.li<;s mnl tlii' 
iiol ile metals. T he Holeotiun princi ple muni tests itH(>ll; in V\i*. Dll in 
that all tlio niTow.H eon nee t only two such levels as are adjiietait in the 
seqnojicie L, 1)^ F, 

Finally we roinark that tl\o disenssion in this section is hused on 
a ])erfoetly dotiiiito model of the atom, namely, tluit of an atomic vmv 
around which an outer “ radiating electron (LencMekUron) is nivolv- 
ing. The quantum numbers n, Uft I of this elootrou arc at the sajiu^ time 
to clmracteriso the whole atomio state. Wo make tins assn ni plum 



H.S. 


Ftg. 93. — Soliomo o£ levels of uii alkali apootrum (Na). Tho muubors oil (Ijw 
loft (loiioto cuiToiit numboi’a, 

signifies that tho quantum mimhors which must he aseribocl to the 
individual oleobroiis o£ the atomic core do not enter into tho fijrnuila 
for the series. According to Pauli’s Principle this is always the easy 
vdion the atomic core forms a closed shell {alkalies, Cii, Ag, Au, Tl. 
and SC) forth) ; cf. Chapter VIII, § 8, Furthermore, we shall stio in 
Chapter VIII that oven when the atomio core consists of a olnsed 
shell and an s-oleetron , tlic quantum numbers n, I of tlio radiating 
olcotron at tho same time dotormino those of the whole atom. T'lie 
alkaline oai'ths and also Zn, Cd, Hg have an electronic ooiifiguraUnii 
of this typo, All those speotra are constructed relatively simply ; 
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tiu^y iiave (]oiihlot, singlet f>i’ triplet eharaeters and ex hi hit 
devojop(Kl Hcries. But i[ tlie (piautuiii iinmhors of the eoro uIho play 
a part, the more eomplit^atod types of speotra arise, whioli wo shall 
(lisouss later in OJiaptor VlII. 

§ 3. Testing the Series Scheme by the Method of Electronic Impact 

Tlio most direct tost of Jhdir’s ideas, the one that is most free of 
theorotioai elements, is the metliod of eloctronie impact,'*' It was 
initiated by Franck and Hertz f hi 1013 and has since been ehihoratecl 
by maiiy other investigators. 

^rixe decisive discovery by Franck and Hertz consisted in the 
folloAving observations. If electrons that escape from a glowing wire 
are accelerated by moans of a linely regulated aceolerating potential 
and are sent througli morouiy vapour at a low pressuroj then at a 
])otontial difforouco of 4*1) volts the Hg-lino A ~ 2537 is found to be 
radiated, !Franek and Hertz wore able to show that the asjso dated 
hv ooiTesponds exactly to the energy of 4*0 volts, in tlio sonso of eqn, 
(la) given l)elow, 

Lenard J must be mentioned as tlio predecessor of Franok and 
Hertz in the production and moasuronioiit of slow electronic velocities* 
'riio rather qualitative observations of Gebrckc and iSooligor || (altera- 
tion of the average colouring of the lumhicsconeo of gases as the 
A^elooity of the exciting cathode rays is varuid) also precoded the de- 
cisive experiments of Jfranck and Hertz, 

Franck and Hertz had as tlioir immediate succossorH McLoiinau 
and his collaborators who used similar methods in studying the 
atoms analogous to Hg, namely, Od, Zn, Mg, Oa, Sr, Ba, and ho 
fortli, and the huninescon(3e caused in thorn by eloctronio collisions. 
Ill all oases one dolinito line lirst appeared, the so-called *'res()imn( 5 e 
line (see below), whioli plays a similar part to A 2537 A* in the 
case of mercury ; these resonance lines ax)p eared at a well-deli n eel 
voltage, the rosonaneo voltage.” Wlioii the aceelerating voltage 
on tlio colliding electrons was gradually increased up to a certain 
limiting value the complete s^iectrum of tlio atom was finally observed. 
This second limit of tlio aocelcrating potential oorrosponds to tlio 
ionisation of the atom and is called the ionisation potential (soo 
below). Heiioe the (rougli) optical obsorvation of tlio process of 
excitation thus distinguislies three different stages : no otnissioii below 

* Ooinprolionsivo ropoi'ts aro givoii in : tT. Fmuok mid Jouclan, Aiiroguiig 
von QuaiitoaBprttngou climli SI;6 hso, Handbuoh dor Physik (Goigor-Sohool), VoK 
2,S, 041, Springor, 1020, 'rhia ropen't Jum also boon ropriutod sopamtoly in Vol. S 
ot tlio coU(5{3tiDn ** Struktiu* dor Matorio,'’ Spriagor, Thoro is a somewhat oldor 
but good aocoimt by Foato and Mob lor, The Orirfin of t^j^eclrdt Now York, 1022. 

fVorli, d, Boiitsoh. Physik. aosolls., 16, 34, 373,’ 013, 020; 16, 12, 467*012 
(1014); 18,213(1010). 

I I-Ioidolborgor Akad. Abh., Nr. 34 (1011) ; Nr. 17 (1014). 

II Vorh. d, D. Phys. Gos., 14, 336 (1012). 

i|[ Foi’ oxampio, Mohonnan and ilrlondorson, Proo. Boy. iSoo,, 91, 485 (1015), 
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the resonance potential, a “single-line ,H])eeti‘Uin ” wlnni iht^ (ir.Mt 
stage has been passed, and a inultii-Jine spectrum when tlu‘ iouisaticni 
X}otcntial has l)ceii exceeded. 

This division into three stages is not essential ; tli(^ single- 

line spectrum and the complete series of lines bliere are ti’ansititm stages. 
It is possible to ohoose the oonditions so that at intennediaU' polentials 
more than one lino but not tlie whole soric^s spmjtniin is (^xcitod, 
6. Hertz * succeeded, for example, in oxcjiting besidc^s tiu^ i’(^sona!U!e 
line any desired additional portion of the series spiadmin ; in Hg luj- 
successfully excited all the lines of lower oxoitatioii voltagt's than 
8 volts but none of higher. 

Another direct follower in the hold opened up hy the origiiuil 
experiments of Franck and Hertz on mercury vapour was Ihun*]' 
He foxmd, particularly in the case of the lines of lunitral lh>, tliat to 
excite successive members the excitation voltage bad in be iiiereaHisl 
from line to line. This furnishes a quite general and (bajisivc (uin* 
firmation of Bohr’s series soheme : the higher membm of a nv.rkH reiinm 
higliar en&rgy-hvds, and hence higher excilaiion voliageH become nccvMHary. 
At the same time, this is a general refutation of all the ohhu’ tlu^ories 
of series that regarded the higher moinhers as, in sonu'. sense, over* 
tones of the lower mombors, and that sought to find a ineehanieui 
connexion between their omission and that of the lower oin^s, Wliilo 
this fact holds within one and the same series, anotlnu' eircunnstanint 
is of no less importance for us ; it is concorned with a ( 5 oinpariH<]n of 
the excitation voltages of lines of different Horio.s : the. rciiuhile r:nnV«. 
lion voltages increase in the sequence H.S., I N.S.> and, as wt' may with 
reason add, B.S. The H.S. axjpears first, that is at tint HinallcHt ox> 
citation; the first subordinate series, soeond subordinate and 

so forth then follow. This agrees fully with tlu^ views ))Ut forwnril 
in the preceding section. Actually, the most Important factor fnr tlin 
excitation of a series is the realisation of the initial orbits that 
correspond to the second series term, Tliis is tire JMm'm in the 
case of principal series, tlie B-terin in the first subordinate series, 
and the B-term in the Borgmann series. According ns tlu^ realisatioji 
of these initial orbits require smaller or groatoi* amounts of energy, 
the series may be excited with loss or with greater ease. 

From the oj)tical methods in which the result of tlm i^x<!itation is 
observed in a s^rectroscoxiQ or Sj^ectrograxih wo now eome to the imrehj 
electrical methods in which not only the oxoitation but also ilio oli* 
servation of the excitation effect is made by oleetrioal metluxls. 

The first decisive rosoarolies by Franck and Hertz wiuh*. eoncoi^nud 
with the question of the elastic collisions between eleetrouH on tho 
one hand and gaseous atoms or molooules on the other haiub Tlry 
electrons that escape from the hot wire are accelerated hy a potonlinl 

* ZdtB. f. Physik, 18 (1024), 

t WUrzburgov phys, mod. aoaollRohaffc,, lUbl, p. 20. 
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and traverse tlio gas under examination, hv.mg finally received on an 
electrode ; tlie current rG2n’esented by them is measured by means of 
a galvanometer or elootromefcer. In the case of the inert gases and the 
electro -positive inotallic vapoiirs the galvanometer at first itidieates, 
when tile jiotential is gradually I’aisod in the gas ehambor, a gradual 
increase of the current x^assing to earth, but then a sharp limit occurs, 
which marks the first ocouiTence of inelastic collisions, that is, of col- 
lisions that are accomijaniod by loss of energy and that entail a change 
of constitution in the striictiU’o of the atom or molocnlc struck, This 
first maximum in the potontial-cuiTent curve is followed hy otlier 
maxima or kinks, which occur at regular intervals, showing that the 
electrons, after having lost their velocities, in a lirst inelastic encounter 
liavo for a socond or third time, owing to their further passage through 
the }iotontial drop, attained a velocity that once again jicrmits them 
to lose their energy in inelastic collisions. The distance liotweon siioli 
successive bends of the curv^i measures in volts the energy tliat was 
transferred to the atom during tlie inelastic collision, tliat is, dotcr- 
inines a ctiaraotoristio constant of tlie atom struck, Tiio offloiency of 
the oollisions is very small ; Oven in the most favourable circumstances, 
in tiro immediate viohiity of a maximum of tlie cnnxmt-xrntoiitial 
curve, it amounts to only 1 per cent, ; that is, of all tlio electrons that 
collide only one in every luintb'od transfers its energy to the atom 
with, wliioh it collide, 

Besides equating tlie energies in a collision we must also equate the 
momenta bchme and after, Joos and Knlcnkampff t show tliat the 
latter oquatio.n lowers the value of the excitation linnt as compared 
with that obtained by taking tire energy only into aceount in the 
ratio mjixy where m denotes the mass of the impinging particle and 
fx the “resultant mass/* [cf. p« 01, oqir. (3)| of the impinging jia-rbicle 
and that with which it collides. In tiro case of elootronic collisions for 
whiolr fx is nearly equal to m the correction bocomos inappreoiabio ; 
in tlio case of ionic collisions it leads to an increase of the excitation 
limit of the order of magnitude 2. 

Tiro ocouiTonco of inolastie collisions in Avhich particular events 
occur is no more roinarkablo timn elastic collisions in which nothing 
particular occurs, Whereas the inelastic collisions denote a discon- 
tinuous transition from one quantum state to another, the elastic 
collisions shoAV that the atom persists in its quantum state anrl is not 
capable, as in meohanics, of a continuous change of energy :|: no far as 

* Horthoi* Si)ouor, Zoita. f, Physik, 7, 1S5 (11)21). 

t Phys, Zoita., 36, 267 (1024), 

i Of noiirao tho atom an a whole takos up a very aniall amonnt of tnmalatioii 
onorgy in pollisioiiB ; tho atom with ita olootroiia horo bohavo iilco t)io “ olnatit’, 
aplumja *’ of tiio gaa Ujoory. Ron in tbia (foriiioxlon J. M. 'rowuHOMcl, Proc. Koy. 
Soo,. 130, 610-622, 1028, Phil. Mag., 61, 1160, lOJlO, and V, A. Haiby. 

Pbysik, 68, 804, 1031. Por othoi- roHults (.HaniHaiioi'/rownHoml offout) \vlii(4i iumho 
from tho study of olustio colliflions of Gbotrona with gas atoms or inoloiniloa, soo 
II, L. Bi'osq and E. H. Saayman, Ann, d, IMiys., 6, x^P» 707-862, 1080, whoro 
iiumorous roforoncos are given* 



374 Chapter VII. Series Laws in General 


its inner configuration is concerned. Honco wo liavti eitluu’ no ehangn 
of energy or a discontinuous change of linite amount, corrospoiiding 
to the general cliaracter of tlie quantum processes. 

The original method was later elaborated in manifold ways. 
Instead of allowing the electrons to acquire their vidoeitii^s whilst in- 
curring many elastic encounters with gas molecules, it is preftuuibh^ 
for many purposes to accelerate thorn along a distance that is less than 
tlieir mean free path (tliat is^ to use a low j)ro.ssure and a short distaneci 
between the cathode and the grid which acts as the positive potimtial), 
The electrons that have been endowed with the desired vehxnty in 
tills way are then allowed to enter into the acstual collision <dutml)er, 
which is essentially free of fields, and the size of which is made large 
and offers opportunity for a sunicient ninnher of collisions with the 
gas particles under examination, Finally, the olocjtrons are (U)mpl(^t(dy 
debarred from making all further progress, owing to the agency of a 
stronger opposing field. Thus they do not reach the measuring 
trode connected with the galvanometer at all. Ilatlior, wliat ar(^ 
measured by the galvanometer are the poaitivo ions that are formcch 
whether directly or indirectly, by the primary electrons during the 
inelastic collisions. . Positive ions are in’oduocd dmclly if tlie velo(iity 
of the electrons is sufficient to ionise the atoms struolc. They are ju'o- 
duced indirecthf if the transferred energy, although not able to ej(ntt 
an electron right out of the atomic configuration, yet snffioos to 
one of the electrons belonging to the atom out of its natui’al orbit 
into one that is richer in energy. When tlie electron belonging to thi.) 
atom returns from this new orbit to one that is poorer in eiun’gy (neanu’ 
the nvicleus), it emits light ; in atoms that are more easily ionisablo, 
which belong to the collecting electrode or winch, inuhu' certain 
circinnstances, are mixed as impiirities with the gas vnidcr examiuu- 
tion, this light acts photo -electrically and thus also jn*o(Uu;cs ])OH!tivo 
charges that make themselves observed in the current which Hows 
through the galvanometer. 

To discriminate between these two efleots, namely, tlie direid. 
ionisation effect and the indirect photo-electric offoot, was a matter 
of great experimental importance. Bohr ’J* was the li rat to call attcntioi i 
to the possibility of this indirect effect and showixl numerically tluvl 
it probably occiUTcd in Franck and Hert'/f^s dcdu(jtion of the values 
4*9 volts for Hg and 20*6 volts for He. Davis and Gouoher f succeed 1 
in carrying out experimentally the unambiguous difforontiatiou lictwciui 
the original ionisation and the photo- electrio effeot by means of an 
ingenious arrangement and connexion of fields for the cascj of Hg 
and fully confirmed Bohr’s point of view. We cannot hor('. eiitcyr int<l 
the details of the method and of the inanifold iuipi'ovements wliieh 


* Phil. Mag., 30, (1.91C), § 3 ; (ioHanimallo 

in English in his collected jMperfl). 

t Phys. Rov., 10, 101 (1917) j 13, 1 (1919), 


Ahhandhiiigon, 


P- 


1 17 (uhio 
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h*iv{^ hfion mndo to it in the sequel but must refer the reader to the 
ro]X)rtrt quoted at the beginning of the chapter. There, too, will he 
fouiicl the iivtoroHting and mucli- varied forms of the current- voltage 
Cl 11 r VOS and their diHoontimiities, 

thdoro ]iaHHing on to the proper quantitative results of the method 
of ctlocjfci'onio collisions, we wish to give the transformation formula 
whioh, by moans of the Av-rolation, leads us from the wave-length A 
of a Hiunitral line to th(5 voltage noeessary to excite it. It is clearly 

. c/A = e . V. 

If w<i hero express V in volts, that is, set V . 10® in place of the 
potential diflerenoe V initially considered measured in electromagnetic 
< l.d.S. units, and if, further, we use for e the value 1*59 . 10^^® (that 
in, (dc^c^tronuignotio O.G.S. units), and measure A, instead of in oms., 
in U'-nuH of /qx — 10’^^ cnis., we get 

V (volts) X = ~ . 10-» = 1234 . . (1) 


|ji\ilonl)iirg * liiiH oalkid attoiitionto the imrbicular convcnieuce of using 
l-liiH r<n'iinila, 

l!'of oxainpks if wo calculate the excitation potential corresponding 
Itt tlio llg-lino A 2537 A. - 263-7/iM» and to the D-line of Na, 
A . : riHDO A, rm-OniM, wo get hy (1), respectively, 

(la) 


V - - -J-O vote, and V = - 21 vote 


VVe may also use in place of (1) tlio etpiivalent relation (ns is often 
«iMn<» in English iiooks) 

V (volts) X A (Angstrom) = 12345 . . (1*) 

ua now calcvdato the excitation potentials that correspond 
to lh<^ HoricH limits to which those U’O series belong. The senes limits 

iire givtu\ as limits of term values in cm. » luce 

I _ 10^ ^ 10* 

" " A(cni.) “ A(pp.) A(A.) 

it follows from (1) that 

V (volte) = 12346 , 10 "« I' . ■ • • 

,„™,. M.„ tabl™ wo 

«' “““ 

from (2) ^ ^ volte\ _ _ (2fl) 

mu I y 12346 . 10 « . 41440 - 6-1 1 volts ) 

tho mercury and the sodium Hue respectively. 

♦ Zoite. f, Eloctroohoinie, 1020, p. 265. 
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We call the last two j)otentials tlio ionisation potentials of II 10 
initially neutral Hg- or Na-atom. For, just as the series limit is a 
measure of the energy that is liberated when the electron niakes 11 
transition from infinity, so the corresponding potential in volts is 
a measure of the energy that must be used up to remove tlio elect troiii 
to infinity. We assume that the final orbit of the Hpeetral procTttss 
(the initial orbit of the ionisation process) is actually the ground 
orbit of the neutral atom. For example, in the case of neutral lie, 
we should certainly not, from the oonditioiis represented in hhg. 1)2, 
calculate its ionisation voltage from the limit of the visible princtipul 
series, as in this case the final orbit of the principal sories (called 2h 
and 2S, respectively, by us) lies far above the ground orbit, in the 
energy scale, 

But we use for the two numbers in volts calculated in (la) tli<^ 
term resonance potential, which wo interpret as meaning the following : 
If the work done in the electronic collision does not, indeed, siiniiie 
to bring about ionisation, it may yet suffice to lift an (dootron out 
of its ground orbit into the ('* onergetioally '’) next highest orbit. 
Let the ground-state be IS and the next Jiighcr level bo 2P, as In th<« 
case of the Na-atom (Fig. 03). The atom that luus been excsiti^d in 
this way will, if left to itself, tend to return to the stable configuration 
of tlio ground orbit, thus causing the omission of monoehvoinatie 
light. For, according to the principle of soloctiou, the tranHiti<m 
2P -> IS will be possible for it, and it is the only way in wbioli tlu^ 
excited atom can revert to its unexcited state. In tliis prooenK the 
whole energy V that is given to the atom by the colliding olcotvon w'ill 
be emitted as monochromatic radiation of Avave-longtli A oquivahmt, 
by eqn. (1), to V. This re-emission of the wliolo transferred onoigy 
is called resonance (linking up with the old views of the theory of 
vibrations) ; hence we get the expressions resonance line and resonauco 
potential. The conception of resonance lino thus implies two things ; 
first, that its final orbit is the ground orbit of the atom, and HO<u)ncl, 
that its initial orbit is the (energetically) next highest orbit from whiiOi 
the return to the ground orbit, and only to this, is possible, being 
accompanied by the emission of monoohromatio light, 

In the case of the hydrogen atom our theoretical knowledge of tlu^ 
ionisation potential or the resonance potential harinoniscs pcrfcuitly 
with the views developed in the present volume pin this ease it 1 b iioh- 
sible to obtain values from ecpi, (2) without having rocourso to experi- 
mental data. 

In the ease of hydrogen the ionisation potential is detoi'3nijK?(i 
by the limit of the Lyman series, that is, by Bydborg’s niimhor U. 
By eqn. {2a) we therefore get in volts 

V - 12346 . 10-^ . 10068 ^ 13*63 volts 
In ergs it is given by the equivalent formula : 

Jicv = h . (jR = 2*16 . ion'll erg . 


. (3a) 
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wlmrn v denotes as in (2) tlie wave-numhor and hence ci^ is the corro- 
K ponding froquoney. 

We jiasH on from (3) to the excitation i^otentials {Anregimgssjictn- 
nun(ji‘,7i) of the layman and the Balmer lines. For the first line of the 
Jiymau nerioH (ef. p. 74) 

A=1215-7A. 


wii Hin(!« il.H wav(s-mnnbcr amounta to of that of tho sci'ies limit, 
:f of ioniHation potential, tluis 

V = ;?• . 13-53 = 10-16 volts . . . (36) 


But for tlio lliwt lino of tho Balmer series we do not get, as its r-value 
tniglit lead u« to think, fi/3fl of the ionisation potential, hut rather, it 
nniHt he noted, that when the atom is in its natural state, that is in its 
irrouiid orbit, tho olcotron must fimt be raised from its ground orbit 
into the 2-tpiantuin orbit and then into the 3-quantum initial orbit 
of the line ll,v. In this way tho excitation potential for H., comes out 
(Hpiiil to tliab of tho second lino of tho Lyman series, that of H,, equal 
to th<i third Lyinan lino, and so forth. Thus wo got 


for H„ = 4 . 13-53 = 12-03 

for Up .. . r = II , 13-53 = 12-68, etc, 

Our <!aleulation« have so far been made Avith the H-atom. If 
Ave start Avitli tho Ha-nioloonlo instead, avo have first to split the molecule 
int() :H-atoniH l)y supplying the energy necessary for dissociation. 
'I’ho most exact valuo for this quantity follows— someAvhat indirectly 
:fi‘o in the analysis of tho band-spectrum of the Ha-raoleciile. According 
to Dieke and Hop field * it amounts to 

B = 4-4 ± 0-1 volts . . • • (4) 


fi’his disHOoiation potential cannot ho checked by experiments 
involving olcotron oollisions. For no kink is observed in Bie enrrent- 
potenbiaf eurvGs for H^-gas at the point V == 4-4 volts. 
soeifttion ocoiu's in olcotron collisions always m 
oxeitation of at least one of tho tivo atoms 

dissociation. Wo shall show in connexion AVith the ; 

spectra (Chap. IX, § 5) ivliy no ^ 

uhtainod in olootron collision experiments Avibh H, and, inde^l. o 
eulGH generally, in contrast Avith tho.se perfonned with atoms. We 
shall add boro tho principal data for the Hj-moleonl . 

Ionisation potential H, -> + election . • 10'34 volts. 

Kxoitation potential as ® “ . at 1 1 volts, 

emission hancm (A ^ lOoOA.) . • • 

* 1. Ill *1 AA ooo Almost tho flaim roBiilt WHS obtained by 

;l-J. K.%in;-! KB: Kov as. 1223 (1926). nnd-by then.al mean^-I^aavd, 
Jioits. t Bloctrochomio, ^ 1 , 405 {IWh 
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From tJie H-atoin and H-molecnlo wo now pass on to the liydrogen* 
like He ^ -atom. Here we must first get to know the energy of formats >n 
of He*^' from the He-atom oxporimeiitally if wo wish to draw cojudimioiiH 
based on the hydrogen -like charaotor of This energy of formation 

{Bildungswarme) or the ionisation potential of the neutral l-h^atoni 
which is proportional to it will be denoted by I, As w<^ have iiuli(uii;(?cl 
in Fig. 92 (arrow furthest to the left), I “ 24’5 volts. W<^ may Jiow 
Avrite down, for example, the second order ionisation potential of lie. 
It is 

, I + 4 , 13‘5 -= 78*5 volts . . * (5) 

Actually, to deprive the hydrogen-like atom Ho'^' of its ehujtroii, wv- 
require work four times as great as in the case of tlto Ji-atoni. As 
shown by the formula, this folloAvs at once from the factor in tin? 
He -series ; in more pictorial language, avo may say that one factor 2 
arises out of tlie doubled nuclear charge of He*^' as compared witly 11 , 
and the other factor 2 from the halved distance of tlie electron from 
the nucleus as compared Avith that in the case of H. In the (uirvc^s 
given by the observations of Franck and Knipping,* as aycII as in those 
of F. Horton,*!' ionisation step occurs of the valium above., 

Avhich clearly corresponds to the tearing oft of both olectrons of the 
He-atom in one elementary act. Formula ( 5 ) gives, at the same tim<% 
the total energy — W of the neutral helium atom. 

We pass on to calculate the excitation potential of the line. 

V = A ™ 4()8C)A, 

For this the electrons of the He'^'-ion must bo removed not to inlinity 
but only as far as the 4- quantum orbit, the initial orbit of 4(18(}, 

Avork necessary for this is 

4RcA(i _ M , 4 . 13'5 = 6()>1 volts. 

Thus if Ave start from the neutral state of the He-atom the (^xtutaiion 
A’^oltagc of 4686 comes out as 

I + 50d =- 74*6 volts . . , 

Actually, this line oociirred in the experiments of Ran montiom^il 
above at potentials lying botAvceii 75 and 80 volts, in tliat at 75 a'^oUs 
no trace of the line ax^pearod but at 80 volts it Avas present Avith fid I 
intensity. 

We noAv consider neutral helium. In .this case it Avas noeessaiy 
first to establish the ground-lovol IS in Fig. 92 by the motived of olct!- 
tronio collisions. (A.s on p. 358 ayo use the eapital hd-tors in ridm-i’ing 
to “ parhelium ’* and the small letters for “ orthoholiunv,”) A positive 

tProo. Hoy. Soo., 90, 408 (li)20), 


* Phys, Zeitschr., 20, 481 (1919). 
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I'nsnli. WHS olitainod by irranck and Snipping * who detected the lirst 
inelastic, eoHmion at :U)-75 A^olts. If we subtract this from I — 24-o, 
have ‘l-7r), If, on the other hand, we transform the limit of the 
ll.H. of orthohelium, v — 384(53, into volts by eqn. (2), we obtain 
<1-75 volts again. Hence, using Eig. 92, we conclude that the ground 
It'wl IS Ike l!)'7r) volts below the final level 2s of the H.S. of orthdhelium, 
|J 2s — np. 

'I’lie lirst inelastic collision at 19-75 volts is therefore to bo inter- 
prottul as 

19-76 volts = IS - 2s. 


l'’oll(iwing Iframdc rve call this the transformation potential {Umwand- 
Iniit/eeimnnung). The slightly higher stop which is clearly distinguish- 
nblo from li)-7(5 in the current-potential curves of Franck and ICnippiug 
is 

20-66 volts = IS - 2S. 

'.riui (liil'erenee 

2()-55 - 19-76 = 0-80 = 2« - 2S 


cornwjwmds exactly to the difference between the limits of the optical 
If.tS. of orbhoholiuin and parhelinm. 

'I’o visualise these conditions we refer again to Fig. 92 ; on the 
right-hand side of tho figure wo ,seo how the ionisation potential is 
formed from the transformation potential 19-76 and the H.S. limit 
of orthohelium, whereas on tho left-hand side it is formed from tho 
onorgy-lovel 20-66 and tho H.S. limit of parhelinm. 

TABI.E 30 


o))flt>rvo(l 

CnloHlntcfl t 

Series Nnmo 

AVavc-lengtU 

ll)-7r> 


IS — 2s 


in-fin 

21 >2 

20-66 

IS — 2S 

584*4 A 

2M2 

18-2? 

22-11 

22-07 

IS - 3P 

637*1 M 

23*02 

IS - 4P 

522-2 „ 


23*92 

IS ^ OP 

♦ 616*7 „ 

U(\ 

24*6 

IS 

(602) „ 


'I’ho next sto])s may be read from Table 36, and have also been 
jlriiwn in Ifig. 92 on the left as dotted arrow.s. They correspond^ to 
tho ultra-violet H.S. of parheliutn that must at the same time be the 


* Pl.v« Zoits 80 481(1010); Zoits. f. Pliysik. 1, 320 (1020). The numerical 

value ’nil bn^ 

r.rr.tS'.r'rx-S: -»■ li;: '<-« » » 

‘’’'''*'Vobtnincd''&‘^«>‘hng to 10-7r, volts tlio amounto of energy that follow from 
11 10 sorios scliomo, 
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absorption series of iniexcited He. The wave- long tlis givtni in 'Pahli^ 

Jiave all been observed in a higli vacuum spectrograpli, by Lyman,* 
except the extrapolated series -limit A — /)02. 

The absence of the level 1.9 from tlio ortholielinm levels (ef. ]>. 
explains the distiiictive position taken up in the serioH system of I hi 
by 2s (it is indicated in Fig. 92 by indicating the level 2.9 in heavita' 
typo). For, once this state has been excited, it cannot again be d(‘- 
stroyed by monocliromatio emission. It is thoroforc oalled tlie meta- 
stable state by Franck and Reiche.t TIio term transformation 
])otential appHed to the 19‘7h volts points to the transform a tioti 
from the stable state IS to the metastablo state 2.9. In this connexion 
the observation by Franck is interesting that the transformation 
IS — 2^ occurs only in impure He ; in perfectly pure samples of tlu^ 
gas the transformation potential IS 25 vanishes entirely frojn tlu^ 
ouiTent-potential curve. 

The level 2S is also metastable inasmuch as tlio transition 2H « > hS 
wliicli, from the energy view, is alone possible here in excluded by the 
principle of selection. Nevertheless the stability of 2S is miujh li'ss 
ttian that of 25, because in the case of 25 there becomes added It) 
tlio restrictions imposed by the ^n’me/p/c of seleclion tlie evidimtly 
much more effective “ partition reatriotioii (imposed by the fact that 
levels of ortlio- and parahelium may not be combined), 

Henco we interpret the difference in the stability of the 2.9- and 
the 2S -levels in the following way ; From the initial state 2,9 tlie ekus 
tron must first be raised to the limit of the ortJiohelinm , system in 
order to fall thence down the succession of steps of tlu^ jjarlielium 
system to the normal state IS. If, liowovor, the oloctron start.s from 
tlie initial state 2S, it need only be raised to the staki 2:P in order to 
be able to pass spontaneously to IS with the omissioji of energy. 
Consequently in our Fig. 92 the level 25 but not 2S has been printed 
in darker typo and so made comparable with the grmind-lovol LS. 

At the same time the particular position of 2,9 explains the cluir- 
Hcter of the line A = 10830A, ^ 1/Lt as a “ rosonaneo line,” Vroux tln^ 
initial state 2p the He-atom can pass over only to 2.9, whilst the transi- 
tion to 2S or IS is excluded owing to our central partition in Fig. 1)2. 
Ill this way the lino 25 — 2^) is difforoivt from the line 2S - 2P, 
A — 20582 ^ 2g. From the initial state 21? there is possible tlu^ 
transition to 2S as well as to LS. Actually, according to an in- 
vestigation by Pasohen,J A — 2fi exhibits inoomploto resonance, hut 
A == 1^ complete resonance. This moans tliat if helium gas roocivos 
radiation A = 1^, it remits all the absorbed light as light of the same 
wave-length, whereas, if it receives radiation A — 2/Lt, it radiates out 
only a fraction of tlie absorbed liglit as light of the same wave-length . 
The fact that in each case a certain excitation of the ILvgas was 

*>\8fcrophys. Joiim., 60. 1 (1924). f 55oitaclm f, l%y8., 21, (Jllf) (1920). 

t Ann. d. Phyaik, 45, 026 (1014), ^ \ f 
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ni'i!('Hsiii’y to jH'ovoke iihHoi'ption, is in uccordancc with tlu' circuiustiince 
lAml neitln‘i’ 2.1 luir is the ground orbit of the unexcited He. 

'l.'lu! Iieiivier inert giuses neon and argon hud already been in- 
v((.stigated in tlio earliest papers by Ifrauck and Hert/,. Final values 
were «)nly obtained after G. Hertz * had refined the method. The 
oxeitation potentials are then manifested not as Idnks in the current- 
pcttcmtial curve but as aliarp maxima, since by using a dilferential 
method only tliose eleotrons are counted that have lost their velocity 
ulniost entirely as a result of the inelastic collision. The results are : 


Tahuk 37 



iUf'Untloii 




Potmitlul 

Poiontlftl 


N(i 

rio-o 

21'0 

lloferred to the 
hellutn tranaforina- 


f 1.1 ‘55 


tion potential, 

Ar 

VM) 

[l3-U 

IC’3 

19‘70 volts 


We now come to the metallic vapours, firstly to the alkalies -whioh 
iiro distinguished by the simplicity of tlie sohenic giving their series, 
'.rhe (iiial orbit of the H.S. is hero at the same time the ground orbit 
(eO. § 2, p. fiOO) ; the principal scries therefoi-e appeals as an absorption 
Hories in tlie cold vajmur. The first lino of the H.iS. (in the case of Na, 
this is the l)-line) is at the same time a resonance lino, and its excita- 
tion potential may straightway bo oalculatod, by eipu (la), from its 
Avave-lengtli known from optical observations. Tire potential so 
deteriniued leads h) the first inolnstie collision. In the same way the 
limit of tlie H.H. gives the ionisation potential by ctpr; {2a). 

Ilow perfectly olisorvation and calculation agree even cpiantita- 
tivelv is sliown in the following Table 38. In the column under 
" obs.” (observed) the values of the resonance and lomsation potentials 
measured by the method of electronic collisions, and under calc, 
(calculated,) the values obtained for the same quantities froin the op- 
tical data by ocpis. (1) or (2). respectively, are given. The optica 
data tlieiUHolvcs are tabulated under headings resonance line ai 
“ serioH limit.” Whereas the limit IS of the principal series is simp , 
the resonance lino IS - 21’, J - i f (of. P- 364), 
ated by so small an interval that it must appear simj^^ie m « 
collision In tiaafling avo must note that the position of the senes 
limit is given by numbers regularly decreasing as the 
increases (In the resonance line that is compounded from the 

* 55oi(s. f. Physik. 18, 307 (1023) ; G- Heito aud 
; (I* Hoviiz, NaUirwms,, 10, 1211 
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Iti'soiiatKU! 

in Volta 

JU-Souiuin) 
Lino in 

A.U. 

l4ii)i4atlr)ii 

[Potential 
hi VoiU 

Sadaa Limit 
ill im-i 

IS 

ebsarvisr 



f.'iiU’. 


Oba. 

VMv. 


Li , 


1*840 

0708*2 


6*308 

43 484*45 


Na , 

2-12 

2 093 
2-094 

5895-9 

5889-9 

6*13 

5*110 

i 

41 448*50 , 

Tato and Footo, 
Phil. Mag., 80. 75 
(1918) 

K . 1 

1*66 

i 1-003 
1-010 

7090-1 

7084-9 

4*1 

4-321 1 

35 005*88 

Snim) as for Nu 


1*0 

1-553 

1-682 

7947-8 

7800-2 

4*1 

4*159 

1 

33 084*80 

Pooto, Eognloy 
and Moll lor, l?liy«. 
Kov., 18, 51) (1911) 

Oa . 

1*48 

1-380 

1-148 

8943-8 

8521-2 

i 

3*1) 

3*877 

31 400*70 

Samo as for Tih 


diffierenoe of two teriDS this regularity (of, Li) is a little obsoured.) 
This and the correspondingly proi:)ortional deorease of the ionisation 
l)oteutial denotes at the same time a weakening of tlio clootro- positive 
character of the alkalies as the atomic number increases. 

The conditions are much more involved in the case of divalent 
metallic vax^ours, Here, as already mentioned (p. 857), there occur 
a series system of tidplot lines and one of lines of a wimple structure, 
whioh combine among themselves , Wo shall denote the former in 
the oaso of Ho by the symbols j 0, 1, 2 and 1, 2, 8, 

respectively. (The general systematic notation is ^S, for 

tlie trijdot levels, and ^S, for the singlot levels.) The wliob 

matter of the allocation of the results obtained by ox)tical and electrical 
obseVvations became Anally cleared tip through the work of Bavin 
and Gonolier (cf . p. 374) on the excitation of Hg-vapour. Tlic intorost 
was here centred in the resonance line of mercury A ~ 2537, which 
ivo have already Jiiontioiied several times ; the fact that it is at the 
same time the ground lino of the absorption spectrum shows tliab 
its Anal orbit also rexiresents the ground orbit in the Hg-atom. As 
Paschen lias shown,* A — 2537 is a eombination lino of tlie .system 
of siinxAe and triplet lines. It has the formula 

botli terms arc deAiied with perfect accuracy from our knowledge of 
the triplet and the simple lines series. Por wo have 

IS = 8418L5, ==: 44768'9 

* Ann. d. Phys,, 36, 870 (1911), 
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and m Wii got the rosolution 

V \mVMi -r., 84181 ‘5 - 44708*9. 

Sinoo, in tho procosH of einission, the first term (wg discard tiio sign) 

1 1 etc r in in os tlio energy of tlie linnl orbit, and the second term deter- 
mines that of tlvc initial orbit, wo writo at tlu) lowest cuergydovol 
of Fig. 94 the nninber *— 841. 81*5, and at the next lowest the ninnbcr, 
— 447 ()84). It is between l^iese two levels that both tlio process of 
omission (arrow downwards) 
as Avell as tl\at of absorption 
(arrow ninvards) takes place. 

In addition, wo consider 
the line A = 1840 A. situated 
still further in the ultra'- 
violet, As it likewise occurs 
not only as an omission lino 
but also as an absorption 
lino in cold mercury vapour, 
it must start out from or, 
respectively, tend towards 
tlie same ground level, the 
natural orbit of the electron 
at tlie periphery of the atom. This is eoulirmed by its expression in 
terms. For, according to Paschon [loc. cit,), A 1841) is the line of 
the principal series of simple IIikjh and is therefore expressed by the 
fornnila 

IS - 21* 

A 

in whioh 2P -- 80112*8 and we have the resolution 
y 54008*7 ^ 84181*5 - 30112*8. 

Ill accordance with this we have therefore to add in Fig. 94, above 
the two energy-levels hitherto considorecl, one tliat is higher and to 
which wo assign the number — 30112*8, The oiuission and the ab- 
sorption of A — 1849 thou takes place between this upper level and 
the lowest level, and they arc indicated by oppositely directed arrows, 
Above this upper level there has boon drawn in the figure a still higher 
top level, whioli denotes the removal of the electron to infinity and 
represents the energy 0. According to eqn, (2) tiro following iiumbeiH 
of volts correspond to the above-mentioned wave-numbers : 

V = 84181*5, V == 10‘30 volts, 
r==54O08'7, V=- 0*G7 „ 

=- 30412-0, V-: 4*08 „ 


— 30112'8 

1 

— 44768*9 1 



10*4 

VoJts 

-- 84181*6 

4*9 

Volta 

X = 
2537 

67 

Volts 

1849 

L— - 



Fro. 94,—41'ho chamctei'iftUc potontialH of tho 
Hg an! spoc5fci’um aocovding to tho mothod 
of oldc troll iirmaot. On tho loft aro tho 
coiToaponcUng spootrosoopic torm valuoH, 
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Aetuially, 'DaviH and Gouoher have eonlinned that at the value 4*0 
volts ^iveu by LraiKdc and ll( 3 rtz (ef. p. ilVl) the line A 25J17 flashes 
forth. At tho same timOj however, they sueeeedod in proving that 
an ionisation of vapour did not yet occur at this ])otQ!itiah Further- 
inoi’o, they dotcoted signs of tlu^ emission of tlio line A == 1840, likewise 
without ionisatioji, wlion tho potential was (h? volts, lonu^ttlKni 
{ihoimi bcyonil doubt to occur at a 'potmiial of 104 voU^i. 

But those oircumstances are exactly repeated in the ca>se of all 
elements of the second column of the periodic table. In all cases, 
IS — 2p is tho first excitation limit, IS — 2 P the sooond, and IS 
itself tho ionisation potential. How completely tho measurements 
o]}taiued from electron ic collisions agree with spcictroscopie data is 
shown in Table JB). Tho values tabulated under “ calc/' have here, 
too, been determined from oqns, ( 1 ) and ( 2 ). 
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I I 

lonisutloii 

3*otoiitliU 

111 VoUii 

Sor1(>i) Limit 

111 ClIK'- 1 

IS 

OljjK-rver 


Obs. 

(^alc. 


ObH. 

C'ftlo. 



Mk 

2-«n 

2-70 

'tr)71'33 

7*75 

7*01 

Cl (103*0 

Foofco anil Moll lor, Phil. 

.[-12 


2852*2 




Mag., 87, 33 (lUlll). 
Moiilor, Footo ami 
Moggors, Journ. Opt. 
»S(>c. Amor., 4, 304 
(1920), Bur, of vSUiml. 
No. 403, .1020 

Ca 

1 -OO 

■ 1*88 

or , 7 2-8 

0*01 

0*08 

49 304*8 

Molilor, T<\>oU3 at 111 Slim- 

2-85 

2*92 1 

4220*7 1 




Bun, Hiip. of Stand. 
No. 308, 1320 ! Phya. 
Rov. 14, 034 (1020) 

Hv 

— 

1*79 

2*(J8 

0892*8 

4007*5 

— 

5*07 

4r> U24-3J 


Ihi 

— 

1*50 

2*23 

7911 

5535*5 

— 

5*10 

<12 020-1- 


Zn 

4vl8 

rvm 

402 

5*77 

3079*0 

2139*3 

9*3 

0*35 

7/5 7C8-0 

3!'ato and Foote, Pliih 
Mag., 36, 64 (1918). 
Mohlor, Foote fual 
Moggoi'fl, loc, cit. 

ik\ 

34)5 

5*35 

3-78 

5*39 

3201*2 

2288*8 

8*92 

8*05 

72 C32-8 

Saiao ns for 

llg 

4*1) 

0*7 

‘1--80 

0*07 

253«*5 

1849*5 

10*2 

10*39 

84 181 -n 

Same as for Mg (Footo- 
Hoggors-Moh lor) 


In addition to these results very detailed measurements carried 
out in tho case of mercury in j>articiilar by Franck and Fmsx)orn * 
luive brought into ovidonco a whole series of liiglier onergydovols, 


Zoitatshr, f, PhysM 8* IS (1920), 
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for example, IS — HP, IS — dP, IS — Hpi, IS — 4^)1, in fclici 
potontial curvoH. It is of particular interest tliat tlio trauHitions 

18 — 2?>a Mild 18 — 

tiiat are not observed optically and that are oxcliidocl by a selective 
piineiple governing tiio inner qnantiiin nuinbers (cf. (lli. VIll. § I) 
make themselves observed in tlui eurreiit- potential curves us bends, 

The ionisation iiotontial of the second order, that is the formation 
of a double positive ion, has also been determined by Foote, Meggers j 
and Molilor f for the alkaline earths, the first being Mg. This ionisa- 
tion potential of the second order corresponds to the H.8. limit of the 
doublet spark lines, just as the ordinary ionisation potential corre- 
sponds to the limit of tlie H.8, of simple lines. It naturally lies 
somewhat liigher than the latter (15 volts instead of 7’0 volts for Mg). 

Wo have described here, of course, only those results of tho method 
of electronic impaot that are particularly instructive and inimecliatoly 
intelligible. Wo must emphasise, liowovor, that oven in complicated 
oases where tho onorgy-lcvols have not been investigated spectro- 
scopically this method enables us to derive direct information, for 
example, about series limits (by means of the ionisation potential),:!: 

Finally wo add for the sake of contrast with the excitation by means 
of electronic impaot a method of purely optical excitations. It bas been 
developed by Fuchtbanor 1| for Hg- vapour. 

Concerning the experimental arrangement wo say otdy tins : a 
quartz tube filled witli mercury vapour was illuminated by radiation 
fi'om a quartz mercury vapour lam]n Tho latter emits into the fr)riner 
tube practically only such linos of its spectrum as have wave-lengths 
greater tlian or equal to A ™ 2537 A, (as all liglit for whieli A < 2537 i.s 
lield back by the thick quartz walls of tho lamp). In tho first (tlu^ 
outer) tube only A — 2537 is absorbed initially, ainoo tho Hg- vapour is 
in tho state given by the ground orbit IS ; but, owing to tho absorption, 
a fraction of its atoms pass into tho state Honee this fraction 

is enabled to ro-cmlt not only t)»e lino IS — 2^^ but also, for exam])lc, 
ttie blue line 

2pj 1% A ^ 4358 

(as, indeed, all lines of the type 2p( — X, for wliicdi 2pi is tho initial 
level of tho absorption). In this way the new atomic state 

* They also ocoiiv as starting-points for band spootra. Cf. T-iOrd Hiiyloi^^h, 
Proo. Boy. Sac., 114, 020 (1027), 

t Phil, Mag., 42, 102 (1021) 5 43, m (1022) ; Astrophys, Journ., 55, 145 <1022). 

t A tabulation of cbaraotorisfcio potontinlft of aro ami spark apoctrn, in which, 
liowovur, almost only puroly optical data avo used, is also oontaiuoil in Chainiciil 
Boviews, 6, 86 (1028), by A. A. Noyos and A. O. Bockmaiiu, Avhich m quntad in 
tlio l)ook by Goudsmit and Pauling, Siritciure of Line SpectrUi p. 108, IVlaOraw -Hi lb 
Now York (1030). 

IjPhys, Zoits., 21, 035 (1020). Our own oxplaniitiou, which 3 r a littlo 
simpler than that givtai hi this papor, follows on tho report Viy 0, Jooh, of, p, HOil. 

vou, T. — 26 
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^ 218;M arises. If the energy -C[iuin turn of A 25117, 

V == 39413 >21834 is again absorbed in the latter, the sorios-tdiuitrou 
is driven out and tlie atom is ionised. When tlu^ atom is again luui-’ 
tralised tlic whole arc spectrum of mercury results fi’om the case ado- 
like transitions of the electrons into a series of iiidivi<lual proca^sses. 
This spectrum was photographed in almost its complete form by 
Puchtbauer as a second consequence of tire primary irradiation Avitli 
2537. The fact that 2537 was actually the only primary oxihting 
radiation was proved by Fuchtbauer ]jy causing the line 2537 to bo 
absorbed by a thin plate of glass ; tlie radiation of long -wave light 
was then found to cease at oneo. 

Filch tbaxier’s experiments are also instr native in that tlu'.y bring 
into evidence the finite ^Hime of relaxation^’ [Vc>rumhmt) of atoms 
in their excited states. Actually there is, for example in the stato 
^ finite probability that a "further onergy-quantuin will link up 
with 2'py^ only if the atom persists in the state for a finite time. 

In tlie general questions concerning the statistical equilibrium t)f 
excited atoms ajid molecules an important part is played by a ])rocesH 
involving a certain reversal of the phenomemon that ooeurn in eloctronio 
collisions with atoms ; it was introduced by Klein and l.lossoland.’^ 
Wo represent the process of electron collision by the following seliemo 
(upper arrow) : 

greater amount of electronic /energy of excitation HinaUer 

energy \ amount of olcoti’onic energy. 

On the loftdiand side wo have tlie energy of the colliding electroit ; 
it is partly converted in exciting the atom and the remainder is taken 
up by the escaping electron in the form of kinetic energy. But, us 
Klein and Rosseland slmwed, the converse procos.s (indicated by the 
lower atoms) is also possible to a considerable degree of probability. 
A relatively sIoav electron approaches an excited atom (of, right-hand 
side of the scheme). The atom passes into a state of lower energy 
without emitting radiation. The energy that is liberated becomoH 
added to the kinetic energy of the colliding electron ho that it movoH 
av^ay from the atom with greater energy. Atoms may collide m\A\ 
other atoms or with molecules aceoixling to the same schoino. Thin 
converse process (denoted by the lower arrow) is called coUuum of 
the second kind to distinguish it from the collision of the first kind 
which formed the subjeot of this paragraph. 

By means of collisions of the second kind the energy whicli is com- 
municated to one tyjjo of atom by inward radiation, that is, from out- 
side {Einstrahlung) is transferred to another kind of atom which is tluiB 
enabled to emit definite energy-steps of its spectrum. This proaOHH 
is called ” sensitised fiuorescenoe ” by Oario and Franck.f Good 


* Zoits. f. Physik, 4, 40 (1921). 

ftiv/ Zoita. f. Physilc, 17, 202 (1023)) H. Kopfonnnnn, 
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oxamploH of tliia are given by mixtiira of Hg- vapour with vapourfl 
of 1.1, 01, Bi and so forth. 


Ji 4. Quantum Theory ot the Series Formula. Penetrating 
and Non-penetrating Orbits 


The simplified assumptions iiiulor \vl\ioli we ean treat spectral 
orbits have Ijoon elniraoterised in § 2 ; the atomic field due to the 
electrons ejivoloping the nuelous is regarded ns an invariable central 
field, that is, its potential energy V is assumed to be a pure function 
of r. This becomes added to tbo potential energy of the sereoned 


nuolons, whicli wo may write down in the form — 




Here q denotes 


the charge of tlio roferonco electron or series electron/’ Ze tlie 
nuclear charge so far as it is not screened by the electronic envelope, 
Z — 1 corresponds to the jieiitral atom and gives tlio arc speotrum 
Z ~ 2 , Z — 8 . . . correspond to the singly, doubly, . . . ionised 
atom and give the arc spectra of the first, seoond, . . . order. Tliesc 
assumptions do not liold aetually but load us further tlian we might 
ordinarily expect. 

One consetpienoe of these assiimptioiiH is that tho orbit lies in a 
piano passing through the nucleus and may be described by means 
of tho polar co-ordinates r, <j). Hero the aziinutli <(t is oyolie, that 
is, its moment of momentnni is (jonslant ; — V* The aziimithal 

quantum condition gives 




Tho expression for the energy riniH as for tho Kepler ellipse (p. 110 ) 
with the addition of the potential energy V of tho ntomic field : 


' rV r 


-I- V W 


( 1 ) 


Hence it follows that 



Hence we have tlio radial qitanhm condiUon : 

+ • (^) 

The integration witli respoot to r is hero again to bo taken over tho 
full range of r, from to back again to We must 

regard this equation, if is given, as an equation for determining W. 

Below it we write the same integral, but for V — 0. This corre- 
sponds in a certain sense to the hydrogou case, but only in a certain 
sense ; for we do not wish to regard tbo W in it as the hydrogen 
energy Imt the same quantity as in equation ( 2 ). Accoxdingly 
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we liavo oil Hie right-hand side of the following eipiation not the 
jiei’fcct integer ns in the case of liyiirogen, hut an iinpcrfeet mmiher 
■ wliieli we shall eall ; 

^^/2m(w + - 5 ^' dr n'J,. . . . CD 

This effective radial quantum number «' differs from the former integral 
number n,. by a certain quantum detect A. We write 

— w,. — A . . . , (<j) 

end also introduce an effective principal quantum number, 

%/ = K + «*> 

as a counterpart to the proper integral principal quantum ninnher 
?i = n, -f 91, |,. We then have also 

‘>hjf = ->1 - A . . . . (‘Ik) 

From the equations (2) and ( 3 ) it now follows that 

7iA = ({)dr{.^2m(w -f - v) _ - ^29n(w + yi|} (H) 

From equation (5) wo infer generally that 

A> 0 . 

This is equivalent to the statement that V is always < 0 , that is, 
that in ( 6 ) the fir.st positive roots predominate over' the soeond. '.I’o 
see this, let us imagine the electronic envelope to be riqilaeed hy a 
single rigid negatively charged spherical surface. Under the Inlliienee 
of the reference (outer) electron this sphere is repelled hut the niicleuH 
is attracted by the electron. Towards the outeido the sjihore acts ns 
if its charge were concentrated at its centre. This centre lies beyond 
the nucleus on the lino connecting the rofcrcnoo-elaetrou with the 
nucleus. Hence on this connecting lino avo have a dipola avIuiso 
positive polo the nucleus tends towards the refcronec-elcetron. 8 neh 
a dipole exerts an aliraclion on the Kiforcnce-eleotron. Its pntmitinl 
is negative. Henee avo have 

V< 0 , A >0 ((() 

as Avas asserted. Thus the influence of tiio inner atomic Hold alAvnys 
tends to magnify the tern, ns compared Aidth that of the oorresiionding 
hydrogen term or, as Ave may also say, tends to slrengtJmi the bmlvng 
on, the series-electron. 

Wo revert to equation (3). This has the same form ns the radial 
quantum condition in the case of hydrogen, equation ( 11 ) on page ] 1 1 
(Avith the value for aS/t»- given in (10) on p. 111). For this rcasou 
the result Avith respect to the calculation of W is the same an for 
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hydrogen > equation (14) on page 112, with the ono clifferoneo that now 
is to ho replaced by and lionco n by w — A oi' Hence the term 
value to be taken from (3) is 

h ' {n.i, + 7 i\)^ (n — A)'*^ ” 

The ex|)resHion quantum defect ’’ for A is obviously justified l)y this 
notation ; it means the defect as compared witli the hydrogen term 
of the same principal quantum numb or 71. 

So much for the general aspect. Wo must now consider in detail 
tl\o distinction : non -penetrating and peiiotratiiig orbits, 

(a) Non-penetrating Orbits. — If tlic orbit has its eoiirHo permanently 
in tlie outside of the atomic core, wo inay expand V over its whole 
range in a uniform series witli incr easing negative powers of r, sucli 
as we represented in § 2, to clift’oront (logrees of approximation by 
means of the terms — -- . . , Tlio integrals (fi) are 

calovdatod in this case according to notes (4) and (11) and give u>s to 
a second or third degree of approximation Eydborg’s or Hite’s form 
for the term (p. 3fi3), and lioncjo for. A we hav<s tlio values 

— A — (/ and A ^ <7 -j- /<r(n, q, k ) , . (8) 


fi’o determine A we shall proceed graphically. For tins purpose 
we rewrite equation (la) in the folloAVing form, for V — 0 in the .first 
place ; 


Pr 


fV(> 


r 


■V-. 







(«) 


Actually tliis equation expresses the 
real character of p,, for < r < 
and also giv('.s eorroctly the term — 
in (la). Moreover, it lias the correct 
y.ei^os ; for p,, — 0 for r — and 
depicts oquatiou (0) 
graphically ; r is drawn as tlio abscissa, 
Py as the ordinate. Tlio ourvo for p,, is 
closecl, the upper half (p,. > 0) corre- 
spond s to the forward motion from 
to the lower half to the backward 
motion from i\„ax 

X is intersected perpendicularly at 

Htoejiness of the (uirvo at 
r„,/„ and the small slopes at arise 
from tlunuunerator 1/r in (fi). 

Tlie ligiirt^ exhibits a group of eiirvos 
p,.,. which are denoted by p^, p|, p^ . . . 
and wliioh we sliall suppose corrospojul 



Fici, Dfi. — Dopnntlouco of tho 
fiiafj(.ion Pr (I'uditU nionion- 
Uiia) of (equation (9) on r 
(({isOuieo from tlio mioloiiR) 
for difforoiit voliios of tho 
radial quantum uuinbor,7Jo» 
Pi, p 2 ■ • ' oorrospond to 
0 , 1 * 2 , . , for hy- 
drogoii, J<"m’ lum-hydrogoii 
nico’ tornm of equal energy 
Pa is modi fled to the dettoil 
lairve (diagnnnmatie). 


to th(5 quantum inn n hers 
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r= 0, 1, 2. . . . Tlie radial quantum conditioji demaixlH that tho 
surface between each two successive curves of the group must equal h. 

To pass from hydrogen (V = 0) to a term (V <0) unlike that of 
the hydrogc]! type, we have only to increase the term und(;r ilio 
radical in (9), corresponding to tho addition of V in (la). 
character of the curves remains preserved in this procKvss. dotted 

line shows the change in the most extreme curve of the grouj). We 
must emphasise again that the two curves have the Haim^ W hut 
not the same ?q.. Hence if one curve was quantised an inU^ger) 
tlie other curve cannot bo. The small shaded region between the dotted 
and the continuous curve represents in accordance with equ. (5) tli(^ 
quantum defect A. 

The course of the orbital curve in tho (r, f^)-plan(^ will similar 
to that in the case of hydrogen, '[□ic chief difference as (umiparcd with 
the Kepler ellipse consists in a rotation of the perihelion similar to 
that which we encountered in the relativistic Kepler ollipse ((d. I^^ig. (17 , 
p. 254). The magnitude of the perihelion motion is obtaimal as on 
pages 252 ei seq, from the energy equation, We take outside the 
bracket in (1) and sot 

_ 1 Pr _ I 

^ T' ^ (Ifj^ 

and break off V as on page 362 (under (/>)) after tho first term ; that h, 
we set 


Here we have added the factor Z in order to inoludo spark spectra i 
In this way wo obtain from (1) 


r 


(1^)* -1- s* = 2m(W -h Ze®5 + 


By differentiating with respect to we obtain a linear (lifftu’cmtinl 
equation of the second order which we may at once write in tim form 
of eqn, (10) on page 253 : 


1 -- 


+ As - 0 ) == 0 , 


— p— » 


/G 


m7i0^ 


The integration of this differential equation was porforjued on page 
263 and led to the perihelion rotation of eqn. (14) th(u’c : 
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given value of y wo obtain (treating Cj as a small per- 












'/mv!!' !’‘f' station increases, «« should be, when c, increases 

?! supplementary atomic field) and decreases 
IS w,|, increnHos (lu the order of seq[uenco of the terms S, P, D . . 

1 " h* il’ much more marked than in the relativistic case of 
hydrogen (of. tlie factor c* in the denominator of eon, (10a), p, 263) 
Init HfciJl represents only a slow perturbation in comparison with the 
motion m tlio orbit. 


(Ji) Penetrating Orbits {Tauchbahnnn). —Sohvodingoi * was the first 
o H low )y Using Na as an example that the s-orbits penetrate into 
the atomie core (into the L-sholl in Na). To prove this he assumes 



UO.— (mdittl juomontum) nft a fimctrion of r for penotrating orbits, On 
tho loft of r ^ p lies tho rogioii of tho interior of the atom. 


Uw wimplioifcy that tho IC-bUoU ia contracted oix to the nucleus and tho 
.li'>HtioU may ho replaced by a spherical shell having a uniformly dis- 
tributed total charge— 8e and an appropriately chosen radius p. Tho 
ruMiilt of tbo orbital calculation is a quantum defect A — 0^74, v,rhich 
irt lUMvrly constant for all s-terms. 

.Cu tho sequel wo shall follow a method given by Wentzel.f In Fig. 
[]i\ Avo draw tho two extreme curves similarly to those in Fig. 95 and cut 
o lT by moans of a parallel to the axis of ordinates at the distance r ^ p 
(p is an approximate measure of the vadius of the atomic core) those 
parts of the curves that would lie in tho interior of the atomic core. 
For those pariiS the ofiootivo charge Z in eqn, (la) is to be assumed 
iip)»reciably gre^aUu’ than for tlio external parts of the ouvvea, to the 
rigJit of r*— p. If Avas equal to \ in the region outside tho atomic 


f. .PhysUc, 4. ^47 (WH). 


t Ibid., 19, 53 (1923)‘ 
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core, and if we are dealing with the penetration into the L-sliell, tluni 
Z = 0 in the interior, because the nuclear charge is now screened oil 
by 8 units less. We treat this change by 8 units in Z as occurring 
suddenly although in reality it will bo balanced out more uuifonuly 
(construction of the L-shell from the sub-groups Lj, Ln, Liti)> })articu- 
larly in view of the wave-mechanical relationships. Thus in our 
figure wo draw the -curve at the point r ^ p with the same con- 
stant co-ordinate but with a tangent whicli is directed uinvards but 
is not constant. The slope increases as r doorcases ; fin ally there is 
a rapid decrease to the value r — The latter is of course 

appreciably smaller than in the case of the non-poiiotrating oi’hits, 
other conditions being ecpial. 

Let us investigate the external -curve of tlxe (iguve a little more 
closely. The double area between the axis of abseissoe and the train 
of curves ABOD is our radial phase -integral in oqn. (2) and is hence 
equal to On the other hand, the double area ABEF repre^Honts 
the x)hase -integral for the corresponding non- penetrating orbit and 
differs only slightly from the phase-integral for tlic case of liydrog<^n 
caloulated with the same W,. since the quantum defect A of tluj 
non-x)enotrating orbits is always small, according to (a), Boiuu^ tlu^ 
double area ABEF is appreciably equal to nji by (3) and tlie doul^b 
excess area BCDPEB represents, suHiciently accurately, by (5), the 
quantity /iA. 

We compare this surface Avith the corresponding Hurfaco 
for our internal train of curves. The tAvo surfaco.s m) 
almost equal since the tAVo strips BCDD'C'B and BEFE'B' shaded in 
the diagram nearly coincide.* Honco it folloAva that the quantum 
defect A is independent of not only in non-pone trating but also in 
penetrating orbits. Thus A besides depending on tlio atomic field 
dex}encls appreciably only on the azimuthal quantum number and 
is a characteristic constant of the series. We may noAV also sot — A — f/, 
say, and may therefore also ax)x>ly the sox'ios formula (7) in By d berg’s 
form to the penetrating terms. 

If Ave compare our present Pig, 96 with the preceding Pig. 95 avc 
see immediately that tlic quantum defect A is noAV much greater tluiu 
before. Whereas in the ease of the shaded area in Pig, 95 wo Avoro deal- 
ing Avith a relatively small correction, the jjresont area BGDPEB Avhi(L 
represents the quantum defeoti is comparable with the total Hiirfa <50 
ABCD Avhich represents the quantum number n,, and may amount to 
several units. 

This gives rise to an uncertainty in the doiinitioii of the quantum 
numbers. Prom spectroscopic experiments only the term denominator 

is knoAvn, and hence by (4a) only the diflerenco betAvcoii n and A. 
If it should happen that A > 1 avc cannot immediately decide Iioav ginnit 

* For fiu'fclior details aoo Van Urk, Zeits, f. Phyaik, 13, 208 (1023), 
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n is to bo olioHen. This imcorfcaiiity cannot be overoome in tlie in- 
dividual case but only in relationsliiji to the periodic system, cf. § 6 . 

Tn Fig, 07 wo depict a penetrating orbital curve diagram mat ically. 
Botli the oxtornal and tho internal parts of the orbit run essentially in 
Kopler ellipses, but tlie loop inside is much more strongly curved, 
on account of tlie higher oiTcctive nuclear charge, and heuco is attracted 
iniioli nearer to tho nucleus than tlio outer loop. This eori.‘es])onds to 
the greatly raised position of the p,.- curve for r <c p and the diminislied 
value for ^min in S’ig- 

If tiro orbital curve, after traversing tho inner loop, again leaves 
tlie atomic core, it is turned through a finite angle, as shown in Fig. 1)7. 
Hence wc now have a rotation of the perihelion but many times greater 
than in (u), being magnified to tlie same extent 
as tlie quantum defect A is luagnilied, 

Tho magnitude of A in tho penetrating 
orbits causes a considerable inoroaac of tho 
term, compared with the hydrogen term having 
tlie same n, and honce also strongtliens tlio 
binding of tho sorio.s eleotron. A glance at 
Fig, 97 explains this : tho iionetrating electron 
approaches nearer to the nucleus and is more 
closely related to tlio atomio configuration 
than the non -penetrating electron. 

(o) Partially Penetrating Orbits. — ^"J.'horc is 
an intermediate case between penetrating and 
non -penetrating oi'bits, to wliich E, Fues * 
first called attention. 

It v/o make a very rough calculation for 
the hydrogen model wo see from the formula 
( 10 c) for tlic semi-axoH of tho orbital ellipses that for a fixed 94 , that 
is, in tlio case of the orbits of a term-series the perihelion approaches 
tlio nearer to the inioloiis tho greater qi bocomes. It may theroforc 
liappcn that tho first orbits of a series do not penetrate into tho 
atomic core but that a oritioal value of w, that is, of n,,, is attained 
after which penetration doefi occur. 

Then tlio quantum defect A suddenly becomes larger and in tliis way 
w(i obtain a scries whoso eonstant q ^ — A lias a di.soontiiuiity hctwecji 
two series terms, ^.fhe first (non-penetmting) orbits of tho series have 
a small A, tho liiglior (penetrating) orbits have a large A. It is 
evident that such anomalies are to ho expected only in the ease of 
special dimensions for tho orbits and tho shells. 

In Fig, 08 wo depict tho course of tho quantum defect A for eaoli of 
the cases (rt), (/;), (c) for a typical case. A is plotted as the ordinate 



Fi«. 07. — Dingramuuiiio 
ropi'osontatioii of a 
ponotraiJng orljit. 
Xiotatloii of tho i)on- 
lioliou on aooouiit of 
tho atrongoi* attrao- 
tikm ill dio noigh- 
bouibood of tlio 
iiuolous. 


* ZoitH. f. Phygik, 11, 370 (11)22). 
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and the value of the term as the abscissa. Since wo have by definition 


term 


R 

(11 - A)2’ 


the curves n = const, (which are shown as dotted lines in the figure) are 
known a priori, 

(a) We have chosen for the non -penetrating orhit the D-terin of 
cffisinm. Tlio fact that the graph is perfectly rectilinear denotes 
tliat Ritz’s formula, ecpi. (4r) on page 30!!, is exactly valid, namely that 
the quantum defect depends accurately in a linear fashion on tlio torni- 
valuo in accordance with the formula 


— A == g + /c (n, q, x), 

(b) For our penetrating term wo have selected tlio S-term of socliuin. 



Fia, 98. — -Tho quantum dofoet A ns a function of tho tonn-valuos. Tho linear 
ilopomlonco denotes validity of tho Bitz formula. Tho toriu of Hg 
becomes poaotrating below iv ~ 4. 

Observe the increase of A (3ioro A — 1’4) which is charactoristio for 
the penetration, and also note tho linearity which manifests itself hero. 

(c) As our example of a j)artially penetrating orhit wo have taken 
the peculiarly anomalous singlct-P-torin of mei'ciiry. Hero wo sec 
that tho first two or three terms (on the rightdiaud side of the figure) 
have about tho same A, and hence correspond to a Rydberg forjuula nf 
their own. The same holds of the higher terms n> 1 (on the left-hand 
aide of tho figure). Between them is a disturbed region which runs 
in the manner to bo oxjjected for a penetrating orbit from the preoeding 
remarks, say for n 5- In our * diagram A ineveasos almost by one 

* Tho term n~ 4 hsa boon. Bupplemontod by Wontzol (loo, cU, Zoils. f, 
PhyBik, 19) in nocordanco with obsorvatioufl by G, Wiodmann, Ann, d. Phys., 
38, 1045 (1912), It is jjossiblo that tho loft uppoi? limit of tho braiioii may havo to 
bo ruisod by Bovoral units, in which onso tiiD numbering of this branch would have 
to begin not with n “ 0, but with a correspondingly groator vahio of n. 


i 

! 
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\mit between n == 4 and n ^ 1. Wontzel discusses in the same 
paper other examples of suoli anomalies but at the same time em- 
phasises a certain ambiguity in the iuterprotation for the following 
reason. The idea of the penetration first presumes one outer series 
electron and a closed atomic shell, which is essentially the case of the 
alkalies. But in our example of Hg we have two valency electrons. 
It is possible that the anomaly in question may not bo duo to the pene- 
tration of the series electron into the shell of the atomic core hut to an 
inter-action ( Wechse.lwirkung) with tho other valency electron . 

In this section wo have taken tho orbital idea more litemlly than 
appears justified from tho wavc-inccliaiiioal standpoint. Our reason 
may he stated us follows ; the wavo-metdianieal treatment of compli- 
cated atoms is ratlier laboriouH iiiid can bo oarried out only approxi- 
mative ly. But i\m differoiiee l)e tween ptmetrating orbits aiid outer, 
non -penetrating orbits occurs in wave-iueohanics too although in a 
different mode of expression,’^ Tho results obtained above remain 
valid at least (pialitatively in tho now theory, 

§ 6. Application to tho Representation o£ Rbntgen Spectra in Terms 

We shall now apx)l.y the consideration a of tho preceding section to 
mner ekcironic orbils and add a low remarks to tho theory of X-ray 
terms. In tlio terjn formula for X-ray speotruj Ohapter V, § 5^ eqn, (4), 
we empirically introduce two dilferont effeetivo nuclear charge num- 
bers (Z — . 9 ) and (% — cr). M'hc sorc 3 ening number s that entoi‘s into 
tho relativistie terms (with a®, a"*, . . ,) was independent of 55, whereas 
the Hcrconing number cr that occurs in the main terms increased with 
55 and was always greater than h. Wo asHorb that the diffovonce a -- 8 
arises from tlio iiifluonco of the outer shells, within which tho motion 
of tho K,-, L-, M-shell under (jonsiderabion occurs. Bohr actually calls 
or — s the external screoning number. Tlio fact that o- — ^ increases 
with 55 is simply explained by the increasing numhov of tho shells added 
on the outside. 

The assumptions of tho preceding section may he extended so that 
we may account roughly for this oxtorjial soreoning, For tliia purpose 
wo must set the potential V in tho onorgy- equation (.1), page 387, equal 
to the action of tho oxtornal sholls (tho Rorconing action of tlie inner 
shells is taken into account in the value of 55), T^ot nis first restrict 
ourselves to a single sholl which wo shall suppose to contain z electrons. 
Its field may he approximated to by the hold of a spherical surfaco 
on which the charge z , am homogeneously distributed. The poten- 
tial of this surface charge on an electron (-- - «) is Constantin the interior 
of the shell, in winch the orbit lies, and m equal to zc^jp^ whore p is 


* Uf, ft)!' Dxaniplo, A. UjmCkl, Ann, tl. Pliyg., 82, 111)5 (li)27), 
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the radius of the shell . Hence instead of eqn , ( 1 ) , page 1187 , we must now 
write 

J_f ,,2 1 ?L^ _ w - — - W' 

2inV^ ' rV r P 

Tlie only difference as oomj)ared with the x)rocedi.ng section is that 
the energ^^ constant W appcjars replaced by a reduced constant : 


W' 


: W- — . 
P 


( 1 ) 


Hence quantising must give the same result for W us for W in tlio 
preceding section, namely, 

_ Z _ _ -Vw - - MjzJL)! /2i 

Here Z has already been reduced by the amount of the inner 
screening ” and we liave disregarded the differ onoo between n and 
(hydrogen-like charaoter of X-ray spectra). If wo also use the expres- 
sion for the semi-major axis cqn, (I6a) on page 112, with Z -- s instead 
of Z, 


a = 










we obtain from (2) 


47r2m(>2 ' Z ~ 5 ” 2IU ' Z - s' 




If z > z we may write as a sufficient approximation 


W 


R 




( 3 ) 


(4) 


Thus the iiiiior scrconing s is auginoiitcrl by fclie “ outer sereeniug ” 
z . alp, whicli is always smallei* than the number of electrons z, since 
a < p. 

If several outer shells are present the outer soreoning consists of 
the snm of the contributions of the individual shells, In place of (4) 
we obtain 


W 

h 


E 


(Z - rr)« 


-1-2-! 


(5) 


Hitherto wo have made our calculations Avithout taking into aceount 
relativity. But even in tlie relativistic term formula (eqn. (6ff) on 
p. 260, in whicli, on account of internal screoiiing, avo nmst replace Z 
by Z — s), if one or more outer sliclls become added avc Inmi merely 
to constitute tlie term - W'/Zi from (1) for - W/h, so tliat ato get 


\7^ 4.J # * ’J 


1 


(«) 
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f nlHtvo in (.‘|) itiui (<t) Wo inny tvow taka tho hholl-potontial «*/p o'™*" 
U) (Jilt infin <t( tJw oxpiuuuoM, uo t^at tlie Barrelling nuiuher 

(•fin \iriiiii[^)iil U*riii laxtoinoy luoiuaBod ti> lha vaJim 

c«a + flT;- . . , . (7) 

P 

fri'MinH In tfio iifghof tomm tho sotoonlng lUimliat a. which la 
i(ln\uiii(lmit nf ]«malna> 

if wo (KUw froiii oiKi oioiiiont to the next hJglirat a heeoineB iooreased 
y thn anuiunt alp ovVlng to tlio Addition of an electron- Tlie inoiease 

I ehn (((.tiainr, tfin low tho liidlus p of the a'dded oleotronlo orbit. Hence 
' tho nliHibnm la aildod not at the ctmtaoe of the atom hat^ exoe!ptional\y 7 
k nil fiiiior HhoII( efl In tho oiwe of the triads aud the rate earths we expect 
moto niarluHl InocoAsc In tho screening number a with Z. This ex- 
fivfns tfiu anuinalkw fu the ooime of the ourvee in 70, page 286, 
I) wfifch vro have almod^ mfoned there. 

Wo have tluiH oxlileincd lu their euentiAl featnrea 1^ ftoreen'ing 
iwrt kloi'lvoit empirically in Chapter V. In partleular our dltouadon 
lal w t(i correut Only tlio soroonlng number of the principal member 
»y Uio nuioiiiit of tho oxtomal aoroenlng but to leave thoee ot tiie re« 
ntiv Ity tomiH uncorrootod and ogual among thoinBClvBB,'~whldh seemed 
irbltinry whon wo originally ■wrote dowii 'Wio term formula on page 
'IHui HuruonlngiUimbotB ■wore the only emptidoal laotoni tiiat oooitrred 

II tlu» tiwin formula of the X-raya given on page 2B4, It 1# remaricablo 
.hut ft/wiy may IiC aijproxlinately * analysed tUeoretioaHy. 


4 0, Magnttndw oJ the Tarmi. Belattonrtilp ■with Vd» Periodic 

Wo 6mt onuincrato some thooroma cm -which the following dla- 

umiHltrtx will Iw IkaeoA. , , . i ,.v _!«. 

TUo tocm-valou meoaiu'wi tho tightness {Bmdwittfemgicwjmvi 
vfliloh Wio oloctrim la kept in tl» ori^ In q.neBtion ; 
h^ It 1 h «j.ual ttk tihe oortoaiiouding -work nooeseary to wftaoh vw 

olwitpoii (rihlfwtnwnjworbril)- . ^ . .v.. u—u.... . 

•1. '.tlfft luwjc atooiio flow inoreases the tdgHtoeBfl of the 
<ivuty ttnm of on (dotoont wiiloh is not hydrogan-^ttm to groator Itoa^e 
hyilcuiMi torm oonespoutUng to the same 

Incteeiie in the tl^tuesa of the binatog la 5 
tlui oftwx of the nou-penctrotlng ori»ltB a« o^pai^ wWn ‘flab we. ^ 
imiuitmtlng otblhi (aoe §.46 of tho preoeni 
^ toa waA at riinllat otoms, nwooly swh aa 

vortloal oolumii of the iwrlodio aystem, the Inorsase in the offlwspontoMS 


♦ A. tiiotc uxaflk numottaal dtaeuBeJMi. the <mt^ — 
Utihf tiial Oete*. |. Wiys., 12. Sit (ItW), tn part 


b given 
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ti&rma with the magnitude of tlio imior atoniio liolch that is, 

udtli the atomic weight. 

5. The ftevicH of peiiet rating orbits i« continmul in the divuetinn of 
dccreasiug principal q^nantuin ivumboivs in the existenuo of n^giilar 
electronic orbits that, lie entirely inside the atom ; tlioir emorgy (corre- 
sponds to eoHain X-ray terms. 

Wo shall begin our disciiasion witli typical alkali terms, following 
Bohr’s example, we shall plot the term-values horizontally from the 



Pra. B0.~Agj'oomont with each other of kho cowospondiiiK KorioB (ortriH of the 
alkolios With thft liydrogon torms. 'J'ho Hyinbols IS, otii„ rotor to ibo oohvL- 

««• 

boundary on the right-hand side of iPig. flo, and wo aliaU nlot the 
terms I , D, I? each on a separate Jicnzoivtal lino. 'I’ho noints 
farthest to thodoft on these lines represent the first terriiK of tjjrac 
terin-serfes and sro hence (normalised conventionally) Hneccssivolyd 
IS, 3D, 4F. Further to the right we luive 2iS, JIS 'IP ' 
the binding of the separate term, as represented 
K qnestion from the right-hand houndary 

dimn the hydrogen terras above those of the alluvllos ami liavo.. 
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ex tend (m 1 them by dotted vortical lines that run the length of the 
difigram . 

Ill tlie ease of tlie If-terins we observe tlu^ bohaviour that is to lie 
expected from Theorems 2 iiiid 4, Tiic connecting line, drawn con- 
tiniionsly in tlio figure, lies throughout a little to 'the left of the corre- 
sponding dotted hydrogen line and deviates increasingly from it as the 
atomic weight increases. 

This does not apply, howovor, to the P -terms, starting from Na nor 
to the S-terms, starting from Li. '^I'ho magnitude of those terms de- 
creases as tlie atomic weight increases ; hero the atomic weight apiiears 
to xoaaken the tightness of the hond, in contradiction to Theorem 4. 
This contradiction is disposed if we call to mind the Tables 7,8, 9 of 
Chapter III on pages 159 el mq, 'riio ground-state of the alkali- 
atoms which coinoide, as is shown by absorption phenomena (of, p. 370) 
with tlie first B-term, is of the tyj^o 2^,, 4(|, bg, 6© Na, 

K, Rb, Os. Henoo the reason for the decrease of the S-series terms is 
due to the fact that the principal quantinn number n and honco also 
the donominator of the term increases by steps in this sequence. All 
the orbital types witli a smaller n have already been vised ui) as 
inner X-ray orbits in building up the atom, for exam^ile, in tlio case of 
ODDsium the orbital types 1 q, 3 q, 4o, 5o have been used up in forming 

the K-, L-, M-, 0-shoU. Corresponding results hold for the P-terms. 
According to the Tables 7, 8, 9 we find tliat none of the orbits are 
used up in the Li-atom, the oibit 2,^ of this typo is used up in the 
Na-orbit, all the % orbits, up to and including 3i, 4^^, 5j are used np 
in the oaso of the K-, R6-, Ci-atoms, rospoctivol3^ Irronco wo obtain 
for the excited P-orbit of the valency electron the orbits 2^, 3i, . . . 
for Li, Na . , . Os, respectively, as shown in our figure, 

All these IS-orbits and all 2P-orbita from Na oiuvards are 
Iraling orbilfi. This manitosts itself clearly in the magniktde of the 
terms : if they were not penetrating orbits the terms 8^ and 3^ Na* 
for example, would have to be very nearly equal to the hydrogen term 
lt/3^ ; it is only in tlio ease of penetrating orbits whore tbo quantum 
defect A may amount to as mucli as several units (of* ]>, 392) arc wo 
able to understand, by Theorem 3, tho groat deviation from the corre- 
sponding lialmor term R/3^. On the other hand, tho 21?-tcrm of Li, 
being a non-poiietrating orbit, is nearly equal to the Balm or term 11/2^, 
and is in fact a little greater than wo should oxpoct from Theorem 2. 
In the same way wo infer from the value of the term that P-tonna do 
not peiietrato into tho atomic core. 

Tho term 3D is of the tyjio 3^ in tlio case of Li, Na, K. In Rb, 
liowevor, the 32-shell is already fully occupied and lies in tlio interior 
of the atom (of. the discussion in Chapter III, § 5). Honoe wo must 
ascribe the (rational) orbital typo 4^ to the (conventional) term 3D of 
Rb. Similarly, for Os wo deduce tho typo 5^ for 3D from Table 9 on 
page 193, 
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We have yofc to add a reiuark about tlui oblicjiic dotted lines in the 
figure. Tiioy (ionibiiio the H-toi‘nis of llio saino (U’l)ilal type For 
exam pie j tlie dotted line belonging to the ty pe 5^ eonueuts the term 
IS of 'Rb with the terms 2S of K, 3S of Na, 48 of Li and runs upwards 
towards tho hydrogeli term 11/6^ ; in the downward direction it poiute 
towards tho Cs-teriu So, wliioh is an X-ray 0-tenn. In eontrast with 
the contimious lino connecting the IS- terms wo arc hero dealing with 
a lino which connects really corresponding S-to3‘ms, that is, those 
belonging to the same orbital type. Consoquently this line — again 
in contradistinction to the lino connecting the iS-torms — coidirnis our 
Theoroni 4 : tlio value of the term inoroasoB regularly as the atomic 
weight increases and is always greater tliaii tho corroBponding liydrogon 
term, — ^\vluch is hero R/5^. The line just mentioned exhibits the same 
behavioxir in this respect as the connecting lines of the 4F-terms, that 
actually, of course, belong to really corresponding terms of the same 
orbital typo. The deviation towards tho loft wliioh is relatively much 
greater than the former deviation is clearly in agreemoivt witli tho pone- 
tratioii of tho S-oi.*bits, as a consequence of which tho atomic field 
exerts a much stronger eifect than in tho ease of the non-pemetrating 
F- orbits. 

The contrai'y behaviour of tho continuous and the dotted connecting 
linos of the S-terms exhibits in a striking manner tho antithesiH bctwcon 
the convoiitional and the rational method of denoting terms, 'f he 
contimious line belongs to tho same eonvontional (mri’ont number, tlio 
dotted lino to tho same rational (piantum inunber. In the scHpiel wo 
shall find it convenient to use both notations, 

We now consider atoms with two outer electrons. fi?hese iucludo 
besides He the olomonts of tho second column of the periodic system. 
They all have two kinds of terms, singlet and triplet in their arc 
spectrum. As in the ease of He (p. 3fi8) tlioy may bo briefly dis- 
tinguished as S, P , . ♦ and 5, p, , . . terms. Tiro connecting linoH of 
the singlet terms are drawn continuously in Pig. 100, those of tlie triplet 
terms as broken lines, and it is just as impossible to indicate tho throo- 
fold character of the latter in the scale of the figure as the two-fold 
character of tho alkali-torms in Pig. 99, The terms LS, 21? and 2p 
(convontionally normalwed) of Bo, Mg, Ca, Sr, Ba exhibit tho same trend 
as the S- and P-torms of the j)reoeding Glomciits Li, Na, K, Rb, CAa. 
They are pjonotrating terms, as is tho ^-term, which is, liow^ever, far 
smaller than tho term IS and is therefore denoted ooiivontionally ljy 
On account of Pauli’s Principle (of. Chapter VIII, § 3) there is no ^ 
term Is which would be comparable in value with IS ; we ah:eacly 
know this to bo so for the helium spectrum from our discussion on 
page 359. 

A new phenomenon presents itself, however, in tho terms 3L and 
3f?, as well as in 4P, Tho former are non-pcneti'ating in tho case of. 
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Mg and are little greater than the hydrogen term Hut in th(? ouho 

i>f ()ii they iiieroaso strikingly. W(’^ niust infctu’pr('t tliis as meaning that 
they eome witliin eritical reach of the atomic core and run the risk of 
being bent round into the latter. We shall aotvially sec in § 8 tliat even 
in the ease of tlie next heaviest eleinoiit Se the 32-orbit belongs to the 
orbital system of the inner part of tiro atom. At present we infer from 
tliis that tile eorrosponding orbits of the following alkaline eartlis Sr 



Fin, 11)0, — The eorrospoiuling torniB ot fcho am apootm of Hio alkaijno oaith 
typo. 'I’riplot tonns corresponding to 0110 anotlior aro connected by ohain 
linos, and ftingUa toi'ins by continuous linos, Small lottors doiioto trijdot 
terms, capitals siuglot IcrinB, .Notation as in Fig, llfl, 

and Xla aro |)enotrating orbits of the type Xg and fig and tliat licro 
the orbits Ilg, and in the ease of Ba also 42, already belong to tlm interior 
of the atom (cO, Thoorom fi and Table 0, j). 103). 

The behaviour of the term 41<' in Fig. 100 is still more interesting. 
Whereas as in Mg, Ga and jSrit points to a non -penetrating Iiydrogon-liko 
orbit, it exliibits a oviticai increase in !Ba. It proolaims that tlie orbital 
type 4;j is also about to ])onetrato and to bo drawn into the interior of 
von. I.*— 20 
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the atom.* According to Table 9 this actually ()oe\ii’.s at tlui riue 
earths, a few steps later than Ba. 

So in this case, too, wo find excellcJit ai^oord hotwcoji the tern^ 
values and the periodic system. 

Cojioerning tlic other sub-group of the second column , the olemcuts 
Zn, Cd, Hg, we need say only a few words. The terms LS, 2i9 and 21 , 
2p are penetrating terms numbered in the same way as the ueigliboitring 
elements Ca, Sr, Ba. Bor the terms 3d, Pauli s Principle leads 

to the designations 42, bg for Zn, Cd, Hg, but 4^, hg for the 4&- 
and 4/-terms, 



Fia. 101, — Tho corrosponding fcorms of Zii, Cd, Hg. Notation as in Pig, Of). 

Ill the third column of the periodic system, that is, B, Al, Ga, In, 
Tl, we have the interesting state of affairs that tlio groatost term is not 
an S-term but a doublet P-term, This has led us, in Tables 7, 8 and 10, 
to place the last bound valency elootron not like its two predocossora 
in an w^-orbit but in an ^i^-orbit, namely in ii 2i-orbit in tlio case of 
B, and in a 4^-, 5^-, G^-orbit, respectively, in tho ease of Al, Ga, 
In, Tl ; hence the designations for tho 2P-torms of these olein on ta 
given in Big, 102, 

Tho S-terms are imioh smaller and are thorofore donotocl by 2S. 

The fact that the ground-term of these elements is a P-terni ia 
proved beyond donbt by absorption phenomena. All absorption linos 


* This does nofc, however, agree with tho behaviour of tho 4/- term whioii wo 
have also included in tho figure. ’Perhaps tho first term of tho triplot /-torm 
series in Ba, such as it is given in tho litoraturo of tho subjoct and ns it j» shown 
here, does not represent tho first term of this aorios. 
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begin, without ext3e|)tiun, from the P4ovol, luiiuely Irani tJK^ drJ iwt 
JoveJ of the two cioiibiGt levels. 

Wi^ sliail clisouss fiirtlior points ccHUJoming tlui «tinabura of Uio 
periodie system, such as may be deduced from spectra, in S ^ 

])ius(mt chapter and in §§ 3, 4, 5 of the next cliapfcor. 

§ 7. Series Types with Different Limits. Varying Constitution^ 

Atomic Core 

We liave become acquainted with two series systoins in tiia of 
lielium, tlie orthoboliuin terms and tho parhelium torms (of. i*. .jriH). 



In the arc spectra of the second vertical column of tlio porltJtlio ByBtoin 
wo encountered two series systems, the singlot and tho tri]ded. 
terms (of, p. 400), In tho next oha])tor wo shall find an IruvrauHlng 
number of examples of dilToront series systomH that oocuir Hiiiml- 
taneously, 

T)ie fitting togetlior of such series terms was oomparativoly onsy 
for tho speotrosoopist who worked om})irioally, beoauan tho two 
of series in these oases have the same limit. This signifloB : tho atfiinie 
core whicli remains after tho radiating electron {Lenc/Ueieklron) huM 

* W, GroU’iaii, Zoiis. f. l?liyHih, IS, 21H (10)^2), 
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been removed, has the same energy for tlu^ singlet and tla^ triplet 
terms ; this may be made the common zern-le.vel from wliich w('. may 
reckon. Wo may say with (sertainty ; tlie atomic core is Hiniihirly 
constituted in both cases ; for example, the atomic core of Iielivim is 
always the hydrogen-liko He'*‘-ion, no matter ■whether -nvo start nut 
from pai'a- or ortho «-stat os. 

The contrary beliaviour first manifested itself in tile neon speudrum. 
Pascheii* was the first to succeed, in 1911), in separating out the ^vlu)]e 
of the neon lines into series. But the series t(irms rinsolved int(J two 
different groups : the one could be represented, without diffleulty by 
formulaB of the Ritz typo, the other appeared to ].’eq\dre a new kind 
of series formula. Paschen soonf roooguisod that this second grmi]) 
could be represented satisfactorily by formuto of tlie following typu ; 


R 

{n + q+. . .)' 


-A, 


A 782 cmr S 


that is, by superposing on a Ritz expression a wave-number A wliioh 
has appreciably the same value for the dilTorent terms {)f this grouji. 
This result must bo interpreted as meaning tliat the series limit of tho 
second group differs by tlie amount A fi’om tlui sories limit of the 
first group which had been chosen as tho convoutiojuil z<h'o - level for 
calculating the terms. (Tlie arbitrariness in the ohoieo of tho Vioro- 
level is a neces.sary consequence of tho fact that the observations always 
give only term -differences.) 

The explanation of tho two sories limits in terms of models given 
by W, Grotrian.J He allocated them to tho two Ij-limits, Lm and Ln- 
Lii corresponds to the limit zero for the ono-torm series, Lin tho 
series limit, which is less by the amount A, for the other term sequonee. 
Ill both oases the closed neon-shell (tlio Lu 4- Liu-Hholl ” as wo ex- 
pressed it in Chax:iter III, x). 159) is broken up in suoli a way bliat ib con - 
tains instead of its full number of 0 electrons only 5, A breaking-vij) of 
the Li-shell (2 electrons) signifies a more consklerablo ebange in tho 
atomic configuration and docs not come into question for the sviootro- 
scopy of the visible region, 

Tiiat tins interpretation is oorroct is x^roved by tlie agreement of 
Piisehen’s value A with the cliircrenco of the terms Ln and Lm, tliat 
IS, with the relativistic h-dotibUl. This has not, of eourso, bmm momsiircd 
m the case of neon, but may bo deduced by extrapolation, wliicli givcis 
a value of the same order of magnitiido as A, Eqn. (5) on page 27 fi gives, 
iov examine, Ar ==.^047 cm.rS which agrees siimcuently well with 
iasohens A 782 if we take into consideration the vinoertaiiity in 
the extrapolation towards such low atoinio weights. 


" Ann, d. Physik, 00, 406 (1010). 


t Zoifs. f. Pliysik, 8 . no (1021). 


t Hwl.. 08, 201 (1020), 
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Grotrian * ahowvS how certain details in the neon si^ectrum, dis- 
covered by Paacheii, may be explained from the mutual position of 
tlie term limits or, respectively, of the L-lovcls^that corresxJond to them, 
(These details are, for examxdo, the freqxient oeciuTcnce of a closely 
adjacont pair of lines, accompanied by a lino each at the distance dr 
the first corresponding to the comhiiiation of two Ritz ” terms oi* 
two analogous “ non-Ritz torjns, the second coiTesx)onding to the 
combination, in each case, of one Ritz term with the analogous 
“ iion'Rit74 termO 

Witli regard to noinonolature it must, of course, ])e omjdiasized that 
the distinction between Ritz and non-Ritz terms is arbitrary, since this 
nomenclature would become reversed if the zorodevel were di (Terentiy 
choson/|* 

This is all that wo shall say about the last vortical column of the 
periodic system* In tlie first voitioal column, that containing the 
alkalies, there is no multiplicity of the series limits because licre the 
atomic core (inert gas rIioU) is uniquely defined and the excitation affects 
only the valency electron. The noble metals Cu, Ag, Au, that are in 
tlio same vortical column, will l)e disoussed in Ohapter VIII, § 4, 

We now come to the second vortical column of the periodic system, 
in particular, the elements Bo, Mg, Ca, Sr, Ba, Wo horo have in tire 
are -spectrum besides the ordinary triplet terms cl (which are to be 
written as ^P, ^1) if greater detail is desired) also so-oalled displaced 
terms, which wo shall denote by p\ cV in the sequel, which corresponds 
with the older notation. How they should bo denoted according to 
the modern method of clasHification will not be discussed till § 3 of the 
next chapter. Besides tiro (?oml)i nations {pd) of tlio I N.S, wo also 
find [pp') and {dd') oceurring, but never (peV) or {dp*), 

^.fho ** dimoiphism ” (p* in addition to p, cV in addition to d) of 
the p-torm and tire d-term, for example in the case of Ca, again denotes 
tlio possibility of a double constitution of the atomic core with an energy- 
difference that coiTospondB to the difforonoo of the serica limits 
00 p 00 What is the nature of the possible re- arrangement in 
tiro atomic core of Ca, that is, in the Oa ' -ion ? According to Table 8, 
page 102, the Oa' -ion consists normally of the complete K- and L-sholl, 
of the inoomploto M-sholl of 2 0 oleotrons (3o-* + Si-orbibs) and of 

tire beginning of the N-sholl Avibh. a valency electron of the typo 4^,. 
Bub according to the same table the completion of the M-sholl occurs 
immediately after Ca by the addition of a Ba-oloofcron (n ==3, / — 2). 
Hence Ave can understand that besides the normal Ca'^4on also a 

* Loc, cil. Of. also Cl, VVoiilzd, Phys, 24, 104 (102S), whoro those 

rolaiionflhins am illuHlrjiliod i^raplii (Hilly by lueaiiH of a lovola»8ohomo. 

t Aoounling (o K, VV. Miubsimu’, Z(U(«, f. TMiysIk, 37, 238 ; 39, 172 (192fl), 
the rod argou s|»o(<hHnn has (rlio huiuo Htruo-tiiro as tho nooii-spnotriiin. In argon 
tho iiitorval botwoon tlie liiuitH is ; Ap"" - 14 21b 2 niul hnB boon broiiglit 

into rolationship with tho interval botwoon tho limits Mu, Mm by Orotrian 
[ZqUb, f. X^hys., 40, 10 (1020)]. 
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hetero 7 norphic ion can occur which is conaiitutecl according to the 
following scheme ; 

Tabi-e 40 


Orbltnl 1*y|w 

la 

2o 

2i 


ih 


4o 

n 4 

Normal Ca"^ . . , * 

2 

2 

0 

2 

6 


1 


Hotoromorphic Ca*’ . 

2 

2 

6 

2 

0 

1 



Normal torms pt (1 * * , 

2 

2 

0 

2 

0 


1 

1 

Hotoromorphic terms p', fV 

2 

2 

0 

2 

fi 

1 


1 

Normal tonn 3d . . 

2 

2 

0 

2 

0 

1 

1 



The table indicates that the ocounenGC of hotoromorpliio terms 
may be accounted for qiiantitatively as follows,* The IS term of 
the spark spectrum corresponds to the normal state of the Ga'^'-ioii, 
the 3D term to the hotoromorphic state* Both terms are well known 
speotrpscopioally : 

IS == 9*57 . 10^ 3D =- 8'20 * 

Hence wo obtain for the energy -difforenoo in question 
]S ~ 3D L37 . lO'h 

Now four grouj>s {p2>*) ^^re known, The strongest lies at A — 4300 A. 
and forma (together with the linos of other elements) tlio 
Lhic Gr of the solar spectrum ; the second group lies at A ™ 3000 A. 
The third group has been analysed by A, del Gaiiipo,t and lies at 
A = 2660 A. A fourth J has been found at 2360 A, In all four oases 
a p' -triplet occurs in combination with the same 2 j 9 -triplot, We 
denote the four p' -triplets by 4p\ 6 p' ; tlicy form tlie sviecossivo 

terms of a series, We have || 

10800, 32?' = 760, 4p' = 4990, 62 ?' ^ 8380 

The negative sign that occurs at 4p' and 62 / is exactly Avliat we must 
expect if the limit co p' lies higher than the zero point from which wo 
count and which coincides with the limit 00 p. Of. the scheme of levels 
in Fig, 103, where we have included besides the series mp the terms 
2p\ 32 ?', 42 ?', Bp* and their extrapolated series limit 00 2 ?', as well as the 

* G. Woat'zol, Phys, 24, 104 (1023) { Appendix, ibirLt 26, 182 (1024). 

t Trabajoa clol Lnbovai.orio l^’isioo. No, 08, Madrid, 1023, 

J Of. tho beautiful paper by H, N, Buasoll and F, A. SaundorB on tho Striioburo 
of tho Spectra of the AJkaliilo Kartba, Afitrophys, Jonrn,, 61, ,38 (1026), which 
has booomo so oxtraordinarlly important for the theory of tho oomplioatod spectm 
OB oxprosflod in terms of modols, Tho fifth (pp0'8’'oup thoro given for Ca is 
uncertain. 

II Of, the tables of Ensaoll and SnundorB. Instead of tho individual values of 
the triplet -lovols wo have formed a sort of position of the coutre of gravity for 
each triplet, 
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tTiicrgy-lovt^lH ()f the spark spectrum which have come into c|uestion. 
WhoroiVH the torms 5;?', caloulated relatively to their oAvn series 
limit naturally liavo a value, they must come out negative 

I'C'hvtivoly tn tlvc series limit co p ; as is made clear in the scale attached 
to niir ^t'his scale gives the term values for the arc sx^ectriim, 

for tlie spark spectrum it denotes the energies reckoned from 
tlie groimd level IS (the sign having 
luMUi cliangiHl and tlie value having 
Ikmui multiplied by ftc). 

In the ligiire wo have made the 
extra])olat(ul limit 00 p' coincide 
<liree.tly with the ;hD-tcrm of the 
Npivrk Hpeedrum of Oa, as is de- 
ninnd<Ml by the above explanation 
t>f the a<K5ented terms. Oalciilation 
Hhows that tins is justilled (of. 

Wmitzol, and Hussell and Saunders, 

/on. c\L) if we express the accented 
li(U'JUH '' hy means of a Kit/, formula. 

Our mujented ” Oa-terms are 
only ono example of many. They 
nnmir not only in the analogous 
(donvonts Be, Mg, . . . hut in all 
(Munplioatod atoms in which the 
I’cHpocdivo ions arc not so uniquely 
(hdliu'd UH it\ tlie alkalies. We shall 
luwo to deal exhaustively with this 

(pic^rttion in the next chapter ; tliere we shall also discuss the selection 
ruh^H nocording to which they combine with each other and with 
“ mmooeiitcd terms. 

s 8. Spark Spectra of Different Orders. “Stripped Atoms’’ and the 
Laws Underlying their Structure 

Wo nroo<)ii<l to tivko up tlio thread of § 0 and consider the terms of the 
Himrk. that is, of tlio ionised atoms, starting with those of the 

Tile icnhiatiiins Be' , Mg' , 0a+. Sr' . Ba" are analogous oheinieaUy 
l„ tlio l.jr.c.M]ing alkalioH Li, Na, K. Bb, Cs. since they have valency 
Xotmi outside a closed inert gas shell, and they ai^ also related to 

I, horn Hlieotroseopically, since they likewise have a floitWcf spectrum (of. 

( l}i(i.ntot' VI II. § 2)- ^ comparison of Bigs. 90 and 104 then also s lows 

liml l iu' S- and the I’-torms in both spectra run quite analogously an 
tlnvV. tni ^ iviwi 1 I , , . .i,. .vav. Concerning the values 


U'lG. lOB. — Tho series iiinits o! Iko 
Ca Bpoctrum. Tho “ ordinary 
terms con verge on to tho IS* 
term of the Ca spark spectrum j 
the displaced or ‘‘accented’* 
p. terms on to tho 3D* term of 
tho Ca apark spectrum. 
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spectra of the preceding elements, corresponding to the four times 
greater value of the Rydberg number (of. p. 3()5) ; for our comparison 
we have therefore given liere not the Balm or terms but the four times 
greater terms of Ho'*’ (cf. the dotted straight linos). 

Let ns next consider the D-term. In Be** and Mg'* it is normal and 
hydrogen -like, hut in Ca'*' it becomes abnormally great, and oven greater 
than the first term of tlie P-series. We infer, exactly as in the 
of Ca (Pig. 100), that it is in danger of being drawn into the atomic 
This actually occurs in the homologous elements Sr'*' and Ba*'. 

The llg-orbit hero runs, 


core. 


according to the tables 
of atomic structure, iu 
the interior of tire atom ; 
tlie term 3D is to bo 
numbered rationally as 
4a and Sg, respootivoly, 
and i^enctrates into the 
atomic core. 

Wo furtlier com pa rev 
the 3D-tGrm of Oa* witli 
those of elements that 
are in the same horizontal 
row instead of, as here- 
tofore, with tlioso of 
elements in the same 
vertical column. At the 
same time we introduce 
a new notation for the 
spectra of tlio ionised 
atoms ; tliis notation is 
more convenient, partic- 

104.-Con.osDO„din,r nf thn 

atoms, than that which 
wo have hitherto used 
Jfor examide, for 0a^‘). 
We denote the different 
stages of ionisation with 
Bo77ian figures^ so that tlie neutral atom is indicated by /, the, miiscd 
atoms are denoted in succession by II ^ III and so forth. 

Instead of K we thoroforo now write K I ; Oa ' is now called Ca II, the 
quadruply ionised vanadium atom, which we shall presently clisoiiss, 
is denoted by V Y. We consider the analogously constructed atoms 
K I, Ca II, Sc III, Ti IV, V V, all of which consist of an argon shell and 
one outer electron. 'I'liis is the nineteenth electron in the genesis of 
the atoms. The accompanying figure 106 will give us an idea of how it 
is bound. 
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104, — Corro spoil ding tonus of tho id kali no 
earth spark speotm, oompamd with tho torms 
of tliG Ho+ spoctrum, Tho symbols IS, otc,, 
rofor to tho convent ion al notation introducocl 
on p, 306, tho symbols 2o, oto., to tho 
classifiontion. 



§ 8. Spark Spectra of Different Orders 409 


A little lower wo shall disouss how the terms of such highly ionised 
sx^eotra oan be established with certainty. 

The terms of Call have again been divided by 4 in Fig. 105 ; in 
a corresponding manner the tornis of Sc HI, which may bo read oif 
from the liguro, rcprosent only of the true term -value, those of V Y only 
In K I wc have the following order for tlie torirns, 


of the true value. 


IS - 4„ 


2 P 


8D 


iloi which 


is 


already known to us. In 


/Vf 


zP 

1S 

30 


Oa II 31) has already bccoino > 2P, in So III the term 3D has also 
passed below IS and tlienco onwards remains below IS. That is, 
the 32’0rl)it beoomos tixe most stable orbit in the ease of Sc U1 and the 
following spark spectra. In tlie progressive synthesis of the Sc-atom 
the ninoteontli electron tlivis attaches itself as a 32-orl)it. According 
to our liguro the same applies to "J^i 
and V, and certainly also to all the 
succeeding olonients of the iron 
series. This presages the subsequent 
filling np of the M-slicll and the 
beginning of tlm first long xxoriod, in 
agroomont with Table 8 on page 1(12, 

Y^hereas tlio ninetc’ontli electron is 
hound in a 4(j-()rhit in the case of H) 

K and 20 Oa, that Is, it is bound in 
the N-sholl, wo find tliat in xxrogres- 
aivoly building up 21 So it first occurs 
in the M-sholl. It is only when this 
gai) in the M-sliell has been filled 
that the twentieth and the twenty- 
first electron of So again find their 
stable positions in the IST-sliell as 
4o-olcetrons (of. Table 8). We here 
have a clear example of the fact 
that the stability of an oloctroii (lioro 
the nineteenth) must be judged 
difiorently according to the varying value of the nuclear charge (here 
for 10 K I ; 20 Oa II, 21 So III] and so forth).* 

In Pig. 106 wo now contrast the atoms that succeed each other 
horiioontaily, Na I, Mg II, Al III, Si IV, 1? V, S VI, and oomparo the 
value.s of tlieir terms (divided by 4 for Mg IT, 0 for Al HI, oto,, and by 
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:b'ia. 105 .— Tho liinding of tlio lOUi 
i^lonlri'on. Tlio lorm 3D (orbital 
type *h) bolow III lioft lowor 
than 18 and 2P (orbital typos 


Tho saino arguinont and tho Haino figure, qualitaUvoly, as that usnd for the 
above fiorios of spark hold for tlio Borios of olomonts j 

Kb I. 8r IT, Yt m, IV. and Cs I, Ba II. La IIT. 

TJio tliirty^HOYouth eloetron, whioh in hound in a fj„-orbit in Hb and Sr, oroura 
OH a 'Ijj-orhit in Sll Yt j th(} llftydlftb eU^ctron, wbinh doHnrihoa a Oo-orhit in tho 
case of (Is and Ibi, is more stable in r»7 La as a Os}'^d)jfc. Honan tho filling of 
the N-shoU starts at Ytj that of tho O-ahoUat La, but tho proeoss is intorruiHod 
at tho rare earths in favour of tho final filling up of the N-siioll. 



410 Chapter VII. Series LuwvS in General 

36 for S VI). All six atoms are similar either ohomically or speetrev 
acopioally ; chemically they are of the alkaline typo, apeetroscopically 
they are of the simple type of the doublet-systems, consisting of an H .Sm 
a I N.>S., II N.S., B.S. and so forth. Tlioir terms IS, 2P, 31) folhnv 
each other in beautiful regularity and become more and more hydrogeiy 
like as the charge on the atomic core increases ; bS and 21^ asymptoti- 
cally approach tlie common value It/IP (ropresontod in Pig. 106 by a 
dotted horizontal line), from which 31) never deviates l)y nwich, TlnH 
limiting value hears witness to tho fact that Bohr’s interpretation of tlie 
terms IS and 2P as Sq- and B^-orbits in tlio case of Na I and Mg II in Pigs. 
90 and 104 was correct, Pinally, tho terms 4F (4g- orbits) always lie 

on tho straight line 11/4^ of l\y- 
drogen, Tho above-mentioned 
asymptotic approach to tho 

limiting value clearly dcnnto« 
tliat at the higher ionisation 
^0 stage tho peculiar ities of tho 
atomic liold j)lay a less and Ic^Hs 
important part compared with 

the increased charge on th<^ 

atomic core, so that the fudcl 

becomes more and moi'<^ 
Coulomhian, that is, the term 
becomes more and more hydro* 
gon-liko. There is iio question 
here of a crossing over of blin 
grai)U linos os in Pig, 10/5 : wo 
are hero dealing with tho second 
small period, in which all tho 
f electrons arc attached on tho 

Hal MgR Aim SII\A PV $Vl outside, whereas tho peoidiar 

108. — The binding o£ tho lith features of Pig, 105 indioiited a 

oloefcrom Tlio symbolB 3o, oto do- p^rfod and tho filling of UU 

noto tho orbital typos of tho . ” ^ i n ” 

outer {oloveii) eloctroiifl, inner slieU. 

Piguros similar to 106 anti 
106 can ho drawn nowadays for a great number of analogous arc and 
bliark spectra. It will suffice if wo here also discuss a hguro which is 
of importance for us, namely that of the spectra from Mg I to H V, 
but wo refer the reader who is interested in further details to iho 
special literature on the subject.* Wo are again dealing with atoniH 
having a closed argon shell, but this time with two outer electron h 
attached. Accordingly wo have singlet and triplet terms, 'riio 
singlets IS, 2P, 3D have tho orbital types 3o, 3^, 3^ and must con- 

* W. Grotrian, Graphisoho DarstolUmg doi* Spoklu’on von Atomoii imd loiiuu 
mit 1, 2, 3 Valonzoloktroiion, Vols, I unci II, Springov, 1028. Soo also HaiulbMoh 
dor Astrophysik, Chap. VI, Sj)ringor, 1030, 
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towiinlH 11/32 „5, luicleiir charge increases. 


411 
Actually the 


n\^^ oinmocting tlw IS points passes beyond R/22 although it lies far 
.nhnv lb 111 tlie case of Mg I. Tiro triplets 2p, M also converge tou'ards 
V’.l ' . 3,. On tiui other hand, there is ,w term Is 


verge 
liuii 

1 

‘ V;V ’ , there iim term Is 

*»/ fhe tnidet ttiinlem : ratlicr, the triplet S-terms begin with 2s, to which 
wt' hud alrc^iuly UHmj^iuul tlm tyx^o 4^ 
in loo. ivo liore hoo that this 
u Hi Million is also (lonlirmcd by tlic 
H]*uTk : tli(5 term tuirvo 2s 

i'!roMK<‘H tht^ hydrogem straight line 
lihtweeii Si II L and V IV and 
i»vii|(uitly ennverg('« to ; it 
iMdiavtis ({iiito dillerently from the 
vwivi^ M wliioh bolongH to R/S^. 

\Vn Hliall ]M‘(‘Hcntly meet witli a 
fiirtluH' proof (){ tliis fundamental 
flint* n'he ttu‘ms 4/ (typo 4,^) again 
Uo nmirly on tlio straight line 11/4^. 

In tins way tlu^ eorrootnoss of 
t ho iilIcKiatiou of tlm prineipal qiuin- 
t iini nunil)(U’H may bo provocl from 
Mio Hpark spi'etju for most of the 
tniHOH iliHiUiMHod in § 0. 

Our h1g«. 105 to 107 afford an 
nxiinllonb illustration of the way in 
whioh the unravelling of the spark 
MiHHdva bus develop(M]. Originally 
oiir idiui of the spark H])ectrum was 
I>ut little (dear and v^as purely 
rnipiricuil. Under the iiifliienco of 
linhr’s theory Fowler, in 1015, re- 
lirc^Houtod his pliotographs of the 
Mg M|mrk sjioetrum by sorios formidso 
jiTiVolving R multiplied by a factor 
Mf *1, and iinmediatoly afterwards 
Mohr pointed nut the possibility 
tluit thort^ might be spark spectra 
of a liigluu’ order, in which 4R 
wciuld ho roi)lao<^d i)y Oli, KIH and 
HO forth, Important papers thou 

followDfl hy FiiKolien on the spark spectra o£ A1 and by Fowler on 
those of Si. Siiufo the pioneer investigations of Bowen and Millikan, 
ivhieli wo Hindi (liHonss fully later, many asaooiated sequences of spark 
Htmtdrji have been invcRtigatod. 

It is easy to uucl(U‘Htand from the point of view of atomio structure 
^vliy arrive at tl),Q speond spark Bj)eobrum Qi A1 and the tlurd 



Pia. 107. — ^Tho binding of the 12tli 
oloctron. With tho increasing 
offootivo nuclear charge the 
torms continuously npproneli 
tho straight hydrogen lines 
(R/S**, etc.) belonging to the 
samo principal quantum number 
as the terms thomselvea . Triplet 
torms (small letters) are con- 
noctod by chain , linos, singlet 
terms (capitals) by continuous 
lines. 
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spark spectrum of Si> and so forfcli, and only obtain tlio eorrospondiiig 
higher spark spectra with considerable difficulty. The next step would 
render it necessary to attack the closed L-slicll and to deprive it of 
an electron. But this would require far higher excitation potontiiils 
than those necessary for (letaohing one of tlie valonoy olootrons which 
are much more loosely bound. Nevertheless modern HpeotroseopiBtH 
have succeeded in many cases in breaking up tlio inert gas shells. Wo 
gave an example of this in Chajffer II, § 1, whore wo s])oke of tlu^ 
hydrogen-like spectra Li III and Bo IV. There it was a question of 
destroying the helium configuration, the K-shell, wliioh is actually C50n- 
skier ably more difficult to break into than the inert gas sliolls of No, 
Ar and so forth. ' 

We follow Millikan and Bowen in calling such highly ionised atoms 
which re.sult from successive removal of the outer electrons, stripped 
atoms. 

In comparing the a r o and spark spectra wo investigated (for exam ] ) lo , 
in Fig. 107) how the terms divided by the square of the nuclear charge 
converge to the hydrogen term II/?^^ as the nuclear charge inoreaHos. 
We imagine the terms to bo represonted by a formula ((ff. 

(7), X). 389, z — I for arc spectra ; z ^ 2, 3, . , . for spark s])ectra of 
the type II, III, , . ; the points in our figure thou give 

Hero we thus transfer tlie deviation from the liydrogen torjii to i;he elTeo- 
tive principal quantum number Wo may instead, .of courso, 
transfer the deviation to the nuclear charge and introduce an in 
place of Z, so that the term would assume the form 
we should share Moseley’s form for the X-ray terms, namely eqn. (4) 
on page 284, if we neglect the relativity correction there as a rtnigli 
aj^proximation. 


We set Z — (j, where a stands for the screening action of 
the atomic core and any outer electrons that may bo present on the 
radiating electron (Lmchtdektron). If wo now coucontrato our atton" 
tioiv on a definite term in one of the preceding sequences of tl\o sxmrk 
spectra, then the screening effect just mentioned certainly remains iij)* 
proximately the same, because the atomic core and tlie outer oleotrons 
retain the same configuration ; cr remains constant and Z inoi’ensea 
by one as we pass successively in our sequence from one spootrum to 
the next highest. From the term forjnula 
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a of this “ Mosoloy straiglit line ’’ to the Z-axis is given by tlie (true) 
principal quaiituiu munber ; 

tiui a — ijn , . » . ♦ (2) 


From (1.) it fiirfchor follows that : mrifiJi of lennfi ivilh diffaroMi o-’s, 
which hd()7i(j lo the m^na Irue ^idmyvpal qnantwn iminbcr, are pamlld m 
the Moseley diagram^ all having the diredion tan oc — Ijn, In the case 
of terms that are perfectly hydrogen -like 7*^^ is of course an integer 
(being equal to 1 for arc spectra, and equal to 2, 8, . . . for spark 
spectra of tlio typo II, III, . . .)• Then cr ~ Z — Z^yy is equal to the 


total number of electrons 
wliioh are ])i.‘osent in addi- 
tion to the radiating elec- 
tron. In tlie case of terms 
unlike those of liydrogen a 
is, as a rule, smaller. This 
is immediately evident in 
the case of penetrating 
orbits, because tliore the 
valency electron comcH 
into internal regions of the 
atom wliore tlie (effective 
nuclear charge is consider- 
ably Iiighor than outside. 

Abundant examples are 
given by spark spectra. 
We shall take as our first 
the group li I, 0 II, N III, 
0 IV. In Fig, 108 we 
have plotted as our ordin- 
ates * tlie VW'K' values of 
the terms and as ovir 
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Fro. 1 08 . — Who Moao loy law in optical spootra, 
Vtorm valuo/K is a linoar fuuotion of tho 
nuoloav ohavgo Z. I.'lio torin linos run 
parallel to the oorrospemding Htmight linos 
of liydrogon (n ™ 2, tl). Tho nnmbors in 
hraokots aro tho U; orbital typoa. Tho 
figiiro roprosonts tho binding of fitli uloo- 
trou, Horo tho stabUi tomia lio higlamii in 
tho iiguro, in contrast to t'igs. 105407. 


abscissfio the true nuclear cliarges. For tho sake of clearness the scale 
of the ordinates has boon taken twice as largo as tho scale of tho ah- 
soissro ; thus in tho figure tan a = 2/?i. The liydrogen linos n = 2 
and 1] have been drawn in as clotted lines, Wo see that the terms 


actually lio ratlicr accurately in straight lines and that further tho 
terms 21? (licre tlio ground terms of tlio spectra, three outer elec- 
trons t of, p, 403, Fig. 102, B I) run parallel in our diagram to the straight 
lino tan a -= 2/2 1, as should be, for tlioy belong to tbo true quantum 

number ?i-“2 (of. 3'ablo 7, ]>, IfiO). On tho other hand, the terms 
2S, 3P, 30 run parallel to the straight lino tan a — 2/3 ; its true quantum 
number is 3. In the figure the term straight line for 2P is drawn 


* The following figures luivo boon tiilcon from Ibo figures given in Orotrian’s 
book, qiKitod on p. 410. 
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as far m its iiitoraection with the axis of ahseissai. Ae(?()r<lin^ to eqn. 
(1) this point of intersootiou occurs at tlio point Z — (/. 'i’lio ligviri,^ js^iven 
<7 == Ih5, tiiat is, a non-integml value smaller than tlu^ valium <r - 4 
of tlio parallel hydrogen straight lino n ^ 2, Tim (JorresponclH to 
the general assertions made in the prooeding seetion* ^rho liy<]rogcn 
straight line — 3 also has the same intogml value (t — 4, 'Plu^ torn\ 
3D which is almost hydrogen-like arrives at almost the same point ot 
intersection whereas the more penetrating terms 3D and 2»S run to the 
left of it. 

As a second example we choose the group Mg I, A1 If, Hi Hi, IV, 
>S V, which we have already considered on page 411 in another eon* 



Fiq. lOO.^Tho Moaoloy law in optical spectra, BhuUna of tho mh elnatjoii 
lig“ 108?^'® ‘ “"■I’**"'" '‘“’Slot tanns. Noinoiuilaturti «« in 


ITi W 7 that tho terms sliowii in I^ig. 107 iiro ftlinoHt 

ail wWce those of hydrogen ; in our present Pig. loo this show's itsolf 
n that tho Moseley straight linos of these terms lie far away from fciio 
hydrogen straight lines. Nevertheless all terms with the prind'jml 
qmnium number Z run appreciably paralhl to the straight line n ^ li, 
and with the pnnapal quantum number i run appreembh/ 

paralhl to the straight line n — 4,. 

Ti TV V we sholl consider the group KI, Oa II, So UI, 

;V discussed earlier. Hero we seo timt 

the term 3D (of type 3j), which runs parallel to the straigiit line n 2 
and lies between Ca II and So III, gradually curves away from tlii^ 
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direolicJii at the higliei' iuiel(Mir ehargea and ajiproacihes the rlijxMition 
n = 3, to wliieli it liclongs ^iccording to atomic tlieory. 1,8^ 2P and 41) 
(orl)itHl types, d^, H-.^) hivliavt^ si milady : they (ii'sL run parallol to 
71 , = 3 and betray that tlioy i)clong to the quantum ninnbor === 4 
only if tlic degree of ionisation is appropriate. 4P (of oidntal type 4:^) 
remains tjme to its direction n ^ 4 right from tile lieginning. 

In Fig. 110 (as well as in Fig. 109) tho toriu curves iiitorscct ; 8D 
passes beyond 2P and LS. 'I'his, of course, denotes no more than what is 
stated in Fig, 105 on page 4(>9. 31) in more stable than 21? and IS in the 
case of liigher nuclear oliargo ; the ninctoonth electron, with whicli. 
wc are concerned in our present group, is bound in a 32 “Oi‘bit from So III 



onwards, not in a 4o-orbit, as in K I and Ca II, Suoli intersections 
of the term -curves are possible only when the ionisation has not too 
liigli a value, because tlie straight lines tan (a ^ Ijn move further and 
further apart, and so tho torih-curvos also move further and further 
apart. In the case of large nuclear cMrgefi the terms loKose p^hici^al 
qxianlnm number is small arc ahvays more siabh than those which have 
a large pindpal number ; in the case of targe nuclear charges, Him, we 
have ike ** ideal ” periodic system (ef, p. 150), in which the eXecirons are 
hdli in sysiematkally in the order of the 2^rincipal qtiankm numbers. 
For an intorseotion it is also necessary tliat the intorseotiug term, whioli 
has boon built in too oady as compared witli tlm Ideal systein, should 
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noli l)C 5 of tho h^^tlrogon typo ; for Uie liydrogeii straigJd Hues do noli 
iiitersocf in our diagram. 

I'ho validity of Moseley’s law having been conlinncd so strikingly 
in this way for optical spectra, we may conjecture that tlie other 
laws of X-ray spectra will also hold hero, Tim law of irrfigula^' (kmhkta 
is actually already contained in our Figs. 108 to 110. TJio paralleliHiii 
of the Mosoloy straight lines states no more than that suolv terms form 
irregular doublets. It also follows from the term formula (1) on page 
412 til at for two terms liaviug the same 2 ^vincipal quanhim number 

® 

must be constant, that is, must be ind& 2 ^en(lent of Z, In X-ray spectra 
wo found that tlie law of iri’egular doublets was valid for terms that 
belong to the same n and j but have Ts differing by 1 (cf. pp. 271 and 
281). In a corresponding manner any two-torm straight lines which 
have been coupled into an irregular doublet in our present figuros 
also have the same n and different ?’s. We have been unable to make 
distinctions hitherto with respect to j simply because the j-fine structure 
of tlie terms (imiltiplo structure) would not bo appreciable -in the 
small scale of our Figs, 108 to 110. 

From the term formula (1) we may now draw a furtlier important 
inference. Wo consider the spectral line that results from the combina- 
tion of two ienns of an irregular doublet. In Fig. 110 an example of 
such a line is given by the combination ISj — 2P^., which is the weaker 
line of the strongest doublet of lines in the Kl-spoctrum. Tho fre- 
quency of this lino conies out as 

»'s — >'1 = — (Tj) H- o-jS - nTj^) • . . (‘L) 

whore o-^, o-g arc the sorocning constants of the two terms ^2 > 
the same value in both terms because tlicy are to form an irregular 
doublet. Thus eqii, (4) states : the frequency resulting from the coni- 
binatmi of ttco terms of an irregular doublet is a linear function of the 
(true) nuclear charge Z. This law, which was first discovered by Millikan 
and Bowen * enables us to calculate beforeliand the frecpienoies and 
hence the wave-lengths of these lines for the higher spark spectra if 
wo know thorn, for ox ample, for the arc spectrum and the first spark 
apeotriim. For then we know tv^o points on the straight lino wliioh 
represonts the frequency as a function of Z. An important feature is 
that it is not necessaiy for this purpose to know precisely the exact values 
of the combming terms. It would also bo possible to determine thojn 
ax^proxiiiiately from Moseley’s term law, Bowen and Millikan and 
their saccosaors were in this way able to identify with certainty a groat 

* J, S. Bowon nnd B. A. Millikan, Phys, Bov,, 24, 200 (1024). 
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i.v r;,;',!;;?''' “‘o 

I \(s^ Uilui n.s an illimtratiou bho scquonco INal to (JIVII. In 

of 
also 
fcipai 
aJso 

. , , . ", . ^>y ™ity- We see that the linear 

vmjV‘! Tfi 'T spectrunv exact absolute 

aliU'H of tiio terms uro not yot known, but it would be possible to 
• ir'tofinino the vilmition fro- ^ i > i 

tiuonoy in i|Uoskioa with eur- I r~i 1 r 1 



(a inly liy mcuiiw «f tlu) linear 
law iia(i oonlirm it by ob- 

Hl‘r^'’l^t^on. , 

'rids idontilieation Ijo- 
tannuM Htill more oortain in 
of tbo following oinniin- 
Htmicd : tbo eoinl»inntIon of 
tU(« l.Sdonu witlitlie 2 P.fcoi’in 
MivuH the lino 

Ib^ifai • 2 Pj/a just mimtioned 
iiImii tlm lino 
UMume two liiu^H to^etlior 
ftn'm II jmir wluwe frocinonoy 
I JilTcn^ciUfC' in 21^3 ” 
iVliir<^nvin' tlieso two torins 
anti roiHusont a 

rr'/fifraif,N/fa t»r n n^i/uto ihnbki 
it wt^ apply the <M)nooi>tioii 





;/ )2 iy 14 " Is 16 

m MgS AIM Sin^ PV S\fi dm 

YiKi, 111, — fV i'68ulti of the law of irregular 
doiiblots, The lino frequency v of the 
Qombmatioii of two terms forming an 
jiTOgular doublet (saitio n, j different 1) 
is an approximately linear function of 
the nuoloar charge Z, 

cvf X-ray HpiK^rra to (q)fcloal spootra (of. j), 270, Fig. 76) ; iox in our 
tvxiimph' oJE fclu^ *Na I to tiro 01 VII soquence they have the same 
|»rinvipal <ivuiulum nuiubor (?ir 3, seo above), besides having the 
Hit 1110 I mill tIilVei'eufc jV. It is aeon no’\v that the law oj regular 
rlanhhfff (iJm holdfi (juile ivell for optical a2^eclra, Thus in our case we 
k ntnv tliu itinount of the dilToronco SP^/a — and hence can specify 
trfiere (he Una IWj/g --- 2Pr|/a must lie if the Urn ISj^/a — hwwn. 

O'o rodogniHO that ihis law of the regular doublets is valid we must 
writo down the term formula, Inoluding the relativity corrections of 
the? Jlr^t order. Prom (4) on page 284 wo then obtain as our term 
ft»i''tnuhi 111 pitiee of (1) 

H(7i~-or)2 ^ :ao;2(Z ^ 8)^ / n 3n 






tiM(l fov tbn volutivintio cloiiblofc (lllV'crence of two terms ri, with a 
van. “27 
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constant n (<r anti s are the same in both terms, see p. 28‘.l), 


Ai' = ri 


W(Z «)■> 


(i- - 1) 


(r>} 


Conooniing tlic allocation of the to oiir koo 

the (liscnasion on p. 270 and in particular h'ig. 75. We that fur 
a relativistic doublet the Wo that belong to the Haine value of ^ urn 
equal to ^ 1 and /, respectively. »So the bniclceted cxproHsioii in (5) 

becomes 


1 


1 

Hz 


1 


1 


^ + 1 ^ /(/ -h ly 

and we finally obtain as oiir regular douhUt Sornhukii 


Av- 


Ila^(Z - 8f 
f) 




This law has been well confirmed in optical spectra. The only 
empirical quantity is the screening number 5, which, moreover, in 
quite different from a in the case of X-ray spectra, irormula (0) is of 
use not only for calculating the doublet resolutions hut, .surprisingly 
enough, also for the triplet resolutions (cf. Note 12). 

As an example we choose from the sequence Na 1 to 01 Vi.J tho 
doublet resolution 2P« (orbital type 3i, sec Table 41), 

The screening numbers s are not constant but exhibit a syHlionuvtiu 
variation ; but from the values of s for Na I to S VI it would naturally 
be possible to extraj)olate with great certainty the .<?- value for 01 V I I 
and so determine exactly the above combination 18 — 2P. 


Tablu 41 


Spectrum 

Ka T. 

; Hgii. 

Ann. 

SI TV. 

P V. 

1 S V,!, 

1 01 VII. 

Av'm cm.”^ 
s 

17'18 

7-460 

i 01-66 

O-COO 

234-00 

0-180 

401-84 

6-aic 1 

794’82 

6’741 

1207-10 

6-600 

188l)-fl 

fi'OU-l 


Finally we must mention that all those regularities hold equally 
well for ‘Oieteromoi'phic '' terms (of. § 7) as for the unaocontctl ** 
terms which we have here above considered. For dotails hoc tlK> 
monographs quoted on p. 410. 



CHAPTER VIII 


i : roMi’ivtox. othuoturk or the series terms 


§ 1. Inner Quantum Numbers. Theory of Multiplets 

T il 1C i’t!f?iilin'ifciiw in tho coini^lex atructnre of series towns are 
nrililinn^tieiilly simple and very beautiful. Their pOM'Cr was 
nmnifisstetl in unravoliing complicated spectra. Tlieir phy.sical 
Toiindntion is tin' fact of electron spin and its conipoundhig -with the 
tu'liital nitnmmt of niomontum. We shall deal with this in the next 
Hootioii. h’irst we shall develop tlio emijfrical data. 

Wo slinl! proc<!(>(l induotivedy by following on the relationships 
Mint oeoni' in tiouhlet and trijilct systems, which have long been Imown 
and Iiiiv 4 ' tilritady hcon tonohed on in the preceding chapter {for 
oxiinijilo, on p. Ilfi'l). 'The range of tliese relationships then becomes 
c’.xtoudial rt'udily into the general scheme of the complex .structure 
<if c'vtni and odd term -systems. 

\V 4 ' ln'giu with the triplet systejn as the prototype of odd ierm 
-insh uit A.s w(i know, triplot lines oooiir in the second column of 
Vla> imriodin system. Tho P-torm is three-fold, tho S-term is, a.s every- 
wlu'W Hiniple. Bo.si(le.s the P-term, the D-term, P-terin, . . . are 
aln<i tliiHHr-foliI. 'I'lio (ionibinations (SP) or (PS) in the prnicipal 
Horii's or tlm sciiond suhoislinate series consist of 1 . 3 = 3 components, 
iXxixl IK luivci all oi'tlinary triplot structure. 

A now Itind of liuo-oojWigurafcion with a highly s^nificant structure 
in the lirst suhordimvto aeries (11 N.S.). pre the three-fold 
|‘ (."m ooml.i.HSs with tlie three-fold H-term. We should therefore 
Mxovvt '1 3 ^ i» coiuponentH. But in reality only G components occni, 

•Ann. d. l*Uymk. 60. 026 (1003); cles 

H.M* also Hut V„l. XXIII. (A. German UwisW 
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iiuest acliiovemeiifcs of liydborg, wlio accomplished it at a tiiuu when 
the systeinatio structure of scries terms and their multiplicities wore 
still wrapped in clcojj ohsciirity. 

First we must make a convention about tlic allocation of indices 
to tho multiple terms, The only rational way of doing this is to attach * 
to every term an inner quantum number, whieli we shall denote hy 
J and. which will xu’csojitly be defined. In this way tlie index, wliioh 
was formeidy only a means of distinguishing terms, acquires a phj^sical 
meaning. It now distinguishes hotween tho eoinbination ])ossibilitieB 
of two terms and enables ns to see at once tho interval and intensity 
relationsliii>s tliat arc to be expected. 

Wo shall now illustrate tlxe structure of tho composite triplet by 
taking calcium as an example, choosing tlie I N.S. As in tlio pro- 
coding Gha])tor we shall denote the triplet terms by 5 , rZ, instead of 
the more complete ^D, . , , In tire case of Oa the wave-mnnber 


OAf 2 p“3d 


Adi* 

Aits 

Apii 

Adi* 

j 

Apoi i ^ 






Apn 


j 





fpi<lU fpjdi) fp^dj) (pidi) fpiiii} Ipidi} Ipgdi) (podi) 

I’lQ, 112, Tho complex triplet 2p oE Ga. Tho dotted lines are missingt 


dift'erencGs arising from the three-fold nature of tho P-term and knoxvii 
to ns from tlio H.S, and the II N.S, are 


^Pn ~ ^Pi — ^1^2 ^ 105*9 cm, ” ^ 

~ ^Pq — 2p^ — 52*3 cm, ^ h 

On the other hand, wo obtain from tho three -fold nature of tlxe 
B- terms the wave number differences 

^ — 3^3 “ 21*6 cm, ^ 

^ 13*7 cm. " b 

The whole line -configuration from left to right, that is, in the sense 
of increasing wave-numbers, consists of 3 + 2 + 1 components ; tho 
lines sliown dotted in the figure are not real. The oil gin of the real 
components can be read off from the symbols given below the figure ; 
the dotted lines, from left to right, denote 

ip A) iPod^) 

By varying tho tliieknoss of the lines in the figure we have indioatod 

* This was firatr dono in the proeediiig (German) edition of tho prosoiit hook 
and has boGomo generally established, at tho suggestion of Bussell and Saiindorfl. 
The earlier conventional allocation, of indices followed tho orclor of soquonoo of 
the term niagnitucSes, lor oxamplo, p^, Ps in the case of tho triplet P-terin, 
mstoacl Qf om* notation p^, or the more eomploto «P(, (floo holow). 
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tliat our line-conliguration consists of princiiml liwa and so-cullcd 
saieUiies. The principal lines are 

Of the satollitcs the one of longest wavc-longbli, namely {p 2 ^h)> 
is the weakest ; it might well be called a satellite of the second order, 
the otliors, namely and (pidi)y Batollitos of the lirst order. 

Formerly it was regarded as strange that the A^i-diifercncos did 
nob oeoiir between tlie principal liitos themsolvea but between a prin- 
cipal lino and a satellite in each case. In our configuration one of 
the Ap's and one of tlie Arfs oconr twice in their respective cases, 

It often happens that tlie d-<liftoronco can Jiardly bo scjiaratcd 
at all. The lino -con figuration doscrihed then passes over into an 
ordinary triplet. Its complex structure manifests itself, however, 
in that tlie distances between tlio three lines, as measured from the 
centre of gravity of one lino to that of the other, are not (isxactly equal 
to tho Ap's of tlm II N.H. and that between the suocjosaivc terms of tlie 
I N.S. they are not exactly constant, HcMce ivlmms in the II NM, 
the law of constant wam-numher differcMces holds exadlp (p, Jin4), 
it only lioUU asym^dolicalhi for high cwre^it numbers {LaufmhUn) in 
the I NM. 

TJio stniotiiriJ of the composite triplet occurs not only in all com- 
binations np — mdi independently of the mnnboi'H n and m, but also in 
prinoiplo in all combinations of two triplet terms, for oxainplo, also 
in tho Bergmanii scries *M — mf, 

Tho suppression of the forbidden components indicates tliat tlio 
term levels differ from one another in a quaiituni number and that 
a selection rule Iiolds for this quantum number. Since tho azimuthal 
quantum, which we shall from now onwards denote by L ^instead of I 
(of. § 13), is tho same, for example, for all three pdovels (L -- 1), it is 
unaldo to effect a distinction between theso 1(5vo1h. Wo arc compelled 
to introduce a now quantum number, whioJi avo shall call tiro inner 
quaniim mvmber and denote it by J ; earlier (Ch, 11, § H, Oh, VI, § 5, 
Oh. Vn, § 1) wo denoted it by j. ^JIio struoture of tho composite 
triplet is accounted for if wo fix tire following solootion rule for J : 

I AJ I ^ 1 (1) 

HO tliat only the following transitions are allowed: 


1 

rJ.>J 

1 - 1 


. ( 2 ) 


'Phis sele<‘tjon rule has alr(^ady Ixum derived in Note S, equation 
(11), for t]H^ quantum iivimlKW of thi) nionienl of momentum. We see 
that the actual physical menning of J (cf. tlu^ aiiakjgous iliscussion in 
Oha])ter VI, § 5, (xpiation (I)) is that it defines the quanlmn number 



Il- 

ia- 




St 


-J=l 
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of the. total vioment of mommluin of the atoiUj tha>t is, it) denotoH tlio 
resultant of the moments of momentum of all tlio oleetroii ovhits 
■\\dth respect to the nucleus and their spin, moments of inninentnm, 
In Note 7, under (c), we have based the selection rule on the norrespoU'. 
denco principle. 

Whereas the presence or absence of lines fixes only the reJalive 
values of t]\e J’s for the combining term levels it must bo rogardcul 
as a fortunate accident that when the J"a were first introclneod,* 
at least in the case of the triplet system, the correct almluie values woi‘i> 
given to the J s, aa was confirmed by numerous criteria later ; nainnly, 

the values J — 1 for tlu» 
S-term, J — 2, 1,0 for the 
throe p- terms, J — 3, 2, I for 
the fZ-terms, and so forth (of, 
Fig, 113), 

In virtue of tlio seleoticm 
rule (2) w<5 now read off from 
tile figure tliat in the com Mu- 
atioUvS (p5) all three com- 
Xionouts are p)ossiblo, but that 
ill the combinations (ptZ) and 
(df) only the six cornpomvntH 
of the composite triplet are 
allowed ; in the other tlu'oo il 
would have to change by 2 av 
3 units. 

At the same time tlio vary- 
ing thickness of the vorbieiil 
lines in our figure gives ox- 
iwession to an intensity riili'' 
which wo have already on- 
countered in a somewhat sxiecialised form in X-ray spoctra (p. 245) 
and in the fine-structures of hydrogen (p. 273), namely : of the time 
transitions (2) that which moves in ilia same sense as the Iransition 
of the azimulhal quantum number L 7nu8l ocmir with greatest hiUmsily 
and the inle^nsity is to decrease the 7 Uore the more the tyqye of the iraiisi’’ 
lion in J deviates from that of L. Accordingly wo shall speak of a 
‘'strong/’ or "less strong and a " weak tranRitioii.” This " qualita- 
tive intensity rule ” will be refined in § 0 by means of a quantitati^Hs 
condition. We may now convince ourselves that our earlier romarkH 
about Fig, 112 in referring to principal lines and satellites are Biiin- 
marised in our inesent qualitative intensity rule. Principal linns 
arise from the " strong ” transitions, in which J decreases by I, tliiit 
IS, moves in the .same sense as tlie azimuthal quantum number Jj, 

Ann, <1. Phys,, 63, 221 (1920). 


— 


Fig. 113. — Combinations botwoen the trip- 
lot torrng jp, d, / (diagrammatic). 
The dotted transitions arc forbidclou 
by tlio J-aoloetion rule. 
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wiifoh Hiniultauooimly flccrcaae.'i from 2 to 1. Satellites of the first 
nt’Jor rc^snft from the “ less strong ” transitions AJ — 0, the satellite 
r>f tJio Hinmiwl orrtor resulfci from the “weak ” transition 1 2 

cit Lin*, inner ([uantmn number, which moves in the sense opposite 
Lt> that of tlm transition 2->-l of the azimuthal quantum number. 

( )iir iutmi.sity rule- is also verified in the combinations (2)sl. As 
1'’!^. 1 111 iiuUeah's the .strongest component is in which J, like 
Ij, itun'eases by L (jq.s).is weaker, corresponding to AJ = 0. The 
wt’ultest is (pn-s), lusiauso boro J decreases by 1, that is, it moves in 
the <!o library sense to L. In § 9 wo shall see that the quantitative 
ni,t ill of tlume tiiree components is 5 : 3 : L 

We muHt eonsidor the combinations {del') and ijip') between the 
“ lioteromorpbie ” triplet terms of the alkaline earths (cf. Ob. VII, 

§ 7), '.riiey do not consist, like the composite triplets, of 3 2 + 1 

oumpoiiontH but of 2 -f 3 -h 2 components . 

ill the (snso of {dd') and of 2 + 3 + 1 

omnponnnts in the case of Their j 1 j 

Hlnictun' may bo iimlonstood, according 1 j_ i 

I n It. (b')fcze,* from the achomo of inner 
cjimntuni mimbom in the following 
itiaiiiier. 

In Kig. IM- we depict the group {dd'). JJ; 5 

'IMio lovels «/'a, being initial levels, 

lit' abovo avid tlio lovols rf.,, dg, being 

Until It'vcls, Ho below. The azimuthal LLi 2 

mid the inner quantum iiumboi’s have ,, 

lioeu written aUmgsido the levels as earlier. ' 

lumding to d.,, .1 =- • 3, tliero arc two tvansi- 

nuiuoly froiii <1 — from jinea with AJ = o 


nuiuoly froiii <1 — tind from jinea with AJ = o 

|| - tl. Tlio bmisilion is aro tho strongest, 

farhiddm luMiauKO it would donoto a change 

of {.lie inner quantum number by two units. Leading to dg there are 
I.Kvee rillowiible traimitioiiH, hut to di there are again only two since 
the transition d',->d, i.s forbidden, hecanae 

itiiier tiuniitum mnniier eluinge by Im units; all this agrees with 
ir l-x r.»«lb. A, « * 0 , tho .kucto of «■» I™ ""' 

i5i£m'ia.iou distinguiHlies itself in a characteristic way from the com- 
imHite triplet of the I N..S., hut is described by the same selection rale 
far inner qnanlim ntmhera ns the latter. 

Hut our inlermlij nde is also shown to bo valid 
ny.iimithal quantum unmbor L is the same in the 

A II «.i' b. i«' "» f “ r“ T,? f “ » 


* Anil. (1. PhyH., 66, 286 (11)21). 
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the strongest. The Aveaker components lie in the centre group on 
either aide of the ** prineixml line ; in the two oxiter gr^>u])H 

we have a satellite either on the short-wave side or on tho long~v)(ive 
side^ that is fundamentally different from the type of the coinp<i^^iVo 
triplet in the I N.S. hut in complete accord with onr intensity rule 
for tlie inner tLuaiitinn numbers. 

The same tyx^e occurs in the combination hut with the fol- 
lowing characteristic difference : whereas in {dd') the lino did\ heloiignd 
to the three principal lines the corresponding line absent 

iVP')' 

Wo take account of this if we suxjploment the selection rule (2) 
by the following negative rule (Verbot), which was first onunoiatnd 
by Landd in another connexion (see below) : the iransiiion 

0-^0 {!!) 


is forbidden in thi case of the inner quantum number- This additional 
rule, as stated above, makes the group {pp') consist of 2 + 3 -b 1 
components, and not, like the group of 2 + 3 + 2 oomponoiitH, 
There is an apparent exception in the case of Mg wliioli exliibitn a 
group of only five lines, symnietrioally disposed with resjjccjt to thn 
central line, which is likewise interpreted by Pasohen^ oji aoeouivt f>f 
its Zeeman effeot, as a combination (pp*)- Here wc encounter tho 
peculiarity that the Ap'^s coincide almost exactly with tlio with 
the result that two components coincide and honco the mimbor of linoH 
is reduced from six to five. Wo shall show in § 10 that this equality 
in the resolutions ia not fortuitous hut can rather bo founded qiiito 
satisfactorily on the ideas of the model, 

The groups {pp") and {dd') are charaotoristio for all tdxdet systoniH 
and lienee also occur in the speotva of ionised atoms siioli as B Ti\ 
0 III, N IV, Al II, Si III, P IV (of, the preceding section). Bowon 
and Millikan call them the of the correaxionding atato of 

ionisation. 

Instead of using the Figures 113 and 114 we may also depict tlio 
structure of the groups {dd*) and (pp‘) and their rolationshix) with 
the group [pd) by means of the above number schemes. The ux}j)or*< 
most bracketed number denotes in each case the intensity * of tJio 
component in question j below it is the wave -length in iiiieriiatioiuil 
Angstroms and below that the wave-number v. The difforonoes Ao 
between the wave-numbers in the horizontal and in the vortiOHl 
direction have been iirinted in italics alongside and below the v'h. 
The first group (which coincides with Fraunhofer’s Q) may bo de- 
scribed, according to Chapter VII, § 7, as 2p ^ 2p\ the central groux> m 
^d — and the last group as 2 p — 


^ Tlio intousities in tho case of {dd/) and {pd) have boon talcon from tho 
tjtative lUGasuroments of the Utreoht Institute (cf. § 9). 


qnau^ 
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P' 
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5 Q94-46 

17 869-87 

26-89 

(13) 

6 602-83 
17 843-18 



13-93 


13-36 
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6 690-11 

17 883-70 

26-79 

(37) 

6 698-48 
17 857-03 
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1 

{m 
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22-2 

(20) 

10 8fi4’3 

5 032’0 

13-3 

10 917-2 

5 019-6 
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19 606-8 
6126-2 





62-1 





(28) 

10 310-3 
6 177-3 
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The triangiilai’ form of the last as compared with the diagonal 
form of the two preceding schemes is characteristic of the possibilities 
of combination given by the inner quantum numbers, just as is tlio 
gap in tlio apace 0 0 in the first sohomo. The fact that we luivc 

here chosen as an example of the ^d-groiip a lino -con figuration which 
lies far in the infra-red is because it shows up tho equality of tho A2)' 
and the A^Z-difforences within all three schemos. (Owing to tim 
difhoiilty involved in making infra-red measurements this equality 
is, liowevor, ratlier unsatisfactory.) As regards tho intensity tho dia- 
gonal is emphasised in all three schemes, as is demanded by our in- 
tensity rule. The intensities of the (p^2)-configiiration have not, of 
course, been .measured in the infra-red combination 2 ]} — My but in 
tlie visible combination 2^ — id. We shall show in § 9 that it k 
Xiormissible to transfer our measurements in this way. 

We summarise our conolusions about the triplet system in an 
arithmetical scheme which oan bo generalised very widely : ' 


L^o s 
f ft 
Z d 
J f 


Scheme A 


‘'”1 

A\ 

0 t z 

\N\ 

f z 3 

\1XK 

Z 3 4 



Tho connecting lines denote possible combinations ; tho uneon- 
iieoted J-vahies do not admit of combination, in particular, not the 
values 00 in tho scheme for (fp*). 

Very interesting new material concern'ing tho soleotion questiaiiH 
avG further given by the “ mter-combinations of triplet and singlH 
terms i such as occxir in tho whole group of divalent elements, thc^ 
alkaline earths and related elements. We need refer only to tlie ro- 
sonance line of Hg, A 2537, v = IS — 2^)1, and the analogous linos 
for Zn, Ccl, Mg , . . Ba, given in Table 39. As in that table wo hero 
denote the siuglet terms by S, P, D and the triplet terms by s, pj, dj. 
The following scliomo gives a survey of the combinations 
bet'^veen these tAVo sets of terms ; 

Permissible types : >Sp^, Pdgj Pd^y p^D^ 

Forbidden types : Spo» 

All that ^yQ now have to do is to attach to the singlet terms those 
quantum numbers that enable us to understand from tho selection 
rules wliy tbc typo.s specified in the lower line are forbiddeji. 'rjioro 
can bo no doubt about tho a^zimuthal quantum numbons ; wo niust 
set L = 0, 1, 2 for S, P, D. The fact that inner quantum numbers 
are also active in tho singlets is sliown directly by the deoreea 
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We set J = 0, 1,2 for ,S, P, D. 


from tlie 


liu^ <iortain oombinationa 

>V<1 l.htvn (ilktain immediately the exclusion (Verbot) of S«« 

KI'iictiU Melection rule (2) and tlie exclusion of Sjj^ frojn tJie siipple- 
nu'nlivry vul(^ {3), It was the iibsonco of the line Spo that first led 
»i» the eiumcuation of this supplementary rule.* 

All iirithmetioal scheme again shows most simply that by assigning 
Min aliove values to d we have also correctly given the inter-coinbina- 
tions Imtwoen tlie P- and the P-terms ; 


ii ^ : 0 




1 

2 


2’ 

B 


Soheme B 


,1=^0 

0*^1 2 

\l 

2 


s J = 1 


P 
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1\ 


1 2 
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We are now sufficiently prepared to fix the complex struotnre 
of the odd trrmn genorally ; wo leave the even lerma (doublet, ctnartet, 
oi'tot Hysteins) to bo dealt with a little later. To denote the terms 
ItvtH'rtilln tm nom use cajyilal letters and add the mulli'pUeiUj as an index 
irfiovr. and in front of the capital, for example, in the quintet system 
^‘P, ''^D. The following sections will show that we can now give 
oxainples for all the stvuotnrcs that are now to be enumerated : 


L -etS 
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1^ 
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£lcheine 0 


Jre 


\ 


';k 


\ 




J 2 i 

/tX|xK 
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The above solieino states that the S-term, L — 0, is always simple. 
‘VUe P-term is threo-fokl (except in the singlet system), the D-term 
Jivo-fold (except in the singlet and the triplet system). The number 
fjf lends increases in odd steps until J assumes the value 0 for the first 
tinict After that the number of levels \a permanent. Hence the sing- 
led. systoin consists of simple terms, because here the quantum 
ji umbel' .1 --- 0 already belongs to the S-term. In the triplet system 
Idio iKU'inanwuie of tlie multiplicities is attained in the P-term, in 
I lie iiuinti't system it is attained in the D-term, and so forth. If we 
.Iniiote the If-value of Ike H-lerm by 8 ami the permanent number 

A. Tjan<K), Vhyn, Zoits., ‘^17 <1921). 
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of levels, that is, the multiplicity of the tcuun-syrttt^in in (|U<‘stiou hy 
Ty then wo have generally 

r===2S4-l W 

The notation S for tlio J-valuo of tlio S-t(n‘in at the sniiu^ tinu' in- 
dicates the ^‘spin inonient of inomentuni.'’ IKc o/.so rail N Ihr Hfnu 
quantum number. The maximum value of J in(^re^Mt‘s slendily with 
L in each row ; tlio minimum value of J Jirst de(?r(um(^s to vau’o aiul 
then likewise increases, 

In general wo have 



^max “b Ij 




■ J,„*„ - 1 s - L 1 - {l 

ZC^ 

f 1 

. (R) 

TJiat is, 


— 1/ 1 , 

. (15) 


In particular wo have from (5) for th(^ H-torin (Ij 0) for nny 
degree of multiplicity 


corresponding to tlio above remark that tho J-valm^ of tlu^ Sd;t‘riii 
is caused by tho electron spin alone, 

The connecting lines in our scJiomo tolls us wliat huMn-kn^c^ls unin- 
bine with one another according to the generally valid si^lm^tion riilu 
I A J j g 1. We follow Catalan * in calling tho conriguratinns whiuli 
then result and which are rich in lines viuUiphlfin !l5v(n’y 
number difference Ar in general occurs luyka in a imiltipkvt, lint at 
the beginning and at tho end of tho term soqiionco only 07 iee in givern 
cases, namely, when in our sohomo only one connecting liiio riinn In- 
wards one of the two term -levels whoso energy diffomiuie in giv-tui 
by the Av in question. For example, let m compare the (lombinatiurm 
(PD) in the quintet or the septet system witli that in. tho triplet system ; 
they do not consist, like the latter, of 3 -p 2 -p 1 coniponontw bub 
rather, as we read off from our scheme, of 3+3 [ 3 or I4 2 | 3 12 | 1 
^mponents according as we group with ronpect to the P- or 
-term. Ihe comhination (DF) in tho quintet systejn consislH nf 
3 + 3 + 2 + 1 12 components, in the septet system it onnsiHlw 

ot 3 + 3 + 3 + 3 + 3 — 16 components, and so forth. 

Besides the combinations between terms of tlie same system iuku% 
combinations also occur. These give rise to hne-conffgurationH oX 
special structure, the detailed descrixition of which would lead too 
far here, which inay, however, ho easily obtained iiy analogy from tho 
bchomo B, lo fix tlio inner quantum miinborH and to recognises tlio 


Fia.VQ„ir;!S32}Tr02^ 
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wueh inUu‘-(!oinhiuatit>n« iiru of partioulfir Kigtiiliciinee 
beeaimo wo oaii luarn fnjiu tlioni tho rolatioimliip Ix^Iavimui the iuiior 
quanta of tho one syntoin to thoxo of tlio other . 

Ill coniplox Hpoctra tlio com hi nations of tho typo AL — U (of, 
§§ U and 4) boooino of iiiorcasing iinportanco, We give hs ox am pies 
only the groups (DI)') and (FIf') in tho (|uintot systom, wlnoli are dis- 
tinguished from one another in a oharaoteristic way in aocordarice 
witli tho supploinontary (lixaHJo which forbids 0 0 : 


Scheme D. Quintet 
fiy 0 i 2 3 -1: 


L-2 



rr 12 3 4 5 

^><j><!><, 


i.- 


13 


Tiiey conflist of 2 -H 3 -f 3 + 3 -|- 1 ^ 12 and 24-3+3-1-3-1-2 
components rospeotivoly. 

Hitherto wo have rostrictod oursolvos to tho odd inultiplieitios. 
Of tho even vinUiplmlies wo already know tho doublet system, r — 2. 
Here tho S-torm is mnjjUi the P-term and all Hubsequont terms 
Tho same liolds for the cpiartet system : tho poriuniiont inimbor of 
loyels is r — 4 ; it is attained at tlvo 1.)-term, Boforo this, ho\Yovor, 
the number of lovols inoroaaos in odd nunibei.’s, thus it is 1 for the 
Sdorm, 3 for tho P-torm, and so forth, In general we have for an even 
value of r the number of levels 1, 3, 5, . . . in Ihe Sy P, Dy4erm and then 
iMs number asmmes the final permanent value r at llie next term. Wo 
must ompliasiso that this fundamontal oharaotor of tUo ovcm term- 
systems was first doduood from tho oxporimontal and tlioorotioal in- 
vestigation of the anomalous Zeeman effect of Mn, 

If we retain the formula (4) we see inunecliately that tlio spin 
quantum number S is necessarily a half-integer ^v\\m r has an even 
multiplieity : 8 — | for a doublet system, »S — ij for a quartet system, 
and so fortli . H — ^ evidently corresponds to tlio occur renoe of doublets 
when there is one valoney olootrou (alkalies, hydrogen), since Ave 
should have to assign the spin quantum luimhor 


S — I 

to tho individual olootron.t In tho same way S — i! correspondH to 
tho addition of three spin moments, and so forth, The (juantum 
number L of the revolving motion, however, ahvays retains its 
integral oharaotor in tire case of the oven term-systems ; L — 0 for 
tlio S-term, L 1 for tho P-term, and so forth. When L and H are 
compounded we then got tlie half -integral oharaotor of i}\nax 

* Buck, Zoits. f. Phya,, 16, 200 (1923) ; A. LeuuW, ihiiLy p. .189. 
t KurliDV wo doiiotod tho Huiii quantum nnmhor of tho inclividuiil olootron by ^ 
(cf, j), 330). Wo shall rotaiu this notation in tho soquol for tlio mdividual olootron, 
ao that wo might have writton abovo 3 -- a ™ i. In gonoval wo tako H to Htnnd 
loi' tho quantum nnmhor of mweral olootron^ Of, § 3 on this point. 
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and all the intermediate values of J, in accordiUKa? with the (Mjiiiiliotin 
(5) and (6)f. In this way we arrive ub the folloAviiig suluMiio for the 
mm itrni’Sijslemii : 

Schemo E 



Tile connecting lines in Scheme E again indicate tlic coinbinafcionH 
which are x^ossibJe according to tlie soleotion rule (2). [Vim Holoobion 
rule (3) obviously does not apply here. The intensity rule liolds in 
the same form as in the case of odd terms. In the higlicr teniiH 
and term-systems multiplots of increasing comxilexity also occur bore. 
Every Av in general occurs twice in them, but in certain oircuniBfcaneoH 
only once. If we consider in particular those multiplets that arise from 
the Combination of the x^ennanent sequences of terms, wo see that 
the composite doublet,” for example (PD), consists of 2 1 -- 

components, the “ composite quartet,” for exainx^lo (DE)» consists of 
3 + 34-2 + 1 = 9 components, the composite sextet,” for cxainfiln 
(EG), consists of 3 + 3 + 3 -h 3 + 2 + 1 == 15 components,* TJiu 
combination (SP) is an ordinary triplet except in the doublet syrttom ; 
the Combination (PD) has the same structure in tlie sextet and the 
octet sptem as, for examxde, in the quintet system, and only ex- 
Jiibits in the quartet system the x>cculiar structure that results from 
the existence of only four DJevels, Two lino -cojifigu rations ^vliieJi 
are of similar structure in this way and which belong to diftoront 
term -systems are distinguishable only by moans of the interval rule 
or the quantitative intensity rule, but most certainly by tlieir 55eonnui 
effects. 


The terms of even multix^licity are also distinguished among tlieni- 
selves by having their J-values attached as suffixes to the synibols 
S, P, , . . and their multixffioity indicated by an index in front of 
symbols, Thus the term- expression for the two Ddines is as follows 
(we use the conventional numbering of the principal quantum numbora 
It' 1 second column and the rational niimboring 3S, 

31, which is adapted to the periodic system in the third column) : 


Convoiitional notation 
Dj, A == 6890 p = l^s, _ 2apn 

Di, A = 5896 V = l^s, _ 22P* 


Kational notation 
v -- 3^Pj 


* In general OS, also in the 


case of pormanont ocld torma. 
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S a. AUemnUoa 0! Even nr, 4 044 Tor.,,. 1„ a,. p„r,„a,„ 

On. "r-ut:::;: 

way to H,|dinB ..„l„r In .,„t,rv «.,d ,vl,iol. led „s to reeoSS " 

nul)s]duii‘y Horios and fnrili ° , pimcipai 

l,„vo tUo Cd, He, „ l„„e „ rcstS oaMelve; 

!l,'„ 'll "i' 'T'pT'^-"' 1" «»'»»>« fio widely .oimrslod 

(ooWr,., of l„ l„ru„„ |„„„ long Ik», known ; the ,pcotm ol B, Al, 

(fit, 111 luivo the Hamo cluumdor, ^ 

I fiwtH led llytlborg * to suspect a regular alternation of doublet 
nml Iriplt^t Htnieturo in tlie poriodio system, suck that the elements 
ol oj/rf uliould exhibit donblels, these of cueu valencv should 

yxin jit Of the nulividiuil aories that were known outside 

thn limt throi^ Y(U’tical columns the triplet series of 0, S, Se (Runse 
luul PtiHohm) crtmilnned this rule, whereas the so-called triplet series 
of Mil (Kaysni' and llungo) appeared to contradict it. 

VN kiunv Jinwadaya that Ji^dhe?y's LcirW of AllernctUon must bo 
funniiliited us follows; not the alternation of doublets and triplets 
l>ut tin* tilivi oj odd (t'nd cvc7i Icttus QOVB't'us i7i6 pcTwdic syst€ 7 n* 

vVn \\i^ Hiiw ill tlu^ preceding section triplets in the combination (PS) 
oiunii' not only in tho case of odd systems but also in even systems 
Ku hnig as llu> P-terin has not yet become a permanent term in them. 
Thin oh'iirs up tlic apjiarcntly exceptional po.sition of the Mn-triplet : 
ill MpiU^ o[ il:^^ triplet (PH) the Mn -spectrum x>i‘csents an excellent 
oxuiivplo ot t'voii term Htruetuvo ; it was precisely this example that 
lod Uiutk and handd (cf. p. 429) to recognise the general scheme of 
Ihv Htruotnro n,f oven terms, 


Acuairding to our scheme of classification tlie alternation of even 
and odd bu-nis siimiltaucou.sly entails an aUernaiion between the half- 
intrifrul (md hihyral nature of Ihe J -values. In particular it denotes 
foi* tlio n|iin quail turn numl)er S a change by i | when passing from 
one olmiKMit to ilu^ next, '^rhe indefiniteness of the sign is significant 
heri^- When wo advance from H = (doublet system) in the first 
vindieul column of the periodic system to S == 1 (triplet system) and 
at thi^ sivmo lime to H — 0 (singlet system) in the second vertical 
eoliunn, w(^ iiHam*b that in general tliese two transitions AS = are 
jinHHililo in ]udn(;iple. Mlumce it follows, however, that, on the one 
ha ni l, the n iiixiinuin multiplicity r = 2S + 1 (Equation (4) on p. 428) 
c*r Iho poHHildo term “Sys toms increases by 1 for each step from left 
Ui right in tlio jieriodic system, and that, on the other hand, the number 
cif |HJMsible lonu-KyHtems increases by I when we pass from an element 


* Uf. Kaysar, Hantlb, tier Suoktr., 690, No. 404, 
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of even vabiie^^ k) iJio iiexl ehnnontj of 
odd vaUrnoy. TIum s!;e|j-hy-«(e}) 
of tlio inaxiinuni aii<l aotual nuinbcvr of 
multiplioifcioH \» tnu) of ilu^ rc^aHoiiH for 
the in or easing eo]n])lexity of Hpeetni 
m wo pvoeoed townrdM tiio right- hand 
end of the period ie Hyntoin niid for ihv 
Siiinplioity in underntaiuling the MjXH! tiu 
of the first vertioal eolumns. Wi^ iWm- 
trato this by moans of the oloniontH 
from K to Zn in passing along the limt 
groat poriod. Table <12 exldlnts lliu 
torm-systoniH so far analysiul ; tlioso 
that are yot to bo expected are de no teal 
by horizontal strokes. 

Among the various tenn-HystemH 
that one is distinguished to which thi^ 
ground- term, the mo.st stable vniexoited 
state of the atom, belongs. Not only 
this ground-term but also the exoitecl 
terms of the same system will in general 
be represented by luwiiig a apoeially 
pronoimcsed intensity in ti»e Hpectriun. 
This favoured term-system has been 
shown ill italics in our table. In 
the case of iron, for example, the 
quintet system is the favoured one. 
The lines of the septet system are 
already oonsidorably wealcor, ^I'lu^ ex- 
citation of the nonet system, although 
possible ill principle, would signify nii 
intrusion far into the inner eleoti'onio 
structure of iron ; in ordinary exoita- 
tion this term -system tlierefore does 
iiot occur. 

The regular advance of the ground- 
term which our Table 42 brings into 
evidence and which is intoiTupted only 
at Or (septet instead of quintet systoin) 
may bo understood from Pauli's Princi ple 
and from tlie sohomo of the periotlio 
system. Wo shall deal with this in the 
next section. 

Of the two small periods that pre- 
cede the iron group wo shall consider 
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ftir l.ln^ iiirHOiil nttly Uio aixlih coliiinn, that is, the speefcra of 0 and 8. 
M'hoi-o huve lon^ bt'eii Itiiinvji of thorn ; A, a series system of triplet 
linos, moasur<'<l by Pasohon and liiingo, and B, a system ^vliich Ava*s 
\\H i\ (lemblet system by pasohen and Himgo la the cano 

cif O, 

ihi? strimtiiro of theso series avc have the fohondng 
Un ta : I uinl Lamld * recognised the oxygen triplet of tlie .system 

A lit A 7772 and A - I]l)d7 by their Zocman eifect ns membons of a 
(jfiUHU't Ifopludd f then found sejies of triplets in the extreme 

ultiNt-viohd wliicli >voro shown to be combinations of a three- 

f<ibl IMe rm of low lovol Avitli the terms S and D of the so-oalled 
Utiublnt Hystom ; the .D-tonn docs not appear resolved in tlienj. Knally 
I fintlii'Id ihkI Itii’ge I nHcertiiined that the same P-terjii inter-oomhines 
with tlie H-tt'vni of the (Hiintot system. From the fact that in this 
iutiM'-i'oini'iinition one of the three comimnents (P,/S) drops out, the 
.l-viiliK'rt of l lm .l*-torin may he specifled from the selection rules for tho 
inner viuantn . 'I'liiK is shown in the following sclicme B', which i.s ana- 
lnjj;tniH i<i tlie Hehinne B of the preocdiiig section : 


h ■■ 


Sohome S' 
:0 1 »S 


91? 

»s 


J = 2 

o/L 


'Vlu' Ursfc-nK'tYbioned H4orin has as its quintet term J == S - 2. ^be 
IMoviu must have ,1 . = 2, 1. 0, the oombinatioi. 2 0 being forbidden. 

Tiio which coiubiuo.H oomplctely with P, ^ ' 

livwco r 2S I- 1 Ih’W’ htHjomes equal to 3. Ihe terms SPD of the 
Mia.iniilwl iloublot system thus in reality form a irijM system. Aho 
|..„„nlnx Ktniotnro of O, qv.intot and triplet sptom thus accoids 
I„.r[md,ly with the alternation law. The lowdymg ^'^erm w at 

li.tnitAw of tUo isi'ouud-tfinlot PS are X = 1302, ISdo, wun v. 

' liv ^yIpKuy only tlie HO-cnllod triplet (in x-eality qmiAet) system 

; t"‘ I r' US>hl?W«. 21 . no (1023) I Nat0.-0, 118. 131 (le^s) •. 

Natuvo. im 190 (1023). Ch O. Lap^tX., 

van. 
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in the case of univalent lithium, In fact, the assortion of tlui al- 
ternation law is just as general as the first law of atomic structurts 
according to which the number of cxtra-nuclcar electrons incrc^saHCH 
by one from element to element, that is, altornatcH betweam odd and 


even. 


Our information for judging questions of toi'iu structure bcKJoinea 
much richer if we use spark spectra as well as arc njicotra, 

The limit between these two series typou is usually not drawn 
sharply in experimental work. The spark spectra often occur in 
certain parts of the arc, but are then strcngthonccl in the sjiarlc 
(enhanced lines). Many are lines are vice versa also present as a ruin 
in the emission spectra of sparks, 

An unobjectionable expermental means of dislinguisUng hcitwai 
spark and arc lines is given by a canal ray method devised by 0. Wien 
According as the canal ray which emits the lino is deflected or not in 
passing through an electric condenser the line belongs to the spnrk 
or the arc spectrum respectively. This method confirms tlio speotro- 
scopio classification in the case of B and Hg (all the Bahnor liiK-H 
and the well-known mercury series lines cannot be deflected) ; ib 
also shows that certain oxygen lines previously called spark liiioH 
are actually O^-lines, whereas the lines of the Pasohen-Uungo soricMj 
being true arc lines, are not deflected. In a mothod desoribod by 
R. Seeliger j- spark lines are represented,' owing to the potential fall 
which starts from the cathode in the Gcissler tuho, as arc lincH, in 
agreement with the distinction between “ long and. “short ImvH 
already introduced by Lookyer. 

The definition of the spark spectrum of the first and higher ordt^i* 
leads directly to the following “ displacement law | Ike first sptirk 
specirnm of every ^ element is similar in sirnckir& to the arc S'pectrnm 
of the element which precedes it in the j^eriodic system ; it oonsistn of 
doublets, triplets, or mnltiplets of precisely the same char actor ii« 
tlie arc spectrum of tho preceding element, In the same way ihe 
spark spectrum of ihe second, third , . . order is similar in atruolure 
to the arc spectinm of ihe element which lies kvo, three . . . steps beJtind 
271 the periodic system. We have often used this law TU’oviously, imr- 
leu ally in § 8 of the xn-eceding chapter, where wo oompared “ cio re- 
sponding senes of spark lines with one another. In general, snootra 
belonging to the same electronio arraiigemont must Imvo a. 
s nukr strueture Wo shall illustrate this law by two parfcioularly 
oharactenstio and historically interesting oxamiiles. 

* Alin. d. Phyaik, 00, 326 (1022). 

I W ICossel^iid®‘A in pai-tioiilar (with D. Thnor). ibid., 06, 423 (1021 1. 
boi don Soiienapoktron. ’ Vorhanfl! I h. PhTs“ 
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I . AlkuUos mul Inort Gases* — The doublet system of the alkalies 
IN i\ l-ypuiul iianu^ Hj)oetrum (scxUuin '‘bead") or are sjjectruin and 
m ► * 4 d { !n u rse^ ai'ist*s from the lumtral and not the ionised atom . Tliroiigli 
Mio roinovul of an cleetron the alkali atom is subjected to the greatest 
i'cnuadviihlo c?liange. It joins the rank of the inert gases, that is, 
it' niovt's from the ]>eginning of ono period to tlio end of the preceding 
poriod. I<’’or tlm sptX5tnun tliis denotes tlio transition from the simple 
<^nn<litionH Aviuoli rule at the beginning of the period to the complicated 
^vliioh \)rovail at the end of a x^^riod and whiclr involve 
an abiuubuuH^ of lines. 

In atKtordiineo witli tlu?ir oheinioal inertness the outer electrons of 
gaH<‘s aro many times more tightly bound than the chemically 
purl ituilarly mdive outer elootrou of the alkalies. The same holds 
for tbo pi kali ions wliieh are like the inert gases in character. In 
noil trust with the aro sx^eotra the spark sx^eotra of the alkalies should 
be? rolatividy dilHoulfc to excite : and actually, the difference 
lud.Wi'ou Oho onorgy necessary to excite the arc and the spark sx^ectrum 
iH not as groat lor any element as for the alkalies. 

Ill IHDI ICdtu’ and Valenta * found that Na and, in particular, 
K. if nubj(U'totl to an intense spark disoliargo emit besides the series 

HXMHdU’uni a luuv speotnim, veny rich in lines, which lies mainly in the 

iillra-vioicvt. Afterwards Goldstein f succeeded in 1907 in choosing 
llio tumditiniiH (matter as iiiiely distributed aa possible and current 
tlcuiHitv an high as possible) so that this sx^octruin, which he called 
gnumd Hpo^otruui’^ {ih%ndsfoMnm) ax^peared pure and witliout 

tln^ admix turn of are lines. . ‘ui- 

C hddHtcuiv’H observations were restricted to the visible region. 
U’lio ahimclanno of linos, however, which is obaraotenstic of ground 
Hpontra, {simoH into full expression only in the ultra-violet and has 
Miaou thou bomi noted by many observers. 

2. Alkaline Barths ami AlkaIies.~Lorcnsor,J a pupil of Paschen s, 
had iKUHUiud himself even before tlie Bohr theory had been 
wiiU the douhUvt speetni that occur in tho alkaline earths. Pollovung 
0,1 SdUJulcrH II ho oHt.vl.liHho<l bluit fomiila 18 miauited to rep- 

iH-rtC'ntiJiK tlulno hoHoh iukI ho therofore oalciilatecl them accoicUng 
1,1 tlio fm isuilii 


(»t <l) 


A 


' (» -h gr 


( 1 ) 


wlliHi S^mhJ'^vo^oTol that is, ^ven a suitaWe 

. Wk,,., Ataa.. «1, aa’ U»«*! . »(■ »'» “» ““*» “ 

iliiuiihu fhi-i! )>» lOh, Viouniii n 

1 f’r “nL.w“: rs oUaU 85. 558 
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higher series lines, by ussuming valueH lov A which Jay more or loss 
near tliat of 4Ii — 438048. 

Tlie question was again taken uj) by Fowler in 1015 ior thc^ cniHo 
of Mg, this time under the direct iivflucnco of I3ohr*s tlieory. Fcnvler 
gave an exhaustive description of the Mg spark speetrnin whieli luul 
been newly measured by him, and ho ordered it into sorlos with tlm 
term denominator 4It. 

Ill general this denominator causes the spark terms to be displnocd 
towards the’ ultra-violet as compared with, tlie correspomling aro 
terms. In the higher spark spectra wo have, of course, instead of 
4B., the factors 9E, 16R, and so forth. Examples for the consoquont 
displacements of the spectra into the ultra-violet are given in profimiou 
by Millikan and Bowen’s researches on stripped atoms. 

We add here a digression on the spectroscopy of the solar and 
star spectra. 

3, Astrophysical Applications, — M. N. Saha f luis drawn extra- 
ordinarily convincing consequences from the dilTorenoes botweoii the 
spark and the arc spectra in the case of solar physics. In the huii*h 
spectrum (Fraunhofer spectrum of the pho tosplio.ro, of. helow) only 
36 of the 92 elements found on the eartli are represented, l^or exainj ilo, 
Rb and Cs are absent, 1C is weakly reproaented and Na very strongly. 
Are Rb and Cs really not x^resent in tlie sun ? Salia’s answer runs : 
they are xiresont but in the ionised state. Consoqiioutly not the ohur- 
acteriatie arc lines appear, which we would ordinarily exx)0Ct, but tlio 
spark spectra which, since they lie mainly in tJio ultra-violet, OHoajm 
detection by the ordinary metliods. 

What circumstances favour the ajipearaiioo of spark lines and 
increase their intensity relative to that of the arc lines ? Wo addueo 
three causes : (I) high temperature, (2) low pressure, (3) low ionisation 
potential. The dust two factors relate to tlie HX}oeial circumstaiicoH 
0 the sun, the last to the nature of the atom under consider a tioii. 
A low pressure favours the ionised atomic state as compared -\vitli 
the neutral state in that it renders more difficult tlie recombination 
of the ions with free electrons. 


In the sun we distinguished three regions of different tomporat^iro i 
and piessiire conditions : (a) the true boundary of the lumiiiouH 
suns disc, the photosphere, whose “effective temxierature ’’ is talc on 
as 6000 0. and whose jiressure is probably about 10“'^ atinosphoroH ; 
ifi) the suns atmosphere, the so-called chromosphere^ in which tho 
temperature decreases with height to 5000^ C. and tlio pressure di- 

sun-spots, whose temporaturo is taken 
as 1000 to 2000 lower than that of the photosphere. Wliortnm 

Lee™„dN24fl916^^ » Bakorirui 

41 ®< 40 (1021) ; in gtoator detail, Phil. Mag., 40, 472 (10201 
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the spcotra ol: the x^hotosphore and the sun-spots are ubsorxition sx^eetra 
the spectrum of the olu'omosxdiore is observed as an emission sx^octrum 
during solar eclipses. 

We shall first discuss the behaviour of the alkalies : tlio B -lines 
arc more intense in tlio sun-spots than in the pliotosplioro ; in the 
ch.romosx)hcre they vanish entirely almve a certain l^oight. Tlio arc 
linos of Rb occur feebly in sun-spots ; they are absent, as already 
mentioned, in the x)liotosx)hore and hence, of course, also in the cliromo- 
sjihero. Nor has Os hitherto been xu’ovcd to bo present in sun-spots. 
Tins grading from Na over Eh to Os ooiTosponda throughout Avitli 
the grading of their ionisation potei\tials, cf. ^fahle H8 on p. ! 182 . 

A further oharacteinstie is the prominence of tl\o doublet sx)ark 
aX)eotra of Ca, Sr, Ba ii^ the Fraunhofer spectra of the jdiotosphere, 
for example, of the two Frainiliofor lines H and K (HB, -doublet IS— 2 P 
of 0a‘^‘) and the fact that they stretch up into tlie greatest heights 
of the ohroiuosx)horo (14,000 km .). The ground-lino of tlie arc spoctnim 
of Oa, A ™ 422 (h 7 H, Fraunhofer’s f/-line (combination of the singlet 
S with the singlet P-term), reaelios only a short way into the ehromo- 
8])hero and distinguishes itself there chai.‘acteristioally from H and K. 

Hydrogen, with its relatively high ionisation ])otontial of 13*5 volts 
is observed not only in the photosphere hut also in the u^ij^ermost 
layers of tlio chromosphero and in the solar protuberances, 

Tjiko Saha’s theoi.*y,* of wliich we have here sketched only a very 
small part, also the so-called spoctroseopio detorjumation of the paral- 
lax according to Kohlsclnitter and Adams is also based on the intensity 
ratio of are and spark lines in tlie ease of stars in which varying 
oontlitions of tenijieratvire and pressure obtain (of various inagiiitudes). 

4 . Spectroscopic Peculiarities in Astrophysics, — A particularly beau- 
tiful application of atomic theory to the s])ootra of celestial bodies 
occurs in the prohkm of the Imes in 7ietmlai, In the S[)ectra of gaseous 
nchdai there are, in addition to linos of known elements, a large 
number of lines, some very briglit, which could not he idontifted 
till quite recently, They were tlierofore attnhuted to an imknowJi 
element, ‘‘ noliulium.” This assumption had little to support it, for 
the element would have to bo of Hinall atomic weight, since the otlier 
lines in. gaseous ne])ulie arise from cloinonis atomic numlier less 
than 20 ; tliorc is, however, no place in the jjcriodic system for snch 
an element. 

The only escape from tliis assumption was to regard tlieso lines as 
belonging to known olements bnt emitted imdor oonditions tliat could 
either not he realised in tlie laboratory or liad not yet been success- 
fully ])roducod. ^riie latter was found to be tho case by Bowen *[* 

* Furlhcu' ilotiiilH may ho found in Vnl. IT ot AHrnimn]/f IUihsoH, Dngjui niul 
jSI:owurt> ((.Him & Co.). 

t J, H. Bowon, Aul/ronhyM. Socj. 39, 200 (11)27); ABtropliyH, Journ., 

07,1(11)28). . . 
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'svlio discovered that the wave-lengths of certain \mrocogiUHed lines 
of the nebulsD coincided with those of linos which had become known 
thi'oiigli the analysis of tlie spectra of stripped atoms,” in ])articnlav, 
of the spectra of 0 H, 0 III, 0 IV, N HI. N IV, 0 11, ( J Ilh Mnr(M)vcr , 
the linos idontiiied in tins way wore always found to h(^ the most 
intense lines of the spectra in cpiestion that wore to be ox|U'otc(L in 
the visible region according to the well-known scheme of 1 (?vo1h. The 
fact that the lines of the nobnlte arc predominantly spark lines is to 
be understood as follows, according to Zanstra * and BoAven, from 
the structure of gaseous nebulee. 

The majority of gaseous nobulflo exhibit in their (jontro or near 
it a bright star, the so-called central star. Such ncbiilfo are eall(Ml 
“ planetary nebulae/’ 1f It may bo shown that the (xmtral star lias 
a close relationship Avith the nebula. In Aurtuc of its Ingb temper- 
ature (Avbioh averages 40,000° 0. according to Zanstra) it emits cblofly 
ultra-violet light of very short Avave-lcngth, Avhich is taken up i)y 
the atoms of the surrounding nebula. The layers nearest the centml 
star therefore contain almost only highly ionised atoms. Let us 
suppose the star to bo surrounded, say, by only an oxygen atinospliore 
and the 0 -atoms in its vicinity to bo so bigbly ionised tlmt tlmy 
contain only tAA^o outer electrons (O'* that is, O-atoms that liavn 
been ionised four -fold). These ions may then occasionally capture 
one of the free electrons in the atmosphere of the ncbnla and ho omit 
the lines of the 0 IV sj)cctrum. Through the liglit from tlio central 
star, namely that from the part AAliioli lies in the extreme ultra- violet, 
the 0 ®^-atoms again become ionised to 0 '*'’-atoms, and so forth. In 
this Avay the shortest Avave-length part of the light omitted by the 
star AAull bo used up to a certain extent in emitting the 0 IV Hpoc train 
in the layer nearest the star. The part of longer wave-length will 
pass through this layer and will lead, further outside, to the iojiisa-i 
tion of 0^‘’-atoms and hence (oAving to the capture of an electron) tc^ 
the emission of the 0 HI speotruhi. Still further out tlie 0 H and 
lastly the 0 I spectrum are to be expected. An analogous argument 
applies, of oourao, to other atoms present in the gaseous nebula. 

In this manner a number of lines of the nebulas could be idontiliod 
Avith spark lines, But the most intense lines, among them the famon« 
green nobulium lines Nj, A = 6006*84 A. and Ng, A — 49681)1 A,, 
could not be found among the knoAvn spark linos. According to 
BoAvon all those niiinterpreted lines represented trnnsi lions of a ])iir- 
ticular kind betAvoon the loAA^est terms in the spectra of 0 H, 0 III, 
NIIorSIL 

4 We sliall take the linos Nj, Ng as examples, Boavou attrihutOH 

* IT, JCnnslim, Astrophys, Joum,, 66, 60 (11)27). 

t TUo following Eirgiimoiit applies ocjually avoU I o nolnilm Avibhont a roeogjiiHal iUi' 
ooukal star {so-cnllod difitiiso iiobulio), i[ only the tomiiomtiiro is sufiloioutly high, 
as appears to bo tho caso Avith galactic diftuae nobulto* 
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lhi>in to O 11,1 ; aoeovding to the laboratory measurements of '' stripped 
n tt MUM " tbo lowest terms of 0 III are ^ : a singlet S^erm hS, a singlet 
!)-trnn * 1 ) and a triplet E-torm the latter 


having fclu^ t<u'm-difiorimces 193 and 116 
oni / ' * . Tluvy are shoAvn in Eig. 115 in their 
vaviTvl positions qvialitativcly. Np 
art^ HU p] Misted to represent the following 
tninHitinns : 

N, (2) 

and lioin^e 

N. Ni 19;.^ can i (3) 

A<dually Np f<a'in a doiiblet of pre- 
tdaidy ilie given frequency difference, and 
l lu^ AvavcMunnbor of Nj, N 2 calculated from 
(uj’iiati<ni (2) also agrees well with the ob~ 
HtH'viul values. In the saino way the com- 
Innivtion bS^l) gives aline, which occurs in 



Fig, 115. — ^Tho lowest terms 
of tho 0 III spectrum 
with the empiric ally 
found quach’upole lines, 
mnong them tlio ” no- 
buliiim ” lines Np Na, 


ntduilie ; its wavodengtlv has been drawn in the figure. We here 
huvi' a ti'iiUHiliitMi ,T -•= 0 --s- J = 2, L = 0 - 4 - L = 2, that is, a doubly 


pvocoHK, neoordmg to our discussion in § 1 of the present 
««hivj>tiu‘ i\nd § 2 of tho preceding chapter. We must remark, however, 
bliah till' tornuilatioM on p. JlOfi is not final but that a more complete 
fonmihvtion, ^vitli whicli avo shall become acquainted in tho next 
Htutfcinn, will uIho contain the assertion that foronr case the transitions 
lu'ri' undor consideration arc likewise forbidden, not only the transition 
^SM) init also the coml)inntions ( 2 ), because all three terms 
IndonK to tiu' aame configuration of electrons. 

'rivo <'X|)lanivtion of this contradiction lies in the fact that we are 
u<it (Inaling Avith dipole radiation here — ^to which the selection rules 
incnljoncil reCeiv but to tho quadrupolo radiation, which is usually 
nmali weaker. UubinowieK f actually sliown tliat for the quadru- 
|n>U> nwUatiou preoisely those transitions in L are allowed for which 
tho dipole rarliiitlon is alisent, and that in these transitions the quantum 
UAnnlKW ot tiro total moment of momentum of the electrons changes 
hv 1>. + 1. 1: 2 (e£. also p. 3(10). For J we obtain at the same time 


It en’dv voinains to explain why the qvuwlrupolo lines, that must he 
n'fMiic under earth conditions— it has been possible to produce it 
in tho khoratory in only very few ca.ses— should come out so strongly 


t V* 1"'" *l'\'!kH*T”T*bVfiT 86^002^°^ This also contains the in- 

SS'to’i'fliipob'i" 

in tlm nobulio ngt'oo well with this uhooiy. 
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in the case of gaseous nebul®. The reason is clearly to ho sought 
in the particular physical constitution of these nebnlte. Actually 
the density of the nebul®, both of the planetary iiebuho (with, their 
central stars) and of the diffuse nebulai (without a central star), is 
extraordinarily small, being of the order of grin. /cm. ^ or Ioh^,* 

densities such as cannot be realised in the laboratory, ^rhis means 
that the atoms and ions of the nebidse rarely eollule ; the time between 
two collisions comes out as of the order of many seconds, according 
to some estimates, of the order of several liours I Wo follow Jhiweii 
ill drawing the following conclusions : the terms that lie closest to 
the ground-state of the ions are all metastable because tiu'-y all arise 
from the same electronic configuration as the ground 4orin itself and 
because no dipole combinations arc allowed between such terms (cf. 
again § 9). Now, quacirupole combinations occur much more rarol}'’ 
than dipole combinations, that is the time of relaxation ** ( Venveikeit) 
of the ions in such metastablo states is much greater (of the order of 
10 ” 2 to 1 second) than in states from which dipole emission is posnihlc. 
From the above data about the times between collisions we sco that 
the ions can certainly not bo disturbed during their tinio of relaxa- 
tion in the metastable states, rather tliey can fall down to the ground- 
term at the end of the time of relaxation and so emit tlio “ forbidden 
quadru])ole radiation. Eddington f has also shown that the radiation 
that comes from the central star does not disturb tlie omission of the 
forbidden lines if it is sufficiently weak, — ^ivhioli is certainly true, on 
account of the immense extent of the ncbulre. Further, if wo take 
into account that most of the higher terms can combine to give dipolo 
radiation with all the deep terms that come into question, that is, 
that the metastable states can be much " enriched by transitions 
from the higher terms, we see immediately that those forbidden 
lines must appear particularly strongly in the nebuloe. 

We have yet to mention that certain " forbidden iron linos, 
which have been interpreted by Merrill, I occurring in many star spectra, 
are also to be regarded as quadrupole radiation, as lias been sho^vn 
from their intensities by Eubinowicz,|| 

Ihe mystery of the green line of the Northern Liglits (Aurora 
borealis) was also successfully solved by similar considerations It, 
too, is a quadrupole line, namely the combination in tho 

ll've spectrum. MacLennan and Ireton ** wore the first to 
succeed in producing the line in the laboratory in a mixture of argon 


* Cf., for example, the Report by F. Beokor and W, Grotrian in tlio JSrgcbniitsG 
der exahten Naturu^iasenschafienf Vol, VII, Springer, Berlin, 
t S. Eddingfcon, Monthly Notices R.A.S,, 88, 134 (1927), 

1 1 , W. Morrill, Astrophys, Joimi,, 6*7, 391, 406 (1028), 
ji A, Knbinowioz, loc> eit, 

^(J. 0. MacLennan, Proc. Roy, Soc,, 180, 327 (1928): R Frorinhs Vhvn 

Naturwiss,, 18, 762 (1030). 

J. C, MacLennan and H, J. C, Ireton, Proc. Roy. Soc., 189, 31 (1030), 
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a-nd traces of oxygen . Tlio idontificatioii was rendered X)erf eot recently 
by observing the Zeeman'^ effect of the 
lino, after Hiibinowicz t predicted the 
Zeeman effect of quadrupole lines wave- 
mechanically. In the 0 I spectrum (of, 

Fig, 110), besides another ground*- 

term combination that is possible is hD^P. 

Tlio eorr os ponding three lines (Big '^Po is 
also allow(id hero) were found by Paschon 
on some old plates taken by Hop field. 

All fo\ir quadrupole lines are thus ob- 
tain able also under earth conditions. Be- 
sides being known in tlio aurora spectrum 
they are also knowji in the spectrum of 
the niglit sky and the spectra of novaj as 
well as of certain nebular stars. 

§ 3. Russell-Saunclers Coupling. Term-Systems of Given Configuration 
containing Two Outer Electrons 

Tlie first step towards imdorstanding the rules that underlie 
multiplets was taken by 1:1. N. Bussell and F. A. Hauuders || when 
they subjected alkaline earth terms to a detailed investigation. 
The alkaline earths have two outer electrons, while their other 
oleotrons arc hound in elosocl shells and may hence be loft out of 
oonsi deration as far as the sohomo of terms is concerned, (The proof 
of this, based on Pardi’s Principle, will bo given on p. 450.) In the 
ground-state these outer electrons aro in is-statos (3.s in Mg, 4^ in Ca, 
and so forth, sco ^J'ablos 7 and 8 on pp. 100 and 102) ; the eorro- 
sXDonding oxoitocl terms arise wlion one of the outer elcotrons ])orsi8ts 
in the iSi -state and the other is transferred to a liiglier or d-state. 
But there is another oleotronic configuration which is not much loss 
probable than the above, Our attention is directed partioulaiiy at 
Ca. Immediately after Oa the 3d-orbits begin to bo added, that is, 
the M-shell begins to bo filled up (ef. Table 8). Thence we conclude 
that in Oa the 3d-orbit is approximately as strongly bound as the 
45.orbit ; ct, also Ohaptor VII, ))p, 401, 400, 400. Honoo wo expect 
a second torm-systom in which one electron is in a Brf-orbit and tlie other 
in any arbitrary higher state, ^.fho two term -systems may 1)c roxue- 
sented cliagrammatioally as follows; 

Ordinary iorms Ji)iBplac(3cl tonns 

(4/t, m*) (3^/, rw;) 

LimU-j Oa*- Limit; Ca'- 3r/, 

* H. Fi ori(3hH and J, 8. Cainpboll, lUiyK, Hov., 80, M OO (1030), 
t A. Xlubhiowioz, Zoila. f. j^hyaik, 61, 33S (1080), 

t F* Paschon, ibid.^ 66, 1 (1930). |[ Astrophys, Jourii,, 61, 38 (1926). 



Fia . 1 16. — Tlio lowoatr torina 
of tlio 0 I spoc.tvum, 
Tlio P-tonii is luvovfcod. 
'Pho wavo-longths ah own 
two qiiaclriipolo linos, 
among thorn tho groon 
auroral lino A fifiTT’S A. 
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Thus the two-term limits behave exactly as Avas assinued in Pig. 103, 
p. 407, to explain the “ accented terms ” ; the terni-valuos of the 
second system, referred to the limit of the first system, become in 
part negative, and so forth. 

What holds for Oa also holds for Sv, Ba , . . , except that noAV 
Ave must replace 4,s, 3d , . . by 5«, 4d, . , . But in Mg th(^ onrre- 
sponcling states are Bs and 3p, sinco after Mg (of. Table 7) the M-shoU 
becomes completed by the addition of Bp-orbits. The Iavo types of 
Mg-torms are tlierefore diagrammatically : 


Ordinary terms Biaplacod terjns 

(3^, m) (3d, m*) 

Limit; Mg+ 3^9. Limit; Mg»‘ 3p. 

Summarising all this, avc consider two electrons, Avhoso orldfcal 
oharaoter we shall -oharacterise in general by the quantum nunihers 
and (for example, ==i 0 for an , 9 -orbit, — 1 for a p -orbit, and 
so foitli), and we inquire into the character of tho term that results 
from these two, aaWcIv avo shall denote by a resultant quantum numlmr 
L. How is L compounded from and 1 Tho answer given by 
Russell and Saundors is : L is compoimlexl veclorially and m inleyml 
numbers from li and according to the scheme 


L = Ji Zg in such' a way that -f Zg S L ^ — /a 


(1) 


At the same time Ave proceed beyond Russell and Saundors l)y 
considering the compounding of the spin-vectors and Avhich 
are of course equal to ^ for each individual electron. The s^nn-vecMm 
are compounded algebraically thus : 


S == ib «2 = 


[1 triplet 
|o singlet 


( 2 ) 


The “ Russell-Saimders coupling*^ deftnod by (1) and (2) is not 
the only iiossiblo coupling but by far the most imiiortant coupling of 
the individual orbital-vectors Avhioh leads to resultant term -voe tors. 
We shall deal Avith other possibilities (for example, a coupling) in 
§ 5 . We must first illustrate the Russell-Saimdors coupling by exam plos , 
To indicate that tho character of tho resultant term is given by 
L Ave assign the usual symbols S, P, B . . , to tho values L = 0, 1, 
2 , . . (of. p. 421). By compounding l^ and l^ in aoooixlanoG A\dth 
(1) Avo obtain. the folloAving schemes: 


A. = 0 

0 1 2 B 4 



s 

1 

p 

2 

1) 

3 

p 

4 

a 



443 


§3- Hussell-Saumlers Coupling 
3. 

^1 2^45 


0 

-J rr tj 

P 

1 

« P I) 

2 

P B F 

a 

I) F G 

4 

F G H 


0. fi « 2 

1 0 

/■'■■■"" 

2 3 4 5 6 


- 0 D 

1 J 3 D F 

2 s ;p ;d ir G 

2 P P F , G H 

4 I :D F G H J 

III iSolmiuu A \vi\ liiiv(') oil ftccouii't of — 0 (for oxaiiiple, 4s in 
t.lio oiiHo (if ( !ii), Hull; li =•■■-; /fl. Hence the diagonal fomi of the Scheme 
•fV, W'liii'h oon’(iH(i<)iHlH to tiic oi'dinavy terras (for example, 4s, nx in 
( 'ii\. { >ii ttooouut of 1 in the first row (!„ =» 0) the Scheme B 

l»i*}XUm willi li 1 1 “J I, that is, with, a P-term. In the second row 

(fj 1) Avo Imvc, hy cfination (1), tlmt L «= 1 + 1 » 0, 1 or 2, that 

iHi iviiS*. l’«* ()v J)-tovm ; in tUo third row (l^ = 2) we have X 4 ^ \ ^ % =^lj 
U nr <nn’i’(^H||(nuling to a ID- or P-term, and so forth* The Scheme 
( > IJrjxinH, rtintKJ -- 2, with a B-term, L ^ = 2, and exliWits three 

in tli<^ H(UK)n(l r<nv (lx 2 , l)i in the third and subsequent 
rtuV’K it Hvo torniH,* and so forth. 

fiv tlu^ \n'u8ont two^elootron ca^e all these toma may, by equation 
bn Iriyhit im well m ninglot term«. Tor the indexing of these 
Hint U)v the {[Unntiiin numbor J, wo now also have 

S q. L g.T ^ I iS ^Lj , s . . (3) 

t lov<^ Urn H^dootion rule for tho J’a in general retains its earlier form : 

^ 0 ' ’ ■ ’ 

AotiinUy wo wppliwl this rule in the onao of tho (2Jp')“ the (dd')- 
tumil'h'iaUiHW. iu § I, to tlwJ displaced torma, ji', (V, equally well as to 
tlio (u'lliiuvi'y ti'vratt ji, <l> fhe mvie does not, however, apply to Ike 


* 111 jjiiwMiiui wo iiiuKlf call atU'iitlou tiO tlio Aiialosy liobwcori ouv SoUomes 
A, H, 1! , . . mill Ihi' Hr'lwmo li vw p, >m Uw wiigfot, triplot, tiumtot . . 

Till* Ilf our jirt'Ri'uk Huhomes am I'floiiliont with tfio J-vaiiios ot 

ill,. ..lU'lii.r HoJiwiii'H. Timm Vr a S\-)W>v4 Cor Uim : pvowsoly os the is arc 

I’m,,, .oVu.lcl rm.n i, and h.aornmUag Ui oga- (Ih ’ 

in the oivvUor (0) on p. *i28, from h ^ and (?ho S s. 
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seUcMon rule of the Ijs, Whorons A/ ” 0 was AIj = ^ 

is by no moans forbiclclon now, as the just-menliioned (toinhiiiaticnm 
show directly. 

To arrive at the soleotion rules wo must lirst to tlu' in- 

dividual The experimental results so far ohfcainiul hav(^ ()h(^y(‘(l 

perfectly a rulo given by Heisenberg (wo onuneiatn lb mow gi^imj^nlly 
for any arbitrary nninbor of electrons i ^ 2) : m an allowable 
lion {dipole-radiaUon) 07ie ehcAiwi must ehmije l-valne ht/ 4: 1 , a 
second chclvon must change Us I, if at all^ by 4: 2, the rvmavning vlevlnmH 
mnsl reiahi their l-values miaUered, In syiui)ols : 

A?, = d:l. i >2 . . (5) 

We suminariso the. two possibilibies ns follows : singh^ bransiiions 
in which, case (5) rodiicos to tlu^ w<dl- 
knoAvn soleotion riil(^ A/ • • •• ::l : I , am I 
double transitions ’* 

to wliioh the displacxul terms dlscuHsed 
above (see pp, 405 oi seq,) iK^long. 

According to 0. Laporio,* wlmsi^ 
rosearblios on bho iron siuKsbi'inn hnv«^ 
formed the foundation for the general 
form of the selection rules t)f lHvb(nx>- 
morpliio terms, (5) may he illnsbriittxl 
gcomotrioaHy by the star ’* diagram of 
Fig. 117. ' 

It had boon eoujectured (earlier i' biuil- 
ttiG rule (5) could ho genc^ralised m 
follows : 

2AZ^ ■- odd number , (5r^) 

Wave-mechanics conlirjns J bids gmieral- 
isation. Of course bho transitions (5) iin^ 
distinguished among the more gene ml 
brans! bions contained in (5a) hy occur- 
ring more often, 1 1 

Supplonientaiy to this seleotioii rule for the Z’s thoro is an mU 
ditional condition for L, namely : 

AL=:= 0,4:1 , . . , (b) 

* Hanclb. dor Asfci-ophya., Springer, 1030, Oh. VX, p. 084. 

t A. SomincrfGld, Three Lectures on Alomw Physics, p. <13 (Mchhi-h. Motluioii 

& Co, Xitd., 1$)20), 

leal Quantoninoelmiilk, Wu'ya^U btdp/.ig, Und mln,, 

\\ Wo euu bring Uio solooUon rule (fia) into u form, wliioh Imw idayod a troriaiii 
park in the older lysoarclioB on miilkiplotB, if wo divulo the terms into two oIuwsuh, 
even and odd fcorms,” according as is oven or odd. Then only ovon 
terms can combmo with odd and vice-vorsa (Laporto’s rub). 


(Einfach-ST>riinge) AZi — 0, 



li'io. 117. — Geomokrical ropro- 
fiontation of the soloctiou 
rule (6), ill which and 
aro oonsidorod as of 
equal importaneo. 4 4 8 
transitions aviso from each 
term. The numbor is ro- 
<lueQd if transitions occur 
among thorn which would 
load to iiogativo vahios 
of L 




445 


§ 3- Rnfiscll-Saundevs Coupling 

'.’’ir «■■■» i«« rai« ™o.u- 
i lu* iiilcM'vnl .1 , \ inultqfhii txmii Im^mw conipural)k? with 

tup;-::"' ...™. ot 

*^'r * “I'fl 0. witiiiii till. 
HM.I... f ‘"'.’''y nuiy ooniluucwitlvits Wonoighl.our«, and in t))o 
^ . ''T ‘rf ft »'0W nmy aomldne with t),o noigln 

fM.ui-i.ig (j-rniH. (loliiKMl l.y ((i), of tlio neighbouving rows. jVll tlmso 
yninf.iiuUio.w ur<* nmjlv. iravdlions. Wo obtain admissible cloubh 
ooinbino, for example, the term P from A with the 
foniiH uKinvml Ity ((1) (,f tlio first or the third row of C. Among these 
• •..iivhinutinna tlieve is only one* of the oharaeter (pp'), since no P- 
t«H m u<Hinr-H in llio lirnt rtwv. Wo next inquire into the origin of the 
f ^ Hu)nifMmiti()nH. They arise Avlion avo eomhine the X)-term of the 
iUivil nns' of A witli the D of the second or of the fourth row of C, 
M'honiuH i lu‘ i^cnul^ituiUon with the first, third or fifth iw is forhiddem 
\\{* vvi'itn down tlie |>(|SsiIdo modes of origin, showing at the same time 
i lie tivlttllrtl tvj'm uotnluyu which become the practice wlienM^e wish^ 
to l^\p^cKH r.h'urly not tinly the druciuve but also the origin of the terms 
If) alonm Ihmr^f : 


iv'in 

{diV) 


(49^:7^) «Poi2 
(49?nl) 


■■> i^^d% d) 
nUn^iy) »Dj23 
|(3^^ey)9D,23 


I Wvv the {i(rurtnr<'. is denoted by the symbol ^p^,g and ^Di^s (^Ye restrict 
imi’«clvcH to striieture, ns indicated by the upi)er prefix S, as wo 

uio intnroHliMl in Um line-configuration, cf. x>P' and 426; actually, 
wo who old ill so hike into account tlic singlet terms ^Pi am\ 
iirdp’ii of tho tivi'ins is Hpeei/iod by the x^i’occding symbols (4snp), (BdWd), 
i\nd HU fui'Hu for which ^ve shall use the abbreviation sp, fid or fi^, 
the lutlcv nymbtfi when both d'n belong to the same principal quantum 
munhoi. dhtUH in future avo shall use the small letters, s, p, tl . , . 
uuty for tlu' Hlalo of tlm indivuhuil electron, and the capital letters, 
X, ih D, . . . > with upper andhnver indices, for the state of the lolioh 
u luin [vL p. 427). Momivor, the indefinite principal quantum numbers 
V, n/ iu the aiiove syinbols indicate that there is not one but a series 
nf iorrUM of tlu^ class (t^p), {dil) .... 

I hit ciur diagram I natic! Hchoincs require to bo supplemented in the. 
i-UHO of i*q\iivule)ib orintn, that is, when our two eleetrons (generally 
Ht^vovnl ol(‘otrons) belong to the same orbital typon^, that is when they 
uijuw not only in tlmir lvalues but also in thok u-vaiues. Here we 
iHUfoi vn diHo'sive Imlj) from Pauli’s Principle (p. 164), whioh etates that : 
lU'rri/ tlvjimd qnmhm-daic can be occupied by only one 


liun 


Ibw, pp' »niw also i-onmit iva & wugl<i teansition by a courtbinn- 

,,f A wllb U Ihaaoiul n>W ot A with the Bocond row ol D). 
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electron. To doiiiie buoIi a sUite oompletely wo nMpiin^ not only lin^ 
orbital tyjje (n> /) but also the ]H)mtion of tlu^ orbil, whiiOi ih 
given by the niagiietiu qiuintiiin numlKM'ri nii aiul (p. iri2). 
ISIootmna of tlie »anio orbital typo are called eQuivaleut oloctroma 
l)y j.^auli'a Principle further anserts that : vleHronn in ihv 

mine qiumktm^Hlaie cannot in /prino/jiy/c be front our 

another ; atomic configurationB whioli h(3eoine tnumfonned into oiin 
anotlier by ftimply intorolianging eleetruiiK ni'(\ fully idimticuil wWh 
one another and therefore ropreBont one eoidigurathni. ,U; \» thi* 
combination of the Ruasoll-RanndovH uloaH witli IhiuliV ih’ineiph’ liy 
F. Hinid * tliat iirst led to a coin'|)leto HyHteinatic (daBHilunition of 
mnltiplet spectra, 

Wc already know the pos8i])lo vaUiCH of the niagJietie ((uantuin 
numbers mi and tor the individual eleetron from pj). IHO H nnj. 
They aro clctorminecl from 


i g ^ — Z, s }> mf^ ci:, — n , . , (7) 


The values of mi aro integral, like those of Z, and thowe of are half- 
intogral, There are 21 + 1 valiioa of nii for a given L On tlit^ othiM’ 
liand,thore are only two values of for the individual elootron, siuet* 
5 = 1; these values are nig = d: J, Wo may roprcHcnt tliesc^ valuen 
grapliically by the separate orientation of the orbitabveetor I and tlie 
spm-veotor s in space in a (strong) magiiotio lield imagined to he jiresont 
(cf, tlio analogous Figs, 20 and 30 on pp, 123 and 124 ; M'liiidi 
rox)resonted the vector j compounded from I and 5 ). 

In the same way wo must dofino the magnotie q uantuin numlM'rH 
Mjj and Ms for iho reMllaiil atomic slate (L, 8), Their pons i hie vuIui'h 
aro determined from the conditions analogous to (7) i 

L ^ ^ - L, S S Mb 8 , . (7ff) 

TliG L-voctor thoroforo has belonging to it 2L l (lift<U'ont tjuautuni 
mnnbora Mr., which correspond to just as many dill'eront pusilinnH 
of the L- vector with rosjieot to the axis of tlio nnignetio fUdd iinrt 
which may he regarded as projections of L on tliis axis. In tlie saiiio 
manner 28 + 1 quantum numbers Ms belong to the R-vcctor, nanudy, 
in the cases that oomo into question hero j 


Singlet system, 8 0, Ms — 0. 

Triplet system, 8 ==: 1, Ms = 1, 0 or — 1 

And wo liavo for every electronic configuration 


Ml = Imu Ms 2:m„, . , . (8) 


wliero in our case of only two outer electrons tlie Bums are two^fnld 
and extend over any two of ^iho values of nii and allowed by (7). 


* For the iutovprotatioii of complioafced apool-m, in pariiouhvr of Mia climumts 
* BOO pita, b Phy«ik, 88, 34f5 (1025) ^ alao tho imporbaiifc toxt-honk i 
Limenspehlren und penochsches JSj/slcmf ^pringor, J f)27. 
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'I'lu^ fnlbrwiug ronuvrk« nuiy serve to make clear the relationship's 
(H) : \v<' hUwI from tlu^ imagined limiting case, where tlie coupling 

lit llu^ <4<‘t!lronH and their I, « vectors among themselves is inlinituly 
\v<mlc. 'I'ium all tlie vectors will orientate themselves independently 
of (nu‘ uiicitluu.' in an added rmagiiiary magnetic held, tliat is, all the 
i/i/H niul will he integral or ]>al£dntegrah We now allow the 

eiiupliiig its iuerease in strength hut shall at first allow only the Ts 
to oonihiiu^ among themselves and likewise the Interacting 

iiHiitunits of momentum then pnesoiit themselves which alter the 
imlivhlual ninmonts of momentum I and 5 in time and destroy the 
tjM 4 tntuin-liko behaviour of their projections mi and The law 
of Hiudiurial ivreas then no longer holds for the individual motion of 
i.hi! uhuitrtnm, hut only in the sum for the whole system (here our 
two idiHdrons, and, by onr assumption, separately for the In and 
Mil- siium the moments of momentum due to the eoupling com- 

Tlonee what previously held for the individual vectors 
iMiw holds for the sum: the L’s and the S’s.are constant and 
enmntuin numbers of: the system ; their components Ml and Ms 
along tlu^ inagnetie axis are likewise quantum numbers and retaiii 
tbo vahiuH they luul in the coupling, that is, they may be calcinated 
ill the of the equations (8) from mi, m,. By carrying this line o 

urgvnimut a stop further we are able to speak in the next ai^proxima^^^^^^ 
of tlm- coupling of the moments of momentum L and & with the total 
inoitumtH of momentum J; ef. also the remarks at the begimimg 

w\\ unm nn (;o the different eases of "equivalent” ^ 

proKtnil thoinHelvos in the case of 

U„. il «n <1 llK. tbin. of C ».l wo of oo.noo ..^eoo . 

.,„«o tl„vb U,o .lOoi't'O" 7 

A. /, - ?a - 0. both elcotrons ^ first three of 

Hpoluling are equal to zero, no. vii 
tho quad I'll plo ot numherH 

nyhoni.ms • ♦ ‘ * 

,u't‘ tlin »am<i for both oleotrons. Honce, by Pauh’s Prmeiple the fouitli 
must liu differe.nl for each. Thus 

W», = + i* = — h 

i:;;::;:, rs,": p" 

Mi, Ms = 0 , L = S = 0 . 

w„ ,u.vo 0?"*“ 
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Conversely, the non- existence ol these terms was the iirst fact tliat 
caused Pauli to fornnilato Ids principle. 

B, 1, type of carbon and its liomologucs, Wo allirin 

tiiat the more exact expression for the three terms given in the scctmcl 
row of Scheme B should be 

IS, «P, ID, . . , . (10) 

that is, tliat the terms 

»S, *P, »D . . . . (lOa) 

are forbidden. 

To x^i'ove this we begin with the D-term, namely with its high oh t 
magnetic level, Ml — 2 , Since mi^ and cannot bo greator than 1 
we must write in equation (8) tiiat 

^/i = h 

Tlie first three figures in ( 9 ) are again the same in each ease, that la, 

'^ 8 , = — == 0 , 

Hence 8=0. Our D-term is a 8 inglet 4 em, 

We pass on to Ml = 1 . This magnetic level arises from 

mi, = 1, TO,, = 0 I TO,, = ± h = ± i. 

The converse — 0 , mi^ = 1 does not, again by Pauli's Prinoiplo, 
denote a new term, Tliere are thus four possibilities, distinguished by 
the values of 

f+1 

Ms ^ 2ms === jo, 0 

One of the two zero values is used ux) for a '^D-torm, whicli has a mag- 
netic level Ml= 1 as well as Ml = 2. Hence three values 1, 0, — J 
are left over, whicli belong to the magnetic orientation of a spin -vector 
S = 1, that is, to a triplet-term, Our P-torm in the row (10) is tliorn- 
fore in actual fact a triplet’ term. 

We now come to Ml ™ 0 , Here we must liave eitlioi* 

TO,, = TO,, = 0 I Ms = 0 , 

or TO,, = - 1 , TO,, = H- 1 I Ms = + 1 , 0 , 0 , - 1 . 

The vainea of Mg on the right-hand side state that : if tho two m/a aro 
equal (first row) the to,’8 must he opposite and equal ; if tho two ra,’a 
are different (second row), tho w^’s may bo either J or — J. Ono 
of the five Ms-values that arise in this way is a zero, and is used for tho 
>D-term. If we strike out the values Ms == + 1, 0, — 1 required for 
the magnetic level Mi, == 0 of the ^P-term, we are left with only Ms — 0. 
The S-term still remaining in ( 10 ) is thus a ainglel-lcrm. 
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VVc^ Uuit our (uiumeration is complete by noting that it 

iuivi^ liuiMi (uviTicd out equally well for the negative Mi/s. 

'This may bo touted by counting up all the magnetic levels that 
udong tu (10), iukI also those that belong to (10a). Tn generab we 
ibtain 

2(21. 1)(2S + 1), 

^»inun 21. | 1 uiul 2S b i denote, respectively, the number of Ml's and 
Mh’h (nr t^aidi tovnv. Hence, in the case (10) we obtain 

1 It . 3 + 5 . 1 = 16, 

iunl in tho (?uso (10a) 

3 4-. 3 + 15 =- 24. 


If, oil tbo oilier hand, we count up the magnetic levels, starting froiii 
I lio and we obtain from mj — + 1, 0, — 1, = + J, — i 

'riii^ lit’Ht Icift-hand aide denotea the combination of two 

toniiK Wj with oppoaito valuea of m,. The second product corre- 
KjioiulH to the oombinatiou of two difiorent to,’s, of which 3.2 are 
|»ic‘mnvt, imly iinlf of which count, however, as the electrons cannot 
lu» tllHtiuiJ'niHkuid from onch other ; the full luimher 4 of the -ms-pairs 
nio to lio c.oiubiivod witli them. Tlie aum 16 agrees with our enum- 
fiiitioii of (10), and honco oxcludos (10a). 

Hoftu’i' w(i apiily Hoheme ( 10 ) to the interesting examples ot 
( ) 1 ! 1 iviul O 1 , wo uiust doveloi) the rule of term <poaitions enunciated by 
11 ui itl (of. tlio rotoronco on ]>. 446 ). This rule is an essential constituent 
...r lUuKl’H theory of the dassificalim of term. We give it ^ ^i 
OS ) mrinionbak result, Hund, and in still greater detail Slater, bases it 
oil genoral oonHidccatimia about bho strength of the coupling between 
Sni diioront vootors I, s. similar to those indicated on p 447 . A more 
riKormm baws, wUioU also allows us to expect <posaibU exceptions 
framVa rulti, numt bo loft to the next volume (on wave-mechanics). 

Aviofia the belonging to a definite electron confignratwn la om 

Imvin thf. H. In “« 


♦ PliyB. Bov., 88, 891 (1020). 


Vot.. I.- 
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ing to its position in the periodic system, four 2p~oleotron8. Hence 
Muth its two 223 - electrons falls directly within our sohemc, This 
explains the position of the terms in our Fig. 115 on p. 421). It also 
makes clear simultaneously why all the nebular lines there shown are 
forbidden lines. For our selection rule (6) demanded that one of the 
numbers should change by i 1, whereas in combinations within 
the same electron- configuration — 0 for all i's, This decree, how- 

ever, applies only to dipole radiation, and not to quadrupolc radiation. 
In the sense of dipole radiation and are meiasiabh levels. As 
already mentioned on p. 439, the transitions drawn in Fig. .115 are 
precisely those that are possible for qnadrupole radiation. 

But the O I-apeotrum also falls within the same term-scheme. To 
see this, we need Paulies Gap Law ” (LueJeensatz), 

A direot consequence of Pauli’s Exclusion Princii)lo is this : every 
closed shell is balanced with respect to moment of momenhini^ both as 
regards orbiial resolutions and spin moments of momentum ; we liavo 
L — 0 and S = 0. Thus the term-state is a hSo-torm.* On account of 
the connexion between moment of momentum and x^a^’amagnotisin we 
may also express this as follows ; every closed shell behaves diamagnetU 
cally in its ground-aiaie. 

The proof of this law is essentially contained in the onumorationB 
on p. 164. As already emphasised, the closed shell of quantum number 
I is built up of 2(2? -f l)-eleotron ; for Gxamj)lc, the Lii + Lni-sholl, 

I = 1, consists of 2 . 3 — 6 elootrons. In this way the 2? -|- I difforont 
values of namely ?,?—!, , . . — i, and the two different values of 
namely rb i, are just used up. Hence we obtain for the sums (8) : 

Ml = 0, Ms = 0. 

This is the only term that is possible. It cJiaraoterisos a ^So-torm, 

The singlet S-term is familiar to us as tlio helium ground -term in 
■the completion of the K-shell, as the ground-term of Be, Mg, Ca in tlio 
completion of the L^-, Mj-, Nj-shell, In the same way, bSo-ternm 
must occur as ground-terms in oompletiiig the S-shells ; that is, in iho 
inert gases Ne, Ar, Kr. . . * (We must note, liowovev, that in those 
spectra the Russell-Saiinclers coupling no longer holds, so that, striofcly 
speaking, there is no sense in speaking of L- and S-valuos. But fcho 
characteristic of a closed shell ; JT =: 0, remains valid in any sort of 
coupling) ; the same applies to the completion of the 18-shells (as ex- 
amples wc may give instead of the neutral atoms the corresponding iouB 
Cu'", Ag***, Au^), The same holds for as the lost stage in the 

completion of the N-shelL 

Pauli’s Gap Law is very closely related to Hund’s Buie. It 
states that in a configuration of equivalent orbits the number and 
charaoter of the possible terms may be counted up just as well on the 
basis of the electrons that are missing, that is, that are required to 
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III! pinto t'h(‘ filioll, as on the basis of the electrons premit in the con- 
lip:uriitioH, 

Loir UM tjvki^ uH an exuiuplo 0 in its neutral state with the coiillgura- 
liijii 'i'o ooinploto the shell we require two 2;)- electrons. The 

niiniiitionH of Pauli’s Exclusion Rule ap^dy in choosing these two 
in inning olocti’<inH, tl\at is, as regards theii' quantum numbers mi and 
Ui,,. TIu'ho rostriotions are the same as for two of the existing electrons, 

1 loiuu' tln^ to.rni-numhor and term- (3har act er becomes the same in both 
ousort. 

Wi\ iu)\y undorstqiul why Eig. 1.16 for 0 I is almost identical with 
h'ig, 115 IfM' 0 111. Almost ’’ is to signify : except for the structure 
tkf llm tirat is, the sequence of its levels in their dependence on 

*) . Wo ctall fclu) Bbructure in Eig, 115 regulavj that in Eig. 116 mveried.* 
iV Htruoturt; is regular if it corresponds to that of the alkalies or alkaline 
as r(?gaitlH tlie values : tha loioest level has the smallest J , that is, 
fhv (vr)K*viilue deCTmses as J increases. In the inverted structures the 
lowi‘Ht level oonvorHoly haa the greatest value for J, that is, the term* 
increuses as J increases. We shall see in § 10 that the interval- 
rivtioH aro r<'bitc(l to J -values (at least in the case of the RusselLSaunders 
iMMipling)., luiiuoly, hi regular structures the intervals decrease^ in inverted 
•sirnctHTcs Ifmj increase) as the term-value increases. 

in § 10 wo shall he able to make more accurate statements aboxit 
tint nit'miri'onot) ot irogular or inverted terms. For the present we 
toi'miilivto iJio oinpirical results briefly as follows : %7i the Jirst halj oj 
rtu'h uroiip of eciuivaknl electrons the structures are regular, in the secom 
huff thru are iiiverhd. For example, in the iron spectrum all t le 
nnilliplofc Hti'uetiireH tu-e iuvortod, in those of the alka.he3 and alka me 
uiirtliH they lire regular (with the exception f of certain highly excited 

‘'’“"mIo O l -Hiieotrum (2pY takes us into the second half of gmixp 
uC uuuivakuit 2']J-orhit8, tho 0 Ill-spectrum (2p) into tiie first half. 

1 , 6 ,i„ 'w«. L,.8 J -Oh U.. --'-‘-I ■“ ^1: Xirlil t. 

the () i;.H|ieotnmi. The aP-torm discovered by Hopfield 

.•I'luH cliHlieotioa was llrBl. 

iliis hoitU and wttH ilhistmtad by ok 378 (1920)), the F-terma 

t A-ordlng t... K. VV. ^.ssuo,.^ 11. bo inverted 

id’ i!u<Hluin are invwiod . ^ . n j «4 (19231). The analogous terms o£ 

mid tki- .no, however In tU;^ partially invert. 


analogous 

Kr;,K.“ 
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with the groinid-tenii of our Fig. 11(>. Thv. coinhi nation PS Avith 
A ~ 1302, 1300 A. (of. p. 433) is the eonibination of tliis grnund- 

lei’in Avith an excited ^Sderni, Avhicli is to he innigiiuKl in l<Mg. 110 m 
situated high aboA^o the ^S-torm. Of the three arroAvs tliat pass 
from this higlv ^S-term to the three ^P-levels, tho tAvo shorter ones 
are loss different between themselves than the tAVO longer ones, on 
account of the interval ratios in the inverted triplet 

{P,Pi:PiPaSl:2, cf. Fig. 110). 

The Avave -lengths measured by Hop field correspond with this : tho 
smaller Avave-length difference 1 A. occurs bebAveen tho tAVO compon- 
ents of longer wavodength, the greater Avavo-lcngth difToronce 3 A. 
occurs betAveen the tAvo components of shorter Avavo -length. Hence 
Ave oan verify tho inverted nature of the ground trijdot from tlicse 
measurements, 

C. Lastly Ave consider the equivalent orbits in our schejue () on 
p. 443, — 2 ; Ave are here dealing Avith d-orbits, We call them, 

in particular, 3d-orbits, in vieAv of the iron group, for Avhich system 
Ave wish to prepare tho ground here. We assort tliat tho toinns that 
result from tAVo 3d-orhits, Avhioh are represented according to tlicir 
L-oharacter by the third roAV of the scheme 0, are to be speoilied as 
regards their S-oliaracter by 

. ( 11 ) 

The proof runs as for tho analogous term-soquonoe (1.0). 

We begin with the G-term, L == 4, namely Avith its highest mag- 
netic level Ml 4. Since in the case of our 3(?-eleotrons | nii [ g 2, 
Ml = 4 arises uniquely from 

2 . 

According to Pauli’s Exclusion Principle, avc must necesHarily have 
Ms — 0 ; Ave have one ^6-term, 

The magnetio levels Ml = 3 arise from 

Wl = 1, — 2 I “ i w^jja = i 

Of the four possibilities one, Ms — 0, goes to tlie ^G- term, the otlicr 
three characterise a ^F-term, 

For Ml — 2 there are three modes of origin : 

= 1 m,, = - 

%i ^ ^ ^ i i) Wjfj = zh i 

We need four of these for iQ and One remains for the Odorm 
and characterises this, on account of Ms — 0, as a ^D-term, 

In the next step Ml = 1, Ave have eight possibilities : 

== 0, TUi^ =1 ± == ± i 

Wl ^ - 1, m; == 2 = ± I = ± 
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and 
which belong 


i:\fl er ntriking out tlio live M^-valuea which are required for 
M ), wo avis loH with the three values Mg = + 1, 0, — 1, whic 
it I 11 ‘*l\t(U‘nu 

^riu». IjiHt Htop Ml — ' 0 yields nine possibilities. After striking out 
oight Ms "Values, which are required for the proceding terms, we 
Uvfl wdiih an 0, that is, a ^S-term, The fact that the emnnera- 

lion in eninploto may bo checked as above in (10). 

Wo. may eon elude by considering an interesting application of the 
<*on<?opt tif invtntod ternis to X-ray spiectra. The X-rai/ spectra are 
////iMvrZ fjtip spp.ctra {LiieJeenspektra), For example, the Ka^Bne can be 
oiMitrt‘(l only if n gap has been made in the K-shell which is filled by 
nn nlncd-roi! fj-’oiu the Lni-shclh We therefore expect inverted multi- 
ph‘fu ill tlu^ t>f: X-ray spectra, or, more accurately, inverted doublets. 
^VluH is iudunlly found to bo the case if we 




LtQ 


/{: 


Kliirt from the view of X-ray spectra 
alrniuly indicated on p. 240* 

VVc», may tluui describe the emiasioii of 
Ka UH follows : tlio gap Avhich originally 
fifonriHMl in tlic 3C-filielt is trangfeiTed to 
Mu' IuiI'hIioU/' Kinco the energy of the 
atom is grcuvtoHt in the case of Kdoniaation 
p, 241) » in particular greater than if 
ilio ittoiii luul primarily boon ionised in the 
Liii^Hhell, the gap moves in a Koc-emission 
in ihv, amfie of deerensing atomic energy^ 
Kiinllarly to tlu^ manner in which, in our 
nrigiiial of oxpresHknn tlio electron 

in tiu^ Irausition Ijiu-vIC in the 
(f tUcrf.mmg poleniial energy {Falhnergie). 


Lj! 


4r 


k 

b 

% 


Fia. 1 1 — ^Inverted, sfcruoturo 
of tile Bontgen doublots. 
The Ljji lovol with J i 
lies lower than the 
lovol with J - because 
it corrospoiicla to & smaller 
energy of the whole atoniv" 


From the 2^oint of 

ly |f.r I'f i.mi crf ty •"-v# l/;/ u / ^ , ,1 

vif'w of Ihf InUtl marffy of the eliKlron Hi would lie logical to invert the 
(liliiH iiOBsiWlity waa hinted at in nsing the double 
nrrowH in Kic. (1«, 1>. 243). Tf ive, do this the inverted nalwe of the 

tViM J = | and J = i, respeotoely) 

dimMy mdmt, and likeiviae that of all the other relativistic 
thmhie.trt in tlio X-ray HiicoLruin. But we sliall see in § 5 that in view 
cjf tho (MinnlniK eoiulitions that obtain in the X-rny region the con- 
vomn vii'w iH alao logical ; in this view we fix ovu- attciition on tU 
of the individual atomic electron According to Stoner aiui 
MHiii-Sinitlj it ovc'ii gives a deeper insight into the method of arrai g - 
.►£ tlm oloetroiiB. irroni this point of view, it was natural to 
ilriuv tlin Hcliomo of X-ray levels as wo did earlier, that is, with the 
K-lovel lowimt. 
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§4, Configurations oi Several Electrons^ The Iron Group and the 
Group oi Rare Earths. The Spectra of the NoWe Metals compared 
with the Alkali Spectra. The Iron Spectrum 

We proceed to deal in greater detail with the group of equivalout 
(i-electrons and take as an example the 3d-electrons of the iron groiip. 
Our results will, of course, apply with very slight changes equally well 
to the palladium and the platinum group (4(U and 5f^olectrons, respon> 
tively). But we shall first consider, not the neutral oloinont, hut, 
what is simpler, its doitbli/ positive ionSy in wliich the two outer 8-olcC' 
irons, which occur as early as in Oa, are removed, By p. 154 the 
number of these ions is, since I ~ 2, 

2(2Z + 1) = 10, 

Ca'^"^ is the zero element of the group, and has the oonliguration of tlio 
inert gases (closed Mu- and Mm-shell), is tho tenth oleinent 

(closed Miv- and Myshell). The middle of the group is ropresontd by 
Mn with We emphasise this middle position by placing strokes 
on both sides of Mn in the folloAving scheme : 

Tablu 43 


Ca 

Sc 

Tl 

V 

C!e 

Mn 

li'O 

Co 

Nl 

On Zn*'* 


. 

do 


d* 

rf* 



d» 


■So 

J 



‘Do 

'S./0 




=‘D.;o ■So 



ap 

4p 




4p 

«P 



The lower row gives the ground-terms that are to he oxpecilod 
"(we shall deal later with the significance of the lowest row), In Ca’’ ' 
and Zn-*'^ we have, by the rule on p, 450, singlet S-torms, In 
we have an electron outside the closed shell, that is, alkali- char ao tor ; 
the term in this case is a ^D-term, and likewise in by the Gap 
Law (p. 460), The only differeaico between these two is in the J- value 
of the ground -level : J = f in So-^+ and J == | in * beoauso tho 
Cii ^ * -structure is inverted here. The cose of two d-oleotrons that occurs 
in Ti'*’"^ and Ni was treated in detail in tho preceding section. Among 
tho terms (11) on p. 462 the term is the ground-term, by Hund’« 
rule on p. 449 (greatest S and greatest L) ; the ground -level is 
in Ti+'‘* (J,,,„ === 2) and in (J,„„, - 4), 

To treat the remaining elements, whioh have three and four 
electrons present or missing, we adopt the following argument whioii 
applies for any L Suppose we are dealing with an olomont liaviiig 
equivalent /(-olectrons. The maximum value of S is Honco 
Ms in the highest magnetic level is also equal to zj^ and all the 
are equal to J, The must then all bo dilTerout. Wo then obtain 
the greaiesl value that is possible according to this by forming 

= M- (J - 1) + . . . - 2 + 1) = |(2J - 2 + 1). (J.) 
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L .=: 2/2 (2/ - a + 1) 

'I ■ 1 1. - K 1=.. 2 I / - «/2 I, == I, + S = 2(Z ^ 2/2 -I- 1)}(2) 

K«1 nation (2) for L denotes an arithmetic series of the second order 
'o regard L as n function of the successive z’s ; hence 

AJj = L, — Lj,„i 

l»'e«nucH an arithmetic series of the first order. Wo obtain 

AL = I -f- I g 


6 

- 2 


nnrl Imnoo for I 2 and z = 1, 2, 3, 4 
wo (mvo AL = 2, 1, 0, - 1, 

•Stivrtinp; from d (z 0) wo thus get in turn for z == 1 2 . 
tf'i'in-ehnrnokn’ ‘ 

D, !?, F, D, S. 


(3) 


5 tlio 


(sonliriuH all the grouncl-torins given in Table 43. 

W(^ aivi»ly tito same equations (2) and (3) to the case I := 3. Here 
\vf* (lt>al with equivalent 4f-elootron8, which complete the N-sliell in 
the (fi'ouj) of rare emi/ia. Wo again suppose the outer electrons, three 
ill lUunbor, of. T'ablo () of p. 1(}3, to bo ionised away. As we Icnow 
the grt)nj) of rare earths contains 


2(2^ -1- 1) = 14 


eltunents. '.L’ho middle position is held by gadolinium (Z = 64, z = 7)* 
W e ohtaivA tho following Tablo 44, which is of fundamental importance 
ff>r tho stncly of paramagnetism : 


TaiUiS 44 
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By (3) the arithmotio sories for AL now becomes for z = 1, 2 . . , : 
AL :« 3, 2, 1, 0, - 1, - 2, - 3. 

Am in Tablo 43, so at the beginning, middle and end of Table 44 
we have an 8-torm. This follows directly from the equations (2) for 
s ^ 2/ j- 1 . Vn \mth tables wo have just before the middle a term- 
Invtd whose innoi' quantum number is aero, whioh indicates in a certain 
KtuiHt' the completion of the .slioll and diamagnetism. Aotwally one 
of the Ktoner Kulvgvoiqw ends atthc.so points, of. tho following section. 

Wo return tf) the iron group and now consider tiieir weitboi atoms. 
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For their lowest terms (that is, in the lowest position) wo expect, if 
wo start out from the two-fold ion the configurations 

{a) (6) 

wliore d stands for M and 8 for 4s, The two sets of 4s-eleotrons already 
occur actually in Ca and hence are also to be anticipated in tlio fob 
loi\fing elements as outer- electrons. Whether the 4s-olGotroii or the 
3^?-Gleotron is more tightly bound, that is, wliethor the absolutely 
lowest term appears under the form (a) or (6), will not bo disoiisscd 
here, It is just the rivalry of the 3^Z-states with the 4tS-state8 that 
favours tlxe elements K and Ca in the periodic system as coinx^ared 
with tlie iron group. Accordingly wo might also consider a tliird 
possibility, (tj) but this is less probable and will bo passed over 
here. 

To cliaracterise the resulting terms more clearly wo remark tliat 
in (a) forms a closed shell in itself, since two equivalent s- elect rona 
can compound themselves only if their electron -spins are compensated. 
Hence (a) gives the same ground-term as the ion d*. Also, {b) is built 
up on the ground -term of the next ion d^'^^ and has the same L as 
the latter (because s belongs to I = 0), but an S tliat differs by dr 
Honce when an outer electron 4^ becomes attaolied a branching 
(Verzweigung) occurs which expresses itself in the increase or doorcase 
of the term-nndtiplicity, 

Wo consider the examples 

Fe — 6 and Cr = 4. 


From Table 43 we read off that the ground-term of the divalent 
iron ion is the term ®D. Oorresxmnding to it we liave the lower torni 
of neutral Fe, which is of the type (a). From the next sucoessivo 
ion we obtain by branching in the manner just described, 






\3F ’ 


In this way we have found the three multiplet terms of the iron 
spectrum that lie lowest empirically. Their term -position is also 
in accordance with expectation ; they follow one another, fi’om below ^ 
upwards, in the order 

SH, »F, aF 


This was obtained from the analysis of the multiplets in tlio Ifo- 
spectrum and its Zeeman effects before the arguments here put forward 
could be aj)plied. 

In Or we have as a ground-term of type (a), from Table 43, also 
a ®I>-term, The typo (5) is built up, on the ®S-term^ according to 
tlie same table, and gives the branching 
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Bub oxporinHuit Kho-ws tliat the order of sequence of these three 
tor inn is 


’s, »:d. 


With tills in mind wo again consider Table 42 on p. 4Ii2. We 
nnw un< Id's band the reason for the branching with respect to the 
l<U‘n’i-inultil)li( 5 itio 8 , whioh inoreasos up to the middle of the group, 
and hhm decreasoB again. But wo also imdorstand a certain 
irrogiihu’ity which oc 5 eurrt with respect to the ground-term jiist at Or. 

lining from (Ja the ground-term (as we see from the italicised 
words in '^rabh^ 42) advances contimiously to higher multqdioitiea 
until M'n is reached from whioh it again goes to lower multiplicities. 
I'liiH iirogrCHsivo behaviour would be perfectly regular if Cr had the 
groiiiul-icu'in ^ 1 ) ns we. should have expected at first sight. 

In tlio ground-terms of the Pd-series whioh is homologous to 
I lic^ i(‘on wci find tlie arrangements as previonsly 

ohtaincMl except that in the arc spectra it is that is now almost 
«h\^ays the configuration that yields the ground-term. In the Pt- 
a])])oarB to predominate, as in the Fe-seriea. The lowest 
tinunn of the arc spectra of the rare earths may easily be obtained 
fnnu 'rablo 44 if wo add three more outer electrons to the lowest 
tnriuH thcu'ci givcm for the three-fold ions ; by Table 9 on p. 163 we 
jnnst add two (ljv-eleetrons and one 5 d-oleotron or else one 65 -electron 
and two firf-eleetrons, For further details of., for example, the book 


liy Ilund ^ ({uoted on p. 440. 

Btdorc^ we (consider the iron group further, let us turn our attention 
for IV nioinont to the* relation of the noble metals to the alkalies which 
Htivnd in ilu) samc^ vc^rtical column of the periodic system. The noble 
nioUils follow on the group of ten metals that form the completion 
ot tlio M'-hJioU or the provisional completion of the N- or the O-shell ; 
togethm* with the 8 -s 1 ig 11 of the preceding elements they form a so- 
oivUod ** 18-Hholl (l>. 101)* Blit according to general chemical results 
the eonndotion of tlm Ifi-sliell is altered by a far less strong hinclmg 
binvii blmfc of tlie B-sboll. Whereas the configuration of the alkalies 
tluib follow a cloKcd 8-Hholl is unique, we shall expect in the noble 
nndiilH two emnfigurabions of the ground-term owing to the rivalry 
holAVCMUi tlie 5 . and the d-torm, namely: (a) the attachment of the 
lunvlv addod 5 -eleetron to the closed configuration d , {b) the attaoln 
numb of two w-elec^bronH to the eonfigiiration d«. The resulting teim- 

chamotoriH 

Wo HUH tliiifc in (fl) wo are dealing with a ’“S-term, and in (b) with a 


• We tliwn hIho (liul l.ho_ (aunploto 

didbiite al'nuiKOniciul; of equivaUnib p- - Gibbs, D. T. Wilber and 

iKinWatenfc ^ 

l‘J. WJd4.e {Uhyfl. Xtov., 20» 790 (1927).) 
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^D-term following from the fact that is a completed shell, and that, 
on the other hand, becomes supplemented by a rf-^eleotron into a com- 
pleted shell, whereas is oomj)lote in itself, (a)' is the ground-term in 
all noble metals, but (b) does not lie much higher', — in (Ju only about 
1200 cm, “b This ^'low-lying D-term ^vas already remarked upon 
and discussed much earlier. A doublet series of alkali 'like terms is 
developed from (a) if the valency-electron is excited. Excitation gives 
rise to quite different kinds of doublet and quartet terms in the onso 
of {6). We may \mderstand their branching into doublet- and quartot- 
torms if we start out from the ion d^s. Its term -character (combina- 
tion of a missing d -electron with an 5-eleotron) is or If, for 
example, wq add a ^-electron transforms, by veotorial addition of 
2=1 and algebraic addition of s = ^ into either 

2p2p)2jr, 

OP 

A. G, Shonstone * was the first to diseutanglo those complicated 
terms in Cu. He also succeeded in explaining a structure in the On- 
spectrum to which attention had been called long before by Eydborg.t 

Precisely as in the Cu-spectrnm, so in the Au-speotrum wo fljid, 
besides alkali-like terms ^ also similar complicated terms (do\ddot- and 
quartet-terms). Why are they so little prominent in the Ag-spootruin 
that this spectrum exhibits a much clearer and a much more alkalidiko 
character than that of the other two noble metals ? 

We may adduce a spectroscopic and a chemical reason for this. 
The element Pd which precedes Ag has for its lowest level in its arc 
spectrum a ^So-term, which indicates the regular completion of tho 
18-shell, the configuration Jhis configuration is remarkably stable, 
not only in the case of Ag*^ but also of nevitral Pd. The position is 
different, however, in the case of the elements Ni and Pt, whioli precoda 
the noble metals Cu and Au, Hero the completion of the shell is 
associated vnth a weaker binding ; the term lies, in the case of Ni, 
far above the true ground-term, which in Ni and Pt is not but 
Tho same result emerges chemically : Ag is typically univalent, Ou 
may be equally well divalent as univalent (cupric and cuprous salts). 
All may be uni-, di-, or tri- valent. ||' Hence in chemical respects silver 
has more similarity with the alkalies than with copper and gold, 

* Phya. Rev., 88, 449 (1926). The quartet terms wore recognised slmiiUano- 
ously by C. S, Beals by means of tho Zeeman effect, Proc. Roy, Soo., Ill, 108 
(1926). The Cu.spectruin has been investigated in greatest detail by h, A. 
Sommer, Zeits. f. Physik, 39, 711 (1926). 

t Astrophys, Journ., 6, 239 (1897). 

} Tho groimd-torm armiigomeiit for Ni is given in tho paper j K. Boeliort, 
Ann. d, Physik, 77, 638 (1926) ] for Pd : K. Beohei-t and M, A. CataMn, ZoitH, 
f. Physik, 36, 449 (1926) i for Pt ; J, C, MoLeiinnn and A. M. Me Lav, Trans , 
Roy, Soe. Canada, 80, 8 (1026), 

IJ This and similar data from tho bordor-linos of spectroscopy and ohomistry 
me given in a paper hy H. G, Grimm and A. Soinmorfold, Zoita. f. Physik, 3^1, 
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^ shall now conclude our discussion of the iron group. Since in 

I. al:)]ei 43 we liave given only the absolutely lowest term of the di- 
V tv lout ionsj Avo proceed to searcli for tlie other low imns. In doing so, 
shall maintain for the x^rosont the condition for greatest multi- 
pi i oity, S - 2 j/ 2 , r = ^ + L 

AV e sec directly that no further terms of the same mnltiplioity can 
tv elded to the terms and 2 : = fi and 4 (or (>» respectively). 
►Since such terms would necessarily belong to a smaller L, a further 
h obviously out of the question for (L = 0). But it is easy to 
the same for By equation ( 1 ) the highest M'l-1ovo1 of the 
arose from the sum 

Ml ^ ^ 2 4^ 1 + 0 f - 1 2, 

tlio.'fc is, wo omit vii === — 2. By omitting instead of this one of the 
11 vim hers — 1, 0, +1, 4-2, avo obtain Ml == 1, 0, — 1, — 2, that is, 
only those ML-A^alucs that avo required for the D-torm. 

^J'ho ease is dilTorent Avith = 3, Wc arrived at the '^F4erm by 
( 1 ) from the sum 


Mr. Swj -=241 4^ 0 -- 3* 

Xnatead of this, avo may also form 

Ml - 2 , 1 , 0 

1 . 0 , 

i£ "sve systematically omit iivo of the jiOBsiblc ^H^-values (it is not necos- 
HFVx'y first to write doAvn the negative values of tlic resulting sums). 
AVe require the first throe Ml- values for the oompleto magnetic scheme 
of tile already knoAvn '*F-torm. The last two values constitvito a 
X^-torm, namely a '*P-torm, since our argument is concerned only Avith 
iho highest multiplicity in question, Tliis term has been added in the 
lowest roAv of Table 43 at cP and rF, as the sole additional term of highest 
iiwiltiplioity. In and d®, also, there is only one such additional 
t-onn, namely, by (11) of tho preceding scotion, the teiun Thus the 
lowoHt roAv of 'I'ablo 43 is verified. 

Jr\H WO shall see from the example of the iron spectrum, those few 
f^rovind-torms are in general suffloient to unravel the speotra. But to 
llltiBtrato our method of enumeration furtlier avo shall caloiilato thcs 
tonns with tho greatest L and second greatest muUi^ilicUy, FoUoAving 
oiv equations (1) and (2) we now Avrite 

S - 1 - 1. L - I -I- {I -1- (J . {/, - a -f 2)}. 

we obtain the greatest L if wo use tho greatest nii -- I twico, so 
till IV t tho smallest Wj becomes greater by one unit tlian in equation (I). 
XTBing mi ^ I tAvice is allowed by Pauli’s Principle, since now not all 
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7 ihs '8 are equal to + ^ but an :== — -J also ooours. Working out tint 
arithmetio series { }, wo obtain 

L - H- ^^(2? ~ 2 -I- 2) . . . (4) 

and hence 

' AL = L, L,_, + for / -= 2 . (ro 

Since S becomes meaningless (negative) for z 1, w(^ lu^gin with • 2 
and calculate with /, = 2 from (4) tliat L 4 and we obtain 
sively from (6) for ^5 = 3, 4, 5 that 

AL-1, 0, ^1. 

Hence we obtain, as a supplement to Table 411, for the terms of scuunitl 
highest multiplicity with the greatest L (the nuiltiplicity writlcui 
alongside the term symbols is, of course, obtained from S ” • zf^ I, 
and comes out as r = a; — 1) : 

rf4 I ^6 I rfG (IB rfO 

m I <»G r^r~m^G * 

The complete term-schomo of the configuration has hoon eakuiliilrd 
by Hund {loc, ciL), 

We concentrate our attention further on the imi K^'jmclrwn ns tln‘ 
most famous example of complox-structures and as the most UHC'<i 
comparison spectrum. We already know its grouncbtei’niH fnnn 
p. 466. We repeat them here in a more complete form : 

Fe’^ MHs 
Fe 


5:d 





w 

'».P 

4? 


34’4a 

; 

6l:)a|> 


The greater completeness consists in our having taken into acesount in 
the configuration W of Fe"** besides the lowest term,* also tUo 
second lowest term (cf, Table 43), from which the terms and 
follow by the addition of an t<j“Clectron (iiuohangcd L, inultipljeity 
changed by d: 1)> as described earlier. All those ground- t(U'iim uro 
oven terms in the sense of footnote on p. 444. Hence they niivy 


fi * of Fo'H is tho term Jn nu muilogouH wav I b‘' 

^ Fo-seHea exhibit aa groimd-toima mostly Z/'/r cir 
i ' The arrangemeiit is loss atablo hero. TJio hoo^Jold ions of th« 

re-senes all have ^ as the groimd-toim. This means that na tho mioloar oliiimo 
increases the conagiirationB of tho ‘‘ideal system*’ of blio elomonts (of. n. 1/10) ifn- 
Gomo more stable; wo obtain the natural order of sequoiieo of tho Iniildliia in 
of election^ Iho same coneliisioji was drawn on p. 415 from tho “ Htrimiml 
«"«■ oxmnplo 3d comes wl.on the mudoa,' ohfU^e is iJiKlV i 

mu8t\olcran«litetLlVv^^^^ Sd-shoU is fully oooupiod. Tho sttmo Htoteunmta 
must hold quahtalively for tho spark spectra of tho Pd-, and tho XH-sorins 

which only a part has hitherto been analysed. For further details son for W- 
ample, the report by 0. Laporfce quoted on p. 444. ^ 
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“mid’' (erms. The lowest and strongest odd 
1 iM'iiis w ill obtaijuMl il' \v(> re4)l{i(X3 an .v-eleetron hy a election in the 
nun UUiirnm, ho that beeotnes inoroased by i or, as we may say 
iiif >rc^ Hun|jly> if we mid a 4:2^’^deGtron to the diterent groiind'Configiira- 
t-uiiiH (d W\ In this process L changes to L -f 1, L or L - 1, and S to 
S I I : 

VmmHHfiH) we obtain 7, % . 

,, :{fW.s'' l) „ „ ‘S.aii’, B. »T), 5 , 'W '4.94?j. 

„ „ b.bg, 8.3p, 

„ .‘Jf/’n* „ „ b.3:D, b.»P, 6, 8g jC-onfig. 3d Ij}. 

h'limllyj it w(^ mid a 5.s-eleetron to and to we obtain a 

layin' of bn'ins which apparently form the second series term of 
Ehu arningoiiic^nt and Jh/^4j9, respectively : 

h'rom wo obtain n 

„ IkP-'F „ „ e.*Tri, 




WiP '‘P 


D, 3pj 


Con fig. 3d’5fi. 


t(n*in-grou])s have actually, for the most part, been shown to 
tixisir, jiH Kig. 1 1i), talam from Hnnd, shows. The terms that belong to 



vorlical lines. 

Hiunu coivliguration luvvo boon ooi.noctecl together. We see how 
tvi-iHiffruin them liv tho addition of a 4^- or a 6s-eleetron. Ihe teims 
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symbol, in particular and ®F-terma, arise several times from dif- 
ferent origins and lienee are also at somewhat different levels. All 
these terms arc ultimately built u]) on the ^»I)-,stato of the eonligunitioii 
ill Table 43. The triplet-state.s (of. tlie table on p. 4()()) Jiavo not 
oven been required to explain the moat important lines of the iron aro. 

Our mode of derivation brings out clearly the origin of tho ,HCptoi- 
system, whose existence had already been notetl in Table 42 on p. 432. 
The reason tluit it is not represented in the ground -terms is to be found 
in Pauli’s Principle. But in the higher layers Pauli’s Principle loses 
face on account of the addition of tho non-equivalent 42 )- or b.^-oloetron- 

The occurrence of tlie terms with a largo L, for example, of P- and 
G- terms ('* Borgmann ” and “ ultra-Borgmann ” terms) hero has quite 
a different meaning than with tho alkalies. With tho latter it denoted 
Iiigli excitation of the radiating electron and henco ooourred rolativoly 
rarely, In the case of iron, however, it signifies only the suocossivo 
addition of several relatively small //s. The elementary states from 
which such terms result are not higldy excited, but aro simple <9-, y?- 
and, ill particular, ci-states ; the (iJ-states occur on account of tho position 
of the iron group in the periodic system. The contrast wibli tho allcaliea 
comes out in the following i)oint. Whereas in tho atoms IC an^l Ca, 
which stand in tlie same horizontal row, the normal (“ unacooiited *') 
D -terms are only very little resolved and the P’-terms not at all (experi- 
mentally), the P- and tlie G- terms of iron exhibit rosolutionB of tho 
same magnitude as the P-terms. The reason is obviously that a high 
L here no longer denotes weak coupling with the atomic core. Wo 
shall deal in greater detail in § 10 with the magnitude of the iniiliiplet 
resolutions, 

The rich abundance of lines in tho iron apoctrum is oaiisod not only 
by the great number of the terms, but also by tho high multipliciticH 
(quintet-, septet-system), By combining and inter-combining thoso 
multiplicities configurations with a consider able nvnnhor of linos result. 
We shall illustrate this at the end by a number of examples which may 
also serve as a model for the characteristic manifested in other com- 
plex spectra. At the same time, those examples will prepare the ground 
qualitatively for studying the intensity-distribution in multi plot lines, 
the quantitative aspect of wliioh will occupy our attention in § 9. 

The most important system in the iron spectrum is tho 
system, because it contains the ground- term,* Its combinations (SP), 
(PB), (DP), (FG) . . . contain, respectively, 

3, 9, 12, 12, . . . 


For literature dealing with the Fe-spootrum wo may quote j F, M. WaHora. 
Journ, Opt, Soo. Aiuo^, 8, 245 (1924) j M, A. Cataldn, Nature, 113* 889 (1024) ; 
O. baporte, Zei^ f. Physik, 23. 136 j 26, 1 (1024); W. F. Moggers, AstrophyV. 

Laporte, Proo. Wash. Nat, Ao., 12, 400 (1036); 
A. Gataldn An, See. Esp. Fis y Quim., 22. 308 (1024) ; C. E. Moore and 

"i s Q.“ !« S3 ‘ *"■ 
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compoiionts, as we see from tlio sohoino of inner {^uantuin numbers 
given on p. 427. 

TJio eonstuiiey of tlio num])er of com pone ntn J2 after the combina- 
tion (DF) denotes that tlm permanent number of levels I) has l}een 
reached at the D-term, We show hero the 12-componont multiplet 
(DF) formed from tlie ground -term D of the iron speotruin (electron 
arrangement and the lowest F-tcrm of the higher term-group 

(arrangement Tlie diagonal terms arc the strongest, since 

they coiTespond to the transition J — > J — I, whioh runs inirallel with 
the transition L L — 1 (of, our qualitative intensity rule on p, 422). 
Inside the diagonals the intensities decrease from loft above to the right 
below. Of. the numbers wx'ittcn in brackets above tlio wavo-n umbers 
(tliese lumibors liave boon estimated by King) ; E and r denote reversal 
owing to absorption, E denoting complete and r partial solf-reversion. 
Starting from the diagonal, the intensities graduate thomselves to the 
right and downwards, corresponding to tlie transitions J J and 
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20,088*31 


Wo have not written dowii the wave-lengths in our 
soliemo. They range from A ™ !1049 to A — B748 A, The wave- 
number difforonces Ar liave been written down above and on the 
loft ; in general each Ar ocours twice ; the agreement in the Ar's is 
excellent, as wo see from tlie scheme ; the IhiotuationH do not exceed 
tlio errors of observation. Our scheme is, so to spoak, a continuation 
to the loft above of the (|9rf)-triplet sohomo on p. 425, 

TJie general occuitgiioo of self-reversed linos indicates that the 
ground-state of the iron atom participates in this multiplot. This state 
must, of course, bo iho final stale of the omission proocss. If D wore 
a regular term the v's would have to mcreat^c within a vertical of our 
scheme from above downwards. Since in reality they doorcase, we 
must conclude that the D-torm is inverted. The same holds of the 
P-term, since the r’s increase from left to right within the horizontal 
rows, and the same holds for all terms of the iron as already 
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emphasised on p. 451. In particular, wc remark that the absolutely 
lowest energy lev^el of the iron spectrum is our , 1 ),| -level with t) <1 \ 
this will be found to bo important whoii wo calculato the uuinher of 
magnetons in the Fe-atom. 

The comhinatioii (FG), with likewise 12 uompononts, has tiu^ sumo 
structure as (DF). 

The inter-combination lias the same striioturo as l)®F^», 

For the septet-term is not only, like the quintet F*torm, a five- fob I 
term but, hyp, 427, it also has the same inner quanta J = 5, 4, d, 2, 1. 
In virtue of these same J’s we therefore got the same combinations 
as in our solieme (®D ®F), hut with one dififorenee i it is not the inten- 
sities of the diagonal series that is emphasised hut those of the parallel 
line on the right, because this belongs to the transition J J and 
because we are now dealing with a transition L -> 

We consider os the next imiltijilet-typo the combination M)) 
between the ground-term I) of the quintet system and a quintet 
D-term of the higher term group (arrangement 3 c!® 454 p) which 
distinguish by drawing a bar over the ground-term . This combination 
contains one of the strongest lines of the wlvole iron spectrum, 
A = 3860 A, 



The diagonal members of the sohemo whioh oorresjiond to tlie 
transition J J are the strongest ; the absolutely strongest compo- 
nent is the line A — 3860 A, v = 26,900, already montionod. If 
we cover up the two upper rows and the two rows on the loft, wo 
get the triplet scheme of p. 426. As in that sohoine so liero fclio 
absence of the combination 0-^0 in the right-hand bottom corner 
is characteristic. 

('^F ®F) distinguishes itself from the combination (®D ^B) essontially 
only in not being without the transition 1-^1 between the smallest 
inner quantum numbers of both terms. Consequently the midtiplefc 
(®F®F) consists of 13 and not, like (^D ^B), of 12 components. Tlieso 
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Itl cornponenta resolve into groups of 2 -f 3 + IJ ~|- 2 lines, But 
for tlie eye hero as everywlicro in the L^e-inulti plots, no sueli separation 
into groxips is apparent ; this, of eourse, ronclers it more dillieult to 
recognise them. This is evident in the following graphical ropre- 
sontation (Fig, 120). 

Tlie length of the lines gives an ap|)roxiinato measiivo of tlieir 
intensities. The arraying into the order of the Av’s of the higher 
F-term is explained at the foot of 
the diagram. The soquonco of five 
lines that begins with the most in- 
tense lino and docroascs towards the 
right-hand side ooiTosx)onds to the 
diagonal column of the sohemo ; the 
other lines partially overlap with 
this sequence. Tlio combination 

(7 D Pi septet system, ^ 44a- >\* 

A — 4187 to 4209 A, has the same . H ^51 — 4'''“2£.7 “rH 

structure as (®F ®F), since the (fivo- ^ 

fold) '^D-tonn has the same J-valuos ^ 

as the ^F-torm, In spite of this Fio. 120. 

wo sliall illustrate the combination 

(’D ’B) by an example, bocxiuse it exhibits a striking anomaly in respect 
of intensity. For this wo olioose (see the following table) the combina- 
tion between the ’J)-term of the middle term -group 'idHaip and the 
'^D-torm of the arrangement *MHs^Sy which represents tlie second 
series term to the ground-term 3xi!®4/j^{®D). 

* ^ 

4 a 2 1 

271UII 19fiU)l 130'42 

2:i,812'30 

23,000’81 23.872-11 

23,400*22 23,077*04 23,870’44 

23,522*07 (23,720;90) 28,851'42 

23,013-85 23,744*20 

Tlie line which oorresponds to the combination (’^Da’D2), to which 
the wave-number 23,720*99 cm. corresponds, has not been observed 
although it belongs to the transitions AJ = 0, which should be the 
strongest in this triplet, for which AL — 0, according to our qualita- 
tive intensity rule. In § 0 wo shall bo able to prove by moans of a 

voi:4. T, — ^80 


f 5 23,404*00 

21P58 

4 23,253*33 

104*68 

^ 3 

155-40 

2 

107-15 

ll 
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more rigorous intensitj^ rule, that the line ’D 2 ’I)a forl>iihlen theoreti- 
cally ; its intensity becomes exactly equal to zero. 

Ill tile coiuhimitioiis (^8^1?), {’.P’D), (’If’U) , . , 

have respectively 

3, 9, 15, 18, . . . 

components, as may easily he read off from the septet scheme of tlio 
inner quanta on p. 427. In Tig. 121 we show the combination (’D ’T) 
which is particularly rich in lines. According as the multiplet is 
arrayed according to the term ’B or ’F it divides into groups of 

3-I-3 + 3 + 3 + 3 =15 

or of 1 + 2 + 3 + 3 + 3 + 2 + 1 = 15 

lines. Our little scheme at the foot of the figure represents the first 
type of resolution. 
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Fig, 122. — ^Intoroombination boiwoon quintot* 
and soptot-systoiua (®D’F), .Fo-snootvinii , 
A - 482(1 to 4400 A. 


The comhination (*D’F) hetweeu the quintet- and the septet- 
system is interesting ; we shall desoribe it synriholically by ineanH 
of a point-scheme (Fig. 122). It consists of l-l-2-l-a+3-l-3-|-I =. 13 
lines ; the level J = 6 of the ’F-term does not oomhino at all and tho 
eombination 0 -5- 0 is forbidden. 

As a last example we give, also in the form of a point-soheme, 
an inter-combination between a quintet- and a triplot-system, namely 
®F 3G, which consists of strong lines (Fig. 123). As in the above ebni- 
bmation (®D ’F) one of the term-levels, namely ®Fi, is not capablo 
of combining at all. The group consists of 2 + 3’ + 3 == 8 components . 

In Fig. 124 we show a section out of tho atlas of the iron speotvnnv 
prepared by Fabry and Buisson j tho region is from A = 3600 to 
3900 A and the connected multiplets arc written below. We observe 
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1m prtMiIiuHy fliiy nvoihip hikI Iiom^ Jittlo tUoy iippear wcjjnirated 
rr< u)> iVM*h fit 4 /hrtt g/unoo, Tlio \>\vo iuiilUplel\$ (^3 

‘‘1^ w/iom*. lUinduir-Koliomes Juwu 

hrMii ahovo^ Ho wifclUii the 

K|ii‘<?trul n^/^ion hKowu, 

'V\ii) figure- hIiowk that in this 
rMgjimi (ill ihr, s'ilnmg iron lhir.s liavo 
ordoi’tuL into multiplofcs ; the 
Hiuuo iipplic^K liM tlvo other parts of 
iVii^ Nj K^e.U'Um. 

It luiH IxMUl hnind poHfiiblo to 
I'inliiro iu order net only the iron 
Kjnustriiin l)ut hIho a large nmnher of 
nthor Hpoeti'a.'^* 'riie nmnlts obtained 
/V>nu. tlio Hure foundation of the 
i htnirobioHl titnu\iu model. Wo do not 
MC*i too far ^vhtu\ wo aswort that t)ie 
ro,HonnifH‘H on imdtiplets, which has 

fuicoi < U'^vcdopetl to an aHtonndiug clogroe of pGrEoction in the last decade^ 
/mn Mot on£y })(?un of importance for getting an insight into atomic 
sf-rooture, invt tt)gettn>r with the study o£ the Zeeman effect it has 



Fia* 123, — -tntorcombmadon .be- 
twe^n quintet' and triplet* 
^5y8tom^ C^JT^Gp Fe-speC' 
triim, A Me? to 2570 A. 



Witi Pint of tlio iron apcoPum tahon from >ahiy 

' ' -'A;' IwulvW M w«V0-Whf in A. (37. f » «PlO. donote. 3700 A.) 
I tiilow are Honic< of tho i'o multiidota hmcicotod togolilioi. 


Uu'xxu-d tuvs fvxvuwxvtn-k for tho tUsoovery of the spinning olectvon and 
I III. HuliHoiiunnb wtPuotum of i.-ol,vtivisliio xvave-mcchanws. 


I 6. Otliei Oottpling? 

-nm R.uhhoI1.,SiuiikIoi'H couiding of quantum vectors. 

Vii'ivti'd Uv tlui jn'octHling sOotionH, i-opreflonts onty one of t\>e i nasbl 

* UntmwnioH am givnn 'n tlio iwport l>y Laporte qiiotod on p. Ui. 
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limiting cases of real coupling conditions. Actually wo assiuned that 
the liH of tlie individual electrons wore to compound into a resultant 
L, the to a resultant S. By vectorial lulditioji of Ij nnd S we 
finally, obtained J, the quantum nuinber of the total momoiit of 
momentum. This clearly denotes tliat there is a strong (niagnotic) 
interaction between the and likewise between the .s/s amcmg 
themselves. To a first- approximation the interaction or mutual 
action does not come into oonsideration at all ; if avo wore to 
neglect 'it altogetlicr the moment of momentum vectors L and 8 
be strictly constant in magnitude and direction, For a socond ap- 
proximation Ave take into account tlio mutual action (L, S) Avhieh we 
supiiose to he compounded of the individual actions of tho kind jimfc 
mentioned, namely of the interactions This causes tho L aiul 

S to perform a precession about the fixed direction of J, Avho.se vedoeity 
is, by our assumptions, small compared with the precessional volooity 
of the //s about L and the s/s about S. 

By means of tlie Correspondence Principle these stateinontH may 
easily he translated into the language of term scliemes (of. tho analogous 
remarks in Chap, VI (§ 5, p. 337)), We suppose a dolinito configuration 
of electrons to be given and tho corresponding Tj, S to ho written doAvn* 
Then the rapid precession about L and S, re.speotivoly, denotes groat 
intervals between terms having different L*s and S’s, rospootivoly. In 
the same Avay we infer from the sIoav motion about J that the distances 
hetAveen levels having different J's (L and S being kept fixed) must be 
small compared with the L- and S “intervals Just mentioned. In otlier 
Avoids, we obtain a clear separation of the terms according to L and »S ; 
the terms (L^, Sj) are separated from (L^, Sj), (L^, Sg), (Lg, Sg), and bo 
forth. Every term L, S is then still further sub-divided into 1 oa''oIhi 
liaving different J's. 

This type of term arrangement liolds, as we know from oxporiinonti 
for the deep terps of moat known spectra ; it is therefore called tlip 
normal tern arrangement, and the coupling on wliich it is based is calloit 
the Russell-Saunders coupling and also tho normal coupling. 

Departures from the normal coupling therefore certainly occur if 
the J-re solutions become comparable Avith the L- and S-rosoliii>ionfl> 
This is the case with the heavy atoms and in the last vertical columns 
of the periodic system (for example, Ni, Pd, Pt). The J-resohrtions 
there increase enormously (up to several thousand In the 

deeper terms of the Pe-speotrum we still essentially use tho RiissolU 
Saunders coupling, whereas in Ni even the deeper terms ovoidap 
apparently quite irregularly. 1 

In the vector model tliis denotes that the mutual notioir (LSj 
becomes of the same order of magnitude as that between the and 
the 5 /s respectively. The moments of momentum L, S may thou ncj 
longer be regarded to a first approximation as fixed and constant j thoj 
lose their significance because the and 5 /s will compovrnd in 
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other ^vay. the otlier hand, the total moment of momentum J of 
all the oleetrona reinains coui^tant now as before, sinoe the law of 
Heetorial areas is generally applicable in a closed mecluuucal system : 
in Ihe cafie of g(i7wral couplmg conditions only J roiams its mechanical 
aig7i{ficancc. Actually it Ima always been possible, oven in the ease of 
the most coini)lieatcu.| spoctra, to ascribe to tlio term-levels J-valnos 
for whieli the solnotio]i rule AJ ±1 liolds. 

Among these general coupling schemes there are limiting oases for 
which certain of tlie mutual actions may become small compared Avith 
the remaining ones, 'j'ho Rnsscll-Saimdors coupling itself is one of 
those limiting (u\hos. Wo may represent it by the symbol 

Uhk ' * . . . O] - [:ls] == j. . . (1 ) 

Another limiting case may be illustrated by a simple examido. 
We consider tlie configuration that is, li 1, ig — 0. In the 

limiting case of normal coupling avc obtain the terms T from it. If 
wo noAv keep 7 t fixed and allow n' to increase a series of terms results ; 
the ^-electron becomoH more and mop removed from the atomic ooro. 
For sufficiently great values of n* the Wo electrons Avill act only weakly 
on one anotlior ; to a first approximation wo may regard them as 
indopoiulent of one anotker so that the Z/s, sfn of each electron for 
itself will compound itito a resultant To a scoond degree of approxi- 
mation ji and togctlior form the resultant J, Tho vector j boro 
clearly denotes tlu5 total moment of momentum of tlio individual 
oleotroju symholio appearance of this now kind * of coupling — 

the so-called (j}’)-(?nupHng, written for sevcmil electrons, is as follows : 

^ . . (2) 


It is generally charaeterised by liaving the elootrons independent of 
one another to a first degree of approximation. 

In our example only tlie first eleetroii remains Avlion the second 
elootron has been eonqdetoly removed from the atom, that is, the term 
™ ; this is, for Zj 1, ,9^ ” J*, the term of the spark 

spectrum. Hence it follows that in tiro noighhom'hood of the series 
limit tlie arc terms divkltJ into groups whose distance apart is given in 
order of magnitudx? by the resolutions of that sparhderm towards Avhioh 
the series eon verges, In our example two groups Avill fonn Avhoso 
distance apart is approximately 013 ual to tho rcsohitio]! of 

tlie spark-torjii, It is also easily possible to specify Avhioh J-levola of 
the arc terms ‘ 1 ? converge to “^Pj and which converge to *P^. Wo 
have jx — i mdj^ i (on account of — 0 ). By adding jx and 73 
vectorial iy in accord aiice Avith (2) we obtain 


from 

M ji 


K^Pl) I .T = i :l: i - ], 0\ 
f {"Fj) : .T - 0 rl: i - 2, 1 J 



* Thoro nvo also other ooneoivablo liniitiiig ciaHcs siioh ns 

‘1- hihe the coupling (2) thoy also lead to a grouping accjordiug to 
tlio IovgIb a diG spark. term (of, bolow in tho text). They do not appear to 
occur in tho sx^ectm. 
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If we assume that the llusaelhSauncIcrs coupling holds for the (irst 
terms of our series as is the case in most speotra, the lovols 

2, 0 he close together, and lies at a greater distiinco away, At 
the series limit, however, the terms become torn a])avfc hy (II), their 
J-values remaining itnchangecl. i^^ovea over to a limit other than 
that to which ^P^, goes ; the former goes to ^Pj], the latter to (el, 
Pig. 125), We oan say nothing about from (3), because J • - L 
occiir.s twice and at different limits. 

We shall not enter into the question of the unique allocation of the 
L- and S-vahies to the series limits, that is, into the question aw to 
whioh series limits the Knssell-Saunders terms of the beginning of the 
series converge.* 

Equation (3) is an illustration of the rule that the J- values that 
belong to a given configuration 1^ must be the same for all couplings, 

corresponding to the adiabatic 
invariance of J. For wo found 
in the case of tho ^)‘«oou])ling 
that J ==-. 2, 1, 1, 0; those are 
the sajuG values as arc obtrainocl . 
according to tho Bussolh Saunders 
coupling. For in tho lattoi' <u\si! 
wo have to compound L (in our 
example, L = 1) witli S (hero • - 0 
and 1) and so obtain J 2, 1, 0 
for tho ®P-torm, and J 1 for 
the T^-torm. 

Our example [np^ n^s] linldfi 
for, say, an element of tho fourth 
vertical column. In tho cane of 
Si, for oxamjffo, wc luivo tho 
ground-term arrangomont 
(outside the neon shell). If wo place one of the ^^-elootrons in tho 
45 -orbit, we obtain the first member of our series ]up^ which 
would here be called [3p, Va]. 

As an opposite example to this we shall consider tho sei'ies 
such as occurs in the alkaline earths, as in Ca. As in tho pi’ovioim 
example we have, for tho Hussell- Saunders coupling (that is, for tlio 
first members of the series), tho terms ap, ip. But now the j)-oloofcron 
moves and the aeries converges to the state ns of the ion ( 4:5 in the oa\ho 
of Oa) ; this is the ^S-term of the spark spectrum. It is simj>lG ; 
we obtain no grouping in various levels, all four lovols of »P con- 
verge to the same limit. It corresponds with tins in tbo model tliat, 
on account of 0, no mutual action (/,5,) occurs. 'Phis siinph^ 




V 






Pig, 126. — Tho tonus of tho electronio 
arrangomont npn's {n' variable, n 
fixed) according to tho Rxisaell- 
Saundors coupling (Fig. a) and ac- 
cording to tho ( j)‘) -coupling (sorios 
limit, Fig. 6) shown diagrammati- 
eally. In tho latter caso the dis- 
tance apart of tho two groups of 
terms is about tho same as tho 
doublet separation of the arrango- 
mont np(^P) of the spark spectrum. 


^*It may bo answered by moans of wavo-mochaiiics or by tho moth odn ilti. 
voloped by Huncl from the vector model, Zeits, f. Physik, 68, 001 (1928), 
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'■'h ' ‘“T t« the ««.. limit, 

Ih, , lo ta,-, '>l>i»mca when Mk eerie, limit ooriespontb to o 

N Uum of 1 10 spark apecfci'um, in particular, to an sUerm. All 
terms of the alkaline earths and all terms of the 
t lIu H hehing iioi-o. lor the latter converge towards the J,S,,.term * 
nf till) chiHoi inert gas slioll of the alkali-ion. 'J'he ” displaced terms ” 

fi ' 1 ^* VV so forth) move towards 

llio Umiblo “l)-terma of the spark spectrum (cf, Oh. VII, s 7), tlmt is, 

Imiong to the more general type of series terms drst discussed. 

Nmneruus other examples of terms rvith multiple series limits 
limy 1)0 taken from the spectra treated in previous sections. Let 
IIH ithnOHO, say, the series 3#4«»'s of the iron spectrum. All Fe-terms 
of tins nrrangoment that arc built up on the Fc+-term “D(3d®4a) 
non verge towards this flvo-fold term «D of Fo+. The deepest term 
tivat lioiongs to those aeries terms is the ground-term ®D of the iron 
H]itictriun, and also the terms of the highest layer of terms in Fig. 
111). '.Dhu torniH of the arrangement 3if®45»'7) also go to the same 
livivfold limit “B, in so far as they are built up on ®D. These are the 
tei'iiiH ’'"F, ’>'■’,1), that lie lowest in the middle layer of terms in 
Fig. 111). 

't'iiim in euinpliuatod spootra we obtain theoretically a great number 
iiC series limits. In Ohaptor VIT, § 7, we have already become ac- 
Huaintofl witlv two cases whore tho scries may also he followed exactly 
empirioallj'. 'I’he one oaso was that just mentioned of the “ dis- 
plaoeil ” teriUH of the alkaline earths, the second that of the neon 
Hpuetr u m . < )n the other hand, series are only incompletely known in the 
ease of Hpceti'a desoribed as t<enenloa (devoid of series), for example, in 
tlu' ll’t'-grinni.'l' 'J.’hoy consist for the most part of two or three terms, 
HO tlmt the ])redietionH of tho theory cannot be accurately tested by 
tlunn. 


UlHtovically the neon-spectrum was the first in which series of 
terms with tUlfcront limits were found.J Tho ground-term of tho 
Himctruin, wliioh oorrosponds to the closed shell 2p*, is, on account 
ot Piuili’s (h’iiioiple, a (simple) term J ==: 0 ; if the coupling were normal 
tliia term would he denoted hy 'Sp. But normal coupling does cer- 
tivinly not oeeiir in most terms of tho Ne-spoctrnm. Their resolutions 
ni'o HO groat that tho terms with different L’s and S’s overlap very 
largely. It we take one of the p-oleotrons out of the shell 2p® and 
triuiHpnrb it to higher orbits, all the series that result in this way 
ulmvrly oonvergo bo the configuration which corresponds to a doublet 
P-terin. It ih double, tliat is, tho No arc-terms have two series limits, 


» ( If. I'hi' ri'ninrliK oil pafiu '178. _ n ■ 

t III Him iniU'Hjiootruiii Horiuft woro fivat givotv liy Gioboioi* and . Grotrian 
f/inilHi f. riiyaik. 25, 1 55 (1534)), l?'oi’ other olomonts soo H. N. .lliiBsoIi, Astrophys. 

.rmini., 60,233im7). , 

t F. I’liflfilion, of. fclio mforonoe m Oliap. VII, § 7. 
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whose interval is equal to the doublet resolution of tliis ^P^terni of 
or, as we showed on p. 404, equal to the difference LnLm of the 
X-ray spectrum of neon ; in fact, corresponds to tlio level Ln 
and to the level Lm. 

We now Gonsidor the higlior terms of No individually, ‘^l.'Jie ar- 
rangemont gives J = 2, 1, I, 0 (cf. our first example in this 

section). In the case of normal coupling those levels would have to 
he denoted by ^pip. Prom energy considerations they are to bo 
expected as the first group above the ground-level ; the ground- 
term itself lies extraordinarily loAV as in the case of all inert gases, 
and this is the spectroscopic expression for the great chemical stability 
(inactivity) of tlie inert gases. Gromid-torm comhinations are thus 
to be expected only in the far ultra-violet. In an investigation in 
the visible region, such os was undertaken by Pasohen, one obtains 
as the apparently lowest (deepest) terms the four levels just mentioned 
of the arrangement Actually, Paachen found four terms that 

were lowest, which he called 5-terms (sg, 5g, 5 ^, ^g). They form the 
beginning of a series of four terms which converge to two different 
series limits, as should be, according to our argument, The combina- 
tions of the four “^-terms** found by Pasohen may bo explained by 
means of the four inner quantum numbers given above, 

We expect the next highest groui)s of neon- terms from the ar- 
rangement 2p®3^} ; this forms the second series member of the ground- 
term arrangement and gives J = 3, 2, 2, 2, I, 1, 1, 1, 0, 0, tliat 
is, ten levels. With normal coupling they would be called 

3, IS. Four of them, namely Jw=2, 1, 1, 0 go tlieoro tic ally 
* to ^P|, the other six to The proof is fully analogous to the clis- 

onssion given in connection with equation (3), p. 400. Experimentally 
Paschen discovered os the second term-group exactly ton levels (his 
^-terms, to which the same inner quanta are to bo assigned 

as were just now specified and which distribute themselves in the 
manner given over the two series limits of No, Furthor terms would 
result from 2p®3d, but we shall content ourselves with the indications 
80 far given. 

We have still to make some remarks about the coupling conditions 
in the X-ray spectra. If the atomic mirabor Z the element is 
not too small the high nuclear charge certainly predominates in tine 
interior of the atom over the mutual action between the eleotrons. 
To a first approximation we may regard the electrons os indopendeiib 
of each other, so that we have (jf^*)- couplings, Tiio vectors of 
each electron form a resultant in each individual case. Hence 
we may order the inner electrons within a shell of given I ac- 
cording to the j*s because j now has a real pliysical meaning *m the 
model. Ill the Russell-Saunders coupling, Jiowovor, wo should bo 
able to order the individual electrons only according to n, I because 
the and 5/s do not combine into ^V^ in that case. 
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In tho Hholl n, I wo have j == / + | or I — One part of the 
i^lootrons \\m j ^ I + J, tlie other part j The number in 

inxtOi mnv in dotorminod by Pauli’s Principle. To fix an electron 
tlcdlnitely avo require four quantum numbers; in our case the 
mini bins having a physical moaning are n, To do aAvay with 
t\w direcjtion dogoneraoy avc imagine a magnetic field superimposed, 
wl ii<!li mivy nob, liowovor, l)o so great as to disturb the mutual action 
(/«) of the hulividual electrons, as otherwise j avouIcI lose its meaning. 
\Vi\ (-all the projection of j on the field direction my ; our four quantum 
n n nibci’rt arc thou n, ly j, In virtue of clireotdoiial quantising there 
(2j h 1) values of the quantum number for each 7il j \ that is, 
\>y ihuili’a Ih’inciplo, tliore are (2j + 1) oleotrons, Accordingly, for 

J I * 1 wo have 2/ oloobrons and for j ===/-(-! we have 21+2. 

i^hrU tiy I may 6c divided hiio two sub-groups loiih the quantum 
ttu^nhers j I J:: J amd the occtqyation numbers {BeselztingSzahlen) 2^ + 2 
€r nd 21 y respeclively. This sub-division Avas first deduced from X-ray 
H| HAtdra by Sboiuu* * and Main Smith.t 

T'lu^ total occupation number of the shell ?i, I comes out, of 
(MMirHO, UH (2« 1 2) I 2/ - 4iJ + 2 ^ 2(21 + 1), as has already been 
found oil p. 154 on the basis of another method of counting quantum 

JH! I'U-fcC -H* 

(docirons with j I — ’I arc wiorc tightly bound tlraii those with 
f ■ I I - i. Wo may dorivo this dirootly from the position of the 
tvlkali lovols, whoro the term with 3 = 1 — h is the lower (deeper) 
mu' 'Pho nuvson tliat wo may bore and in general take over the 
f ii-).'(!OU|>linR ti'om tlvo disoTission on the alkalies is simply because on 
iwic<,nint of t!io vanisliingly small mutual action each electron behaves 
1 i ko «n allcali-oloctron. Fmn the point of view of Oie huhvidual eiecirow 
t-hw ixJHibion of tlio onorgy-lovels is rej/wter, as in the alkalies. This 
dooH not oonOiwIict our statomont on p. 4153 that the X-ray teims, 
re-amded from the point of view of the whole atom, are inverted. Actually 
ii/^oivlor to produeo the observed X-ray spectra it is necessary to make 
iC am in <mo of Stoner's sub-groups. For the gap in 3 == f - i we 
rruSo more energy than for j = l + h The total energy of the atom 
in ^tlw lli’Hfc ease becomes greater than m the second case and th 
position of the oiiorgylovols for the Avhole atom becomes the reverse 

r Shit “attyLi. and for X-ray levels, which 
ividHU in the outermost sliells of the atom the (;j)-coupling may no 
longer roniain valid, owing to the decroaBiiig nuclear charge and bh 

i lun’OUHcd sorooiiing* 

: 1.' li: structure, D. van Nostrand Co.. 

Nuw York, 1024. 
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§ 6, Anomalous Zeeman Ejfteot o£ the Multiplets 

The normal Zeeman effect occurs only in the case of singlet lines 
(Ch. 6, § 4) ; in the case of multiple lines and even in tlioso of hydrogen 
(Ch. 6, § 6) anomalous Zeeman effects occur. Anomalous rcsolutinns 
intruded themselves even in the first discovery of the plionoinonoii 
(1896). What Zeeman first observed was a broadening of the imagt^ 
of the B -lines observed in the spectroscope, combined with a oliar- 
act eristic polarisation of the light at the broadened edges. As 
saw in Figs, 87 and 88, p, 336, the Bi-linc gives a quartet, tlio By- 
line a sextet of lines polarised partly in the parallel and partly in the 
perpendicular direction. Zeeman was able to prove the polariHation 
of the outer edge of the broadening in this complicated lino con- 
figuration only because in tliis case as in that of tlio nonnal tri]>let 
the perpendicularly polarised components are situated more towai’dH 
the outside, the parallel polarised components are situated morc^ 
towards the middle of the resolved pattern. Whereas the deviationH 
from the theory of the normal Zeeman efieot at first appeared clis- 
oouragiiig for quantitative investigation, it is now iirecisoly thoHO 
deviations that are of greatest interest. 

Historically there are two rules that opened iqi tlio way to tli(v 
anomalous Zeeman effect, Preston's rule * and Rungo’s rule.t 

Preston's rule (of. also p. 334) states that related linos, that is, 
lines which are composed of terms of the same kind liavo the 
Zeeman effect. Terms of the same kind arc those whkdi have (he 
same miiUipliciiy and the same quantum numbers for L and J. !l'ln^ 
Zeeman type is, however, indoponclont of tlio principal quantum 
number n and the chemical nature of the element. 

Riinge's rule states that the line resolutions that occur in the 
anomalous Zeeman effects are, if measured in wave -n umbers (not 
in wave-lengths) rational multiples of the normal Loren tr^ resolution, 

Av^^Avnom . . . . (I) 

where r is a number which we shall call the Range denominator, 

Let us consider from the point of view of these two rules tlio 
resolution patterns of the type represented by the B-lincs, Figs. 87 
and 88, in the way in whicli they were analysed almost simultaiieoimly 
in 1898 by Zeeman and Cornu. The distances of the component h 
of the resolution from the original line are all multiples of ^ of ih<i 
normal Lorentz resolution (Tables 33 and 34 on p, 336). The Runffa 
denominator^' is equal to 3. The intensity, like the lino-distribution, 
is, if perturbations are not acting (see § 7), synimotrioal with rogarrl 
to the middle. 

* Cf. Kaysor’s Handbueh, 2, 010. 

]F\\ys, Zeits,, 8, 232 (1907); GminoiiUed on the basis of tho i>urticuUn‘l v 
abundant Zeeman types of neon. 
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Ah in <’U'>inanded by Prcstoii’n rule this type of resolution-pattern 
not only in the D-liiies but also in all combinations (SP) and 
(PS) ill tlu'. Principal Scries and in the second Subordinate Series 
t>f tiu'. alUalies and tlio noble metals. It also characterises the doublet 
ttvnuH of: siniilar coinposition in the earths, Al, Ga, In, Tl, and not these 
alone hot also the spark spectra of the alkaline earths and of the 
crUniuuits Zn, (kl, Hg, and so forth. 

Fig. 12b represents as the second most important case the 
rc^Holu lion-pattern of tlic 11 N.S. of the triplet-sj'^stems, as was 
lii'Ht observe^d by Einigo and Pasohen * in the ease of Hg. The 
w a vi^ -lengths ^Yritten down on the right-hand side refer to Hg ; the 
highcHt is th(^ “ green mercury line.’^ All the intervals between the 
oompoiumts and the original lines are half -integral multiples of the 
normal resolution Ar ; the Bunge denominator is equal to 2 in this 

CUHO, 

\V\w sanu^ resolution -pat torn occurs not only in tlie triplet lines 
of Kg shown in the figure but also in all similarly constructed com- 



Origlndl Line 

Pm. jaO.* -Anomalous Zoomnn offoot of tiie combination (Hg). 

tiiimthnw ot Ifg, Od. 7,n, as well as in the alkaline earths, and also in 
the Hpai'k sneetra of the earths and so forth. A large group of ap- 
parent eentradiotions to Preston’s rule is explained by the Paschen- 

lla<ilc. ofl’eet {§ 7)' . , . j. • ..i .,»■ 

'I'he most general point of view in the theory of spectra is that 

onoiuid up by the Oombimtion Principle. This must doubtless also 
hold for tlui anomalous Zeeman effecta.t The magnetic field in- 
flinnicoH tlie onei'gv of the initial and the final configuration separately , 
fcho Zeeman eft’eot’of the lines is therefore compounded from the Zeeman 
olTeot of tlie initial term and of the final term 

Av = Ai'i — Asj. . . • • (^) 


• Jliuliu Ariijlomy, Fob., 1002 . Apmlmnv Mftv. 1010 j A. Sommerteld, Na- 
t 'I', van b()hui/.on, Amatoulam Acotlomy, ^ The “ rule of niag- 

( UI’wIhh., Jhm., 102(I_, niul two panel's docUicocl from the 

unto (»))Uiiul I'OMoUibum ,j that the Rungo donommator of tho 

oomliiiiiiHon primiiiilo tho ‘“''''""f;" ' ti,„ "Joduot ot tlm Rungo donorainatov 
i m'iu oombiimtionmay '«> ‘‘ Boon surpassed by tho 

ot the two terms m emost <> < ^ua fli ioo tms 
papers on tho aamo subject by bandO wo neou 
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Hence we shall be concerned in tlio sequel 'with the Zmnan vjfecl 
of th& terms which is sinijher than the Zeeman effect of Ihe Ihm. 

Extending the arguments and formulae giveji in (Chapter Vi, § 5, 
we start from the following j)oiiits of view. The resolution of tho 
individual term depends on its J-vahie, that is, on its total inombut 

of momentum. In the magnetic field J arranges itself in such a 
position that its projection M in tho direction of the inagnotitj held 
becomes integral or half-integral with J. Moreover, sinco the absoluio 
value of M, tho xirojection of J, can be at most equal to J, wo obtain 
tho following 2.T + 1 possible values for M : 

M = J, J-2, _.-J + 2, ^.I+T (^) 

The values M = i J correspond to tlic position or anti' 

'parallel to the magnetic lines of force. The value M. ^ 0, that cmi 
occur only for mtegral values of J, that is, in odd term-sysiemSi doiiotos 
the position perpendicular to the magnotio field. Preoisoly as in 
Figs. 29 and 30 on pp. 123-124 we must picture to oiiraolvcs that if 
the arroAV of the moment of momentum J is appropriately inclined 
to tho magnetic field there will be a precession around tho diroctioti 
of the lines of force. 

Corresponding to the mechanical mofnmt of mormnhm de- 
fined by J there is a magnetic moment In tho llussoll-Hauiidors 

coupling this magnetic moment is composed of the magnetic moment 
of the resulting orbital moment of momentum L and of tho resultant 
spin moment of momentum S. If S 0, that is, for a singlet system, 
Mwaff is given by the mathematical relationship, equation (2) on p, 331. 
The Zeeman effect is then normal. The anomalous behaviour of tlio 
Zeeman effect consists in the addition of the spin moinont of momentum 
and its magnetic anomaly, equation (3) on p, 332, 

On account of the j)recession of the magnetic mom out about J 

(cf. Fig, 86, p. 331) only ifcs component parallel to J comes into qiiostlon. 
It is given by eqxmtion (4) on p. 332 (if we exchange I, s, j for L, S, J), 
Hence we may draw the same conclusions about tlicm as on ])p. 333-334. 
They lead to Land^’s splitting factor : 

^ ^ ; 2j(j + ij • • i'*') 

and to the exinmionfor the term resolution, calculated in terms of tho 
normal Lorentz resolution ; 

AW = /tAr ~ Mg, . . , . (5) 

As a matter of historical interest wc must observe that tlie hold in- 
cluctive process which led Landd to equation (4) was based on the 
masterly Zeeman-measurements carried out by E. Back . Tho moas uro- 


I 
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n-iul the llu^oreticMil interpretation nceiirreil in two Bt(yps, first 
tlio oriliiuiry doublet and tri]>lot systems’^ and tliou for that class 
nivdtijihds f wliioli wo nowadays call nuiltiplets of pure llusatdl- 
(joupling. Tho equations (4) and (5) determine completely 
. rc^solution -pattern of tho tonus of such mnltiplots : there are 
.p 1 r.qnidifilant 7naqnvMc iermdeveh at a distance g from one another, 
with res2^ect to the zero, the zero itself rejn'esanting 
(irm-hwel in the case of odd terms but not in the case of even terms, 
';!"ahln 45 wo giv(\ a convploto list of the gf-vahios. Attention must 
oalU^tl to s(n'(u'al oharactm’istic points* 

A, g -- 2 for thi^ 8-stato of every tonn-systom. Tliis is' obvious, 

— > •— > 

00 for every S-terin L 0, that is, J — S, But then the magnetic 

inumt ami at the same time its component paTallol to J becomes 
vial to tho magnetic moment of tho spin moment of momentum S 
(i this ((jf. (ujn. (4) on p. JK12) is equal to 28, as measip’cd in Bohr 
xi^iuytons. 1'he value g ~-r. 2 denotes nothing clso than the magnetic 
onialy of tlie s])in, 

B. h^or I'nerii term with J “ L + 8 (the boundary on tho 

rhtdiand si<lo running clown obliquely in every held of our scheme) 
y hav(' 

dg 28 + L (G) 


) prove this it is (umveuient to transform the expression (4) into tlie 
OTitioal expi’ossion 


. 1 i (S - m + L + 1) 
](J + I) 



wo liorc^ Kt^t I’J : ' 8 ' I ’ L the factor J H- 1. in tho denominator cancelB 
it with Iho fiuitor S |* L -| 1 in the numerator and wo obtain 


f/ 


28 + -L 

•- ’ ^8 L 8 + ;i;/ 


hioh agrees ;|; with (G), 

(h For h > 8 (lowest row, partixmlarly in the first fields of our 
iUonio) f/ approaidies the valm 1, Actually when L>8 wo also 


* JO. Bttolc, DiHBiH’tftUoii, TOhingon, 1021 ; A. LandcS, Ziiits. f. Phys., 5, 231 
11)21), 

t 10, Bade, ZoitH. f. Phys,, 15, 200 (1023) j A, T4mKl6, ibi(L, p, 180. 

I Wo might ]jo tonqilod to intorprot oqu. (0) in nu oloinontavy way : if L, S 

ml il worn hi tho ‘VptiraUol iioHitioii with roapoot to B. tho magnotio inomont 

1 the din^ction 14 would on tho ono hand bo 2S P L, and on tho other Jf/, IBiit 
'o shun Id thou bo ioaving out of aononnt tho wavo-moohanioal cliff orouco, ompha- 
iwed on p, 3311, botwoon tho absohito value of a quantum vector and its quantum 
ninbcu*. Tlio hu^orrootnoBS of thiR olomoiii-ary lino of argument is shown wlion 
ro pass ever to tho “ antl-parallol poBition'’ J — |L — SI Ipr which wo by no 
unniH hiwo ; ,1// |2S — Lj. 
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have J S L. Ooiiscqucntly fclio second torui in tlio right-luind 
of (7) approaches the value — We tJien have ail normul 

Table 46 



J = 0 1 

2 

3 1 

ft. fl 7 

1 

2 

3 ft 

0 2 

7 

a 

0 

5* 

11 

a 

1» Ui 
■"2 2 ' 

= .1 

L=0 

S 

0 

0 



Singlet 

2 




Tloiihlot 

S 

1 

P 

1 



S=- 0 

2 

3 

4 

3 




^"2 

P 

2 

D 


1 




4 6 

6 6 





11 

3 

P 



1 



0 

7 

8 

7 




P 

4 

G 



1 




8 

9 

10 

9 



G 

0 

S 

2 



Triplet 


2 



Quartet 

S 

1 

P 

0 3 
0 ? 

3 

2 


S-1 

8 

3 

20 8 
16 6 




.-1 

P 

2 

D 

1 

2 

7 

0 

4 

3 


0 

6 48 
5 36 

10 

7 




D 

3 

P 


3 

2 

13 6 
12 4 



2 30 
6 36 

78 

03 

4 

3 



P 

4 

G 



3 21 

4 20 

0 

6 


.4 

7 

02 

03 

110 

99 

14 

U 


G 

0 

S 


2 


Quintet 


2 




SoxiiOli 

H 

1 

P 

6 

2 

11 

0 

6 

3 

S=- 2 


12 00 
6 36 

12 

7 



rt - g 

V 

2 

D 

0 3 
0 2 

3 

2 

3 3 

2 2 


10 28 68 100 
3 16 36 63 

14 

9 



IJ 

3 

P 

0 

1 

5 27 
4 20 

7 

6 

2 

” 3 

16 46 
16 36 

88 

03 

142 

99 

10 

11 


P 

4 

G 


1 

3 

11 23 19 4 

12 20 16 3 



8 

7 

14 

iT 

192 

143 

18 

13 

G 

0 

S 



2 

Septet 



2 

- 


Octet 

S 

1 

P 


7 

3 

23 7 
12 4 

S-3 


10 

7 

122 

63 

10 

0 



P 

2 

D 

3 

2 

7 33 
4 20 

8 

6 


14 72 
6 36 

38 

21 

60 

33 

18 

11 


D 

3 

P 

0 3 
0 ”2 

3 

2 

3 3 

2 2 

3 3 

2 2 

4 

12 

T 

34 

21 

62 

33 

222 

143 

20 

13 

P 

4 

G 

1 

^2 

6 

6 

7 13 41 60 10 

0 10 30 42 T 

4 

3 

14 44 
16 35 

86 

03 

140 200 
90 143 

284 22 
196 16 1 

G 

i 


0-L 

I 


2 


4 

0 

1 


a 


4 

0 

I 


2 


a 


4 

0 

1 

2 

Ji 

4 
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*'r'^%ttuni «/ the. fp/nui, (Id Id fc bo ccrnceic^ on ttm >1^*1 if 
t. ‘wzwKSfl »« Jwufa af 

hit }*' 'U'*' “l out Wbli) a 

tiff On itita/ier of lettib, {» h i er 

w <^m6^ f,y out rub ena £ up^vw 
' " C" “• -o r w «r^ B, (f ^ fi ftiid dIvUa by JL _ 3 ^ ^ "i 

fo, by ftfifl nximfiot of tomiD botTveon 3 ^ jwid jJ!' 7 - 
ahMn ftt/M (?) ^ 

«7W| 


'IMlU rtvoutnfttlou moy Iw eBroted quite flenetaUv, 
(!><» <ifiu bittiKrtif 


It le enehifom 


C‘<1*> If 1 J 

i.i* *"4 5‘ 


\vltm rov*^^' *>w Iwflnltoly amali tUfleiwioe \jy lb® ftrAte fiiflw- 
f, 15'()i’ >vo have 



Ux t^U) iuIiIOIq torni ot thltf oquaVlon 
ii'ict.t. ^uurtluX muuib oaiuiel obtln jjatas aoh oiiy 
tVi’Ht luxA Vnu UvaVi ol the nooonh pM^ tottafav^ \o. <va«' 
l-tniift. *Ui "AiHu "WtWi. kfr W ” dificotroDo ’‘ and Inmio® ««ild 

'juxb \tt j$(nu.vvDi\. H« ’* TWOTirWei ySV” 'UWr alurva -Ujat the xeidaoeineiit 
fv( ,t* by iT(J IJ hi wavb-niocheidia, <1^ tc«ntUdcni fttjUf f 

iw 4 vu\ xk. MffTWpoiv&H bv fc wtrteich «af» ^ the -tanittiwi ftoia 

-l:\uv (lin(mniUa\ oiAeuVw to ^ oabsvhvn dt %(fa« d2i|&vn«Me. 

W m '(^\x\wiMwt«i (p\ In (,ff| ttw lacfttBS Vn bswit ti iJte soinanatlan 
Hfmi (inuoul out artd w> KtoVSV'n^ 

^ oa ^ ^ . ^Wl 


'SVte vxyi^W! i(itj;jv applies lioto ■when 3^„ ">*li ^ %, MteA %»! 
UvxMiuwW otV>^l«'‘jiesvftwftWt'' \ia^Bfo'»rwdgiiirtimiy^v*®^^k 
Uiot in. wlion tbo jimibw* “thiSL^rovee out 

>4iii»iitinW<Hi rule ', way V> wrttw»J.is 3 ^ tmmericsal vi^um glwi 
iji tijo tolkio. , ^ ^ t 

Is, Jft tlMj ofl/w olTfep lAh ^te^a■'l^«kWt^sc^ of the tabte 
i» tllDtliwiiWjDd ior wWliS>i'ii-*'V>,^<a,W>fW*ih flamanent 
iiiijiilxw oi \oTOhi lAtfi^wJ* ■felt tlJA ftwA thwj, Aa mndly 
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fro7n e<jiialion 7> g ^ for il. It is only when the faotor J in tlie 
clononiinator vanishes siiiiulfcancously witli L — 8 tliat the Imetioii 
ill (7) becoiiiea indetca'ininato. In this case wo follow Laud6 in writing 
{} for the value of g (cf. tlie first vortical column of the table). 

Moreover, it would he bettor in this case to speak, not of the 
quantity gr, which arises in the course of the calculations, hut of the 
moment Mg, wliioh has an immediate i^hy.sioal significance. On ae^ 
count of J = M =: 0 the latter quantity has the definite value •icvo. 
The corresponding tei'm is thus tmabh io be resolved magnetically. 
According to oiir tabic there arc also terms in the oven systems that 
are unable to bo resolved magnetically, for example, in the ^D-torm 
for J ^ I 

We now pass on from the terms to the linos. First wo recall the 
selection rule foi* the magnetic quantum number, given on ]), 885. 
It simnltaneoiisly acts as a polarisation rule. For the transition 
1-5-2 wo now write in our present notations (M instead of m) 


J i 1 , . , £r-oompononts \ 
\ 0 . , , TT” components I 


( 11 ) 


All transUions greater than 1 are forbidden. The polarisation data 
refer to the transverse effect ; when observed longitudinally the 
cr-compononts, as explained on p. 323, ax^poar circularly polarised, 
the TT-components aro absent. 

To this general selection rule wo must add an additional decree 
for the ease wliero tho line arises from the transition J ->• J, namely 
the transition 0 0 is forbidden, that is, 


Mi=;M 2=-0. . * . . (lla) 

An immediately obvious oxam])lo occurs in Fig, 12G. Here the 
middle 7 r«eoinponont, which eoiTCsponds to the transition from — 0 
to Mg 0, is x^i’csont in (PgS) and (Po^),' bxit is absent in (PiS). Actually 
this line denotes a transition J -> J, since both for the Pj- and for the 
S-term J — 1, We shall give the basis in which this additional decree 
is founded and also the general selection rule for M in Note 7 
(under f). 

To check tho resolution x^attern of Fig, 126 further wo shall x>roGoed 
ns on p. 336 for the H-linea. Using tlie triplet {/-values we write down 
the following tables from Table 46 ; they correspond successively 
to the three term -combinations '^Pg ^Si, ^Pj ^Pq ®Si, in tho triplet 
system, Wo obtain the TT'-components, bracketed, as the difforonoos 
of the numbers vertically below each other in the table, the o--oom- 
X)onents, which aro not bracketed, are the differonoos between the 
numbers diagonally neighbouring on the right or the left-hand side. 
The result is reduced to tho common ‘*Uunge denominator/* which is 
2 in tho present case. 
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Taiilb 40 (»l\»,Si) 



u 

- 2 

-10 12 

== 1, J ™ 2 

- (». J - 1 

Ml, 

Mr/ 

- 3 

- 8 0 3 3 

-- 2 0 2 


. (0) (1) 2, 3, 4 
± 2 


Taiju: 47 



U 

”10 1 

L-rl, j=i 

L = 0, J 1 

Mr/ 

Mi/ 

1 1 f 

oo 

'I'Anus 41 

± 

S (»P<, 

(1) 3. 4 

2 

”10 1 

L--1, J-:0 
L - 0, J « 1 

Mg 

Mg 

0 

- 2 0 2 

, (0)4 

j: 0 


Oul* i‘ 0 inark M explains tho frequent occurrence of tlie # fke 
normal roHolutiouK, Lot us consider, for example, tho combination 
(PP^) in the triplet system, which wo discussed on p. 424, and let 
us choose, Hay, the component P^Pi in it. The resolution-pattern 
for ;i?aPi is clearly : 

Tahlu 49 


M 

- 2 - 1 0 1 2 


“1*. 

- 3 - it 0 S 3 

\H>r 

(0), 3 
2 


All tho othoi’ ooinponenta of (PP') behave in tho same way, and 
also the oombinations {KD') in the quintet system, (PF') in the septet 
Hystom and so forth, together with all their components. 

Wo now consider 1%. 127, Avhich represents the ground-triplet 
ill tho ootot system of Mn. It is magnified fourteen times froin the 
original photograph (in tho seoond order) by M. Back and has kindly 
von. !.• — 31 
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been placed at Ihe disx^osal of tJie author. Tlio '/T’-eoiuponinilH ure 
displaced downwards, owing to the optical amingomont, aa eoin])in'e{l 
with the a^eoraponeuta, because tlio lino in question wan photograplusi 
onec in the Tr-poaition of the analyser and again in tlie a-poaitUin 
and in each case a part of the picture was covered over. Ifig. .127 rf 
represents the line A = 482^1 (®Sj, The resolution hujtors ar<^ 

2 and A table .similar to that above gives tlio following sclienie 
for the components : 

(1) (3) (6) (7) 9,.U, 13, 15, 17, 19, 21, 23 

The figure correspondingly shows eight tt- com poii outs and, on l)otU 
sides, eight e*coinponents. At the same time it sliows that the 



« b 0 , 

I’m. 127.— Anomalous Zoemaa offoot of the oombiimtion (Mn) aooortliim 

TT.componontH btjiaw'. 

On the left (a) ib the lino m the middlo {h) tho lino ®S|®p 7 , on |.hti 

, right (c) the line i - uim, 


, f 

iHtonaity of the ir- and the (r-oomponents dooi'easoa fi'om the coiitrts 
outwards : the h'ne of greatest intensity is the O'ccin ponent of nonioil 
resolution | ; the three outermost o-compononts are hardly rocoK- 
nisable owing to their very feeble intensity. Fig. 127t a‘=- -178^ 

factor of tlm P-tonn is 
-Iff (ct. Xable 45), Hence wo obtain the thooretioal roBolnbion 
liattem 

(^)_(^) (IQ) (1^) 112, l ie. 120, 124, 128, 132, 130 
~63 ^ •• 

In the reproduction the seven o-components are not Boparafcod ; 
the ,r.components exhibit the absence of the zero (white centeo of tho 
picture) whioh is oharaoteristic of all even terms, Fig. 127 c, A = 4764 , 
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is (.he eoiuhinalaon ("Kj «T>s). We have g V'- for this P-tenn nccording 
1(1 uiir lahle. Tiie resolutiou-patterii is 

1 IJ.L0 {f’) *' if 13 Ifi 17 1!) 


In ne.(!or<lnuee with tlic sninll Ilungo denominator the separation 
of the hues is eompItJte. 'IMus gap at tlie position of nonnal resolution, 
iietwaum tli(! TT- and tlm (j-(iotnpono)its, is very striking. Of the six 
cr-cKiiniioiKMits wliich oeenr on lioth sides tiiose on the outside are 
ilifiionlt to see on aeeount of tlicir feeble intensity. 

Ah a last i'.xainpht wo show a resolution-pattei'ii of particular 
Inniuty kindly produced by Mr. P, Zeeman for the purpose of this 



Fid, IU8.- Pliotoiiiotor (jurvo of iilio anomalous Zeommi oftoct of fcho coinbinn- 
((ioii ’Sa’P,i (Ur) atHiordiug to i^ooinan. In tho absoiico of a field the lino 
wtudd bo III tho middle, Tho vortical linos donoto tho posttions of normal 
Mnpiiration roi^konod from tho flold-froo lino. 

hcMjjc, M'ho lino in (xiiowtion is tho strongest lino A — 4264 of the 
fjjL'iHMuUtriplot (’iS’P) of O, that is, tho combination (’Sg’Pa). Tlie 
rc*Holutioii-])atku'n consists of tho seven tt- components, 

(0) "I- i: 

an<l tlio Hovnn or'Cojnpononts which occur on -both sides, 

:fc (t» 5> J> l> 

AH 1 1 lose components are heautifully resolved in the photometric 
tnirvo (Pig, 128), which roprosents tlie original photographic record 
iniigiuficd thirty -six times automatically * i only the extreme 

* li’cr tht> toduiiquo of working out those photographic densities photo. 
jiMJtrictaliy soo a report by P. Zoomao, Amstord, Aknd., Doe,, 1024, 
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cT-compononts 4: -r ho come lost in the ina/o of tlio graiiul(\s of thi^ 
plate. normal resolutions tiro made rocognisaldo on Ijoth sidos hy 

vertical strokes. The 7r-components lie between them and the cr-eom- 
ponents are on either side. The strongest 7 r-component whioh is in 
the middle is situated in the position of the original line. 

Hitherto we liave assumed ptire Eussell-Samiders covpUng. 
shall now cousider the extreme counterpart in the form of a piuv. 
{jjyco 7 Lpling (of, p. 469). This gives us information about the 
Zeeman effect at the series limit. In general tlio Zeeman oITect cluingeH 
as soon as the coupling changes apx>reoiably, 

In the case of Tig. 86 on p, 831 holds for tlio in- 

dividual electron, but we must not replace, as was done at the ht^- 
gimiing of this section, the I, s of the figure simply by tiro rcHultants 
L, S of the electron configuration. The latter (L, S) lose their physical 
meaning altogether. Rather, we must supple- 
ment Tig, 86 by Tig, 129, 

Suppose we are dealing with two oloetronH 
having quantum numbers and which 
oomj)ound into and rospoctivcly. On 
account of the strong coupling of the J/h and 
s/s among themselves both vector inodolH 
{Vektorgerilste) describe a rapid preccHHion 
about the corresponding j, so that only thi^ 
components of the moment parallel to j are 
effective magnetically. By equations (4), (5) 
and (9) on pp, 332 and 333 we oaloulato Iho 
components of the magnetic moment wliicli 
are parallel to j for the first and the Hcound 
electron (i ~ 1 and 2) in terms of tire Boln* 
magneton 1 

Mill =\li\ cos Qi, 3 t) -1- 2 I s,. I cos («<, j*) = [ j, i . (12) 

wliere g{jf) denotes the Land6 splitting factor for tlie ono-olootfou 
system (doublet system, a, = and | If |, | |, | | denote the wavo- 

nieohanical magnitudes of the vectors in nnestion ; for oxani))le, 
hyp. 333, 

liil =v(i<(jf-i-i). 

But jj and ore also coupled with J. On account of the jwo- 
cession of the veotor model (y'jy’g) about J only tlio coin])(>uont parallel 
to J comes into question for the magnotio moment of the whole 
This becomes 

M = SMiii cos iji, J) = 1 J I . , . . ( J 3 ) 

where g is defined by the last term of this equation and denotes (hii 
spUUing factor (not Landd’s) for the (jj)-coupling. 



J’ra, 120, — ^Vector model 
of tho anomalous 
Zeeman offeofc of two 
oleotrons with ( jj)- 
coupling. 
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Tint we Imve {of. Pig. 120) 

■’> “ (») 
{^uhsbituting ( 12 ) and (14) in (i:i) we obtain * 

M 


“ IJ) JpUMji) 
■\vlnsro we. liavci uhocI tho abbreviation 


(15) 


h{j,) ^_ 1) +Wx + 1) -Mk + 1) 


2|J| 


2J(J + 1 ) 


(16a) 


ainl tiho tu)rmm)()ndmg expression for h{j^) 
cjbtaiiKul by intorohanging indices- The 
Ini lowing relationship, which is analogous 
tn equation (3) on p. 443, liolds between 
,hy nnd J : 

J ^ Ijj . ( 10 ) 

'iMvo oxkuiHion to systems of more than 
cnio olootron for pure coupling will now 
ho IMolly sko tolled- Whereas the equa- 
tiouH (12) and (13) obviously remain stand- 
ing tlio rlelinifcion of tlie cosines in equa- 
tion (14) must bo modified- For example, 
in Ifig. 130 wo consklor the case of three 
cvlootroiiM and denote t)io diagonals (dotted 
ill tho figure), Avlnoii siijiploment the j/s to 
forni d , by jf (\Wicre wo find the supple- 
inontary vector which belongs to by 
tho auxiliary figure given on tlio left-hand 
hI<Io of d ). '.riieii (14) bocomos replaced by 



Fig. 130. — (^>’)-ooupling of 
fchrQO olootrons on the 
nssumption ol vanish- 
ingly small mutual 
action iiotwoon tlio eleo- 
tvona. In those oiroum- 
stancGs the vootors 
which, with the form 
J, remain constant to a 
first approximation, and 
tho polygon of the j{ 
procossGs as a whole 
round J. 


COH 


(ji> J) 


_|jr+: 


2 | 



if wo Hiipjioso the j/s to bo given as well as the j/s. And in place of 
(ina) wp liiwe 


M i ^ - J( J + 1.) -l-i<(ji + l)-M + l) 
liUi) 2J(J + 1) 


(16&) 


'.I'htJ KpUfcfcinK fftotor y (h then given ncoiu’fttely by equation (16) if 
tho HU in IH token over nil vnluos of i that come into question, 


* (lerivod by OoutlBmik; of. Qoutlsinit and Uhloiibook, Zeita. f. Phyaik, 
S6. «)IH (1020). 



i\H() C’luiplcr Ylll. I’lu; C’oinpicx Sinirunv nl tlu* Srii(‘s 'Priins 

'i'hn iriiKon iluit, with uunv lliun Iwn \v»' nsminii' lltM 

jf'n in lin nn moII hh ilin //h and llm •! in ilml ullM'rwiHn \\\r 

pnlyii^nii nf Uin //h uiid ]m\vv hIno llin pnHilinn nf inn r^y li viO^ 
in (|UfHlinn wnuM hn uiHlnlriiniiUNl, Oiir <lin>i;iinalN NlihVn i)ii> 
Hn in Hpriik, Kn tluili ii prrrrHKi'H iin ii lijjtid mnll^nvalinn 
alinul {]\^^ il-iixin. 'I'liin (‘orn'HpnmlH In a ilidiiiiln Kind »»f 
lad-wniai Ihn j/HUiid il. VViMi any nlluM* Uiiui nf mnplinfx ilm pnly^'nh 
nf Ihn j'H wnnld not lunvn ua a \vlinK\ an Hail ntlin fnimida* unnKl 
nwdl fin’ Ihc' HpliUihf^ raalnr //. 

I’urn Oj)-(aaipllng liardly inaMira i*xn‘p{ in I la* X ray api'rliji nf 
alnma nf rathai’ td^h Jilnnda mnnlmr, In tlm niNm Hpi-rjnnn (if. 
p. '171) tlio nouplin^ in iiilarnaalinln linlwnni Ilia t{nHNnl! Saniidma and 
tlia (j/)-rnu])lin^» Uin liiglini' Hnrii'H Inrm appruxiiualiiiMl tn ( j/) i'<niplin^ 
and iho Inwnr lanna in Uia nnnnnl IliiHNfdl-SanndiMN nnn|iliii^,. 

Whiii hapi»niH in ihn Imnailinn fiiun nnn kinii nf naiplin^* In 
ivnni-hnr f 'Ilia ipianluin inuubarH Ij, S wldnli diNlin^uiNli lla* in. 
dividnal imilUjiltdM frnni taiali ntliar in nnnaal innplinyK, |n>^i' llanr 
phyainal inimnlnjj; ; UuMpmntuin uunilinrH j aiapiitv a plivNinal mnui^ 
iiiK nnly in tla» limil wlani purn (.i/laiuiiplin^ iw rcanliml. Tim 
(pianUnn niiinimr tl ulnna lam a pliyairal lunanin^ tlirnuglinut im 
lha inliul mnmtniir n( ninnmnlum nf tlin ainin, 1‘nuntla’r wiUi tlm 
I/h and »S’h an alan Urn Pand^ (/-fanlnr limna ila validilv in Urn imiiNilinn 
Htu)^n ; HiniultaiHanmly with Ilia //a niir j/Tarinr nf i'(|unlinii (|r») 
luaaniK'H valid nnly in lla^ liniii nf Ihia IninHiiinn. lint during, tim 
whnlo IrnnHitinn thi‘ num nf all thv f/'K tital ftr/M/ij/ fu lltv wiwr J nittin, 
Ingntlior with pl\ fht>ir wtumhtg, nn iiiailrr wladKm' \vn i-aKadiiln d 
by laviuKVrt (nnnulii nr liy funnnla (IH), Tina ** (/huiu ruin*' llnm 
atatna that if d iw l<apl< llxad ilm nnin id Uir tfn ia ipiiln indi^iH'inlnit 
nf thn typi^ of tmnplini^^ and fnr Mda \va may lukn Inin lainaidnmtinn, 
iimtoad nt Iha limiting lamra m far muMidrird, any niimr nrivitiary 
alln<aitimm nf thn imlividiiul vmdniM 1^, t)nr 1 / nnin m mlialiaUrally 
invariant with rrKpnnt In any nhangi’H nf lanipling wliaittnnvnr* nxarlly 
im by thn law nf Hnntnrial arnim in mralmnirM. tlm inlal ninnanit id 
inoinontuin iP to wbinli tlm i/.mim Im alliaaitrd, 

Tld« law may la^ prnvr*d ijuitn gimnndly nnly by int'aiiM td wavi^ 
nmahanitm, VVt' Himll dn no morn hern Hnni vmify it in Ww id 
nnon liy nahnilating t!m f/mmim linth iu»nnnling tn Landi^ anrl iiminnliug 
to (jipiatinn (15) and tlifn (Kimiiariiig tlm inMultii with tlnmn id 
jioriinnnt. 

Wn 111*81 m»n«idi*r tbi' IKmidimi /i*tnrniM (id. p. d7l^), Thvy 
tn Urn nnniignraiinn {Himpln nxcntatinn Mtnir id llm miint|ilnU» 

L-Khnll), tor wbiali wn mIihII wtHo, by tlin (hip Iwiw, 

2/ld/l, 

I'luiH wn ualnulaln with 

h I i " !• 


(1?) 
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^Vifch lliiHHoK-.SaimdcrH coupling there would follow from this (cf. 
p. -172 of ttie previous section) a »P- and a 'P-tenn with 

-T = 2, 1,1, 0 (18) 

,1 lu' 1 o(!(!urH twi(!e. Tlio coiTesponding (/-values or ^-sunis, re- 
HjK'ctivoly, are, by the table on p. 478, 

r/(2) == ;!, 2i/(l) - 1 -i- -I = 4, 1/(0) . . (19) 

< )n tlui oliluu' liaiul, wo have, by (17), in the case of (jji)-coupling, 

3i - 1 ± 4 = = 0 + I - i 

iiiul from these values, as should bo, the same J-vahies ns in (18). 
Wo lu'xt cahailato for the two J 1 that occur the corresponding 
/t's from (ITirt) : 

T .. . 1 1 it i!> is ” MJt) ^ Ti — i 
■ t it - h h = h Mil) - i, A(is) == i 

tiiid ooinliino tlii'in with the g(,ji)’n out of Table 45 [doublet system 
(fiJi) (1 h f/(i*) == ‘^J- Ey (15) there results 


■ U • 4 -1- 2 . i 


llnnco 

2(/(l) - 1- -I- 

l-liat is, the same value ns in (10). 


. (20) 


Taut.k 50 


J 

Obs, 

ll.S.*CDUplinK 

(jj)-CoupUn)2 

1) 

*/o 





lit; 

VJ- 

6/ 

Vcf 

2 

1'503 

% 



It iH easy to see Avhy the two individual g-values, namely g{2) 
ivnd (7(0), oomos out in the (,7;j)-oou]iling exactly as in (10). The value 
J} for 1/(0) follows tlircoUy from h( 3 ^ == /v(ia) — % the value 4 for 
(/(2) comes out from (15) and (15») from the data tliat are given : 

{/(2) - t . I -b 2 . 4 = 

Wo com pare with those I'csnl ts the experimental results obtained 
by Hiiolt. In the piveeding table we have on the left-hand side 
U'u' original synjliols of Pnschon and alongside them tI\o observed 

* Aim. <1. IMiyB., 76, 317 (1025). 
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and the caloulated values* In the case of the g-sxim the agreement 
"between theory and experiment is x)ei'fect. 

We also consider the Pasehcn ^ -terms, ton in number, which 
correspond to the configuration (cf» p. 472), By the Gii]} Law 

it is ectuivalent to tho configuration 2p3p, Hence we liave 

^1) J > ^2 “ Ij i 

and oaloulate from these values for the two types of coupling : 


li.S.’ Coupling 

(ii)-Conpllng 

L ^ 2, 1. 0 

Ji = 

S = 1, 0 

3, - Vi, Vi 

J - :b 2, 1. 

J‘ =- U, 2, 1, 0 

2, h 0 

2, 1 

1 

2, 1 

2, 1, 0 

h 0 


In the case of Riissell-Saunders coupling tho first throe rows of 
tlie J- values correspond to tho ^S-torm, the last to the bl), 

ip, iS-term. In tho (jy)-coupling tho four rows of tho J- values arise, 
by equation (16), from the respeotivo combinations: N 

(f.ih (ii). 

By Table 46 on p. 478 wo obtain in tho cose of the Russell-Saunders 
coupling ; 

2fi^(2) = ^ + 4 + 1 === V ) 

2{5r(l)-4 + 4 + 2 + 1-6. 

On tlie other hand, wo obtain in the case of the {jjTooupling from 
equation (16) : 

^ + 1 + ^ 

2(7(1) - i + 4 + 4 + ! == 6, 

Tho following table, which is arranged like the jireceding one, 
shows how the results agree with those of observation : 


Tablk 61 
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'I'lio fy-HiiniK are neon to bo in complete agreement hero, too, whereas^ 
tliv. iiKlivklnal (/'h exhibit considerable departures from the values 
« >1 )t ui lied ox iMirimentally . 

Both tlic original ordering of the neon aeries by Pasehen and tlio 
nuumurtnuont of the [jf-valucs by Back -iverc supreme achievements 
e>f HjaMd-roMOopic accuracy; this receives particular emphasis in the 
(/-Hiini law* 

§ 7. Pasohen-Back Effect 

In. weak litdds'tlio Zeeman type of every line of a multiplet can 
fiiiMU itsoU undistur])cd by the Zeeman type of neighbouring lines* 
li\ iiunH^auing liolds the resolution patterns would overlap. But before 
MiiH liapiMuiH the Zeeman typos begin to influence each other mutually. 

■« . It / A 



'tiarmal Ji firman pj'fed. This is what. Avas proved by Pasohou and BacK 
in tlio nnso of a innnbor of narrow' doublets and triplets, for example, 

oxygtui triplet A 3047, p. 433. It is already implied in our 
4 Itdinition t»f strong fields tliat for a single line even the weakest magnetic 
Hold inimb bo regarded as " strong." In the case of the Ddines of 
T4n. (initial separation 0 A) it is only Avhen we have a field of 180,000 
uaUHH that tlio full Paschon-Back effect would show itself, llm first 
Htugns of bho ohango and the offoot exerted by Dj on D, and vice versa 
niunib'sb themsolvcs oven at 30,000 gairss.* In the magneto-optical 
investigation of the corresponding lithium lino A = 6708, however, 
whose eoniiiononts am separated only by 0-13 A., we arrive very 
a i.ioklv at bho eondibions for the Paschon-Back effect ; the transforma- 
L ion 111 ay lio followed right up to the final result of the normal triplet.! 
t knnpariui with the otlior alkaUos lithium formerly appeared to 
ox<!eptioii to Preston’s rule. The discovery of the Pasohen-Back effect 
oxiilainwl this exception os well os many others, ^ , , , , 

We have already dealt with the Poschen-Baok effect of liyc . g 
in tlliMibnr VT, S 6. The most careful measurements have been carriec 
“l,t by k! a..<i a. Han.0.. t by m.™ of »!.«»„«■ 

Besides the “ total ’’ Pasohen-Baok effect we must also consicl r 
the " parbial ” I’eschon-Back ofleot. By this avo mean, for example, 
tlie oaao whom in tho combination (PB) the magnetic field is s loig 
ofvmvuu-ed with tho small B-diffoi-enco bub Aveak ^ 

liirgJv An of the P-difforonco, Furbhor details are given at tho end 

‘‘‘“''lllo' Pasohen-Bttok offoeb, of course, only couples together lines 


♦ (Jf. H. Hack in his 
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that belong to the sfvnie miiltix)let. TVo lines that do not belong 
together do not disturb one another magneto -optically, no matter 
how close they arc. 

Wo now consider an instructive x)hotograph * of the narrow oliro- 
muun trix)let (SP), A = 5204, 5200, 5208 in the cxiiintot system for 
Id — 38,000 gauss. The 7r-componenta of A — 6208 (on tko right- 
hand side beloAv) ai)pear iiiidistrnbed ; five components arc at ^ of 
the normal distance from each other ; of the a-compononts those of 
short wave-length (which follow above on the left) are much stronger 
than those of longer wave-length. The central line A — 6206 is dis- 
turbed quite uiisymmetrically ; its short wave-length cr-Gomponents 

are fused with the long -wave com- 
ponents of A — 5204. The triplet is 
still far from having reached the final 
magnetic state. This would consist 
(oxcexrb for finer details, seo below) 
of one TT- component at the ccutvo of 
gravity of the triplet linos and of 
one O’- component on eaoli side at a 
distance The final state is 

to bo expected only in a field of 
H > 150,000 gauss. 

It is only in the case of doublet- 
lines that we are able, without the 
services of wave-mechanics, to trace 
the transition from weak to strong 
fields, tliat is, from the anomaloua 
Zeeman effeot of the D-lino typo to 
tlio normal triplet of the Pasohon- 
Back effect quantitatively. Wo base 
our romarlcs on Voigt’s theory .t 
Like Lorent^ in his theory of the normal Zeeman offeot Voigt 
assumes quasi-elastic electrons, which are oaxjablo of vibrating, and, 
in agreement with the intensity ratio ; Dgj assumes one electron 
having the original frequency of and two electrons with, that of 
Bg- The motions of all three electrons are imagined coupled together 
in sojno peculiar way in virtue of the magnetic field. 

Just as Lorentz’s theory in Chapter VI, § 4, was re-interprotcd 
in terms of the quantum theory, so also the results of Voigt’s theory 
may be translated into the language of tlio quantum theory. J Wo 
shall present it hero at onoe in the latter form, that is, wo give the 

* H, aioaolor, ?Joits, f, PUysik, 228 (1024) ; tlio magiiinod fiopy of tho 
originnl lioro Hbown \ym kindly xu'OBontod to tho author by Mr, Back, 

t W. Voigt, Anil. d. PhyH„ 41, 403 (1013) ; 48, 210 (1013). Cf. alao tlio anthor’H 
shnpliflcntiou of Voigt’s theory given in Gettiiigor Nnohr,, March, 1914, Voigt 
doals with bbo absorption process, tlio author with fcho omission pvocoss. 

{ A. SoinmorXold, Zeits, f, Physik, 8, 2157 (1922), 



Fiu. 131. — Paaohon -Back offeot of 
tho chromium triplet ®S*P, 
A « 5204, 5200, 5208. Tho 
o-compononts are shown 
abovo, the w-componentB 
below. A inoroasos from left 
to right, H — 38,000 gauss. 
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roHoUitiojiH Av not for tlic term ^combinations Init for the 
tor ins tliomselvos and shall generalise then for arbitrary terms having 
t iv'/d mill t Hal quantum L. 

In the doublet system two terms belong to the azimuthal quantum 
\\t, whieli i\ro distinguished by the two values «T ~ L J ; each of these 
ionuH s])liiH up in the magnetic held, as wo know, into 2J + 1 magnetic 
love Is* whiidi for their part are again distinguished by the magnetic 
<|uuntum numlicr M. Wo express the magnetic resolution Av of the 
i lu I i V 1(1 urtl hwel in fractions of the normal resolution and measure 

it from thoj middle (nob from the centre of gravity) of the original 
iltndik^b distance Avo which obtains when no field is acting. Av then 
(ItvjumdH not only on the magnetic field H but also on the three 
quantum numborH L* J and M, In contrast to L and M, however* 
.1 will lint occur explioitly in our formula but will be described by the 
tHMMirrtnioo of the double sign in the square root of the following 
i'qviabion ( 2 ), the iqqior sign corresponding to the value J L + 
tlu^ low(U’ to the value J L — ' Nor will the fiold-strengtli H 

(mler exjiltciily into our formula, but will be expressed by the ratio 


Arp 


(1) 


Silute proportional to H* v gives an inverse measure of the 

miignotio lield-Rtrongth. Great values of v tlion denote “weak” 
Juddrt. Hiiuvll values strong ” fields. 

l)ur formula* which comi>rehonds Voigt's theory in an extended 

form, then runs* 

+ ■ ■ (2) 


If tlci not wiHli to iiBO wavo-mochaiiical arguments we must use 
cxiuvi'iinuntal data ivs a basis for this formula ; of., for example Kent, 
I<hI r.il. |). 5 : 10 . Wo verify it boro by showing that for weak fields 

\xi\ lignin iirrivo at the results of § b*. a. • /n\ . 

So we ass u mo v 1 and. expand the square root in (2) . 

^ I I , ,(l + i 

Instoucl (if (2) we may write, in view of (1), 

Ai' T i Ai'o = M^l :b 2 L+i)^''^ 


Qiorvv 


(3) 


Ah O. ItiiMBo liOH |i(nnlc'il oiil'i |'*'Y , , , . , g„pi, |ovol occurs m the caso 

lIcnvoHt ninuiinl c cvi'l of Mw ta'in .1 ■■= I.- I- 4 . hobiuii 
Inuri. r.) ^ b - J). Wo ll.oa l.avo 


I- V 1 I 


n 1 -i 


^3 1)2 — 1 , 


which i« positive Tor v > i aud nogativo tor ti< 1. 
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i i \ 

! 1 

y/iy- 

t 1 

^ ' 1 
1 

^ i 


1 

1 

y 1 

1 ^ 



Since Ai^ was to be counted from 
the middle of tlie doublet dis- 
tance A^o the loftditvnd nidi) 
denotes, according to its sign, 
the magnetic resolution of 
iipx^er or the lower doublet term 
J — L dz h Thus tlio brackets 
on the riglitdiand side of (JI) ai‘(^ 
to reprcfjent the splitting factor 
g for our two doublet torjus. 
It agrees, in fact, with our 'irable 
46 on p. 478 or with otir Hi)C5cial 
calculation in the equations of 
p. 334 (small letters instead of 
capitals). 

If wo now consider the con- 
verse case of passing to tlu^ 
limit of 8tro7ig fidclSy v -- 0, thou 
equation (2) gives 

Ar = {M ± l}Av„orm (4) 
(If or a more aec urate a])])roxi- 
matioii, of. cqiiatioii (b) below.) 

Sinco M is a half-integral 
number M i | is m. inkgcir, 
Hence, in ihc case of stro7ig fields 
the magnetic resolution pailern 
beconies nomiah The inagnotio 
levels follow eaoh otlier accord- 
ing to (4) at intervals of 

Tig. 132 illustrates how tl\o 
anomalous energy-levels of tlio 
woalc fields are assigned to the 
normal levels of the strong 
fields. Tlio two outer columns 
correspond to weak fields, the 
middle column to strong flokls. 
It must bo noted that in weak 
fields the resolutions Ar wliiclv 
are written down in t]io iigur(^ 
are counted in each ease from 
the original position of the 
onergy-lovols, when no field is 
present, but in strong fields frojn 
the middle (see below) or from 
tJieii; centre of gi’avity. d'he 
arrows in the figure indicate in 
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ctirr.('tji(ni Mk'. auninaloim IcvcIh must bo dispUiml iii order to bo 
in >nunl tivoiitually. A glanoo at the iigure shows that the Pascheii- 
d (dl'oot IK nothing else than a rearrangement, mostly very trivial, 

< if the (nujvgydovols. '.rUoso levels which were originally normal 
rtiinnin tnirniat ; those are the two levels of the S-term and the 
« iiitiu'inust lciv(^ls of the terms P» and ’D|. Both terms contribute to 
individiial immvbers of the normalised levels. 

Having now studicKl the liual magnetic position of tlie term -levels 
wu nuiy nc^w Hpeoify how the individual line -components of the Zeeman 
|.inltorn i>oo,oinoH displaced as the field increases. We dexnct this 
Cm* the (>.{)iuhination (SP), tlio D-line type, in Pig. 13B, The original 
( Uniblnt luiH Ijoon strongly marked on the upper edge of the figure. 
Htd(nv tluH l-ho anomalous tyx)e of Zeeman resolutions is indicated, 
id 10 iiuuriiot and sextet from Pigs. 87 and 88 ; the type of polarisation 



with inernsHiiig Hold. 


is alKo indicated l)y tt and a. In the lower edge of the ^ ^ 

tlio Ktdiemo of the normal triplet dmvn on an nibitiaiily 

niannifhnl «eale. The figure eliows tlio strange 
^vlLV in whkih the original Zeeman components (ten m numbei m a ) 
wldok ui'o present in woak fields molt together into the ' 

iVa ik .-.nn ponents in strong fields. The figure also shows that on 
In.bii Mi<Uw «««' <>t the original components stoves towards the position 
twtrZ m.r,ual intUm, ite howo™, d«ng 

iv,Hvnvv*U>tietaiy to »ro. Wo indioato the latter result in the flguie 
I IV writing (o) i in '''‘W ‘denotes that certain lines also 


.pM C1ia|Ht‘r VUI, M’hi* ( ^unplrx Shnchiir nf iht* Sriics TiMius 

ill roniitli'ti' njui'i‘rintM|. uilli (hr runttnlj*’ wliii'li I In* wnw mm rluuurjil 
imIi'uIiU ii>ii jjjivrH Inr IliiH («'l. Mh' pnjitTfi ipniit il tm p. IIMJ), Hut 
ur may alsn liiul a rrasuii Inr 1 ln' vaiiishinjj; til' I lir liiai’lu H ii 
ill lla* liiiiitinf;; cutm' nl' n vt^y ainiii^ Halt! l»y nsiii^ Um* t unaHjinmlmu p 
urgimu'iit givaii in Cimplm* Vi, jj a. pp. HIIS anil illiil, ‘riian' \\v ila^ 
iliM’i'il ^'aiiarally iln* rasnlniinn pallvni nl ilia nninial Lniant/ ti ipli‘1 
fni’ ildiililat annihiimiiniis in Mln»n^i[ lialiln fnmi tin* aalariinii anil pulii! ' 
imitiiin rulrH ; ii irr-taimpniuMil. aiul I wn pun* ir iMiinpiinanlM al ilia 
iinnmil iliHlniutn finin it', Maii ia, no ailntixliin^ ni .r polniiHulioiL 
Tlin niguint'MlH llit'ra drvalnpi'it may alrnrly Ha appliail ^I'naially 
Hi nrliMrary imiltiplnalirs. If \va n^pliuu* Ilia / liy \* Miarr ami iHr 
by S \va may fnnnulata Uu svln^liun tntd uf !h 

l^aHvlivfhHifvk i\lfrvt (af. Nnla 7 (/)) a« fnllitWH ^ only llioHa nanpmianlH 
naaiir for wliiali AMs' H ami AMi, II, ) I ; AMn n ^ivas ^mmi 
[inimnls, AM|, ( I traunnpuiianilH. *l’lia rasoluliuu paKam of any 
iirlalrivry (Himbinalioii lliarafnra assiiiiK’H ns baftira (aipialion (I I) ami 
(la), p, IIIIH) Mia fnrin 

Ai-i Ai'tt -Ms, I Ml, Mf., 0, I I 

(wliarn Mia laniM'asnliiiJnn Aa ia t^Nprassnl in uniU tif Ai „„.„,). In 
nlla'r xvnrdK ; (im/ ftrhifrarjf nnnhiualitut ttf umj mnUlidivitij uhttHmvrr 
\jivvfi ii normal horndz irliiUi ui a Mroui^ Wa raptsil onaa again 

lliat ill gama'al 

Aa Ml. 1 2 'AIh .... Ui) 

IiuMh fnr ivanlalinii nf Mia (anna in lln* alt ting Halt]. 

VVa ravarl In Mn* tlunliltH. Hyalain anti In Kig, illH. \Vt* Imva yal. 
til t^\]>laill wliy, ill Fig. HIJI. \va Imvt^ alinvvcsl tba ?r t onipnnant of llii» 
Pusahan-Bnak allaat in aniimicla wlMi lha atailn^ of gravity S ami iml 
witli ilia nilfblla M nf tlia twti l)-linaH, 'Plia latlar wmilil ba imliaalatl 
by aipiuMon (4) ainaa liart^ Aa is animltsl from iln* iiiltliili». \Va aimily 
Haa, hnwavar, Mint Huh aipiivtinn nniHt lia rapinatsi by 

Am (m ■! a'l I . . ((1) 

if wn inaka Mm prnpar apjirnxtinaUnn ftir tlia Kipiara rnnl in (2) for 
Mm limit?; (b Fnan iha Kigiiiilaanaa of a in (I) wa nlilniri (nr tbia 

M 

Ai^ I 2f7:j;: 'I (M i . (7) 

Wo a|)ply thin formula ki tlio J)*liiR^, that is* in lha inimbimUJiin 
HP. If wa imiigina at|iiaMoii (7) wrlUan tlowii fur iha P-tm’iu llum ilia 
uppnr aigu IioUIh for tha qmmtum nuniLiam M ^ |, - | of lha 

^P|-tarm, iiaaorfling to Mm nMiuirka on [i. 4111 ami tha fooinoU? on Mm 
Hiuuu ]iaga ; Hio Inwor nign luittln fur M ^ i =• | of ^P| iiihI fur 
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"f ‘"I’il- •'» Hh' <’as(i nt Uio S-Uirin Ai-,, = 0, and the upper 
in (7) apiiiii'H fur M 1 , the lower for M == - J. 

\\'c' ulitill ileUu’tniiio the jsoMition of the middle Tr-coinponeUt of 
Cfd (below) ; to do this we must form the ditfereuee of equation 
(7) for tlm ,1*- and the >S-term ; M must have the same value in hotli 
luul must he s<t chosen that the difference of the factors of 
l»ocn»i!ioH t't[iial to '/.ero. We then deduce from the allocation of tl>e 
pi\'tm aliove or, more simply, from Fig, 132, that then we must 
I HI VO M t for the upper sign andM = — ^ for the lower sign. The 

dill'o run(!i^ (if Uu' (U|uai)i()nH iov the P- ancl tlio S-term then gives 

Avi.~Ars = +^. . . . (8fl) 


wlioro Ai'„ denotes tlu' initvirnl interval of resolution of the Pdenn. 
Siinu' w« oouut Ai' from the mitkllc of the term the above equation 
MliitoM tlint tlie w-eomponent is displaced by the amount AvojQ from the 
r*ontt'«' of tlu' original donblot-line as compared with the Dj-line, that 
io, that it aotiuvlly coinoides with the centre of gravity S of the natural 
r«>Koliiti(»n, as indicatod in Fig. 133. Both possible modes (namely, 
1M I A and M • -= - - 4) give exactly the same line in this case. 

lOqruvtion (7) also leads to an interesting refinement in the case 
( if tUo o-oomponents. We arc concerned only with those omomponents 
wikioli lie at the normal distance (as far as quantities of the order 
£\i\d the w-componont just oonsidorod, because the other tr-com- 

lanionls vanish in a stonig Hold according to the discussion on the 
jirtas'ding pngc. In forming the diffoi.'on.ce of two equations of the 
rorni (71 for a 1’- and an S-term only d; 1 may therefore remain as a 
fantoi- (if ; h(ire wo may combine together the highest levels 

in till' niiddle and highest drawings of Fig. 132. Hence we have 
Tir . ^ ;! ■ > M J, and the upper sign of (7) holds in both cases. This 


Kivos 

Ai'i> — Ai's " i{ ' -|' Arjjoc,,!- • • ■ ( ) 

t)v wo may eombino the level 0 of the P-tem %vith the level - 1 of 
S-toriu 5 this corresponds with the transition Fl = ?• 

Ill Imtli tlKwe (niHCH the Imvor sign of (7) then applies. In this way 

\vi! obtain , , . \ /a,.i 

Avi.> — A*M i * * \ ) 

'riiuH wo ilnti not emo but kvo (r-coniponontB, whioh are sex^ai’atecl by 
a (lirttanoo .... 

+ . . . • (9) 

ftiul have at their centre the point of oxaot normal resolution, measured 
from tbo central .-oompnnewt. These two components are elose 
runglibtmrs only in that wo assumed that for strong fields Ac ,orw > A 0. 
MO that in Fig. 133 they may bo ropW by a single line. The 
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fj-coiiipoiieiili on the otlier side (faetor of 1} Ho Hynunotrh 

eally to tho a-ooiuponeait^} just considered witli respect to the central 
TT- component, In this way we have completely justified Fig. 89 on 
p. 340. 

Analogous considerations also apply to otlicr null ti])lici ties. 
Whereas we have hitliorto described tho final result for infinitely 
strong fields as a normal triplet with smjyle lines, we must be prepared 
to And the Pasohen-Back components double or even muUi'ph at 
distances of tho same order of magnitude as tho original resolutions 
when no field is present (of, also Note 12, 2). Observations in tho ouho 
of lithiiim has completely confirmed this consequence of the theory 
whioli seems so strange at first sight. 

We now know the resolution of the terms in a weak (§ 0) and 
in a strong field for arbitrary jnultiplioities. But we can make pre- 
dictions about the transition from weak to strong fields only in tho 
case of doublet terms. Wave-meelianics also gives the solution for 
the general problem (of. the roferenoes onp. 499) ; wo restrict ourselves 
here to stating a rule which was first enunciated by W. Pauli * before 
tlie advent of wave -mechanics and which was confirmed by him 
(see p. 602) ; according to this rule the magnetic levels arc to be al- 
located in the case of weak fields to the normalised levels in the oaso 
of strong fields. t If the former are characterised by the quantum 
numbers M and J, then according to Pauli the latter are given by 

Ar _ / M T J ^ L . . . , M S S - L\ .... 

UM J - S . . , . M g S - L/^ • 

Ooncorning (10) wo acid the following remarks : — 

1. For M = S — L tho right-hand sides of the two formula (10) 
become identical, namely, equal to J + S — 2L. 

2. Both formulae give integral values, that is, normal term -resolu- 
tions not only for odd but also for even multiplets (M, J and S half- 
integral), as should be. 

3. For doublet systems ihi according as we ai‘0 

dealing with a greater or a smaller J. Thus tho first row of (10) 
gives Av — {M i in agreement witli (4) ; tho seoond row 

comes into force owing to the condition M g S — L only for the lowest 
level M = — J of tho term J ==: L + ^ and here gives Av — —(L d*- 1) 
Av„orw»> agreement with Fig, 132. We may therefore regard (10) 
as a generalisation of what we asoortained for doublet systems. 

4. For inverted terms the signs of Av and M must bo reversed 
in tho equations and inequalities (10). 

We write down the content of formula (10), for example, for tlio 
triplet terms (S = 1) in the following eobome ; 

* Zeits. f. Physik, 16, 166 (1023). 

t We shall again disregard in tho sequel tho fine resolution of tho normalisod 
levels, which wo have disousaod just abovo. 
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I'lie synimotry the sohonio strikes us inunecUately : in every 
term -group (for examx^le, DiDaDj,) tlio individual normalised level 
ooours equally often with a i^ositivo and a negative sign but in general 
arises from different terms (for oxamplo, + 2 from Dg, Dg, and — 2 
from D3 , Dl), For the individual term, that is, in one and the same 
liorizontal row, tlio numbers of the scheme first dcoroase by 0110 unit 
each as wo ooino from the right-hand side until wo reach the place 
where M ~ S — L, after which they decrease by two units. Thus 
whereas the individual term resolves unsymiuotrioally in this ^vay, 
tlio terms of a groui) that belong together supplement each other 
so as to form a completely symmetrical resolution-pattern, The 
soliomes of the higher multiplot systems have the same char actor, 

A remarkable feature is that the normalised levels do not in 
general boar tlie magnetic quantum number that corresponds to their 
resolution. For example, the normal lovol + 2 of the D-torm arises 
not only from tlio level M — 2 but also from M — \ and lionco beans 
both tliose numbers. Actually wo may suppo,se tlvo transition 

from weak to strong fields to bo made adiabatically, so that in principle 
the quantum numbers remain conserved, Who same may bo road 
off from tlio doublet Figure 132, for example, the three middle levels 
of the resolution of the D-torm, The levels of the multiple terns nor- 
malised by the Paschen-Bach effect are thus hi gaueral mnlti-vahied 
as regards their multiple terns and are displaced as compared ivith origin- 
ally normal levels such as would be associated with simple terms, 

Wo recognise a confirmation of this x)OOidiftr disxfiacoment in the 
“ partial Pasohon-Baok effect ” (cf. p. 489), which has been observed 
by Back,* for example, in the I N,S, of Mg, Tlio D-differonces 
are so small in the ease of Mg that every approoiablo magnetic field 
monsiirod in comparison with them must bo regarded os “ strong.’* 
Accordingly we write the formula of the Mgdinofi in question, A = 3838, 
3832, 3830, in the form r — 2Pj — 3D. In the following table we see 

* Naliurwlfls., IB, 200 (1021), and Zoita, f. Physik, 38, r>70 (J l)2C). 
von. T.-— 32 


C’liapK*!' VIII. *VUv ('nnipIt’K Stinrlnrr nl’ ihr 'l\'iins 

inuli'r llu^ i\i vuhu'N ul' llu' iippt‘r mw lln^ ri'Mnliil jmi;^ nl iIm* jrnnn 
\\\ ill 11 Wfuk ill I'Ih’ Uin'i’ ioms llitu^r nl Hu* ihrn* j). 

Imm ill Hirnnj^ lU‘ltlH» ilit’ luUrr iH‘iiiM: laUi‘n ft niii Ihr prrmliiti^ m-hnur 
ami lli(^ fnhiM'i' frnai 'ruhla *15 nii p. MH. *rii4‘ lirarkrts nvi'r llip 
Iniilo iniliciiilo Uiui. Ihn Py-itvnn ctcinHirtls nf livi\ tlia tnna nf tlnrr 
1 <'\m^Ih» tlih iarin \\^ nf tinly Urn nnn /.nrn Invi^L 1 <’vi*1h 

nf lh(^ l)-tnnnM ma all inir^^rnl (nnrimil), l»ul in ^nnnial limy n\v 
jilimncl iiH uoinpiuial witli llu^ nf tlin M‘a (tlm invniH nf lui niij^inal 

aiiniiln Innn), \Va i^xhihii Ihn nf thin hi llin Jranlnl i«in pnMi'i iiH 
nf ilin imlivlilual iMiinliinaUniiH (Pjil)). 

Lnt iiH llrrtt anUHitliM* (l\jt)). M'lm 

trMfniiipnnmilH : 0, I J 

kirihi^ from thn /.arn-tnvnl nf I\, luInMi IngplhiM' willi tlm I) |nvrln, 
i» II. 1 wliinli hIivimI vi*rtii!ally uihUt Uunn. If, iMiwnvai'. nv«» ^n 
from tlio HHinn y.arn-Invol in thn DOnvi*! svliirh lir^i In tin* vii^lit nr (n 
llio Inft) n[ llin iniddla, \\v Uir 

: 0, I 2, 1 «• 

Tlim i« priaaKnly Ilia MwiluiJnn-paUarn ihut. wuh nlinni vnl liy Haak, 
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AtHiimUngly in this iiumbiiiutinn (I',])) wi. iihtnin foim Uii« Him' 
Itlillcllo I'llWM t»f Hu) HuIhIIIU) 

Tr‘(ii»iH])tt)IOH|*i : (0), J, • j . 1, ( i. «), 

and liy WMirioofcitin Ingollu'i' tlin ui'lKhliiiiirinK i'owh mi tlm li>f(. niid mi 
till' viHlit wii olitiilu ilin 


ir-iioiiijiimmiUi : (t, ± (.i- j), .| 2. ( h i). 

TIiih tyiii), till*, n|jrr(a?K iw rugimla llii» ilniwinn I'lrmur ttigi'llim' nf tlii? 
It- mid ar-timiiiimu'nUi with tins olmnrvaiimm ut Bm-k ; mily llm 
liiaclciitwl (iDiiiiioiU'iitM Hi'i! iiliwnit in this tili)ii'rviitioii»i. 
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§ 7- Paschen-13ack Effect 
Uio (loinbiniibion (P.J)) gives tlio 


itud tjin 


ir-i)oin])()iiouts : (), J- J, ^ (j. 


a-«.m|u.iumt.a : 0, ± 1, ^ ^ 2. (± g), ( J- 3). 

'1‘hiH also ngi'ooK with ohsorvivticni except for the bracketed com- 
IMjmuits* 

l.ho combination (PqD) ib particularly instructive. Althoiigli we 
Iioi-Ii (jonuoot tlve nornml Koro-lovol of P# with the normalised levels 
nf tihci .i:)-terin, it is not the normal triplet 0{7r), ± l(cr) that arises, 
Mut lllii (|uintot 0(7r* O'), a) 2(a). Thk is merely a result 

of t\H^ <liH|)hio(uuout of the normalised levels as compared with their 
11 niii rnl position, (Joncevning the omitted components (bracketed here) 
in the (jonibinatioiis and (PaD) lAicy Mensiiig * prove, s by 

<] uuiitinn-inco]uini(?s tliat tlioy should actually have zero intensity. 
^Plurt was condrmod hy van Geelt by quantitative measurements of 
llin infc^niHiby, 

circinustancGS are qnito similar in the partial Paaclien-Baok 
tvlToot of cion blot systems, for oxamplo^: Na : p = 2Pj — 4D, A — 5688 
Hiv<l 

Wo may also draw another conclusion of a very general character 
from Table 52. 

Wo first note that in those vertical columns of the table, which 
am lillcRl up (tor oxamx>lti> tlio sequence M — 0 for the P-terms, the 
HtH_{nouoc M - 1, 0, 1 for the D-torme, and so forth), the sum of the 
i'c»h4olutionH shown in the table becomes exactly equal to AM, where 
A (boro r:;- ;i) donotos the number of levels in question, On the other 
Imml, tlio sumo kuiu for weak fields is AM^, where we take y, as on 
11. d7f), to stand for the mean value of all cr- values for a given L and 
viirinTiln J. But we showed tliero that ^ = 1 in the case of a per- 
mit no lit tm'in-nunibor. Thus the iwo amns for strong and weak fields 
aymu Wo iuay easily oonvinoo ourselves that the same holds for not 
iuniipU^toly flllod columns, 

■ I'hitt Icmls UH to a general law whicli is valid not only for strong 
and wonk Holds but also for medium fields, not only for triplet systems 
liLit ixXm for any arbitrary imiltiplot system ; tliis is the “ Permanence 
l ^iuv of (/-Sums ** formulated by Pauli (/oc, p» 4D6)- It states that ; 
lht\ Hums of the resolutiom measured in te^via of and taken over 

all rl while M and L are conatanl^ is constant^ (hat is, independent 
of ihe field, 


♦ f, IMiyBllc, 09, U (1920). Ct. also the gonoral invostigatioii hy G. G. 

J Jill' win, Pi’oo. Boy. Hoo., Boiuloii (A) 116, 1 (1927) j K. JJarwin, ^bid,, 118, 204 

t Joints, f. Pl»ymk, 39, 877 (1920). ' ^ r, * , r. 

i Pb Brujk, Ann. cl. Phys., 70 , 370 (1023), Of. also S. Frisch, Journ.ci. russ. 
pliy«, cjlioiu. Clos., 68, 626 (1024), m woll na tho tlioorotioal paper by L. Monsmg, 
Imi, f U* 
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To produce the proof (which is not contained in Paulina paper) 
for the two limiting oases of weak and strong holds (the proof is only 
possiblo Avith the help of Avave-ineohaiiics in the case of medium fields) 
Ave form for the weak field : 


MSf/ (tT) . . , summation over J 


and for the strong ftckl ; 
2(2Ms -I- Ml) . . 


/aumination over Ml or Ms while 
'I M — Ml + Ms is kept fixed. 


( 11 ) 

( 12 ) 


To explain this process avo make tlio folloAving preliminary rehiarks : 
in weak fields L and S are coupled to J, and M is the projoctiou of 
the J -vector in the direction, of tlio magnetic field. As the magnetic 
field increases J loses its f)hysical meaning, the coupling botAveejA 
Jj and S becomes released, and lj and S adjust themselves iudividually 
in the magnetic field, and liavo the lArojeotions Ml and Ms m the di- 
rection of the field. Expressed in terms of moohanios this means : 
the law of sectorial areas on Avhiclx the oxistonoo of tlie quantum 
mimber J depends when tiro field is vanishingly small loses its genei'al 
validity as the field incroasoB. It then holds only for the direction of 
the magnetic field and establishes the xxormanent physical meaning of 
the quantum number M, that is, of tho moment of momentum in the 
direction of the field ; this is invariant if the field is imposed adia- 
batioally, Henoe avo have 

M (Aveak field) ~ Ml + Ms (strong field) 


for the Avhole stage of the transition. Our present procedure therefore 
corresponds entirely Avitli that described in tlie previous sootion ou 
p, 486, Avhere we summed over those quantities that lose their physical 
meaning in the transition, while Ave keej) those quantities fixed Avlxioh 
retain their moaning (J previously, noAv M), Wo must yot remark 
that wo must not incroaso the field so far that L and S lose their 
signifioance, as this Avould correspond with a blurring of the multiplota 
among themselves ; this would, however, occur only with fields that 
are generally beyond tho realm of practical realisation. 

We begin by evaluating (12), and, in agreement with tho iiioqualitioa 

AVO build up tho numhors Ml and Ms in Pigs. 134a and 1346 as a rec- 
tangular lattice. (It is immaterial Avhether S is integral or lialf- 
integral ; in the latter case the axis Ms = 0 would not be occupied 
by lattice -points as in tlio figure but Avould run mid-Avay between 
tAVo straight lines occupied by lattioe-iioints.) The straiglxt lino 
M — Ml + Ms is inclined at an angle of 46° to the axis of the lattice, 
Wo distinguish two sets of three oases, corresponding to the tAVo 
figures 134a- and 1346, 
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(ff) M S L - S, M ^ S - L, 

(ft) 1. - S ^ M S H - L. S - L ^ M ^ L ~ S, 

((!) H - L ;> M, li - S S M. 


r(if»i(>n I'oi' tilu'. onso (ft) is ahadod in both figurea. 

I iiKtoutl n( (12) wo wi’ito, on nccomit of M = Ms + Ml, 

Mil -f IMs, . . . (13) 

Dl (loiiotoa tho mimbor of IivtticG-points that arocut out of our rectangle 
l»y tivo atruight lino M!. In our tlirco civsob it is (of. the summation' 
liinilH of Mh written down in Figs 134 a and ft) : 


(«) ,S -(- 1. -- M -I- 1, 

(ft) 2)S -1- 1 and 2L -|- 1, rospoctivcly, 

(fl) S -I- L 4- M -h 1. 




Kiti, i:ilft, -L > S. Fm- 1346.— S > L. 

T•;vllUm^i(m <>I Um Mh vivluoa whiib can belong to a giyoii M = Mn + Ms for 

II I ....I...W ot L iliui S. For onch of tho oases a, 6, o (sea text) a ohain 

: nonstnnt has boon drawn. Tbo region 6 is shaded. 


lino for M 


Siniilnriy, wo obtain liy forming IMs by summing up an arithmetic 
aoi’ina Injtwoon tho saino limits as for 11 . 

^ S 4" 

(«) (S 1- L - M 4- 1) 2 ’ 


(ft) 0 and 0, 

(c) (S 4- L 4- M 4- 1) 


L + M - S 


By (13) the aiim of tho magnetio i-csolutions is therefore 

,1 ■ 1 4- 3M “Jj) 

(ff.) (K l -L 


w; 


1- 1)- 

(ft) 2M 1 I nnd 2L -1- 1 

... ..,L + 3M~S 

(u) (S -I- .L 4- M -I - i)— 


2 


( 14 ) 
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We now proceed to weak fields, that is, to equation (11). Coii'- 

corning the limits of J we now clistingiusli two oa.ses : 

(a), ic) I M I a I L ^ S h - L + S, - | M |, 

(b) I M I S I L ^ S I, - L + S, - I L -- S h 

Tho values of and here given follow from the two in- 

equalities ; 

I L - S I g J ^ L + S, I M I g J, 

and hound the J-region common to the two inequalities. Iloiioo ilio 
iiiimher of J-vahies is 

Case (a), (o) ; Ij + S — j M | ~\- 1, 

„ {b): L-I-S-IL-SH-L 


Tor wo use in equation (11) an expression analogous to (8) in ]}, 47ih 
namely : 


Ti ‘f* S 


(a) , (c) : .S(L +.S - | M | + 1) + -HS'~ L)(S + L + 1) ^ j^fTTV 

|M| ■''' 

t.h-s 

(b) : #(L 4- 8 - I L ^ S I + 1) d- J(S ^ L)(8 -h L 1) ^ r^rjy 


The summation over J is porformocl as in equation (9) on p. 47i), 
and, after simple reductions and tho addition of the factor M from 
(11), gives 


(a), (c) : (L + S - |M I + l)§. ! . ^0 + S - 1'^ ' 

(b ) : (L + S - I L - S ! + 


2|S-L| 


. (1C) 


The first expression resolves, according as M > 0 or M < 0, into the 
two values (a) and (c) of equation (14) ; in tlic same way tlie second 
expression resolves, according as L > S or L < 8, into the two values 
(b) of equation (14). This proves the permanence of tho magnotio 
resolutions for weak and strong fields. 

With the help of Tigs. 134 a md b the allocation of terms in atamg 
and weak fields given by Pauli in p, 496 may bo reduced to the wavc- 
meohanioal fornmlation of tliis allocation. Wavo-meclianics asserts 
that terms which belong to tho same MWaluo do not intorseot when 
we pass from weak to strong fields. We can now show that wo may 
derive Pauli’s allocation from the postulate of non -intersection, X^ot 
\is consider tlie ease of a regular term. In the field-free torn\ tho 
levels then lie above cacli otiior in the ordoivof increasing J’h, so that 
the smallest J-valuc lies lowest. Con seqiiontly, in tveak fiokls tho IcvoJh 
having a fixed M are similarly arranged : the level that belongs to 
the smallest J-valne that is possible for a given M, lies lowest, hi 
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§ 7- Paschen-Back KiTcct 

a strong field tlic resolutiona are given hy 2M[s + Ml for 

a fixed M. Now, 2 M 3 -h Ml — M + Ms, hence the terms here lie 
above eaoh other in the order of increasing Ms. If no intorsootions 
are to occur wo must assign the lowest level in the weak field to the 
lowest in the strong field and so on in t!io sequence of levels. Wo 
assume the allocation to bo linear and therefore write 

M-|-Ms==:aM + i3L + yS + SJ, . . (16) 

wlicrc the resolution in the strong field stands on the lc?ft-hand side 
and all tliose quantum numbers are introduced on the riglit-hand 
side, on which the resolution in a weak field depends. We now con- 
sider the different cases that wo already know from Pigs. 184 a, b ; 

1. L > S. (a) M ^ Tj — S ; (by Fig. 134a) M -f- Mg here goes from 

. 2M — L to M -h S and J from M to ™ L + S, M 
remaining fixed, 

If wo substitute those associated limiting values of Mg and J in 
(16) wc obtain a — — 1, y==0. Equation (16) then runs 

like Pauli’s equation (10) : 

= M "h 3 — L. 

(/>) L — S ^ M ^ S — L ; M d- Mg goes from M — S to M -h 8, 
,T from L — S to L + S. T ))0 determination of oc, y» S 
gives the same as under (a). 

(c) S — L ^ M ; M + Ms goes from M — S to 2M -\- L, J from 
I M. I — — M to L H- S. The corresponding calculation of 
the factors a, |8, y» 8 now gives : == 2M. + J — S. 

2. L < S. (a) M g: S — • L gives the same as la, 

(b) S ^ L ^ M L - S, and 

(c) L — S S M give the same as Ic. 

Hence, recapitulating wo liave 

if M ^ S — L, wo obtain Ar/Av'«(„.„j — M J — L, 
and if M g S — L, we obtain Av/Ai^ttorw === d- J 8, 

that is precisely Ihiuli’s allocation. 

We may apply an analogous argument to inverted terms and likewise 
obtain the allocation already given on p. 496. 

Wc m\isb next mention an attractive application of the PormanGuco 
Law made by Pauli, namely : to calculate the g-vahm in weah fields 
froin the resolution-simis in strong fields, This will be illustrated for 
the case of the triplet ’D4erms, in winch case wo inay dorivo the roaohi- 
tion-sums directly and simply from Tabic 62 instead of from oqns. 
(14) and (15). 

Ponoting the (/’s that belong to the terms I)j by gs anti honce tlxo 
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resolutions hy Mgj, wo deduce successively from the vertical columns 
of the Table 52, proceeding from right to loft : 


M=3 

II 



2((/3 h 02 ) ~ ® I 

02 ^ 

1 

H(J9 I- Oi -1- ?i) = 3 


=- 0 

0(l7» -h Oi + Oi) = 0 

• - • 


These are the same as Avero given in Table 45 on p. 478 for the 
triplet D-torms. We may verify the other data in this table in the 
same Avay, 

Lastly, wo must cli>soiiss the beautiful observations, already made 
use of in ]). 337, Avhicli Paschen and Baok made in the case of medium 
fields. They arose in the effort to discover the selection prinoiplo of 
the inner quantum numbers and its x^ossible transgression,* 

Wo knoAV that an external elecirio field must be acting if tlie selection 
principle of the azimuthal quantum number L is to bo transgressed, 
namely, if the forbidden oombinations f AL ~ 0 and | AL | > 1 are to 
be realised. Such a field is, hoAvevor, found to bo ineffective in tbo 
oa^ 3 o of the sGlcction prinoqdo of the inner quantum nunibor. Pasohon 
and Back show ns that a magnetic field is able to inake this transgression 
X)ossible, biit only in the course of the transformation Avhioli loads from 
the anomalous Zeeman effect in Aveak fields to a partial Pasohen-Baolc 
effect ill fields whioh aro to bo regarded as strong compared Avith tho 
leas resolved term^difforonce. Cf, the discussion based on the Oorro- 
spondence Prineixffe given in Chap. VI, § 5, Avhich may be applied to 
any arbitrary multiplicities. 

Let us consider the PB-eombinations in tho triplet spectrum of Ca. 
In addition to the x)rincipnl lines (P 2 B 8 )> satel- 

lites (P^De), (Pji^i)i (P 2 D 1 ) of tlie oomxiosito triplet Ave have tho for- 
bidden combinations : 

(P 1 B 3 ), (PoB,) Avith AJ ^ 2, 

(PoBg) Avith AJ - 3. 

Taken I together Avith tho alloAved oombinations, they form an organic 
comxDlex : whereas they have tho intensity zero in Aveak fields and 
merge into the state of the x^aitial Pdachon-Baok effect in strong fields, 
they have a transitory existence in medium fields. They do not, of 
course, occur in their original field-loss position, but in a magnotioally 
influenood position ; it is possible, hoAvcver, to extrapolate the former 

* Jjiniengnippen migneUsch vovoUatUndigt, Siooman .Tubiloo Niimbor 0 / 
]?bysloa, Istsorios, Oot., 1021, p, 201. 

f AL == 0 is forbidden only for ono^olooL'on Bystoins (of. Note 7(e), bociiiiBo 
in Uila oaso L booomos idoiitical witli tho i of tho olootron, for whioh Kl ± 1 
liokls. For Bystoms with more than one oleotrou AL ^ 0 is allowed, of. p, 444. 
But I AL I > 1 is of Gourso also forbidden for systems Avlth more than one olootron. 
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linearly from the latter, and to identify the forbidden components as 
sxich, 

This phonomonon was shown to ooenr not only in Ca, but also in 
the case of (PD)*triplots of Zn and Cd as well as in (PJ))~doul)lot8 of 
A1 ajid Ca^’. It is very charactoristio that tlio, so to speak, doubly 
forbidden combinations (Po^a)> much harder to produce, 

that is, require stronger fields and occur only over a smaller range, 
than the simply forbidden combinations, AJ — 2. 

Accordingly, the observations of Pasohen and Back in question 
provide a suitable moans of shedding light on the magnetic origin of 
the complex structure and of exhibiting its relationship to electron 
spin. Wo quote two passages from their paper : " Only tho general 
arrangement of aeries is oleotrically sensitive in so far as combinations 
of a forbidden typo may bo forced to appear by moans of olootric fields. 
On tho otlier hand, tlie torm-diirorcntiation is to be influenced by 
niagnotio forces, as is proved by tho anomalous Zoeinan typos and 
tho magnotio transformation phenomenon.” “The forbidden lines 
appear if tho Dj-difteronces are shattered niagnotically j tlioy bccomo 
brighter as tiro magnotio perturbation incrcjmos and then disapi^ear in 
tho subsequent niagnotio transformation. The oiToct is tJio swan-song 
of the oonfiguration l)ofore its magnetic annihilation.” 

§ 8. Theory of the Magneton 

Of tlio various routes which load to the determination of tho olo- 
montary magnetic moment of anatom, wo shall first discuss tlio funda- 
mental experiment of Stern and Gorlaoh, because this is performed 
under the conditions which are theoretically simplest and clearest ; 
secondly wo discuss the magnoto-ohomioal incnsuroments wliioli con- 
cern the uumbor of magnetons in ions and compare them with 
tho “ spootroscopio number of magnetons,” Wo then report on the 
magneto -mechanical experiments which are uflsooiatod with tho names 
Barnett, .Einstein and do Haas, Suoksniith and so forth. All tlioso 
ways are closely connected with tho theory of the anomalous Zeoman 
effect. 


(a) The Stern-Gerlaoh Experiment 

In Fig. 81, p. i2‘l, wo Jiavo already do.seribGd diagrammatically tho 
arrangement, and in Figs. 32 and 33 the result of tho oxporiniont with 
tlio atomic rays of silver and hydrogen. Tho theory of tlio experiment 
which wo skotohed very incomplotoly before (of. tho footnote on p. 128) 
may now bo given rigorously. Tho gi'onnd-orbit of tho Ag-atom and 
of tlio H-atoni is, as in tho case of tlio alkali metals, an S-orbit. Its 
inner quantum number is J 1, its magnotio nioineiit in tlio diretdlon 
of the field is, by p. ‘170, J , 2 1, that is, equal to a Boiir mag- 

neton. Stern and Qerlach have C 07 ifirmed this viomerit g — 1 in their 
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experiment (cf. p. 129). The first Tig. 30 on p. 124 decides the spatial 
orientation in the magnetic field. The magnetic moment sots itself 
either parallel or anti-parallel to the magnetic lines of force. Hence, 
in Tig. 31 the atom will be deflected either to the right or to tlio left- 
hand side. The middle of the picture in Tigs. 32 and 33 remains com- 
pletely free, because ilie magnetic zero-levels is missing in all even terms 
(and not only in the S-state). What has already been said is cmough 
to show how such experiments are in general to bo interpreted, and 
what results are to be expected from thorn. Tor every atoin they give 
ns the magnetic resolution of the ground-term^ and indicate what and 
how many positions the axis of the magnetic moment assumoa in the 
field. Tor example, in Mn (groiuid-stato sextet- S -term) wo expect 
six deflection traces, the two outermost corresponding to tho parallel 
and anti-parallel orientation of in the magnetic field, the inner ones 
corresponding to more or less oblique orientations. In Or (ground- 
state septet-S-term) we expect a deflection picture consisting of seven 
traces, the two outermost corresponding to tho two parallel position s> 
the middle iindeflected ono corresponding to the position ])e.rpondic- 
ular to the magnetic field. Actually tho deflection is pro|)ortional to 
ji cos (/i, H), precisely like the magnetic resolution oi terms in th o Zoom air 
effect, Tho number of traces is in general equal to 2J -p 1 , namely, 
equal to the number of magnetic term -levels ; every trac(j cjan bo chai'- 
acterised by a definite value of the magnetic quantum iniml')or M. 
The distance between two neighbouring traces is equal to 2, it we ai’O 
dealing with an S-state, as this corresponds to the splitting-factor 
gf ==: 2 ; that is, the difference between the values of /a cos (//., H) which 
are effective in the deflection amounts to two magnetons in each case. 

Tellurium presents an instructive example. Tlie ground-term is 
the P|-doublet term. Hence, in T1 we expect two traces as in tho case 
of Ag, but at a third of the former distance, because by Table 45 on 
p. 478, the value of the term amounts to two-thirds, and not to 
two, as in the S-term, The results of observation * are in good ag].‘OC 5 - 
ment with this ; the defleotion-piotiire comes out broadened as com- 
pared with the trace when no field is present, but it was not possible 
to resolve it into two separate traces.f 

Stern found no signs of a deflection in Zn, Od, Hg ; tho ground- 
state here is the S-term with J = 0, /x = 0, The absence of tho deflec- 
tion is not due to the perpendicular position, but to the diamagnetic 
character of the ground-state. (On the other hand, the excited states 
of these atoms would have to behave para-magnetic ally.) The dofloc- 
tion zero is also exhibited by Pb, according to Gerlaoh, Tlio ground- 


551 Ann. d. Phys„ 76, im (1925); A. Low. VmlH. of Phyaik, 41, 

t Wo have hero disi-egardod Iho nucloar moment, of. § 10. TIub nliould olmimo 
tlie reaolution-pattem slightly. .Cf. a paper by Fermi whioh will simrtly appear. 
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abate of ri) was diacovored by Grotrian * ; it correspoiidvs to a term 
with J ^ 0. Tills J-value predicts diamagnetic behaviour, and the 
abaonco of a dofleotion. Tlie same applies to Sii. 

Gerlaoh has found that Gu and Au bohavo exactly like Ag. It was 
to bo expected that the alkali metals, as Stern has confirmed, would 
exhibit the same deflection pattern as Ag. The observed deflection 
pattern of Co and Ni consists of more than two traces. According to 
more recent and as yet nnpnhlished paxiors, Gorlach obtained in the 
case of To one blurred trace which is probably composed of a fairly 
large number of individual lines whioii overlap owing to the non- 
honiogoneity of the individual lines. Tor a comiiai'isoii, wo may take 
the theoreti(5al deflection xiattorn of tbo Fo-atom, In the ground-state 
of Fo, inverted ^D-torm (of. p. 463), wo have J 4 , Hero, then, 

we should have nine traces at a distance from each other corresponding 
to a difEoronce of {! magnetons. 

BoveHing to the silver atom, we are led to ask : why do tlio two 
traces in Fig. 326 ajipear equally intense, seeing that the one trace 
QOiTcsponds to an aiiparontly unstable position of the atom ? Whoiico 
does the atom, which was originally orientated arbiti’arily, derive tlio 
oiiorgy to enable it to adjust itself into this higher position as regards 
energy ? 

answer to the .second question is doubtless : tlio energy is 
dei'ivod from the oxtornal field H. Whereas the adjustment into the 
position parallel to, and in the same sense as, the liold is associated 
with loss of energy to the field (possibly as radiation ultimately), tlio 
adjustment into the position anti-parallel to the field must occur with 
the acquisition of energy from the field, Wo must boar in mind that 
the passage of the atom from the fiekl-frco space into the field is very 
slow (adiabatic) in view of the relatively slow speed of the atomic ray. 

Concerning the first question, tbo instability of the atom, we must 
emphasize that the para-magnotio atom is to bo compared not with a 
magnet needle, but rather with a lop. The magnetic ncocllo with its 
north x>ole directed towards the south is certainly nnMabh ; but the 
to]) with its oeiitro of gravity in an elevated position is, as wo know, 
stable if the moment of momontum is sufiiciont. 

It may easily bo calculated from the data given on p, B13, that tlie 
general statistics of Boltzmann leads to the opposite orientations 
occurring with axiprociably equal xu’ObabiUties. 

. (6) Magneto*-ohemical Measurements 

The intorprobation of para-inagnotio observations is in general 
baHod on Langovin’s tlieoiy, wivich states lilmt tbo Curie constant 0, 

* ZoitH, 1'. XfliyBjk, 18, 100 (1080) J dio toi-m was liouvontionally oalUnl tlio 

torm ut that timo. 
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Ih, IIm* produt!(- <jF Mi(» iibrntlnlr ic'uipiMuhnr nuIIi (In* KUMii’pil. 
hilit-y ealcailiiled ha’ a nidi nf (la* gan, m by 


(1 


It 


rdH’* iL 


( 1 | 


m I bn inagiiel id nidiunnl piT luiil (niarrii iiriil id Ibr altiiriit' nr. 
roHjHaitavoly* Mie innlcmilnr indnuail, ef. p. I2H above) ; 11 in the 
(^nuHtanti jut mnl> 0 ihn in(!linatidii of fbe axin of (be oii»nieii( in tbr 
Hiireiion of tha jnagnc‘lb? Urbl ; Ibe bori/niMat liar ilioiMte?-* that tbe 
avaiu|j(a ia luloni ovta’ all poaniblr angles of jiirlinatiiat Lauj^ex imk 
M ionry, wliioli pnuu’do^l (be quanluin Ihrory of roium* aaHinMi il d fti |h* 
tainUimouHly varialilo and all [loailbaiH lo beiMpially probabb^ (uf’ niav 
roamainbly dimairil Mio poasihilKy tif t la* ilircM'l ion of I he inawnetir 
lint’H of fon^n laving favonnal for the atljoHlnaad , aiiaat (biH vmhsv>i only 
a aiirnaftion jH'oportiiinnl to llu' fi('l(I-M(rc*iip;|.|i). Ilfiiti* l,iinm<viit m>| 

(!iw* 0 , . , , 

tliHl. iw, (•((imliy for Iho diirt^lioii of t!ii' liiifw of f.iivo o*. fnr lun 
]i(a'|)('ii(|i(iiiiiu' 111 its llulf tut iirrinitil itf hihiHhI ifunnlinintf, Ihin iu 
ito fongi’r niinnHuilik. 

Jt wo Hul)Hl>it>tito (2) in (1), wo olitinin 




ia«i) 


ilio iinturiil iinili for M Im tho Hohr iimgiioloii Mu, of (| |), mi 
I'. 12K, wlticih in (j;ivon liy tho llioory. Hnl. «iiioi' iho moiwiut-. 

iJiont.H iiro Kivon throiixhouli iw niiiliipIoK -p of llio VVoi« nnil Mw , of 
Ofpi. (Ifi) on p. 12H, wo nuwfc oho tho oonvoi-Hion fHoloi- 

Mu 
Mw 




in tlio Hoqiiol unil upooity iho miinhor of llnlii mupinototiN liy 

P 

4'il7 

In a link, dating luiok to Ill2(), W. I‘.i.ili * ii«o<1,Uuit kind of n.mliid 
(jmmfcwmg wliioli lod to tlu. nnrmtti Zmnan rffeU, nnd wliioh ««». »t 
that tfino (ori'onooiiHly) applual to lh(< hydroKon akmi. I’a.di 
liiH oxamploH tho paraniaKnotio gnuou NO aiul Oj m lio ln,d .jr..d.i« 
alumt oxtouding hfu oalmilatinn to Holiilioim or Holid l.odio.i. 

'.I'lio lattor Htop waa bukcu liy I>. S. l3|)Btoin f and VV, Uorlrn’li + 
who oxtoiidtHf^ Pauli'a oahmlation to atomio ioiiu, in parlionlnr, t« 
llumo of Mui Kn group. 


* 1‘liyH. y.nitH,, (HA (tlltiO). 
I .Sftioufui, 57, A:t2 
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As early us Kossel * liad ree()giiiHorl iJiat in Vo grou])» 
ions luvving the- sunn? mnnhirr of oku^irons, for oxaiii])lo, V(V* Mn ^ 
or Mil'' ”* and (Jr ' ' , have tlxo mim number of magnelonH (^‘ magnetic 
clisx>hiecmont law ”), and that in the above- men tioned examixles the 
removal of an olootroii causes p to diminish by, say, 5 units, which 
would indicate tliat one Bohr magneton must bo assigned to the 
individual elcotron in each case. 

Tim oalcnlation according to the rules of tbc xiormal Zeeman 
effect is not correct for most atoms, Bather, we have in general to 
apply the rules of the anomalous Zeeman clToot, According to these 
rules tlie moment M in the direction of the field is given by 

M {g r.~ Land6’a splitting factor), , . (3) 

In general the moment does not lie in tho dirootion of the field, hut 
inolined to it in such a way that tho projection of J in tlio direction of 
H, which wo shall call m in tho sequel, becomes integral or half -integral 
simultanooualy wibli J : 

m-J, J- 2, . . -J. 

Thus, corresponding to every torm-levol there are in general 2J -b 1 
jxoaitions wliieh are respectively inclined at tlio angle given by 
00s 8 ^ nvjJ, TSvery po.sition is given the weight 1 ; the total weight 
of the term is 2J -h ! ■ 

To oaloulato the susceptibility )( wo must form, analogously to (1), 

* (4) 


(4a) 


(B) 

It we assume an equal distribution over all directions in tho sense of 
eqn, (2), wo immediatoly obtain from (1) and (3) 

• • • • • 

It is very remarkable that (5a) ohangoB into (5) if wo merely replace 
»T by J(J T 1)- lends us to oonoludo that this rule, welUknoAvn 

to us in wavo-mooluinics, is in a certain sense oquivalont to our spatial 
quantising. Wo must remark at tho same time, howovov, that tho 

* Arm. d. Phya., 49, 220 (lOKJ) ; cf, in piiHloiilar p. 201. Soo also tho following 
Fig, 130, wlioro iona having tho aamo lunnbor of olootrons aro roproBontocl by tho 
samo point on tho axia of absoisam. 


COH 0 - J2Z(2.r -1- Ij 


m* J(J -I- 1) 
■3J« 


Hon CO ])y (3) 
and by (1) 


eos^ 0 

o 

+ 1) M,T 2 

^ ■ 3RT ^ 
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coinpluto wavo-me<ihariiioal caloiilation of fclio snscopfcibility iji Diran’y 
aoase (for hytlrogoii or mom generally for doublot Hpectm) yields not 
only this factor J(J -j- 1 ) but also the factor quite spontaneously, and 
witliout having recourse either to experimental results or to the veotor- 
.spin model. 

The ideally simple example of direction quantising is given l)y the 
vapours of the alkali metals. The ground-term of the alkali metals 
belongs to J — J, gr = 2 , Here there are two possible positions of 
adjustment (as the Stern -Gerlaoh experiment shows directly), namely, 
til at pai'allel and anti-parallel to the magnetic field. 

12 4, 1)2 

Hence oos« 6 = i ^ 1^ oos^ 0 J2 == J. 

coa^ 0 J V = 


Hence we obtain for the alkali metals simply 


Mu 


(6) 


The same result follows naturally from the general eqn. (6) ’with J — J, 

£7 = 2 . 

On the other hand, according to Langevin, that is, if we assume 
equi-distribution over all directions, we should expect a value of 
that is threo times smaller, if wo regard the magnetic moment M = Mn 
aa given by the Stern-Qorlach experiment. Observations by Gerlaoh ^ 
for K- vapour, which confirm (6), thus exhibit directly the preforontial 
adjustxnont of the magnetic axes. 

It is usual to calculate paramagnetic inoasurements according to 
.Langovin's theory, the Weiss unit Mw being taken as the basis. Thun 
in (1) wo Rubstitiito M ==? 7?Mw and obtain, in view of (2), 

^ ~ 3 KT * 

A comparison with ( 5 ) gives 

-h 1)|7 Mb 
or 

4^ = VJM -F 1 )( 7 . . . . . ( 7 ) 


In the complete analysis of a spectroscopic term (in paramagnetic 
moaaiiremonts we are of course always concerned with tlio ground- 
torni of the atom or ion in question) we know in this formula not only 
iJ, but also the quantum numbers L and S, which enter into g. Wo 
may therefore caloiilate the number p of magnetons by speotrosoopio 

* Como Ccngreas, 1027. 
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jneauH. \V\m HUggoJited by Uio aiibhor,* of “ H|)(Miti'os<j(3pie 

iiiagnoton luunbtjrs,’' whieh iw besot witli dillllouitieH in tlio j^o gi‘ovip, 
leads, as F. Hniul t has shoAVii, to oomploto success in the case of the 
ions of tho rare earths > which are hotter defined and better screened 
from the outside. In tlio sequel we shall go further tlian Hund % by 
rex)rcsonting the sequences of magneton mimbcrs by moans of a formula, 
or, more accurately expressed, by means of two such foriunlai, one of 
which holds in tho first tho other in the second of tho Stoner sub-groups 
(of. p, 473), into which t]\o total group of rare earths resolve. 

As we know, in the case of the rare earths wo are conoerned with 
the filling ux^ of the N-sholl (n — 4) byZ-elGctroim, that is, by oloctrons 
of azimuthal quantum inimbor Z — 3 (in tlio Ee groux) wo shoukl 
corrcspomlingly bo concorned with d-olcotrons, I = 2), Since wo 
are interested throughout only in the triply x^ositivo ions of tho rare 
earths tho electrons of tho 0-sholl that still remain after the trixde 
ionisation do not coino into question, because they form a closed 
S-shell (cf. Table 9 on p, 163). Tho total mimbor of /-electrons in 
the Gomploto shell is, by Pauli*B Principle, 2(2Z + 1) = 14, Wo use 
z to denote tlio number of /-eleotrons in eaoli ion and z* to denote the 
luunbor of missing /-eleotrons required to oonqilcte the 14-groiixb so 
that 

H- ^ 2(21 + 1) == 14. 


z and arc tlio independent variables, with whioli wo shall oonstriict 
our curve of magneton numbers, 

On p, 455 Ave determined the ground-tonus of those ions and also 
their ground-levels (J regular terms, in the first half of tho 

group ; J — inverted terms, in tho second half of the group), 
Prom the equations (2), p, 455, avo obtain for the J aa^ucIi enters into 
owr present (!quatioii (7) : 


s < 21 t- 1 . J J„„„ - L - S - |(2i - z) 
z 21 -h 1, J - J,„„, = L -1- S - |'(2J - 2' -f 2)^ 


( 8 ) 


On the o tiler liand, the factor g Avhioli enters into (7) (cf. (7) on 
p, 477) stands for 

. (S-^L)(S + L + 1) 

g ^ X + i jpqri) ^ 

By sii])stituting from equation (2) on p. 455 av^o easily obtain 


2 < 21 -1- 1, (7(J -1- 1) - 1(21 -2-1) + l] 
2 Ss 21 + 1. gS ~{2l - z' + 3) J 


( 8 «) 


* T'liys. Zoite., 84, 860 (1928) ; Zoits. (, CTiysilc, 19, 221 (1023). 
t IbitL, 83, 8()fi (1026). 

I Of, a iioto by litu aiithov givon in lUo Wioiior Akndoniiu, 80 Jan., 1930, 
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/; ailKiiis It iiniNiuHiiii IioIavimmi llirsi; rlrnititts ; fur 
iinagitituy. in |» 7 g, lJir» \vt’ ilii'ii'riiio l»rimk nil' thin laani’li of liir rurvi 
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ngitl-liaiitl rtida nf (11/^ lin'iiiui’H iMpiiil lu v'(2/ | l)(2/ 1 II) \ IJIl 

afii*r having lUrviuiiNly aitniitafl ii 


liiaxiintMu ladwrrit | 1 y aitrl Ilu 
liryniul 2' 2 / \ 1 \\t* Imvr 

ilnlltsi llip I'Xli'liwlMn nf tlir riu\i 
In iialit'aln lhal it in tin 
valid linrn, 

'I’lin n^rarinniil with the* nh 
MorvalifniH nf Sirfaii Mr\vnr anti 
('alitom ia Hutiaranhiiy IliiHugliunt , 
aa Itnnd hna laautnil nnt* nxri'pl 
ill lilt* vmv Ilf Sm and Ku, A 
wnvi'-iHvrlianii’Hl ndhiMiiiniil nf Ha 
Maairy (hy van Vlaali) liaa itlHn 
^ivan aiijihixiiiniln a|4iwihnid ha 
twaan Hiamy and axpaHmard in 
Hia aiua nf t!a*Ha alaiiiani;M. At 
auyiala Ilia HuhilivUinn nf Ha 
anrva into Iwn [lai’U, whiali aniia- 
MpnialH with Slunar’a (wn Midi- 
grnium, in vary alairaatariMlia ; 
iliari' nan ha nn* dnidil Hail 
MpanirnManiiia Uianry axplain^ tin 
aHManiinI faiitun'w in Ha^ tra^a n| 
I ha nira anrHi«* 

H might ha axpaatad Hiut tlia Hama law« (with / 2 iiiMtaad nl 
II) wniild ap]dy In tha irnn grmip. 'Fha raannii fnr Ihia imi haing m 
iH in tha Hrnt plana dna to tla-^ follnwing dilTaraiaavi : Hta mtdll|»lid 4 ^ 
nt tluv rara aartliH lira mulffli/ Mcpuralvd : 

IiAp > k^\\ 

thoHG nf tha iron group nra only diylutii : 

/iAa fifV nr ^ kfl\ 

I hill) in wliy sva warn juKtillad in fiHHuniing in tha aiiHa nf tha nvi'ti aartin 
tliat only tha luwaat mulUplatduval aaina inUi qui^tinn in uHlauIntiii^ 



Vui» l!iri, Tlin iiiMatinnui iniiiihoi'H of 
tlio tri[ily luiiiHittl hIoiiih of llin 
ram aariliM jiii VVmW iiiiilM) a« u 
ruiiaiioH of t)io aluinid nunilior. 
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tlio HUst?oj)tibility, wluuoas in the iron gron]> 8(3veral or all I e vela may 
e out I'i bate to the suBcoptibilifcy. 

C/learly tlio distinction botweeu widely separated and close levels 
is meant relatively to the tDmj3oratiiro at which observations are 
inadc. Instead of saying a groat or a small Ar wc may also say a 
small or a groat T. 

Laporto and the author,’*' adopting this point of view, liavo on- 
deavo\ired to get an understanding of the magneton mimbei's of the 
iron groux). ^'ho first feature that strikes us is that in the middle 
of the group z ^ 21 + 1 ~ or where hy Table 43 

on p, 454 a ®S-term ocours, the observed and the calculated value agree 
3 yell t (of. Fig, 136). Actually the distinction between widely sep- 
arated and close multiplots does not arise for S4erins since an S 4 erm 
is always simple. Consequently wo are inclined to blame deviations 
wliicli occur at other points of the iron group on to the multiplicity 
of the terms, 

Assuming that every term-level J is occupied by 

— ft*' 

Nj *= (2J -I- l)c ® 

ions, corresponding to the Boltzmann factor ( 2 J -h 1 = statistical 
weiglit, of. ]). 509 ; v — rj as the vibration number of the J-lovol in 
question), we olitain instead of ( 6 ) 

-S(j)NjJ(J -I- l)f/* Mf, 

^ ~ .mf’ 

and accordingly instead of ( 7 ), 



The summation lioro and in the sequel is to be performed over the 
range from J ™ | L — S 1 to J = L -\~ S. If we divide numerator 
and denominator by the Boltzmann factor of the ground-level and 
measure tlie distances Ar from it, using for oonvonienco wavo-numbors 
instead of frctjuencies (factor c) wo must now take N;r as standing 
for 

ftp Am 

Nj =: (2J +l)e , (10^r-) 

In Ihe case of very widely separaled muUiplels (10) naturally joassos 
over into (7), since all Nj’s vanish except tho Nj of the ground-level, 
wliioh cancels in tho numerator and denominator. In tho case of 

'♦‘ Zoita. f, rhyftjk, 40| 333 (1920), Of» also a ci’kioiam of this view by 
O. Lftporiio, ibid,, 47, 701 (1928). 

f Wo obtiain by cnlculadoii |'moat simply from oqu. (7) with J = 2] 

p ^ 4-07 . Vjjn 29-5. 

VOTi. J,— 33 
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ve.rif narrow mMllijMs wo may conversely set all expononiial factors 
equal to 1 and obtain 

_ / XWTTIJp +Tip .... 

4^“V* £2J + 1 ’ ’ * ^ ^ 


The two oxtronic cases (7) and (11) arc sliown in Fig- l‘hi ! shall 
presently discuss the significance of tlie line (18), (7) has the same 

character as in the rare earths and is unsymmelrical with respect to 
the middle; (11.) is syinmetrical beoaiiso the reason for the lack of 
symmetry (regular terms in the first, inverted terms in the second half) 
is disposed of by the summation over J, In conseqnoneo of this 
symmetry (11) approaches the observed values which, in the iron 


group, show no sign of the division 
2^0 1 e 3 4 5 ff 7 d 9 iO 



Fia. 136. — The magnot-on niimbors of 
the ions of tlio iron group in Weias 
units, The hgiiros along tho top 
denote the number of d elootrona for 
tho ions given along tho bottom, 
Tho degree of ionisation of tlioso is 
indicated by dots instead of, ns is 
usual, by crosses, 

hold. On this last assumption wo 
expression 


into tho two btoner sub-groups 
and lie at least approximately 
symmetrical with resiieot to tlu^ 
middle. According to our line 
of reasoning wo siiovdd expect 
that the observed points Avoidd 
lie between the two limiting 
curves (7) and (11). Tliia is so 
in the first half, bid not in Iha 
second (of, CiV''^'). 

In deriving (11) we assvimed 
that the normal coupling of 
L and S witli J hold and that 
J orientated itself in tlio mag- 
netic field in aooordance witli 
the quantum theory. In the 
case of very narrow multiplots, 
it suggests itself to assume tliat 
the coupling between L and >S is 
released, and that L and S there- 
fore may oriGiitate tliomselvos 
individually in the magnetic 
obtain instead of (11) the simplor 


4,97 — V4S(S + I) + L(L + 1). , . (11a) 


The pi’oof runs as follows. Corresponding to tho moment of momentum 
S and L we have, respectively, the magnetio moment 

2SMb and LMb. 

By projecting on the direction of H we obtain 
Mk = (2S cos On -|- L cos 


( 12 ) 
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'I'n oaleiilato the HtiHoc.jitibility we hiiv(> to form, us in (l) and (4), 
M II ('iS“ lids'* Oh [■ 4.S nos Oh L cos 0i, -|- (12«) 

Hill. W(!1 luvvo 


S ooH L cos 6jj =: mi,, 

xvlioi'o the nuignefcie (|utvntiim nunibors m.s, mj, run througli all values 

^K•.t^v(Hln S and 1 S, and - L and + L with integral differences. 
I IniKui 


M 


, iS 


1 



• (126) 


\Vi^ Juvvn nlroiuly omitted the middle term, since botli cos 0s and cos 0 l 
vuniHli, JUit pvetsiHoly as in (4) so 


^ S(i S 1) L(L + 1) 

' 3 Tj^^TT) 3 

)ic»Ii1h. Accoi’din|j(ly 

I , ]Vr 2 

IVl?i [4iS{S + 1) + L(L + 1)]-^. 


UMurt is (Hini valent to (11a), since the factor 3 cancels with the 3 in 
i-iaiiKt^>vin’H fornnda, which servos to define 

Van Vleek * has shown nvimerioally that tlio difference -between 
(1 t ) find (il«) is very small, (lonsequontly, we may use our curve (11) 
iit 13(( alH(^ to represent (11a). It is remarkable that in the case 

rif vory close nniltix)lets wave-meohanics yields (11a) directly without 
any piij'fcir-uliir assumptions about the type of coupling being necessary. 

' * Vhv> application of the Av calculated for the vapour-state to solutions 
aiut uryHtuis ap])earH inccarious. Joos f emplmaises that the colour of 
Htdiiti<ins in tlio iron group which were originally brought into con- 
nutilifni witli paramagnetic propci*ties remains imintelligiblo from the 
point t)f view of tlic vapour-state of the ions. I’d* the spark spectra 
i ll (j iK^Hlion contain no absorption lino in the visible ; the A’s in question 
im* all < 1700 A. Hence Joos concludes that the colour must have 
j lx origin in complex compounds in which loose bonds occur. 

however, has shown by an analysis of the crystallised state 
HI id of ii« cloctric Holds (in a paper which will shortly be published) 
iJ in b the HiiHco])tibility, averaged over all directions as is observed in the 
c?ixwo of a crystalline powder, is the same as a free ion so long as the 
toi up ora Cure is not extromoly low. Betheijl had already shown earlier 
til lit througli the interaction with the neighbouring atoms of the 
nryntiilH the momenta of ni omentum are more disturbed (fixed in the 


^ niivH. Unv.. as. 727 (1027) ; 30, 31 (1027) t 31, 587 (1928). 
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crystal lattice) thiin the spin mom cuts of momontiiin, wlticli is nf 
importance for tho (Uscussioii by Stoner which follows holow. This 
result is confirmed by the oharactor of tlie Zeeman clfocst of gadolinium 
sulphate (J. Becquerel). On the other hand, Saha j)oints out that 
in the salts of the so-called Umordnungsgruppen (for exainx^lo, the iron 
group) transitions may occur, in the crystal and in solutions under the 
influence of incident light, between the deepest levels of the ions in 
the form of quadr up ole -radiation ; tliese transitions are forbidden in 
the case of free ions. The wave-lengtlis of sucJi transitions correspond 
in order of magnitude to the colour of these salts. 

To the distinction between widehj sa%mraied and narroio inidtiplotH 
E. S. Stoner f adds the distinction between sligkily and greatly 
Uirbed nmlliplets. The energy -levels of tlic rare earths arc not only 
^viddy separated, but are also slightly perturbed, since their magnetically 
active electrons belonging to the N-sliell is shielded towards the oxitsidc^ 
by the completely developed and magnetically inactive 8 -group of tlui 
0-eleotrons. It is different with the iron group, whoro tlio M-shell is 
magnetically unsaturated and the two electrons of tlio N-sholI, which 
become added on the outside from Ca onwards, arc absent in tlio ions 
of the subsequent elements. Henoe hero the perturbation of tho 
magnetioally active electrons by the siuToun dings is marked. If wo 
could observe the ions of the iron group in the vapour-state we slum Id 
presumably find the magneton numbers determined above, tliat is, 
for widely separated multiplets, points of the curve (7) in Fig, VM\. 
Stoner assumes that this perturbation will essentially aiToot tho orbii;al 
moments of momentum I, and not the electronic moments of momcmtiinv 
s, aild that they will express themselves in a diminution of the rcsultn.nt 
quantum number L. Hence he makes L =: 0 for extremely strong 
interaction with the neighbourhood in equation (lltii) whioli, as re- 
marked, is essentially identical with (11). Hence wlioroas (11a) in 
retained for slighily separated and sligUly perkirbed nudtipkds the 
following is to hold instead of (11a) for slighily separated and gvo.atly 
perkirbed multiplets : 

■ = visis +1): . . . (13) 


In the first and the second half of tho period S = z/2 and z'l2, avo 
may also Aviito, respectively, ’ 


JL.-\ V'xfz + 2) 2 1 

~ + 2 ) 

The ncAv boundary curve which results in this way is like tho oni'Mni,’ 
equation (11) syinmotrieal ivith respect to the middle, Tho rogitin 


t Phil. Mag., 8, 260 (1820). Of. olao Brunotti, Rond. Ao. Lino., 9, 75-1 (1II2I)), 
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be Ween it and the boundary curve ( 11 ) has hocii shaded in TTig. 136. 
The observed magneton numbers are to lie in this region, according to 
the ainoiiiit of interaction, and they will lie nearer to (13) than to ( 11 ) 
because in general wc oxxiect great x^erturbation in the iron groux). 
Kg, 130 shows that tills is actually the case. It is clear tliat for the 
middle and for both ends of the groux^ the equations (lla) and (13) 
must coincide because an Sdorm is always pi*cscnt hero, so that then 
L — 0 in any ease. 

The curve (13) is apx)roximatcly straight hcoausc the 2 may be 
neglected in (13^) for the greater values of z and z\ This accounts for 
the integral relation, x>rovionsly observed by tlio author, between the 
magneton numbers of the ions of dilToront degrees.* The contont of 
equ. (13) may also bo oxxu'essod thus ; in tlio case of strong inter- 
action’ with the neighbourhood the magneton numbers bohavo as if 
the state wore always given by an S-torm. 

Papers by D. M. Bose t arrive at the same result as Stoner, and arc 
made }diysically intelligible by Stoner’s hyxiothcsis of a strong inter- 
aotion at temperatures that arc not too higVi. Bose succeeds in ropro- 
sonting the facts o£ observation tolerably well by moans of the forinidro 
(13), (13a). 

One might be led to oxx^oot the same conditions as in the iron grouxi, 
also in the palladium and the platinum group. This is, however, not 
so. The magneton numbers of the latter groups are, so far as they 
are known at xirosont, eonsiclorably smaller than in the iron grouj), as 
tlioy lie botwoon one and two Bohr magnetons, Tlio reason is imh- 
ably as follows : in the voiiiioal columns of the periodic system the 
ionic volume incroasos towards the bottom, and lienee the lonogeiiic 
ohavaoter decreases (cf. the last paragraiih of p. 140). The olootrostatio 
ftclds are tlie stronger the smaller the ionic size : the fluorine ion 
beliavos more strongly negative than the olilorine ion, and so forth, 
tlio lithium ion more strongly positive than the sodium ion. Acoorcb 
ingly, in the solutions of salts of the Pci and Pt group we expect the 
ionic cliaraotor to bo less marked than in those of the Fc group. But 
thou wo may also not expect the ])aramagiietio regularities in the 
magneton numbers of the former, since our tliqory of magneton 
numbers rests entirely on the existonco of xn'onovincod ions. 

lllthorbo we have spoken only of the paramagnetism of atoms or 
of their ions. 'Phe olassical oxamxdo for the theory of paramagnetism 
and foi: (kirio’s law is given by the molecular gas 62 and (as it at first 
ap])oared) also NO. As wo shall not describe the ibeory of molecular 
spectra till the next chapter, and do not wish to anticipate it, wo must 


* VhyH. ZoI(;h., lac. cit. ; Ann. d. riiys., 70, {10211). /tf.fil., Or *■ h- 3, Or 
hm 1, aiid Or « Bohr magiiotoaH j in fcho same Avay, S. Pj-ilod, .rouni, Arnor. Chom, 
Soc., 49, 2450 (1927), OndB 1 Bolir niagnotoii in 2 in h and appro- 

priatoXy S in V » -K 

t t- I'hysik, 48, 804 (1027) : Como CongroSH, 1027, 
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he satisfied here with only a few brief remarks, TJio ground -statn (d 
tlie Og-inolecule is a triplet S-term (called ^2). -• If wo apply to it vqn, 
(llu) with S — 1, L =:= 0, we obtain 

which agrees with the experimental results. Wo shall ixot explain 
here why the atomic formula ( 11 a) may be applied to this case . ( hnvi<^’M 

law holds rigorously for Og (except at oxtreniely low tcinpcraturoH) 
without tlie otherwise necessary corrections (see below). 

In NO tlie ground-state is a doublet P-term (^77), whoso two levids 
are relatively widely separated (Ar = 121 At very low tcun- 

peratiires, < AcAv, only the lowest doublet-level coinos 
question on account of the Boltzmann factor; at high tompof^atuvoH, 
AT > AcAr, both levels according to their weiglrts. Tiro atonu(? 
formula may not be used in this cose to calculate the paraniagnotiHin, 
According to van Vleck, we obtain the magneton iiunibor p 0 for* 
tlio lower doublet-level and for the combined action of l)oth 

4‘D7 

Thus NO does not obey Curio’s law in its original form ; its inagiuvtoii 
number p increases, rather, from zero at T = 0 to 10 at T 00 . 
In the intermediate region a transition formula applies, ’wliiclr wuh 
derived by van Vleck and which is analogous to our equation (10) ; tO 
lias been confirmed by measurements made by Bitter * as vtJI as by 
Aharoni and Scherror.t 

This is not the place to discuss the experimental data on wldoh 
Pigs, 135 and 136 are based. We remark only that they are not 
derived directly from the measurements, but are deduced indiroetly 
from them after certain correotioiis liave been applied. Such (jorixu!- 
tions are : extrapolation to the ooncontration zero in the caso of 
solutions, taking into account the diamagnetism of tlio anion and tiu! 
kation, and, above all, replacing Curie's law yT — G by Woihs'h hnv 
X(T — 0 ) = 0 , where 0 denotes an empirical auxiliary quantity whioli 
cannot be predicted by tlieory. It is found in many cases graphic ally 
that the T)-diagram gives a straight line which does not j)aHH 
through the origin as in Curio's law, but outs the T-axis in iv 
point T = 0, which may lie either on the positive side of the T-axin 
(as in the Curio point of ferro-magnetio substances) or on the negativu^ 
side. 

Obviously, by introducing this 0 we take into account to a firj<t 
approximation the influence of the ueiglihourhood (solvent and aniunn, 
or crystal structure) on the paiwnagnetism of the kations, It is in 

* Nut. Ao. Proo., 16, 038.(1929), 


t f. Phyflik, 68, 749 (1921)), 
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»v)»i'(Hiinont. with tliia view that in paramagnetic gases where this in- 
Ihicneo is alwent 0 also becomes equal to zero, either because as in O 2 
(hii'io’H law holds directly or as in NO a derived form of Curie’s law, 
arising from the double character of the ground-level, holds, which 
does not, however, contain an empirical parameter 

It has not yet l)ecn found possible to derive Weiss’s law theoretically 
from statistical tionsidorations. It is also necessary to build up on a 
HtatistUuil to\nidation the pi’oof (not given by us) for Stoner’s assump- 
tion in bho iron group which was to take into account the influence of 
th(' luuglihourhood. Van Vlook has sketched hoAV this is to be done 
(jn a u'ave-mechanical basis (of. liis book on electric and magnetic 
mtH<so])tibiliby Avhich is about to appear). 


(f!) The Mttgneto-meohanical or Gyro-magnetic Experiments 

Wo now (leal with two nuitually independent methods which may 
1 10 In ielly descrihed an 7 m(fn(’.(isationl}i/ rotation and rotation by magnatisa- 
tion- ; tlio fornuu’ is associated with the name of S. J. Barnett, tlio latter 
ohit'lly with lilinsUun and do Hans. Two in'cdeoossors of Barnett who 
hiicl no HUCCCHH in finding the effect were Maxwell * (1861) and Perry f 
(ISfiO). Barnett’s J first successful experiments date from 1914. The 
peri men ts l>y Einstein and do Haas were published in 1915.|1 0. W. 
HiK'.luirdson looked for the effect without success in 1908. 

1. Magnetisation by Rotation.— A rod of ferro-magnetic material 
(iro, ( in, Ni or alloys), which is initially at rest, is made to rotate with 
aiignUu’ velocity u>. The resulting magnetisation is observed (or the 
tlilToroneo in tlio inagnotisations when the rotation is reversed). The 
Htuno rod is tlion placed at rest in a magnetic field H, which leads to 
the same magnetisation as was previously produced hy the rotation 
(or, if the field is I’ovorsod, the same difference of the magnetisations 
whon the rotation is rovorsod) ; for this purpose the rod has a conducting 
wiTO wound round over its whole length. The magnetic field H and 
tin? angular velocity co arc equivalent to one another, by L^mor s 
tiuMirem (p. :i’ir>). 'I’lio atomic oloctrons (or the free electrom) of tlie 
rod onnuot distingiiisli whobhor they are situated in the field H or in a 
KVstoni of reference rotating with angular velocity w. 1^ equation (^) 
c)‘n p. m wo oxpoot the following relationship between H and o) : 

H = soj, s = 2mje, . . ■ • (1^) 

v-lioro aim ilenotos the specific electron charge in the usual electro- 
Jagnetio units (c/m - T 70 . 10 ’). It is this ratio which interests us 

* I'jlonti’idty and Magiindsm, § 67C. 

t (If. his hoolc, tipinninu Tops, p. . 

I Pliys. Eov., 0, 280 (1016). given in a ® 

II Vodmiidt. cl. Doutooh. Phvfl. Qe-s., 17, 162 

11 1’liys, Rov., 26, 248 (1908). 
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liere and in the sequel. According to (14) it is known wlion H and w 
have been measured. The magnetic properties of the material (per- 
meability or magnetisation) fortunately do not enter into the measure- 
ment. TJie material must be ferro -magnetic only in order that an 
appreciable magnetisation may be produced at all by rotation, and may 
be reproduced by applying the field H. The nfieasurGinent of H. inak(i.s 
the greatest possible demands on accuracy ; this is evident from the 
fact that a frequency of revolution of lOO/sec. corresponds by (14) to 
a field H whicli is less than xttW earth’s field. BarnoLt tliorc^- 

fore succeeded only after many years of arduous resoaroli in attaining 
a satisfactory acourary (of several per cent.). H!o obtained, ixs a result, 
in the mean 

(Ifi) 

without a diflference in the materials used showing itself, In com- 
parison with equation (14) this result denotes the following : it is 
not the revolving electrons wliioh produce the magnetisation of the rod, 
but the spin monients of momemtum of the elcotrons. Actually, by 
equation (2) on p. 331, the value of s out of (14) is equal to the ratio : 
mechanical moment to magnetic moment of the revolving olootron, 
whereas the value of 5 that occurs in equation (Ifi) and that is 
only haU as great points according to equation (3) on p, 332 to tlic 
corresponding ratio for the electron spin. This state of alTairs is in 
harmony with the view of ferro -magnetism which is likewise built 
UX3 on the spin moment of momentum of more or less free olcotroiis, 
The deviation from the one on the nglit-hand side of (16), which is 
real according to Barnett, however, remains unexplained. 

A feature of particular interest in these experiments is their analogy 
with tlie earth* 8 magnetism. It is difficult to avoid assuming tlmt 
the magnetic moment of the earth and its rotation abotit almost tlic 
same axis are causally related. Barnett’s experiments show how such 
a relationship is possible, but the order of magnitudo is quite clifToront, 
According to (14) and taking o) — 47r/day we obtain for tho earth’s 
field a value that is more than 10^^ times too small. 

2. Rotation by Magnetisation. — ^Tho original object of Einstoiii’s 
arrangement was to demonstrate tho meohanioal moments of momen- 
tum of the Ampfere molecular currents, that is, to demonstrate the 
revolving motions of the electrons whicli wore sii^ijmsod to occur 
ivdthout constraint in Bohr’s model of tho atom. A magnetically 
saturated ferro -magnetic needle suspended by a vertical torsion thread 
is periodically demagnetised, the period is chosen so that it is in res- 
onance mth the torsion system. The moment of momentum of the 
recoil is measured by the magnitude of the torsional vibration. Tho 
experiments which were carried out in collaboration with W. J. do Haas 
first appeared to confirm the classical value 2mje for tho ratio 
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repetition of the experiments by de Haas,* Stewart, t 
BiH'-k,:]: Ai’vidHoiijlj Sxicksmith and Bates led with an increasing degree 
of ac^<Hiraoy ** to half this value, that is, here too to the action of the 
>n-Hpin. 

'rho factor J that occurs here is of course nothing else than the 
ror!i])ro(5al of the j^-facstor 2 for S-terms (L = 0, the revolutions of the 
tdtMJtnniH (In not contribute). Actually wo have for the two total 
mom nu ts of the noecllo 

^ N ooa = N cos flj . . (16) 


whom N (leuot(>s tho munhor of atoms iii the needle, d the angle between 


Hold and tlio magnetic axis of tlio atom, fi the magnetic moment 

i)f tho atom exnrcHsed in units of Mb = - ^ and J the mechanical 
^ ni 4:rr 


innmoiut of monunvtum of tho atom in units of A/27r ; the horizontal 
Invr ovcu’ cos 0 dmvotos tliat the moan is to bo taken over all the N 

itlomH. But in view of tho result of the observations '7 it 


Hum follows fnmi (16) that 


/i==2.T. '~ = g = 2. 


(17) 


'I'lio riuili Unit itv tljo gyro-magnetic experimoiits wo are actually 
(liMvling with tlio raagnotic anomaly, that is, ^vitli the (/-value 2, is 
lirnily entahlished by tho result of more recent experiments by 
KuolcHinitli tt on Dyio^ If wo wish to do without ferro-magnetic 
niatorinl and Hcok to perform tho gyro-magnetic experiment with 
imra-inugnetio material, wo shall in tho first place have to make use 
«>£ the oxtronioly jmra-magnotic substances dysprosium or holmium, 
wlioHO inagneton miinbors lie near 50 Weiss units (of. Fig. ISo). e 
have tor l)y'" in tho notation of equations (8) and (8a) on p. oil, 

a' 5, J == 9 - ^ 


»y jneronHing tho mmsitivity a.s far as possible has sncceeded 

ill obHorving the recoil oJleot in demagnetising a rod of DyaUa- 
l.hl« to ltol« tlu, vrt,. ol J to to, not 2 o. m tto o™ 

nf roiTl I - 11114,110110 KliIiBtoiloOH, but l-28'± 0-07, wllicli la lU agieem 


♦ j»r{)i<, AinHtord. Acad,, 18» ^281 (lOlft). 

t A,.;;- ““CvmfitoTioio).’ ' ifbjiu" 

attiniwuy, llarnott arrives m a f > j, nomely, ncoording to his 

oximtly as hi Iiis rotation oxporimonts, at a laoioi > i. i'. 

'"tt m t5« M. i™ I'”*"- 
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^vitli the theoretical value Tliis shows that i7i f/eneral nol 07il'?/ 
Ihe spin mommt of ^noinminm Ind also the orbital momoMt of momentum 
of the eleclro7is contributes to the gyro-magnetic effect. 


§ 9. Intensity of Spectral Lines 

Whereas the older spectroscopic data concerning the mtpmsily 
spectral lines had at beat a qualitative aignificanco, the AN^orkcu’s 
in the Physical Institute of the UnWorsity of XJtreclit (under the di- 
rection of L, B. Ornstein) have Avorked out a method Avliich makes it 
possible to determine the relative intensities of the line -con figuration 
of a complex structure quantitatively.* 

The only trustworthy result of the older moaaiirojnonts of intensity 
concerns the B-liiies of sodium. The ratio of tlio intenHith^s of 
to Di is equal to 2:1, as had been established by many dilTerent 
observers. This result Avaa extended to the doublets (SP) and (I^S) 
of the other alkaline metals (of. I), This in itself loads vis to oomdudi^ 
that this ratio does not depend on the principal quantum number ?i, 
Avliich changes step by »stop in the series of alkali metals. An ex- 
ception occurs in the case of the doublet of tlio blue cioHium liiu^ 
A ~ 4655 and 4693, second term of the jn’incipal sorios, namely 18 — 3P 
in the conventional notation ; the intensity ratio is greater liero, namely 

: 1 .f The reason has been found Ava\^e -mechanically by K. Formi ; :j: 
it has its origin in a perturbation duo to the Avidoly separated ground- 
doublet IS — 2P. The same holds to a lesser degree for the second 
term of tlie principal spries of rubidium. 

The next result concerns the triplets (^P^S) of the alkaline eartlis 
and the elements Zn, Cd, To about the same degree of acouraey 
the ratios 6:3:1 Avere obtained for the throe trip lot- components 
3p,aS, 

We may Awite doAvn the results so far quoted in such a form that 
they may be generalised for the combinations (PS) or (8P) of tlio 
higher term systems : 


* Dorgolo, Zoits. f. Physik, 270 (192<4) \ Vku'goi’ and Dorgolo, ibid,, 28, 
258 (1924) ; which aro quoted in tlio text below aa I. and II, Cf. also the com. 
prohensive dissertation hy^ Dorgolo, Utrooht, 1024, and hia report in PhysikaL 
Zoits., 26, 766 (1926), Dirootiona about tho oxporimontal arrangomont aiul the 
working out of tlio monBuremonta aro given in Dorgolo, Zoits. f. Phyaik, 13, 20(1 
(1923), and in the booklet by L. S. Ornatoin, Photognvphuchc Photometrh (Yioweg 
<& Sohn, Braunschweig). 

(‘‘Absorption Moasuronionts at High Pmasuros,” Ann, d. 
Physik, 43, 90 (19H)), and lioschdostwonsky (“ DisporsionMothod,” Optical Inati- 
tnto in Potoraburg, Nr. 13, Berlin, 1921) ; H. Koliii and H, Jakob, Pliyaikab Zoits., 
f Jakob. Ann, d. Phya., 86, 449 (1928) (“Nnijssioii In Plainoa,*') ; 

W . Schiitz (“ Absorption Mouauromonts at Low Pressures and Mugnoto-rotation 
Zeits, f. Physik, 64, 682 (1930) j li. Minkowski and W. Miihlonbmoh (“ Magneto- 
rotation ”), ibid.t 63, 108 (1930), 
t Zoits, f. Physik, 69, 080 (1030), 
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Doublet system 
’l’i‘i]>lct ,, 

Quni’tot „ . 

Quintet „ 

Sextet „ 

Septet ,, 

Octet „ 

'I'lUH i^imei'ulisivtion was toted I 
ef. V : 

Sexte-t sysUnn . . 
()(!tot ,, 


4 : 2 •. 0 
6:3:1 
0:4:2 
7:6:3 
8:6:4 
0:7 :6 
10 : 8 : 6 

yr Loi’gclo for tlic Mn-triplcts (HP), 

. A = 6021, 6010, 0013 
. A = 4823, 4783, 4764 


AVe Imve- nlready conaidoi’cd tlio second of these triplets in Figs. 
127 a, h, c, on p. <( 82 ; the first is the ground-triplet of theMn-apectriiin. 
W(' exhibit these roaulta ns well aa those for the Gr-tripletin the quintet 
Hystoin A • 6208, 5200, 6204 {cf. II) in the following table : 




MrnBiircd 

nxiHiclcil 

( *i\ SyHloni 

Mil, KyHlmii . . | 

Mh, OciliAl Hyrttom . . | 

100 ! 72 : 40 

100 ! 77 1 ns 

100 : 77 : r,6 

100 ! 81 ! 01 

100 : 70 ! 02 

lot): 71-4 : 42-0 

100 : 75:00 

100 : 80 ; 00 


'Pht' oonlirnnitioii ia the more convincing because in the triplet 
Hyntein the corresponding ratios deviate far from these valnes, for 
oxproHHtuI in a similar way they amount to 100 : 00 : 20. 

a'ho tliwm'tioal basis of the, arithmetic rule which 1ms here been ; 
(liMcovcrcd cmpii’ioally is as folloAvs. We saw that the mnnber o 
uingnctic l•CHolnbionH of a term is given without exception by the 
inindior 

2.T -I- 1. 


I b tells us in how many ways the originally degenerate state in questioir 
may he resolved magnetically. By regarding each oi these I'^soIutmnB 
aa equally probable, as has already been done on p. 609 m avciaging 
over cos* d, wo oall 2J + 1 the weight of the state {statistooal Aveighb, 
rt imori nrtfbabilHy). Wo noAV see that the relative intensity of the 
{&P)<ovMnalioris mmmires directly IM statistical weight of the P -terms. 
Ij'or example, foi' tlvo three triplet P-fvenns wo have successively 

.1 2. I, 0 ; 2J L 1 ==6, 3, 1. 


For tlio two douLlct I’-tcrms wo liad 

J :^= •}, i j 2.1+ 1 == 4, 2. 
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We consider as the next generalisation the case of (DT)-coinbina" 
tions, in which the F-term is no longer separated. In tlvo triplet 
system the three D-terms have the inner quantum ninnhors J -- 3, 2, 1, 
that is, the weights 7, 6, 3. We hero expect tlio intensity ratios that 
are given by the last three numbers. Torgelo actually obtains tlie 
following values (I) for Ga and Sr : 


Tablu 


MoaHuveil 


Ca, Triplet System . 

A = 4506, 4581, 4678 

Sr, Triplet System . . 

A = 4892, 4800, 4866 

100 : 70 : 44'6 

100 : 74 i 44'6 

100 : 70 : 44 

100 ! 71 ! 44 

} 100 : 71-4 ! 42'0 

j. 100 : 714 : 42'0 


From this we conclude that our weight rtile holds for any arbilrarj/ 
terms so long as they do 7iot combine with a simple or simple 

term. 

But what happens when two multiplo terms como into com petition 
Avith one another, so to speak ? A compromise must then bo olTo(itiHl 
between the weights of the one and of the other term, Tlie siinph^st 
case is that of the composite doublet (PD), two prinoipal linos (PfjDj) 
and (P^D^), and one satellite (P^D^), For tliis there is available om? 
measurement (II) in the Cs group 2P — 6D, A — 6217, 6213, 0010 : 

MeasuromentB Expected Valuoa 

aD 





3 2 



100 12 

112 /2 

0 1 

10 



ip} 



[2 

00 

60 U 

5 

5 


100 72 


0 0 1 



The measurements (left-hand scheme) are in the middle ; to tim left 
of and above tliem are the weights of the P- and the D-terms corre- 
sponding to the J-values ^ and f . The numbers to the right and 
below denote the sums of the ineasured intensities in the horizontal 
and in the vertical direction. They ax'e approximately in the ratio of 
tlie weights of the P- and the D-terms, 

This iiidioation combined with what wo have already said abo\it 
not separated or not appreciably separated terms leads to tlio follo^ving 
suimnation rule (11). 

In m^tUiple terms we sup2)ose either the sub^-dhisims of the initial 
or of the final term to draw together ; the sums of the intensities that then 
result are in the ratio of the weights of the terms that have not conhveied. 
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H'ho InteiiHHM's (riglit^liand scheme) then come out 

uee<u'tling to this rule as Jollows : 

( hincHilling the coinm<ni dononiinator 2 out of the weiglits, merely 
1.0 Hiinplify tile calmilation, we write on the left-hand side of and above 
om* Holienm the numbers 2, I and 3, 2, respectively. We have then to 
distributee the total weight (2 -f- I) (3 + 2). Of these the two vertical 
(udiiini^s claim the parts 3(2 1) and 2(2 + 1), respectively, and the 

two hovi/iOntal rows 2(3 -h 2) and 1(3 + 2), respectively. We write 
(lowJi these numbers IjoIow and in the riglitdiand side of our scheme. 
In this way wo have already determined the two intensities 9 and 5 
of thev “ principal lines/' as they occur individually in a vertical or a 
horizontal row. Tire satollito ” then comes out from the prescribed 
HuniH in two ways as 1, U'ho theorotical ratio 1 : 6 is in this case, for 
oxample, exactly equal to the measured 12 : 60. 

calculation may then be immediately applied to the combina- 
tioiiH (1)10, • * < and in general to the combinations of two doublet- 

tormH leaving the azimuthal quantum numbers L and L + L The 
in nor quanta of the former are, as we know, J = L + ^ and L — 
unci tlie weights, thoroforo> 2L + 2 and 2L ; the ratio of the weights 
is thus 'L h 1 ► L* weights of the doublet term whose azimuthal 
(quanta is L -L 1 cuirrespondingly boar the ratio L + 2 : L + 1 to one 
another. Wo write down those numbers on the left-hand side of and 
above our scheme, and form from them the sums for the vei'tioal and 
horizontal rows, below and on the riglit-hand side, The principal lines 



h -1-2 h -t- 1 


"h'-h l' 

2L> -)• Oh 1-2 1 

(L -t- 1K2L -t- 3) 

1. 


L(2h + 3) 


Th •|•'2){2h -f- 1) (h + 1)(2L + 1) 



aro again detorniinod diroctly, and again the relative intensity of the 
Hatollite comes out unambiguously as 1. As we see, the intensity 0 le 
Hutollite relative to that of the two principal lines becomes the smaller, 

Mm larger the value of Tj (II). , 1 4 . 

JhiL it is only in tho case of the ordinary doublet combinations that 

tho HUinination rules clotormine the intensities completely. Even m 
tU,„l,lob combinationn of tho ol^araoter (PP'), (DD') . . • one mteaiaity 
voniaiiiB undotoi-miuoa. since tho four summation 
available in this ease are not independent of caoh othei. We exhibit 
this in the following sohemo, which is set up m tho mannei of 
jH’ovious HchemcH and satisfies tlio summation rules exactly : 

:i?' 




2 

1 


6 — 

tlr 

6 

u 

2-u 

3 

1 0 » 
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AVe have donotnd tho iiitonsity which romaitiH uiKhdcriniiK'd iu’Vc*, hy n. 
In the [.ripiet and the luiiltiplet syMlcins tlu^ oK indnlinUciitvsht 

inoroasey a,t eaeli stage. 

The ratio Kc^ : Ka' has hooii measured hy Siegbahn itjul Kiwok 
for Fo, Ou, Zn with great accnraoyj’*' and Juvs b(^CMi found to he e(|mil 
to 2 1 1. On the other liand, the ratio La : La' ajipearH niuditrly, aiul 
according to older jneasiironiontH hy and lhvlvlei’Hon> In 

nuioli groatov, about 10 : L As wo lcno^v^ however, tin' Ka, Ka' 
oorrespoiul to the optical douhlot-liiK's ainl SlV ThuM th^ rulio 
K(j. io Kcf/ mirror,s tlie. ratio 3:1 of the. D-lheft, Bui the lint's La, 
La', are analogous to the coniposite (h)ul)lot (l^U) in the tjptitfal 
region. 

According to the table on p. 624, they slunild Hiu)W tlie fuDowiiig 
ratios : 

La : La^ ; Lj3 I) ; 1 : 5, 

wiiioh already explains what was fo\nid qualitatively uhout the 
intensity-ratio Lot : Xjah Quantitative oxporiineiitH Involving iho 
Geiger-point'Conntor have boon carried out hy A. trdnssnn.f In tlio 
case of both W and Pt they gave 


La : La' -- i) : 1*0. 


The problem of Xa‘ay intenaitios is, however, still in a Honiowhut 
controversial state, and will not ho pursued fiirthei’ lieiH',:|: 

To complete tlm calculation of the intonsitioH w(^ Uiunt uh(' the v('ct[>r 
model and the covrespondonoc principlo aa well as tho Hiunmntiun rulc'S, 
We base onr remarks on Note 7 (c) , ^Thoro we find JJ that the i ultuisitic's 
which correspond, according to tho ooiTespoiulenco )n’inoij)lo, to tlu> 
three transitions 

L;SL^l! j;iJ 

avo in tho folloAving ratios : 

(cos 0 + 1 )* ; 2 Hin® tf: (ooa 0 ~ 1)» . , ( | ) 


* Ann. cl. Phys.. 71, 187 (1033), 

t Sloita. f. PhyBtk, 36 , -Iga ( 1020 ) ; 41 , 221 , 801 ( 1027 ) , 40 , 381 ( 1028 ). (I’ln. 
mimbers given m Che text roproaoiH oiiorgios and not luimhtw of JigJil; cinnnfrt 
(p(iotonB), which iattor avo given by the point. ooimtor directly ; klw rocinof iiro 
don vocl from tlio latter by inuUiplioatien by the froqiionoy r of tho lino. Thu 
oorrootioii for the same r ' given at theoiulof this sootion iiwkofl no (lUTomnwo ill 


^ ij i.1 I uj. u*ii5 nuwnuii jMUKon no (iinuninuo i 

tho ca^G of tho oloBoly noighbourjng JJnoj^ .La, .W', mid .Ka, Kx\ 

B ’liyosfl) , AHison, m,L. 80 . 2 - 


(1027) ! 8Mafl28)j V.Jflo)S. fik;86:i’273^mV): 

U mi {?22V ^^ ^’nginal papor by ,^ommoi 4 Glcl ami ZoHst f. 


m 


PliysUc, 
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Hero 0 doiujtos, in tho ease of nornuvl co\i})ling avIucIi av(^ aHHuint^ 
tlii'oughout for the present, the angle lJeb^^^een J iiiid L in the triangle 


J. L, S 

. Tima 






,) J 

COS 0 ^ - 

- 1 - L-'* - 


] 



„ 0 (, 

2JL 

r -1- D* - 

_Sa 

0 __sa_ (.r 

' . (2} 


con 2 - 

4.IL 

} 

” 2'" ‘IJL J 



Prom (I) we obtain in a somewhat more convenient method of notation ; 

Ij, : ™ ^ : 2 ain^ ^ cos^ | : am‘‘ ~ . , (B) 

Here the incUoGS ^ denote “parallel,*’ “ anti -parallel ” and 

“ iiidilforent transition *’ between the two quantum numbers L and J 
relative to one another, the parallel transition being represented in tlio 
preceding scheme by the first row, the anti-parallel by the last, and 
the iiulifierout by the middle row, for both directions of the arrowH in 
the scheme, If wo substitute (2) in (3), wo oVitain 

T . T • T — ?Ll? ‘ , Q ’ Q /jx 

4JL ’4JL‘ 4JL’ * ' ' 

Here wo have cancelled a factor 4JL in the denominator throughout, 
which is of course allowable in a proportion, and which, will be found 
to be of importance for the sequel. In tiro inimorator the cx])ressions 
P and Q would denote by ( 2 ) 

P (J -h L)^ ^ S^ _ (J _ ;L)a, 

But we shall immediately roplaoo it by its analogous wave -mechanical 
expression (o( 6 i -p 1 ) in place of a^) : 

P( J) (J L)(J H- L 1) ^ «(S d~ 1 )\ /.X 

Q(J)=S(S + :i)-*-(J-^L)(J--L + l)[ ’ V 

Wo make a similar ohange in our xiroportion (4), by writing 


I.(J) 


P(J)P(J ^ 1 ) . Q (J)Q(J - 

4JL * « 4JL 



1 \ P(J)Q(.T) 
J + l) 4L 



(«) 


The last of these expressions results from our dividing the factor 2/J 
in the niitlclle term of the proportion (4) into 



I 

J +1 


■which agrees with 2/J for large values of J. 

Wo assort that these form nice ( 6 ) and ( 0 ) satisfy the summation 
rules, when taken for liio horizontal rows and equally well for tho 
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vertical cohiiiins so long as wo agree that J is (sieJi time to d(mote ihe^ 
grcalar of tlie two miinhera, between which tlut transition octnirs in the 
miiltiplet- component in question. 


Sohomo I, MiilMphit L - > Tj ■ " ■ I 


0 


0 i 0 


L+S-l 

I. 


Ip 





L4-S-2 


Ip 

i( 





L--S-3 



Ip 













L-S+l 





Ip 

h 

Ip 

L-S 






Ip'” 

h 

L-S-l 







Ip 

J 

L+S 

i 

L+S~l 

L+S-2 


L-S + 2 

L--S- 1-1 

L-S 


To prove this we write down the general scheme of a inviltiplot of 
the structural typo iiiider discussion. Tor example^ wo olio oho the 
transition L ^ L — 1 and assume L > S. In the initial state we tlion 
have L+S S J ^ L-^S and in the final state L-1 -hS L- :i • - H. 

Tliese J- values have been written down below and on the loftdiand bitlo 
of the scheme. Within the scheme the character of every possiblo 
transition is indicated by the symbols and I^. 15very row aiul 
every column contains each of these symbols onoo oxco])t the {,\vo 
initial columns and the two final rows, where the I*s that are missing 
are replaced by zeros. The I^^’s lie in the principal diagonals of the 
scheme, the I/s and I^*s then lie successively parallel to tlvoin, 

We now form the intensity sums for any of tlio middle hori?.ont»l 
and vertical ro™, namely 


Ij,(J + 1) + I^(J) 

I^(J) + 1|(J) + I,(J + 1)J 


( 7 ) 


Tot if in the first of these equations J denotes the inner quauOiiin 
number of the horizontal row in question, the transition 1^, takes place 
between J + 1 and J . In consequence of what we agreed about equa- 
tions (6) and (6) we must therefore form I^ with the argument J + 3 ; 
m the same wy, m the second equation (7), whore J denotes the inner 
quantum number of the vertical column under consideration and whom 
the transition takes place between J and J + 1, we must forjn 
with the argument J + 1, and this must bo done in both tlio 
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iiiiuieralior and the dcnaminator of tlio expressions (li). Dividing up 
tire middle term of this proportion airpropriatcly wo first obtain in place 
of (7) 


PfJ} 


P(J + 1) + Q(J) 


4(J 


- 1 ) 


f l.)L 
f Q(J) 


4JL 


-I- Q(J) 
-f Q(J)' 


P{J) + Q(J - 1)^ 
4JL 

P(J) H- Q(J + 1) 
4{J -h .l)L 


(7«) 


In these fractious the denominators J and J -|- 1 cancel out. For 
by (5), as we may easily show by calculation, 

P(J) d- Q{J - 1) 1?(J + 1) + Q(J) 2L + I 

4JL ~ 4(J + 1)L ” 2L ’ 

P(J ~ 1) + Q(J) P(J) -I- ejid d- 1) 2L -1 
4JL ~ 4(J d- 1)L 2L • 

Instead of (la) wo may therefore write 

^?^(P(J) + Q(J)} 

Ifnvther, by (5), 

P(J) + Q(J) =. 2L(2J + 1). 

Conaoquontly (76) beooniea 

(2L H- 1)(2J + 1) and (2L 1)(2J + 1) « ♦ (7c) 



reapcotivoly, Both sums arc thevofore proportional to tha qitanhtm 
v)aighl 2J + 1 of the horizonial rotv and vertical column. The factoi’a 
2L -h 1 2L — I in (76) are also in accord with the summation 
rules, For tho sum of tlio quantum Avoiglits for all vertical columns 
or, respectively, that for all hoir/ontal rows, is by our soliome of 
p,r)28, 

(2S 1)(2L + 1) and (2S + 1)(2L ^ 1), 


Tho factors 2L + 1 and 2L 1 in (76) arc thus proportional to these 
weight-sums ; this corresponds exactly Avith our way of handling tho 
summation rules, for example, in tho doublet system, p, 525, 

Our proof is, liowover, inoomjdete, inasmuch os wo have not spooi- 
ally talcen into account tho initial columns and tho final roAVs. Wo 
easily show that this was not necessary, beoause the I*s in question 
vanish of themselves, as indicated in our schomo. Actually, for tho 
left-hand upper corner, 

J - L -h S, Q(J) - 0, 

J:=I, q^S + 1, Q(J-l)-0, 


von, I. — 34 
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aucl hence, on account of (6), in the first case 1/ i,t =■■ (•, and in (Jio 
seoojicl = 0. A coxTesponding result holds for tlio nghti-haiul Jowr 
coruoiT 

In the above wo have assumed that L > S. formulto 

also apiily unclianged for L < S, in which case tlio full numho! o 
levels 2)S + 1 has not yet been attained and only a section of our 
scheme has a real significance. The reason for this in again the oo- 
eurrence of zeros in certain fields adjoining this section. 

Secondly, we consider that type of raultiplet to which, for exaniplG, 
the PP’-combinations belong and which we oharaotenso in gonoial 

by 


L-^L 


. . . 




As indicated, the symbol Ij, (parallel transition between J and L) 
is assigned to the transition in which J remains unaltered, wJieroxxrt 
both transitions J — > J d: i may be called anti-parallel. An xirguinmit 
along the lines of the Correspondeiioo Prinoiplo leadB xis to oxpool 
in place of (3) 

Ij, : === 2 cos ^9 : sin ^6. 


In view of (2) this denotes 


^ ^ (J2 + L2 ^ S2)2 ((J L)2 _ g2)(Sii (J ^ L)^) 

' 4J2L8 ' 

The factors in the numerator of the second term are to bo roplacofl, 
according to wave-mechames, by P(J) . Q(J), ocLuation (/)). Por tho 
numerator of the first term we substitute 


E(J) = J(J + 1) + L(L + 1} S(S + 1), . i^a) 

Instead of (8) we first write, omitting the factor 2 JL in tlio nvinicvattir, 


. ^ _ R . 11 P . Q 

JL • 2JL’ 


(B6) 


Finally we change this in a manner similar to that used in passing 
from (4) to (6) into 

T ^ 

^ B(J)R(J ^ 1) , R(J + l)R(J) ‘ * 

^ 2JL ^ 2(J + 1)L 

We again assert that these expressions satisfy the summation rulo« 
if we take J to stand for the greater of the two niimhors, between 
which the transition occurs each time. 

To prove this we consider the general scheme of a multiplot of thi« 
lyp®* again assuming L > S ; 
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Tho J- values now run botli in tlio irorizontal rows and in the vortical 
columns from — L + S to — L — B. The Ij/s lie in 
tlio principal diagonal, the to the right and loft of it. 

'.fhc intensity sums for one of tlie niiddle horizontal rows or middle 
vertical columns of the quantum number J assume the common 
form 

I,(J + 1) + I,(J) + , . . (10) 


Substituting in (9) wo obtain 

P(J)Q(J - 1) + R(J)Il(J - 1) , 

2JL ^ 

where the . . . denote that tho same expression is to bo added 
•onco again with J d* 1 in place of J. Calculation shows that all teimis 
which contain S(S + 1) destroy each other and. that the dQ.uoininator 
2 JL cancels out. In this way we obtain for the above fraction 2 (IjH“ 1) J 
and for the fraction denoted by . . . 2(1^ "h l)(‘I '*!” l )» that is, all 
in all, 

2(L + 1)(2J H- 1). 


That is to say, we gai pro^wHmialily loiih Ihe quantum iveight in every 
horizontal roiv a7id vertical cohmn. Tins also remains valid for the ends 
of the scheme and for L < S, thanlcs to the automatic appearance 
of tho zeros. 

Tho above treatment of the intensity problem o£ miilti])lot lines 
appeared simultaneously from three quarters,* 

* 11. do L. Kronig, Zeits. f. Physik, 31 , 885 (1926) j A, .Soiomoi’fold and H. 
PlCnl, Sitzungsbor. d. Pimiss. Akad., 1925, jn 141 j H, N, KurhoII, ISTatuvo, llB, 
835 (1925) ; -Proc, Nat. Acad,, 11 , 314 (1926), Tho most important application 
of those formulni was given by lluasoll, who dotormiuod tho r>oi’con tagos witli 
which tho oloinonts occur uod in tho sun from tho intensity of thoir mmtiplota ; 
of. Asti’ophys. Journ., 11 (1029). 
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A first coiiaeqiienoo of the equations (0) eoneoriiH th(^ special eixm 
L S. Tlieii ™ 0 and the last field of the diagonal in 8(j]ieiriO 11 
corresponds to the hmisition J' ™ 0 J — 0 which, as we kntnv 
(cf. p» 424) is forbidden. Actually, hy equation (8«), B — 0 for L rr,-- S 
and J — 0 ; consequently, by (9) wo also have — 0 [wo must 
that the factor J cancels out in the denominator in tliis process, siiKus 
it occurs in B(J — 1) as well as in B(J)]. 

A second consequence concerns tlie combination of two S-torinH, 
that is, the transition L = 0 ->L — 0. We shall shoiv that this is 
also forbidden. Eor then — S and tho Sohomo TI rcdiiooH 

to a single field Ij,, This 1^, becomes 

^ _B(S)/R(S *^1) , B(S + 1)\ 

2h\ S ““S+ l“ / 

To work this out we first set J === S, which makes tlie L of tlu^ do- 
nominator in the first factor cancel out, and then set L ™ 0, wliieh 
makes the first factor equal to | and the second equal to 0. 

To give the simplest possible examine of the formulae (9) we con si dor 
the combination PP' in the doublet system, in which tho indefinitonoHH 
u remained on p, 625, Here S = ^, L — 1, J =: | in tlio first and 
J — i in the second horizontal row (but the transition must nluti 
be calculated here with the greater J From (9) wo find that 

First row : == 

Second row : = yh = h 

Hence if we omit tho common factor tho sohomo runs 

6 1 
12’. 

The u that oeciuTed earlier has thus come out with tho value L 
In this example and in all those that follow we recognise tho 
contrast between parallel and anti-pai'allel on the one hand and in- 
different transitions on the other hand, Tho relative weakness of tho 
latter confirms quantitatively our qualitative iniensily which hnni 
so often been used j of, for example, pp. 246 and 422, 

As a second examine we consider the group HD' in the trqdnt 
system, for which measurements of Ca lines have been made hy IDorgolc^t 
The scheme in this case is as follows, expressed in per cent, of tlin 
strongest line ; 
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.1 1 10 bi’a(5koto(l nvinibers tiro Lorgelo^s experimental values, They agree 
t^xrii'llniitly with the theoretical values which are written above them. 
*V\\Vi ()l)Herved intensity- sums are given along the edges of the scheme. 

A ( Ir-multiplet ®D ^D' measured by Freriohs * agrees equally well 
Mifch theory. Since ^-2 — 2^0 here, the last field shows in 
tlio priiuupal diagonal tlie intensity zero (which agrees with the decree 
forbidding iT 0 — > J = 0) ; the field before the last then shows a 
voi'Y intensity, Avoakor than tlie neighbours on the right and on 

thc^ loft, Avliicli tluiH constitutes an exception to our qualitative in- 
Int^Hity rule. 

Hut it may also hai)pon that the intensity in this field becomes 
c^l'o<^tly equal to zero. Wo read off the condition for this from (9) : 
Ip vanishes if Il(J) = 0 ; in the field before the last J — + 1. 

Wo need only oonaider the case S > L, — S — L. (We would 
find IK) solutions for = L — S.) Then + 1 = S — L 1 • 
l^y {Ha) we iJiercfore require tliat 

i) - (S - L 4 - 1 )(S L -h 2) + L(L + 1) - S(S + 1)* 

Til IK gives 

for L =- 2 , . . S = 3 
L = 3 . , . S i, 

i.o, and ®F-torins, (Other values of L give no possible solutions.) 
A (unn bination of tivo such terms leads to the intensity in the diagonal 
clccroasing to zero but increasing again at the last point, Exj)erinient 
<!orriirmB this ; of. the Fo-multiplet ’D’D given on p. 405. 

J^or niiiltiplots of tlio typo L — > L — 1, equation (6), it ivill suffice 
if wo ivrite down the simple example PD in the triplet system. We 
Koo that the intensities in the diagonal (parallel transitions) decrease 
inrifarmly from the loft above to the right below ; the intensities that 
follow on the loft (indifferent transitions) are weaker, and the iveakest 
Ih the anti-parallel transition (satellite of the second order, on the left 
boloAv) : 
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We next prooeed to disouss the problem of the intensities of the 
ficmirm comjmtienis, first in a weak field. Hove all the .T-levcls are 
nplit up into {'2J -|- 1) indivklual levels. The atatistieal ^veiglib ot 

♦ ZoitB. f. Phyaik, 31, 305 (11)2D). 
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any such level numbered by its magnetic quantum number M is to' 
be set equal to one. We shall then have to formulate the summation 
rules in such a way tiiat the sum of tlie intensities of the trixBsitions 
that start out from a fixed M is proportional to ono, that is, is inde- 
pendent of M. We must not overlook here that tho word iutonsity 
here stands for tho intensity aotually emitted as contrasted with tln^ 
intensity which is observed in a definite direction of tho field (of. 

For observation perpendicular to the field wo obtain, by I’ofining * 
the assertiom derived from the Correspondence Principle, tlv(^ fol- 
lowing formulso which are also confirmed by wave- mooli anics (A — ? 
observed intensity) ; 


Transition J J, M ->• M : A ^ IVP 

M ± 1 : A - i (J ± M + l.)(J q: M) ; 

J J + I, M -> M : A ^ (J + M + 1)(J - M 4- 1) 

M *-> M 4; 1 ; A ^ J(J ih M 1)(J i 2) > 

J •-> J - 1, M ^ M : A ro (J + M)(J - M) 

M — >■ M 1 ; A 4(d 4” M — l)(‘f 4” iVl)i 


WII) 


The way in which these formulfe are derived (of. Note 7 (/)) sliows 
that they hold for any arbitrary coupling in a weak field . 

We shall now verify the summation rule, say, for the last (uumo : 
j-> j _ 1 . In doing so we must note that gives a linonr 

vibration parallel to the direction of the field, which is seen complotoly 
when transversely observed, but that if M-> M ± 1 wo have a loft 
ciroulaiiy and a right circularly polarised vibration perpondiciilnr 
to the field* We see only a half of the intensity really omittod iu tho 
case of each of tlie latter vibrations when transversely obfiorved ; 
for every circular vibration may be regarded as consisting of tho 
superposition of two independent mutually perpend ioular linear vi- 
brations of equal amplitude* One of these linear vibrations may bo 
taken to lie in the direction of observation— so that it is not seoii at 
all — whereas the other is then perpendicular to the direction of obsoj^ 
vation and is seen completely, Hence in the forimdce (11) wliioli 
refer to tlie observed intensity A Ave must double the transition h 
± 1, to obtain tho intensity J that is actually emilled. 

The sum of the three possible transitions M M, M i 1 fcJiat staid 
from a fixed M is 


21 4(j “ M)(J + M + J - M - 1) + 1(J + M)(J - M -I- J -h ]V1 - t) 

= J(2J-1), 

a value -which ia in fact independent of M. 

To compare theae resnlts Avith those obtained exporimontally f 

* H, HM, i5oit8, f. Phyaik, 340 (1925), Tho fomuiltn obtiiiiiod uacordhm 
to the Uorrespontlenco Principle aro given in Noto 7 {/). 

taken by accoiduig to a photograph 
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§ 9- Intensity of Spectral Lines 

^VQ consider the lines ^^ 2 , 1 . 0 “' (wave-lengths 5167, 5172, 

5183 A,) as ail example. In the following schemes we vseo the intensities 
oaloulatcd according to (11) ; it must be noted that these equations 
give only the intensity ratio of the Zeeman components of any one 
J-comhination among themselves. If we wish to compare Zeeman 
components of different J- combinations with each other — as is done 
in the measurements hero under consideration — wo must u^ork out 
the total intensity of each J-lino and bring these total intensities 
of the hold-free lines into relationship by means of the rules do- 
rived for them. In our case wc have — 5 : 3 ; 1, 

Hence in the following schemes we have therefore immediately to 
multiply the intensity calculated from (11) by such factors that the 
ratio just mentioned comes out for the total intensity. ''Ilie oxperi- 
mental intensity is given in round brackets. 
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. M ^ 1 
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(70) 


i 

0 3 



(75) (87) 

J 2, M -- j 

0 

1 8 1 



(7) (100) (?) 


-1 

3 0 



(#7) (72) 


»-2 

0 



(70) 


The lines aoepmpanied by a note of interrogation were not found. 
I'ho agreement between theory and experiment i.s very good. In 
A 5172 there is a weak asymmetry in the experimental intensities, 
wbiolv is due to the incipient Paschon-Back transformation. 

The Correspond once Pnnci])lo enables us to understand wliy tlie 
summation-rules are valid. If we aasuino pure lluBsell-Saundcrs 
coupling the spin-frequencies do not appear appreciably in the Fourier 
expression for the electric atomic-moments (for the smallness of the 
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mutual action (LS) see also Note 7 (e)), but only the frequencies corre- 
sponcling to tlie . L. If we consider a definite multiplet the 

quantum transition in the and L's is the samo for all linos of tho 
multiplet, or, expressed in terms of tlie corres{)ondc]ice principlo : 
the lines all belong to the same frequency in tho Touriov expansion 
of the electronic motion, that is, to the same Fourier coclfieiGnt. 
According to the Correspondence Principle this dotonninos tho 
ahility of transition for quanta and is therefore indepondonii of tho 
level of the initial term from which we start out. !H'encn all tliafc 
enters into the question of the intensity is tho ntimbor of atoms 
transition.^" Now we may set the number of atoms that aro in a 
definite state proportional to the statistical weight of tl\o state, if ^ 
there is thermodynamic equilibrium (cf, also what is said below about 
the Boltzmann factor). If we consider the magnetically resolved 
levels the weight of each of these levels is equal to one, hut for th(^ 
J-levels, which are not influenced by the magnetic field, the weight 
is equal to (2J 4* !)• The number of transitions from a definite 
initial state and hence the intensity of tho quantum transitions in 
question is proportional to tho number of atoms that Jia])j)on to hi? 
in the state of the initial level. Thus tho intensity of all tho linos 
tliat come from one initial level is propoi*tional to the v’^eight of thin 
level ; but this states nothing else than what is asserted by tho Huin- 
mation rules. What holds for the initial level also liolds, in. tho on so 
of thermodynamic equilibrium, for the final level. Wo also sco from 
this line of reasoning that, as on p. 634, it is the intensity actually 
Emitted that counts in the summation rules and not tho intensity 
observed in a particular direction. 

From this discussion, baaed on the Gorres])on donee Prinoixfio, it 
follows that the summation rules of the ** field -freo "" linos in tho form 
above given is linked up with normal coupling. Inter -combination 
lines are then forbidden theoretically (of. Note 7 (e)), If tlioy actually 
occur with aiDpreoiable intensity in the sx)ootrnm the summation 
rules must be stated more broadly. For this purpose wo imaglno 
a definite electron configuration to be given and assume the mutual 
action between the qiiantum-veotors to be so small that all terms of 
this configuration form a group which is separated by an approoinblo 
distance from other configurations. We may then, as an approxima- 
tion, disregard the mutual actions in the Fourier ex^irossion* Jf 
we nou^ consider a combination of all levels of the first configuration n 
with a second m we again obtain as before one and the same Fourior 
coefficient for all transitions between the two configurations, bub 
now we have in general several levels, say vj, with the samo J^valuo 
in one configuration. The total number of atoms in all IovoIh 
Having a fixed J Is, by an argument analogous to that used above, 
proportional to rj(2J + 1 ) and the total intensity of all tlie linos th at 
start out from a fixed J is likewise proportional to rj(2J + 1). 



§ 9» Intensity of Spectral Lines 537 

A simple example is given by the two-electron system in the 
transition (sd) {sp ) ; with approximately normal conpUng (ep) 
gives the terms ^p 2 ,x»o> i Table 57 shows 

the possible lines and the intensity sums at the right-hand side 
and at the lower edge» In calcxdating the latter the weights of the 
middle rows had to he doubled ; the absolute value was chosen in 
sucli a that the intensity of the strongest lino has the same 

value as in the table on p. 533. 
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tIei\eo in general in the case of spectra of the scoojkI vortical column 
we must take into consideration not only the triplet lines but also 
the inter- combinations and the singlet lines. An iixtere sting in- 
ference may be drawn from the above scheme if we allow the in- 
tensities of the inter-combinations to decrease again to zerOj as occurs 
api:)roximatoly for the lighter elements of this vertical column. Then 
there only remains, besides the combination whose intensity 

we Icuow for this ease from our earlier discussion, the singlet line 
Comparison with the table on p. 633 shows that for this 
line tlic intensity 46 results (in our arbitrary meaBure relatively to 
the intensities of the triplet lines). In a similar way we may also 
compare the ratio of the intensities of various multixdioities with each 
other for other configurations, if the inter- combinations are weak. 

Our extended form of the summation rules holds, as its mode of 
derivation shows, for any arbitrary coupling ; only the restriction 
concerning the m\itual position of the configuration must not bo lost 
sight of. The latter oondition is well fulfilled in the lower terms of 
the noon spectrum, Por the combination 

2p^^p — > (2p®3s) 

some measurements by Borgelo * are available. Wo use Pasolum’s 
notation for the terms (of, p, 472) and add the inner quantum 
number J in brackets. (2p®3s) gives the Pasohen s -terms 53 ( 0 ), 

^ 6 ( 2 ) ; (2p^3p) gives the ^-terms Pi( 0 ) to Pio(I)> <^ 1 * following 

table. In the spaces of the table we have the observed intensitios, 
at the lower edge and on the right wc have first the observed intensity- 
sums of the vertical columns and the horizontal rows and then the sums 

♦ H, B. Porgolo, l^hyaica, 6* 110 (1026). 
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calculated according to the extended summation imles, whore \ve have 
taken os the basis for the calculation observations with the hiio 
41 (31 — sd21 For this reason its intensity lias boon liracketert m 
the case of the calculated values. Observation and theory agree 
well in their results.* 
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Our assumptions contain the implication tliat tlio lines that at’o 
compared together do not lie far apart. If this is not fcho caHo the in- 
tensity ratios must be subjected to further ooiTCOtioiiH. In tlic liiat 
place, we may no longer set the number of the atoms in a cpuintuni 
state proportional to tlie statistical weight of the state but wo 
in general, as on p. 513, take into account the difforenoo in tlio Bolt/i- 
mann factors, in accordance with the equation 

where — the number of atoms in the state, 2)f weight, 
its energy, N the total number of atoms, If tlio onorgics of tlio 
initial level are wdely different this correction must obviously bo 
considered ; but it decreases with increasing temperature. On tho 
other liand, the second correction is independent of tlio tGiuj^eraturo. 
To find a basis for it we must go back a little way. Fourier analysis 
resolves the electronic motion into a superposition of indopondont 
individual vibrations, that is, of linear oscillators, wlioso ami)litiiclo« 
are given by the corresponding Fourier coeflioientSi If wo wish to 
determine the intensity emitted by an individual vibration of tliis kind 
we must form, in accordance with equation (3) on p. 25, 

2 

emitted energy = ^ ^ ^ . (12) 


♦ a, B. HarriBon mnnarks in a paper to appear in Phys, Bov, that tlio Dorgolo 
values have not been reduced by means of tho factor v* (cf, p. 630). Tlio ion soil 
that the above table nevertheless satisfies tho summation rule must bo that thc> 
reduction factors essentially compensate each other. ' 
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\\ luu p l\n^ horiy.nnial bar cUniotoH the time mean. In tlie ease of the 
nHnUbitnr {.m tlinplaeomcnit x from the position of rest is givoii by, 

X a sin cot. 

'I'luMi tupiiitiun (lii) becomes 

nmitW (Miergy 1 . . . (i:^) 

lu (M) \w must imagine a to bo replaced by the Fourier cotvflicicmts, 
uiul inHU^atl of tlio elassioal frequency to 27 tv avo must imagine tlio 
froijujuioy given by the quantum transition — a stox) Avliich 

iH ('oniinnt^d l)y AmvtMiuaihanics, Hence it folknvs that the intensity 
nf ii lino in prt)ian'tional to the fourth power of its froquonoy. Forinorly 
wo Hid; the probability of transition and hence the intensity directly 
IJi'nportional to the square of the Fourier coolTioiont and inferred that 
if tho mudlioiimtH wove equal the probability of transition was the 
HU mo. We now nee tluit this is permissible only if the frequoncies 
of nil lines of the combination in question are in suffioiently close 
I tjj; roe me lit. In the general case wo must correct ” for equal fre- 
ijiieniiy 1\V meaim of the factor r'b 

We must mention that the xn'oldom of the intensity deerease 
nf the lines within a sm*ies may be treated only by means of waro- 
menlianu!H, and likewise the jn’chlom of the intensity, ratios of dif* 
fi'hmt Honcs. 


§ 10* Resolution o! Multiplot Terms* Hyperfine Structure 

l‘b^om the diBCUssion in Chapter VI, § 5, wo see that the ** natural 
lloldTi XH) resolutions of the multiplet terms in the case of om outer 
electron ariso aooording to the model from the magnetio interaction 
(//<), ef . pp. 331 and 337. Wo must now use this idea to draw qiian- 
titiitivo eonoluHlons and we sliall do so at once for the general case 
Ilf any arliitrary nuniher of outer elootrons. 

\a^[> LiH ooimlclor, say, tho mutual aotion hotwcon the and the 
^ 1 ^ of an individual olootron. 

ddim mutual aotion arises hooauso tho olootron, being an elcotrio 
nbarx^n, in its orbital motion goneratos a magnetic field H, AvlnoU avo 
fuiiy Kyinijoliso by moans of tho quantum number of the orbital 
nuii ioM . 'I'be Hold acts on tho magnetic moment /x, Avhioh in assigned 
in H})in moment of momentum of tho electron (quantum number 
ami a procession of about If. 

Hy (Huipter Vi, § 3, /x luvs the value of! one magnoton. We ob- 
vimiHly obtain us the eonkibution to tho total energy 

- (Hp), 


( 1 ) 
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Avliere tlie horizontal bar denotes that the time mean is to be taken. 

H is in the direetion of the quantum -vector and may be set pro- 

— — > 

port ion al to it, likewise p to tlie quantum- vector so that wo may 
write (1) in the form 

= aSiSi) ^a,(\li\\Si\ cos (7^5, •). . . (2) 


The factor of proportionality is calculated in Note 12 and uoines 
out as 




BocVtcZ^jy,^ 

nUh + Mi -I- 1) ’ 


(») 


where E. denotes Eydberg’s number (in om-i), a the fino-struotuvc 
constant, tlio nuclear charge that acts on the electron in its 
orbit, which is assumed to ho liydrogen-liko (for poiietrating orlhis 
a somewhat dilTerent expression ax)plics, cf. Note 12), and is the 
inincipal quantum number of tine electron. 

Besides the mutual actions (1^ s^) there are clearly others between 
the li of the electron and the 5,^ of the electron. In Note 12 
we show that those mutual actions may in general be neglected, (tliiit 
is, if the nuclear charges are not too small). 

Hence we obtain altogether as the total energy of interaction 
(Z, .9) of all the outer electrons (the closed shells make no contribution), 
by suinmiiig up over terms of the form (2) : 


W(Z, a) = r = !«,• n,- 1 I S( I cos . . ('!•) 

We have thorefore now to oalcnlato these time moans. If wo 

a-ssunie the coupling to bo of tlie Russell-Saundors type the ooin- 

bine into L and the to S, To calculate cos (l^Si) it is siniidest to 
consider the spherical triangles that are out out of the unit sphere 

by the quantum vectors L, S. We obtain successively : 

cos (Z^L) cos («,'L) + sin (Z^L) sin (s^L) cos a ; 

cos (LS) cos (^^S) + sin (LS) sin (5^S) cos jQ, 

where a is the angle at L in the spherical triangle and p the angle 
at S in the triangle sJjS, 

In forming the time moan for the second equation the second 
term in the riglifcrhaud side drops out because the tlircc factors nuotuatt^ 
independently of one another and because cos a — 0. In the same 
’way in the first term we may replace the mean value of the ijroduot 


cos (Z<Sf) = 
cos (j,L) = 



§ lo. 


Rt;s()hilit)ii ()l Miilliplet 'I’eniis. Hyperfine Structure 541 


I'.V lilt' pmdiHil. til' llir luciiii vaUu'H. Honeo w(! Iiiivts left: cos L- = 

. V.. > ” * 

(HIS 

ilio of Uio m^oond ocpuition wo iiiuvlly obtain 

(liHf) - : (‘OH (/^(j) (U)s (5(w (L8), . . (5) 


^v<^ nniy (nnit t\w ])ar ovor ooa (LS) l) 0 ( 5 avi«o tho vectors L 
uuij S poj’fonn a uniform iJnaicsKion about one another, in which the 

(IjS) is (fonstant in time, From the vector triangle L, S, J wo 
<»bhun, it wc^ take into ataamnt the wave-moohamoal correction,” 
tliiii. JH, replace by il(il 1) and ho forth : 


eus ( bS) 


»J(*i d' J.) L(l + 1 ) - S(S + :i.) 

2iLi lyr 


hi’iini (•!), (o) and (b) it ihudly follows that 


(0) 






' ((50H.9<S) 

•){•) h l.)“L(L-l- 1 )~S(S-|- 1 ) 


ulu'i u wt' luiv(' iiHt'd tho ablmviabioii 


A ==. |rt, i'J| ^- j ct)R^,,Ti) ooa (?jS). 


(7) 


(S) 


Aomirtling to mir view, tlion, the resolution of a niultiplot term is 
liy (7) and (S) for normal coupling. For, by (4), P ropresonts 
Ihu iuuM‘gy of inteiwdion (calculated from a /ero-level) whioli. would 
onrroH|.K)n(l to tlu^ total energy tmi/mii taking into aocovint the iiiter- 
energy (d). From (Mjiiation (8) wo see that tlie resolution 
riioior A (ln{>s not depoml on the inner quantum number J. Fuvtliev, 
il follows from (7) that the imiltiplet term L, 8 is regular ^ if A> 0. 
V in then positive and has its greatest value for the greatest J wliioli 
iM|iialH L |- S ; but siueo P ropresonts an OMcrggy tlio greatest value 
of P repremmts tlu» greatest atoinio energy, that is, the level wluelr 
lii’H liiglu^st above the ground-state of the atom; tluis, tho term 
in rcfyu^rr. Oonversely A < 0 results in inveme terms. 

Wu lind tlie physical meaning of tiro “ zero-levels ” just mentioned 
iiH fnllows. We add J as a svilTix to the F and multiply oaoh Pj by 
I li(* tpiiintuin weiglit (2rT 4- 1) of tho aHsociated J-level (cf. the provions 
JJ. ]u aiill) and sum up over all J^s of the term L, 8 : 

2 (2.1 I :i)r, - g{2:(‘2.T 4- i.).T(.T + 1) 

‘brt.tt 

. .(L(l. 1 - 1)4 S(H 4- I))5:(2.r4' ])}- 
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as a simple calculation sliows. The zero -level in tIniH ilie ci/uire oj 
gramly of the term (L, S), as was only to l )0 expected. 

Wo may deduce still another result from (7). Tor tluH purpuso 
we form the difference of two T- values that belong to tlvo quantum 
numbers J and J — I, but to the same L and 8 : 

A - A-i - + 1) - (J ^ I)J}A ^ J . A. , (JO) 

The intervals betwem neighbouring tem^eveU in the case of 
normal coupling, in the ratio of the greater of the two inner quanluvi 
numbers lohich belong to the corresponding levels. This is Landd^s 
Interval Eulel^ According to our method of derivation it holds for 
regular terms equally well as for inverse terms. Wo shall, in fact, 
find both kinds of terms represented in tlio' following exatni)loH. 

Prom the enormous material available we fii’st give some oxainplos 
for odd multiplicities. In the first place, wo must mention tlio triplotH 
of the alkaline earths and of the Zn-Ccl-Hg-series, in wJuoh tlio 
Interval Eiile was first observed. Let us consider the Ca-terms 
whiolx we used on p, 426 to illustrate the struotiiro of mxiltiplotw, 
The ^-term gives 105-8 : 62-3 — 2 : 1-02 ; by (10) wo should oxpeet 
theoretically 2 : L The ^/4erm gives 86-8 : 47d = 2 ; 1-08 ; thoovoti- 
cally it should bo 2 : 1 again. 

In the D-ternis d and d* wo expect 3 ; 2 ; empirically 

21-7 : 13-9 3 : 1-94 for eZ, 

40-0 : 20-7 3 : 2-00 for d\ 


As other examples we give : a ^G-term (UHp) of Po, for which 

Arfi 4 : Aiq 3 := 388-4 : 311*8 =: 6 : 4*01 ; theoretically 6 : 4. 

Then the term ®D(3dH<9^) of Po (ground-tor in of the Hpootruni) : 

Av43 : Av32 : Ai^2i ^ Ai^^o ^ 416*0 ; 288*2 : 184*2 : 90*0 

= 4 ; 2*77 : 1*77 ; 0*86 ; theoretically 4:3:2: 1» 

o/or septet system we may take tlio ^P-torin {iUHs4p) 


Avo5;Av54:Av43:A,/82:Av2i:Avio = 222*9 : 189*0 : 163*6 : 116*8 : 78*6 * 30.fS 
— 6 : 6*08 : 4-12 : 3*14 ; 2-10 ; 1*06 ; theoretically 6 : 6 ; 4 : 3 : 2 ; U 

two inner quantum mimbere 8rontoi' of Mio 
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III!’ I’V’oii niiill iplirif.irH ivi' tiike 
of V : 


Aiv! • : Ai'v ;! I'.fi-!) : 

1 1 : i)-(IO MHlf) ; tjuuinriicivlly 11 : !» : 7. 


1‘22'0 


of Mu : Ai'u 5 : Arj 5 = -■ 17:i-71 : 120-lS r.: •) :,(P7() ; 
tluiurotiinilly I) : 7. 

We liuvf iiilonliuimlly not aKvivys oIiohou the most fiivovirablo 
xuniploM in oniiM' l(» sliow tiuit the Interval Itule often holds only 
pproxiiiintely. Inlm onr ipiiilitiitive iutoiislty rule, however, on 
I. -122 it is in many easen a valualilo guide (or Hading and iivtor- 
iroting jiniltiplots, and, wluit is at least as important, it gives (in 
(Iflitioa to the /^eeinan efleet, the intensity of tho lines, and so forth, 
i’l ilei'ioii, partiindurly siniplo to njiply, of' the validily of UumrU- 
liutmlrrH I'liiipUnff, 

hi li'ritin ii'ilh vi'rp vihle HRpitmUonn tho Interval Hole is oheyed 
:‘ss and less, ns we may see in the speetra on tho riglit-lvand edge 
>f llie pei'iodie system (inert gases, (!o, Ni and homolognes) and in 
lie lowm- hori/,('»ntul rows of tlie periodic system. l?or example, 
Iiv hiw 3| Iderni {MHn) of the Ni-spoctrnm has instead of the theoretical 
atio : 2 in reality (WS-OO ; 8:i:h2l) == ;i : 3-70 for Araa : Av^i. In 
ho lower horiwm tal rows Ba and Hg already show in many low terms 
VsLematie deviations from the Interval llnlo and the discrepanoies 
•iviiidly heeoine greater ns we pass towards the right in the iienodu; 
iV«lem in these scries. In these oases tho sehomo of the normal 
•‘uunliuK eltmrly hecniues invalidated; strictly speaking, there is no 
tinger a pliysieal meaning in assigning H- and Ij-valuos I-** ^ oims. 
kVe are then dealing with transition stages between KusBoll-haundors 
i>ul f wl-ccnniling. for whielt it is imlispensahle to vmo wavo-mcohainos 
ii'iirtheriiioro. wo must point out that tho Interval Ilulo no longer holds 
‘m* the liakli'M demmlit. 'I’hc reason for this is dilYoront from hefovo : 
,n accoimt of tlm sinall nuclear oharge the interactions ^vhich we imy 
ivmholiHe liy (Ln^) also hocome appreeiahlo liero (el. p. M\)). im 
inniiialauH intorviil ratios of the triplets of lie, hi'- and ’ 

if »e limy also ho oxplainocl in this way, os Hoisen herg has sliowi by 

tlio i-o.ilrttau. fcr U.» to™. *1 (l.<%) 

Htieetra aiul linds in Ho an invorso term (onler of soqueneo I 
holow upwards : »l\, To) ^vitb tbe tlieorotuial 

V „ , A,, .> . 11) i,i Iji'i ft partially invortod term (ordei of socineneo 

it had been suggested for some time •* tiuit tl.e bolivim T-term jnst 
•* (!f , W. V. llonsKs., Phys. d«v., 88, 2117 (1»20) : H. «<a«lHnut;, iMil. 86, 11126 

1 r(' [.‘‘mJlhJrunSaihVK^^^^ 

11. 782 (11)26). 
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mentioned might he inverted with a far too anuill Ara^-ju^Moliilhii* ^ 
the exact mcasiireinont of the combination 2^S — * 2®P by J lcMisi nd* 
which was carried out to test Heisenberg’s calculation, lias shown 
this view is correct. 

Hitiiorto we have used equation (7) only to obtain infonmUb>*^ 
about the ratios of the resolutions; but it also gives tbc ahsutf^^^ 
magnilude of Hit resohdions, if we know the factor A. We <lo ll**"*? 
for the case of two electrons ;f tlie general case has boon trcnl*'*^ 
by Goudsinit.J We give the essential parts of his treatment a lii* 
later. 

Wgs again assume normal coupling, so that equations (7) ivnil 
liold. The cosine tliat occurs in (8) is obtained from the triiui)^^*’ 
of the vectors 2^, L and S, resx3Cotively : 


cos {IJj) 


m |L| 


cos (^^S) = 


|SP ^ 


2|%I |K| 


(lU 


Corresponding equations hold for cos (Z^L), cos (.92S), '.rakmi 
together, we have || by (8) and (11) : 


Ul, + l) + UW)-hik+l) M^1+1)+S(S + 1)^52(.92H*I)1 
2Ii(L+l) * 2S(S+1) 

. W?.+l)+L(L+l)-2i(ii+l) 52(^2+f)+S(S+l)-Si(Si4 l) 

2L(L+1) * 2S(S+1) 


(lii) 


Since — I' the second factors reduce in each case to • 

over, we may use equation (12) in a more general sense, as Goudnn^i l 
and Humphreys have shown (he, cit,). For if wo may regard tlu^ nl *>i iJJ 
schematically as composed of a core ” and a radiating ekctrniu' 
that is, if the additional electron does not change the coupling of ll««- 
configuration that is already present and is known from tln^ k|ihivIi 
spectra, we may siihstitute for 2,, the values of tlio spark tenn «**l 
wliioh the arc term with the quantum numbers L, S is built and r»»l 
i9a tlie values of the “radiating electron.” 

We use equation (12) in order to explain the symmetrical structn 
(mentioned on p. 424) of the p^^'-groups of Mg and of its analogtm i 
spark spectra A1 11 to 01 VI. The ^-term — ^in the systomutic 
tion (3^3p)^ P— has === 0, ?2 = I, = 1* S ^ 1 and givc^i 

A = . i, where denotes the a-valuo of the Sp-eleotron. For tli< 

^/-terin, wliioh is we have = 1, the other quuntimi 

mimbers being as before; further, we have :=== ag — rt,, by {11} 
since for equivalent electrons the same, as well as If, Kriuvi 
(12) it again folloivs that A = a^, , From (7) we see directly lUwti 
on account of the equality of the A- values the F’a boconio equii! fc nj 


* W, V. Houston, Phys. Hev., 29, 740 (1027). 
t Of. S. Goudsmifc and G, J. Humphreys, ibid,, 31, 000 (I()28). 

I S. Goudsmit, ibid,j 31, 040 (1928). 

II Of. S, Goudsmit and C. J. &imphroys, 7oc, eit. 
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luitli ItirniH heiuuiMO in case we are (lealing avHIi the same torui- 
eliui Uuit is, InauiiiHe 1 ), L, H all coincide in value ; conscctucntly 

l\w two *^]/4enns Inive theoretically the same rosolutions.* It has 
already lu’cn numtiouod on p. 424 that this is also the case experi- 

luon tally. 

Koi' the there is a similar Permanence and Summation La^Y 
UH for th<» f/-valu(^H (ef . pp. 4H0 and 409). To arrive at the Permanence 
Law Isi'Ht we hnagiiie the atom to bo subjected to a weak mag7ieHc 
JMfl wen It in tlu^ senso that it does not appreciably disturb the coupling 
hetwiMm th<^ vi^otors. The intoraotion of the 2/s and s/s then remains 
linperturlunl, ainl tim magnetic Hold produces only a uniform x)reces- 
ainu nf ,J and hence of the whole veotor-framo about the axis of 
Urn liuld. 

it folhavs lirst that P retains the same value in the weak 
f iidd i\H in the llolddrce case and lionoe, in particular, does not depend 
fui magnetic quantum number M, and, secondly, that the action 
thu mngnctic lield oonsists only in superposing on the unx^orturbed 
Unmi roHoUvtioiT a Hinall resolution which arises from the precession 
iiKUvtioned l)y coiTcst^ondonce considerations and is determined, as 
wo alroudy know, hy tlie Land6 (/-formula in the case of normal 
ntMipling (rtce § 0); We have used both results implicitly in § 6. In 
tlui iraso of normal couiding P has the value (7), otherwise the 
valiii' (4). 

Honootorth wo again assume ^loimal coupling and pass on to the 
immi <jf t;h<> dmig pU. Tlio coiqiliMg (L, S) is thon disturbed and 
vnotoTH L, S take up tlioir positions in tlio magnetic field m- 

ilrvnoiulontly of one another. il?he oos'JlS) in (C) is, however, no longer 
«joiintivivb: vatlier, we ol)tain, from considerations similar to tlvose 
rvpplicjtl ivbovo, from tlio spliovioal triangle of veotors Xi, }i>, II, 

cos (I»S) — 008 (LH) cos (SH) . • • (13) 


On nooonnt of cos (LH) == and cos (SH) = it follows from 
(4). (G) and (13) that 


wluirc A is defined by (8) as before. 

'I'ho following Pomanence Law t now holds for F: (he awm talcen 
aver all F's of a- temp (L, >S) hdependenl of tU pU-sIrength for a 
M. In symbols 

(M fixed) ., . . (15) 


* nrovofl hv R* A. Sawyor and 0. J. Humph revs, Phys. Hov., 

/ J imH). (Jf . al«o .K. Hoohovt, Zoii«, f. PUysih, (lOJil). 

t A. Hautks ih'il., 19, 1 12 (lU2;j), 

VlJL. T,- 


32 , fisa 
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fit" 

Wo may verify this law hi a way similar to that unimI in 
with the Pormaiience T^aw of the < 7 - values in § 7 of the presc^ift. i liap* ^ ^ 
But wo shall hero only explain tlie law (15) by means of tlu^ huiiu’ * 
ample as wm used on p. 504,* namely tlie triplet B-tonn, 

In Table 59 we give in the upper lialf for convenionco 
for the weak liold divided by A, according to equation (7), fu i , 
in order of M- values. They are all equal for a fixed J (el. jiho^ 

Table 69. -- 2, S - 1 


M 

-)-» +2 +1 0 -1 -2 -3 


J - 3 

2 

1 

22 2 2222 

-1 -1 -1 -1 -1 
-3 -3 -3 

1 Woak noU l 

J (noi'iiial <!uii|)liiiK) 

i?r/A 

2 1 _2 -2 -2 1 2 


Ms 1 

0 

-1 

2 1 0 -^1 

0 0 0 0 0 
-2-1012 

1 Strong hold 

1 (normal eoupllun) 


In the middle row of the table we have the sums of .these T/A h, 
belong to tlie same M, In the lower half of the table wo liavi' u i itl** 
down the values of FJA for a strong field, in accorclamui with (I ^ 
arranged horizontally in order of M and vertically in on lor nf 1** 
Ms-valiies, We see that the sum of these T/A's taken over Ms 
with the value of the middle roAv in the case of each M‘. 

If we now apply the Pormanenoe Law to fields of hui'Ii 
that all couplings, even those between the l/s and Ikhioiu*^ 
turbcd,t then (see Note 12) by subsequently proceoding \o iM 
limiting ease where the field is zero we may derive a sumwnilt»ri 
that corresponds to the (/-summation rule on p. 486. TIiIh rult* fdiiM 
that in a given electron configtiration the siim over all (htd ltrh*ri 
to Or fixed value of J is independent of the coupling. 

As Gouclsmit {loc, cii.) has shown, the Permanence Law alao givt^ 
iis a means of determining the individual P's at least fm* 
electrons and pure BusselUSaunders coupling. Hero we simll 
only his results. In the case of equivalent eleotrons all tlie n jt 
equal (of. p. 644) ; we may therefore in this case expresH all T'a 
the a of a single electron of the shell in question. Accord fug % 
Goud.smit wo obtain for the splitting-factors A and tlie total n'Hohiiii iTi 
of the terms for equivalent p- and d-eleotrons the values given J;' 
Table 00. 

♦ The r-rosolutioii that is now to bo given for the strong Hold Hii[»>rinnir)^Bg 
itself aa n flno-structiuo in the PoschorL-Baok resolution there coiislileiinl, 

t Tho sum mnafc then bo taken over all Fs that belong to a llxed in 11 
oleotron configuration, 
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1'ahli] (}(), Normal (youpliiig 
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• 8 F -1^ 31 *' 

M 

iVf 


«D 

— 

45 rt 



lff 
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Slim U loll 
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It fchev same term ocouva aevoral times in one configuration, suoh as 
the ".D-toj.-in in the onao of wo can specify only the sum of tho A’a 
111(1 of fclui total resolutions : this is denoted by using the notation 
M> I in the HC<!ond column. The notation of the first column 
H inti'ivclcHl to denote that, for oxamplo, the configuration (P gives tlic 
uvnio A-values and total resolutions as but with tlio reverse sign, 
J'li.0 table sliowB tlmt in general z electrons that are present in a shell 
having a fixed I give Ihe same terns with the same resolutions as z electrons 
hat are wanting in this shell except that the terms arc inmied in the 
'altar case, if they were regular in the former, and vice versa. It is 
,uiHy to see in a general way how this “ gap law ” comes about. Iliis 
iivos US a precise formulation of tlio rule given on p. 461, that tho 
btunns are regular in tho first half of a period and inverted in the 
u'uoiul Ivalf . Actually most of the A’s in the first halt of tho periods avo 
inmitlvo according to Table 00 ; but thorrr are exceptions ; * the 
Uu'ins and »D(d'*) are, theoretically, inverted terms. This is 

;n»nlirnui(l oxporimontally by thoTi Il-spoctrum in the case of 


* 'l’lu^ invoi-tod toniiB of some allcttli-siwctra (such os Cs-t -teims, which 

imuitionod on p. 451, do not coino mnong tlicso oxcoptioiiB. Thoy may 
r K to «• omnimmioation rocoivod from 15. Korim. on wave- 

m’owutla n’Uo Tiavtially iiivortod torma that oooaaionally oceui iii 
fciio nbovo-montionad Li+-fcorm ’P) ooour in iiaasing from the noi-mnl 
very light olonJits for tho roaaons mentioned on. 

H, fi4ll. 
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In the mifklle of the periods, whei’o there are jiint as many niisHing 
electrons as there are electrons present, tlio ea leu la Lion givers zej'o 
resolutions. At anyrate we should expect theoiH^tieally \iu\isually 
small resolutions. Examples of this are also to bo found in tlio spectra. 

A no less surprising assertion of the table, which has also been 
confirmed experimentally in many cases, is that the resolutions of tlio 
various terms of one configuration bear simple ratios to oacdi othov. 
Thus the total resolutions of the terms should hear the ratio 7 ; H 
to one another. 


Hyperfline Structure 

It has been experimentally established tliat many linos (and hence 
many terms) of a spectrum, after analysis into inultipletH (i.e. the 

** fine structure), still possess a narrow, and often eomjfiioaied, 

‘Miyperfine structure. As all three q^uantum mimbors L, S, and J 
of the external electronic system of the atom have boon used to explain 
the multiplet structure of the spectrum, it is nocossaiy to enlist the 
aid of the nucleus to supply a now degree of freed oin to account for 
this further resolution. 

From the time of Bohr's tlicory of the hydrogen spoetrmn (see 

p. 92) it has been known that the mass of the nuolcus is involved 

in the expression for Eydberg's constant, so that tho isotopic con- 
stitution of the element was thought to bo responsible for tlio hyperfino 
structure. Rydberg's constant, for an atom with nuclear mass M, ia 
given by 

b« = k)(i + £), 

where /u. denotes the rest mass of the electron. Hence as noonrs 
as a multiplier in all the series forinula3 (of, p. 89) it is obvious that, 
on this simple theory, all the spectral lines of an element with n isotopoa 
should xiossess identical ^i^folcl structures, in wMoh tho oompojiout 
due to the heaviest isotoiie lies on the side of highest frequonoy, 
Suoh a theory served to explain qualitatively the doublet Btruotvii'os 
of certain lines in the spectrum of neon * (isotopes 20 and 22), Lator 
observations on the arc spectra of H (isotopes 1 and 2), Li (6 and 7)> 
Cl (36 and 37) and K (39 and 41) can be similarly explained ; tho 
measured displacements, however, are usually greater than those ob- 
tained by calculation. It was obvious from the first that suoh a theory 
was totally unable to explain any of the other hyporflno sbruotiiroB, 
since, on the one hand, the effect should become immeasurably small 
for the heavier elements, and, on the other, tho various lines of uji 
element (e.g. Hg) are found to possess widely different stniotures, in 
legal d to number, relative intensity and arrangement of oomponentH, 

* H. Hansen, Natimvisa,, 16, 1G3 (1027). 
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A1h(i if (liiT('r('iib compononts of a line urcm from difforont iRotopes, 
t iio /••(.mtvn olfcHitH of tho compononts should bo miikially indopondent, 
as bus Itunn found for No idono. 

'I’ho Ih'Ht Htf.j) ill tlio unravolling of the problom wa.s made by .Paidi 
wild iiHsinnod a (piantiHod luuiloiu' Hpin, to the nuolouH. This rota- 

1 iolu llinnigh Uin UHStmiated jnagivotio momout, \.g(l), iiitcraota with tho 
(<dal innn\(uitum, ♦(, of the oxtornal clootronio fly«tem and producos, 
wluMi t) • : 0, a further Hu])diviHion of tho individual midtiplot 
ioi'tns, If tho inagn(‘.tit5 inoinont of the uiioleus ho small compared 
with Ihiit ot th(' ii(Kdrou, then tlie now Hubdivisiou of tho terms will 
ho Hiniin t:uuni)ar(Ml witl) that due to (deotrou spiji— tho ** fine structure. 
Aelufilly in a given spectrum the ratio (1 : 2000) of hyperfine 
In lino (i.e. nudtiplot) soimration is of the same order as ^ 0^00 = 

In (uinHO(|uenee of the magnetic coupling het\vcen the nuclear 
Hpin I aiul tin? total inomentvnn J of the outer electrons, they will 
hnlli ))rrieess uidfonnly about tlieir residtant F, ilia ioial moimnlim 
0 / I hr liitiolr nUnn. This iiitera(?tion between J, I and F is identical 
with til at luvtw(HMi L, H and J, so we may take over the resxdts (see 
pp. nidi f*i mj,) derived for the multiplot HOjxarationa simply by rophicing 
Ij* S and i| , by J, 1 and ir, respeetivcly. Tlie possible values of F arc 
Uu*retorc 

I X 1^ »J 1 > F > j IrwJ 1 , . . (10a) 

ate therefore 




(2iJ h 1 ) . ♦ * Avhoii «T < I\ 
(21 I- 1 ) . . . when J > IJ 


(166) 


liyperflno levtds (corresponding to the F« values alUxwed by (l(5a). 
'riie poBHihlo transitions giving rise to hyporfluo Rtruoture components 
are suhjcjcvt to the Holeotiou ruks ; 


A;F=-=T^lor0 

with F — 0 F 0 “ forhiddon *7 * ^ C / 

By means of oonsiderations similar to tliose on i)p. 640, 641 it is 
possiblo to show from our vector model tliat tho interaotion energy, 
W(l, J), between the nuolous and tho outer olootrons is of tho form 


W(;i:, J) - A(J) . 11 I , 1 J 1 . cos (X J) 

- iA(J){F(F d- I) ^ I(I -f 1)-^ J(d + 1)} 


(18) 


d'lin ])roblem is now to relate A(J), which governs the magnitude 
of tho hy|)(?rfi!i(' Hej)arationH, to the various constants oharacteristio 
of tho iiarticuilar energy •‘l(?vel, to iitonii(i eoustants and to the nuclear 
magnidlc. moment. In the goiuu'al case, A(»I) is the resultant of the 

VV. Piinli, NalurwiHK., 155, 741 (11)24). 
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action of a number of valency electrons — eacli indepondontly cou])lccl 
to the nuclear spin and thus contributing, in diheriug amounts, to tlio 
total liyperfine separation of the term — so we may Avrito 

A(J) := ./(/„, . (1H«) 

wJierc/(i^, s, j) is a knoAvn * function of tlio various quantum numherM 
of the electron. The summation (18a) inqdioa a kiiowlodgo of 
the coupling involved in the multiplot structure of the sjx^ctrum. 
In the special case of tAVO 5 -electrons, 

A(J) — T !%• 

No exact calculation of the factors (18a) has yet boon made, 
but Goudsmit f gives formula), both for 8- and “ non i9- olootrons, 
Avhioh he considers suitable to give “ fair approximations for the 
nuclear magnetic moments,” Tlie formuloe, which arc too comxdieatod 
to reproduce liere, Avould seem to bo reasonably accurate for poixotrat- 
ing electrons, into Avhich class tlie must bo placed. Who 

general result is that Avider structures are to bo expected for |)enotrating 
than for non-penetrating orbits. . 

The separation betAveen two hy^xerfine levels, .F and (1.^ H" 1), is 
given by tlie difference of two expressions (18), so 

8.= [A(J)] X [(P + 1)] , . . (18/.} 

Tile last equation shows that the Land6 Interval ;Ru1o (p. 542) Avhou 
expressed in terms of P instead of J, should hold for liyporflno sepaivv- 
tions. This has been very generally confirmed by oxporimont, and 
conversely the application of the rule in cases of imkiKXAvn nuoloar 
moment often leads to a trustworthy value, Similarly, if one again 
replaces L, S, and J by J, I and P respectively, the intensity formula) of 
pp. 527 et seq. are applicable. In all reported structures tlio intensities 
of the various components are in good qualitative agj'ocmout Avith 
theory. 

In order to shoAv Iioav analysis of the hyporiino structure of a 
sjpectrum leads to the value of the nuclear moment, avo Avill briefly 
consider the example of the BiT spectrum. Tlio torin-analysis J 
shoAVS that a number of multiplot IcAmls (defined by L, S and J) ai’O 
still further subdivided. By the use of (Ifii), together with tlio fact 
that terms Avith J-values up to 4 have a (2 J + l).folcl liyporlino 
structure, Ave see that I > 4 . The application of tlie interval rule (18/.) 
to the term system so obtained shoAvs that I must lie botAvoon 4 and 5. 
The Bi-I liyperfine structures are paTticiila;rly suitable for Zoom an 
effect measurements || Avliicli, in the light of the disoussion in the 
next paragraph, point unambiguously to the value I ==: !!. 

Bachor, Pliys. Hov„ 34, MOU (1020), 

t 43, 030 (1033). 

I S. Goiicismifc and B. Back, Zs. f. Phya., 43, 321 (1927). 

II 15. Back and S. Goudsmit, ibiW,, 47, 174 (1928). 
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On acoount of the small separation of the hyperfine structure coni- 
poiicnts it is x^oasiblo with practical field-strengths (up to 43,000 gaxiss) 
to obtain a more or loss completo Pascheii-Back effect ; for the case of 
tlio (iOinj>lc 5 to transformation we can easily calculate the line x>attern 
to bo oxpootecL The vectors I and. J orient themselves, independently 
oi (»uc anothcir, to tlio field H, with components Mi and Mj along the 
Tl'-clirootion, (We now replace the M of the earlier discussion by 
JVr.i,) '^I?hc total magnetio interaction, W, is then 


W {Ml . g{l) + Mj . . Ac + A(J) . 1 1 M J I cos (I, J). (19) 

';i’‘ho expression in the square brackets arises from the interaction 
butiYCOu the nucleus and the field, on tlie one hand, and between the 
ovitor olectrons and the field, on the other. v„orw normal 

ILiorontz frequency ^ is the electronic mass, Wc 

ixxay, however, neglect the first term Avithin the bracket compared 
Avith the second (a>S{/(I) : ^/(J) ^ 1 : 2000). 

last term in (19) corresponds to the interaction (expressed 
ill (18)) betAVoon the nucleus and outer electrons, and, though small 
compared. Avitli that in (/(J), may not be neglected since it assumes 
cliitoront values corresponding to the various possible values of 
cAos (TJ) . By a method similar to that on p, 646, Ave obtain A(J) , MiMj 
i!<vr this term, and hence (19) becomes 


W - Mj . g{3) v,,orm • + A(J) . MiMj . . (20) 

Ml may assume any of the (21 + 1) values from — I to + I, therefore 
each Zoeman level beoomes subdivided into (21 + 1) levels, The 
Holnction and polarisation rules are as before, except that Ml and Ms 
ixvi) replaced by Mj and Mi respectively, and in particular Mi may not 
change in the Paschon-Baok effect, In consequence of (20) each 
ZoGman. lino splits up into (21 + 1 ) components, i.e. owe can deduce 
the, nuclear mommi from the number of hyperfine components of the 
S^eeman lines. In this manner Back and Goudsmit found the value 
J ^ II f X 3 }^ and at the same time proved definitely the existence 
a magneiically coupled nuclear moment. Later Zeeman effect 
inoaHurGmonts have been made to confirm the Amines of the nuclear 


inoinonts of T1 (I = -i) and Bo (I — |). 

'^I.'ho above theoiy of nuclear moments ex^fiams comxileteiy the 
oxporimontal rosnlts in tho spectra of Bi, Pr, La, Mn, I, Br, Os, Na, 
■Ro' Cu, Ga, As, V and Ta, and it is noteworthy that tho iracloii 
of ’all those elements have odd nmss-mnnbers. The theory fails, 

hovvover. when applied to elements consisting of ‘ odd and even 

iHOtopca. As Schlilov and Brilok * first showed for Cd, (isotopes : liO, 
112 , 113, ll‘l> llA, llfi) tho hyperfine structures in such elements can 


* H. Sohulor and H. Briiok, 2s. t. Pliy«., 66, 201 (1020). 
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only be explained if the odd isotopes have nucloar moments, wiiile 
the even isotopes have I == 0 .* Hence the multiplot terms of tho 
even isotopes are not further subdivided into hyporfino levels and so 
give rise to an intense unresolved oomponont in tho midst of tlio 
hyperfine pattern due to the odd isotopes. This naturally made a 
consistent analysis, along the lines developed abovo, impoHsiblo, 
When this ''foreign/' line, which falls in tlie optical " oontro 
gravity" of the hyperfine pattern of the odd i 8 otox:>es^ in noglootod, 
it is found that the structure so obtained is in roniarkablo agrecjnont 
with the requirements of the theory, A similar effect has boon ^cport(^rl 
for Ba, and measurements of the Zeeman effect show that the ov<^ii 
isotopes have no nuclear magnetic moments. 

When an element possesses two (or more) odd isotox^os it in usually 
found that the hyperfine patterns of both are identical and, in fact, 
the analysis proceeds just as if there were only one odd isotopo pros(Uit 
(e.g. Br, Re, Cu, Tl, Cd, Ba and Sn). This means that, in nil those 
cases, the odd isotopes have the same nuclear sx^ins mid magnotio 
moments. In the lines of 6 a, Rb, Sb and Xe, however, it ia found 
that two complete hyperfine patterns, of different total broad ills, 
exist independently, which shows that hero the nuoloi of tho od(l 
isotopes have nuclear magnetic moments of different absolute mag- 
nitudes. In 6 a the two patterns differ only in scale, but in tlio other 
elements mentioned the arrangement of tho componontH is not tho 
same in both patterns, indicating that tho nuclear spins may also 
differ. In all these cases the centres of gravity of tlio two hyperfine 
patterns fall together and also coincide with tho unrosolvcd lino duo 
to tlie even isotopes, if such be present. 

In certain spectra (particularly those of the elemoiifcH lig, Tl and 
Pb) many of the Ihio structures do not fit into the above schemo, 
The patterns due to the odd isotopes are still tracoablo to tho aotioii 
of nuclear moments, but the centres of gravity of tho two patfcorjm 
do not fall together, In addition, although duo to tho absonco of 
nuclear moments, the lines arising from tho even isotopes individually 
show no hyperfine structures, these unresolved lines no longer ooinoide 
as in the case of Cd, Ba, Sn, Sr, Kr and Xo, but are now rooognisablo 
as a number of equidistant lines in the midst of tho hyporfino stmoturo, 
T^ie spacing of these lines is tho same as tho separation of tho oontroH 
of gravity of tiio odd isotopes and their relative intonsitios arc always 
111 good apement ivith Aston^s results. The line struoturosj wbioh 
do not exhibit this 'Msotopio displaoemont effect" (and, in Hg and 
Pb, these form the majority) are much more simple and give tho key 
to the analysis.! ^ o j 


i hyperfine atmeturo monsuremonta oan show that, for thn nvnn 

isotopes, tlio product I . jy(I) is vanishingly small compared with tho valuo for tho 
odd isotopes. It 18 extremely probable, however, that X 0 . 
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(B) indicates tiiat tho uuelear moment ooncomod has boon dotormined Bololy 
from monBuromonta in Band Spectra, The nuclear magnetic momonts are given 
in terms of the “ nuclear magneton,*' wliioh is 1/I838fch part of the Boliv 
magneton. 
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The above oonelusiona regarding the occurronco of isotopic shifts 
in the heavy elements receive convineing support from ohaorvations 
made by Kopfermann,* who compared the lines omitted by uranium 
lead (Pbaoo) with those of ordinary lead (principally I^b 2 oo» 

Pb^Qg). The lines of uranium lead are single and. each was found t(» 
coincide with the component assigned to Pbaoo in the hypoilinti 
structure of the corresponding line omitted by ordinary load. 

The nuclear spins and magnetic moments that liave been defcerniiiuHl 
from hyperfino structure measurements are collected in Table (11^ 
which also contains data obtained from the study of alternating 
intensities in Band Spectra. In conclusion it should bo noted that 
tlie nuclear spins deduced from hyperfine structures are snpport(?fl 
by recent observations on the polarisation of resonance radiation in 
the case of Cd and Ilg. 


* H. Kopfermann, Zs, f. Phys,, 75, 303 (1932), 



CHAPTER IX 


BAND SBECTRA* 


§ 1* Historical Preliminaries. Unitorm View oi the Deslandres and 

the Balmer Term 


T he first step towards ordering band apeotra and representing 
them by formute was taken by Eeslaiidres, The formulae 
wliich he obtained by considering a great mass of empirical 
data became the model of all later dovclopmcmts, jnst as Balmev's 
formula became the arohetypo of all series expressions. Both 
formnloi were proposed in 1885. Schwarzschild provided the foviii- 
clation on whicli the Beslandres formula could bo built np from the 
quantum theory and the Bohr atom ; this foundation was contained 
iu tlie same paper in whioh the Stark efiect was first explained 
(of, p. 300). Schwarzschild started from the idea proposed by N. 
Hjerrumf to account for the infra-red absorption spectra, accord- 
ing to wliich the various lines of the bands correapond to various 
rotational states of the absorbing gas molecules. We are indebted 
to Heuiiinger J for testing and elaborating ScliwarzschikVs theory 
by considering the empirical data. But his results received general 
notice only when Lenz |[ came to the same conclusions, partly going 
lioyond Heurlinger, by taking a more oomprohensivo theoretical point 
of view. Detailed papers by Kratzer ^ closed the first xihaao of the 

* Ab in tho provioua edition Mr, Kmtzor very kindly co- operated in ttio account 
hero given, Avhich is in no way intondod to bo exhaustive), as the material which 
liaa acoumulated in tho inoantimo would go far hoyojid the limits of this hook. 
Habher, it does no more than sketch tho most important foaturoa in tho historical 
tlovolopmonb of Band Theory from our present point of view. Detailed accounts 
nro given in : Aloms^ Moleculea and Quantat by Ruark and XJroy (McGraw-Hill, 
Now York, 1020), or in Vol. 21, Handbuch dcr Physik^ by Mcoko (Springer, 1020). 
Of. also tho Report by R, S, Mullikoii in Review of Modern l*hysiea, 00, 500 
(1030); 3, 80 (1031); also BandempeMren attf Plxperhneyitdler OrundlagOt by 
11, Riiody (Fr, Viowog & Son, Brunswick, 1030). 
t Nornst Fostsohrift (1012), p. 00. 

J T, Heurlinger, Investigations into the Structure of Band Spacinti Diasavla- 
tioUi Lund, 1018; also, Arkiv. for Matoinatik, Aatron, och Fysik, (1016) ; 
l?hyfi. Zoits., 20, 188 (1010); Zeits. f, wissensohaft. Photographio, 18, 241 
( 1010 ), 

II W. Lioriz, Vorh, d. D, Phys. Oos., 21, 632 (1910), 

II Ann. cl. Phys., 67, 127 (1022) ; 71, 72 (1023) ; Zeits. f. Phys., 3, 289 (1020) ; 
16, 353 (1923); 23, 208 (1024). Of. also En/.ykk d. Math. Wiss., 6, Pnrt HT, 
822 (1025)., 
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theory ; tliese papers dealt with the terms of diatomic iiioleevdes and 
their combination. 

In the more recent phase of development tho problem of tiic 
dependence of band structure on the electron configuration has been 
.successfully attacked. Meoke and, xDarticiilarly, Miillikon, w(n.’o ablo 
to apply the ideas of tho miiltiplet theory of atoms to moUMuilcH. 
The electron spin of the total molecule determines tho Kinglet-, 
doublet- . . . character of the band lines. We have an Altornatinn 
Law for molecules exactly as for atoms, according as the number of 
electrons in the molecule is even or odd. Besides tho elcudron spin 
also the nuclear spin sliows itself in the sequence of intenHitie.s of tlio 
band lines. Hund 1ms set up general schemes for tho coupling of tho 
spin- and orbital moments of momentum with the line connecting 
tho nuclei in the case of diatomic molecules (of, § 7 ). Wo may associate 
ourselves with Mnlliken in saying that the most iin])ortant H})0(iti'n- 
scopic problems no longer lie at the pre.sent time in the roahn of atomio 
spectra but in that of molecular spectra. 

In view of the complexity of tho data of ol>SGU?vation it is not 
easy to get a provisional survey of bho empirical facts. Wo must 
therefore restrict ourselves to a few remarks concerning the nomtui- 
olature chiefly and we shall reserve the outstanding exporimnntal rcHults 
for later when we deal with their tlieoretical interpretation. 

Expressed geiieralljq band spectra are oharaoterisod by tlio (j1oh<^ 
sequence of their lines and by the accumulation of tho latter at th<^ 
so-called edges or heads of the bands. The name band spectra lias its 
origin in the fact that when the dispersion of bho I'osolving apparatus; 
is small they give the impression of continuously tinted bands. 
Some of the bands are shaded off towards the red, somo towards the 
violet end of the spectrum ; that is, some have edges on tlic red side 
and some on the violet side (cf. tho beginning of § 2 of Ohapter II). 

Band lines that seem to start out from the sanm edge are grouped 
together into a branch {^weig), Deslandres used the word “ scries 
instead of " branches ** for band lines. Associated branches farm ono 
or more 'partial baiuk (or single babuls). The fact that the partial 
bands overlap increases the difficulty of ordering and mtorpreting the 
band spectra, The edges of the bands recur in more or loss regular 
sequence. Among the hqnd edges we may distinguish, at least in tho 
clearer oases, several groups of bands. So eaob group of bands imitert 
a series of heads of bands to a higlior single unit. Eig, 141 on page 572 
exhibits a group of this kind consisting of five band heads and tJio 
partial bands that start out from them towards tlie violet and bluit 
overlap. The various groups of bands, too, follow in regular soqnenco 
and form sysle 7 ti of bands. Tlic complete band configuration of a 
molecule consists not of one but in general of several aystoms of baiKlw. 

But the appearance of the bands, as here described, is in some 
circumstances distorted by the overlapping of the variovjfl groups ; 
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tlim iiurfcio\iliu’ly to the ao-called many lines apectw (cf. § 5). 

lJu’, htuH !h tliat lie in tins infi'ti-red are (listingiiislKul Ijy heiug paiticularly 
Hniifilci ; III their case a single Imiui is observed alone and the over- 
lapjnng «f groups (if bands docs not occur. We shall thereloro first 
(Ion I witk these speetra in § 2. 

Our Irat task is to obtain the ground factor of band emission, 
the Deslandrea term, theorctionlly and to connect it with the gi-ouml 
fnetor of series omission, the Balracr term. 

Wo start out from Bierrum and Schwai-zschiUl’s idea of the rotator 
nud do not ooncontratc, as on page 81, on the single point-mass that 
i'ovolvo.s at a fixed distance but more generally on a rigid body which 
rotates aliout a principal axis, which may sevvei us schematically as a 
moleeulo. T,ct its moment of inertia about the principal axis be called 
d and its angular velocity w or As we know, the moment of 
nunnontuin and the kinetic energy are 


M — Jto, 


_ (Ja))a 
2 2J • 


SiuoL^ the angle of rotation (/t is a cyclic co-ordinate of the motion, the 
qiinntviin condition for this rotator runs, analogously to equation (18) 
on page 82, 

27rM == mh (m integral). 

Heneo ib follows that 

, mh „ /i* 

. . . ( 1 ) 

Wo now distinguish, between'two cases, 

I, T-lio inonieut ol inertia 1ms a principal coniX)onent Jq, which is 
iiicloj^enclent of the rotation and is only inappreciably affected by the 
rotation (exainx)lo : the earth and its flattening or a molecule that 
rotates about a principal axis), 

![I, U'he moment of inertia is j)rodttced l^y the rotation itself and 
vanishos when the rotation vanishes (example : a centrifugal governor 
ov tlio Bohr model of the hydrogen atom). 

In (^aso I we have for the qxiantum state 

J Jo A J,, (A < Jo) ... (2) 

In <“*ase II wo have in particular, for the hydrogen model 

Jm = • • • ■ (3) 

whei’O fjb denotes tlie electronic mass, and the radius of the 
or tiio first Bohr circle. 

If wo substitute the values (2) and (3) in (1) then in Case I an 
onergy- value results whicli is essentially pro2)ortional to (that is, 
it wo nogldot AJ^„) : 
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wliereas in Case 11 the of the numerator cancelH out with the 
denominator and we obtain an expression whicdi is invamv.ly ])ro])or*- 
tioiuil to 

E 

By dividing by h wo pass from the energy to the term." In this 
way Ave obtain in Case I tlie Deslandres imn : 

<“> 

and in Case II the Bahner term : 


R ^ _ h ^ 27rVe^ 
STT^fxaj^ 


(«) 


The second form of the value R folloAVs directly from tlie first l)y 
equation (7) on page 86. 

Concerning the Balmer term we have yet to add that in the above 
calculation we have taken into account only the knielic energy of the 
rotator ; if ^ye now add the j)otential energy, only tlie sign of the 
term becomes changed (of. Note 3), 

In the case of the Deslandres term, Iioivover, a wave -mechanical 
correction has yet to be applied. As already remarked on page 82 
Avave -mechanics leads in the case of the rotator in space to luvlf-iiitcgral 
and not integral quantising of the moment of moinoutum. Accord- 
ingly Ave set 

in == i + i =r I) + 


and AATite for the Deslandres tern 


and 


+ i)^ 
Bj( j + 1) 


respectively. In each case AA^e liaA^e 


B 


k 


(OJ 

m 


In (6a) Ave have omitted the constant term B/4, since if wo nssiimo 
J to be fixed this term AA^ould cancel out Avlieii Ave form tho term 
differences. We liaA^e also to remark that the expression (Oa) is in fact 
the primary form, precisely as in formulating tho Zeeman effect in the 
preceding chapter, in so far as avo are concerned Avith tho pure rotator. 
If oscillations are taken into account at the same time (§ 2) the expres- 
sion (6) is the natural one. 

Hence Ave may regard the Deslandres term os just as fundamental 
as the Balmer term, the first applying to systems with an initial mriment 
of inertia (molecules), the latter to systems without a moment of inertia 
originally (atoms). 
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§ 2. Mra-i'otl Absorption Bands. Rotation and Rotation-Vibratiou 

Spectra 

Lot tlio HyHtom eonsulored in tlie preceding section be a diatomic 
for example, Hg, IdOl, Ng, and so forth. Let it consist of two 
pointdike nvicloi survoiiiided by electronic systems that arc negligible 
logiu’ds distribxition of mass. The line which connects the nuclei 
iH a x)rinoipal axis of the system (axis of the figure) and so, indeed, is 
Bvory axis perpendicular to the latW (equatorial axis). It was an axis 
of the latter type that wo meant when wo spoke in the previous section 
of rotations about a principal axis of the rigid system. The moment 
of inertia J refers to it. But the axis of the figure has a moment of 
iiiUL'tia that IS practically zero j rotations about this axis do not come 
ill to Gonsideration for purposes of quantising (of. Note 3). 

When wo treated the system as rigid on page 667 this was only 
itx>])t'oximat 0 ly correct, Although the nuclei have a position of 
Otxuilibrium on the axis of the figure they may move away from it 
iMKler the influence of their mutual repulsions and the attractions 
clvio to the oleotrona in the case of disturbances from the position of 
t^qiiilibrium, collisions, energy-absorption and so forth. They then 
oxoouto vibrations about this position of equilibrium. We assume 
that the vibrations occur in the direciion of the axis of the figure. In 
tliiH sense every molecule rexiresents not only a rotator but also an 
oftcillaior* If the vibrations are infinitely small, wo have a hamonio 
oscillator ; lot its frequency be Vq, If the vibrations are regarded 
iiH finite, that is, if the nuclei move away from the immediate vicinity 
<if tlioir positio3i of equilibrium to neighbouring parts of the field, 
tlion tlieir mutual bond varies with the value of the amplitude. The 
oHoillator is tlien anharmonio and, indeed, apijreciably anharmonic 
Ijocanse the quantised osoillatioji already has fairly considerable 
amplitudes. 

Wo know from the specific heat of gases that the rotational degrees 
t)£ freedom (and also the translational degrees of freedom) are in full 
action at normal temperatures but that the vibrational degrees of 
freedom do not make themselves observed in the case of the simpler 
gases suoh as Ng, O^, HOI and so forth. From this we conclude that 
tho rotational component of the motion is always present to a coii- 
hI dor able degree but that the vibration component is often not excited 
into action^ and occurs only when energy is absorbed, 

I*'or tho present we assume our oscillator to bo harmonic. Furth er, 
we make the general remark that the important feature for spectro- 
Hcopio questions is not the actual presence of a vibration but rather 
bliG change in the state of rotation. In the theoretical treatment 
wo adopt tlvo staudx)oint of the emission process. The application of 
the argument to tho absorption process is then immediately given, 
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Let / be an arbitrary aiidy a fixed quantum mini her of i-oLatioii, 
Let / characitcriHO the initial state and j the final nf the I’otalioiii 
iji tlic emissive process. Let us first consider exoliisively the energy 
of rotation, that is, let us assume that any vibrations tliat happen to 
occur simultaneously do not change their state ; thou wo obtain from 
Rohr’s hypothesis {hv — difference of the energies) and from tho 
formula for the Deslandres term, eqii. (C) or (Oa) of the preceding 
section : 

v = B(/(/ + l)~j(j+l)) . . . (1) 

We call the wave-numbers v given by this formula the ]n\ve rolaiiou 
specimm. 

More generally we shall assume that the change of tlio rotational 
energy is associated with a change of configuration of the molecule, 
no matter whether it consists in a rearrangement of the electrons, ms 
Sohwarzsohild had already assumed when dealing with visible speotrn, 
or in a sudden change in the oscillatory state, as wg must now assinno 
for the infra-red spectra, or, finally, as we shall assume latov, in tlio 
simultaneous occurrence of both processes. 

Like the rotations the oscillations arc divided into quanta, 
namely, as a first approximation into energy-elements Jivq as in the 
case of the harmonic oscillator. After what has just been said a bout 
tlie thei'modynamieal behaviour of gases, only the smallosit valuoH 
0 or 1 come into consideration for the oscillation quantum at normal 
temperatures, wliereas any arbitrary values are availablo for tho 
rotational quantum. Let v' be tho quantum number * of tho initial 
oscillation, d that of tho final oscillation, The energy difl'oronco thou 
amounts to 

and the contribution of this transition to the wave-miinbor is 


(V 

By superposing this amount on the amount (1) of tlie rotation m 
obtain 

V := [v^ + B,(/( j' + 1) - jU + I)) * . (2; 

We oall the possible Avaves given by this formula the rotation, vibratim 
spectrum. 

But the transition (quantum transition of several uuitn' 
oontradicts the selection principle (of. Note 7), aoeorcling to which tilt 
ohange in the rotation quantum number must equal + 1 ; wo sliall 
take into account later the fact that in some oiroumstances tho q uantuin 
change 0 is also permissible. For the osoUlation quantum number we 


♦ PolloAving Mulliken wo adopt fcho symbol « for tho vibration quantum." 
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hJiuU also iiml coiisidor only the quantum chango ± 1 , whioli currc- 
Hpomls to a rigorously harmonic oscillator. We therefore write 

f i 1 and r= 3 . , . ( 3 ) 

and obtain from ( 1 ) with j' j -\- 1 

1 / = 2B( j + 1 ) , 

and from ( 2 ) witli v' —v ~l and f — j + 1 or j' ==: j 

-b + 1 ), for f = j + n 

for } ■ 

following remarks must be added. In the ease of the rotation 
Hpootrum (4) the assumption f = j — 1 would lead to negative wave- 
11 inn hers ; such wave-numbers belong to absorption processes and 
tlioreforc drop out hero whore wo are taking the standpoint of emission 
nUniG. Consequently wo had only to take into account in (4) the 
jinHsibility j' = j 1 for the change in the rotation quantum number. 
In bho same way in the case of the rotation- vibration spectrum (5) 
the assumiition if' — v 1 would yield negative wave-numbers. For 
ill gonoral the value of vq predominates considerably over that of B. 

'Bho common content of equations (4) and (5) consists in the oir- 
1*111 ms tnnoo that they represent equidislanl sequences of lines having 
tho constant wave-number difference 

|Ai'l = 2B = j^ . . . . {6} 

Til tho rotation spectra (4) wo have one such system, in the rotation - 
vibration spootra wo have two systems, one positive '' and one 
negative branch.” 

'I'lio first lino of the positive branch corresponds to the transition 
1 0 , that is, j 0 , and is therefore, on account of the first row of 

(f)}, given by r — Vq + 2B ; tho first line of the negative branch belongs 
"to tho transition 0 1 , and thus corresponds to j = 1 and hence, on 

account of the second row of ( 6 ), gives v — vq — 2B. The zero 
lino '' V = V 0 , that is, tho central line between the first line of the 
j)i)Hitivo branch and the first line of the negative branch is not 
I'oprosented, 

We have examples of both kinds of bands in the infra-red absoiqition 
Hpectra (also observed as omission spectra by Pasohen*^). Pure 
rotaiion spectra have been observed in water-vapour by Kubens t and 
;i5va V. Bahr4 The meaBurement of the HOl-bands under high 
diapersion by M, Czerny |1 is paitioularly instructive. Rotatioii- 
vilnation spectra, resolved into lines, have been investigated with 

* Ami. tl. Fhys., 63, 336 (1894). t Borlinor Bor., 1913, p. 513. 

1 Vorh. d. D. Phys. Gob., 16, 731 and 1150 (1913), 
j| Zoits, f. Phyflik, 34, 227 (1925). 

von, I, — 36 
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great ])reciaion in the laboratory of Ann Arbor tlnivorsity l>y the 
methods devised by Randall. The first imjiortant resnlbs ^ 
obtained by lines for HF, IIOI, HBi*. ^.flio rotation speotru lio in the 
far infra-red at a]}proxiinatoly 100 fi (the last measure in outs by iinbens 
go as far as 132 /x), the rotation -vibration spectra lio in the nearer 
infra-red (at several ^). 

Between the rotation spectra and the rotation-vibratioiT spectra 
of the same molecule there is a relationship which was anticipiited by 
Bjerrum and proved to exist by Eiickon ; tlie vibration dilTei^onoes 
Av of successive lines are essentially equal in the two spocdra. By 
equation (6) this denotes theoretically that the moments of inertia 
of the molecules do not markedly differ from ono another in the 
two states. 

Bjennim’s original intei'protsition of the infra-red bands, wlilcli 
preceded Bohr's theory, Avas of course different, 

Bjerrum quantised not only tlie moment of moinentuni hut also 



Fia. 137. — Botation- vibration spectrum of HCl pliotographod by linos with 
a reflection grating of Ingli resolving power. Tho porcontago abaoriitiou 
is plotted as ordinate, tho nnglo of disporaioii as absoiasn, T]\o midillo of 
the band (tho gap in tho row of peaks) oorroaponds to Aq 3 ’4.0, 


the energy of the rotating moleoulo ; furtliormore, ho assumed tlio 
absorption frequencies to be equal to the meohanical frequoiKjies ; 
that is, he did not determine them from Bohr's frequency condition. 
In this Avay he obtained as the vibration difference of neighbouring 
rotation states 



( 7 ) 


that is, twice our value (6) ; the same difference, involving tho factor 
2, is already familiar to us from page 82 whore wo eomparod the 
quantising of the rotator Avith that of the oscillator. 

To pass on to the more detailed questions we oonsidor Pig. 137, 
Avhich is due to lines (Joe, cit,)y and the diagram, Pig. 138, Avhioh goes 
Avitli it. The gap in the succession of peaks in Pig. 137, the so-called 


*Imea, Astrophya, Joiirn., 60, 261 (1919). Further moasuromontB with tho 
same apparatus made by Colby and Moyer are rooovdod in Astvophys. Jemn., 
83, 300 (1921), and by Colby, Meyer and Bronk, ibid,, 67i 7 (1923), 
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zoro-lino^ Htrikus the eye at once. Not only is there a peak missing 
here but the intoiisity of the contimioiis l)aekground and the si/.e of the 
pealcs ai‘e charly cfnm/iml immnd Ihis gaji, Tliis i>s to be imdoratood as 
follows; the frequency of the different rotationar states depends, in 
aooordance with the Maxwell- Boltzmann distribution law, on the 
tpiantum number;/, and the intensity of the absoi'ption lines is propor- 
tional to the frequency of the initial state in question- Equal distances 
in the Hpeotriiin to the right and left of the zero line correspond to 
equal * values oij and hence exhibit absorption lines of approximately 
equal intensity. "Idie change of intensity and the dependence of the 
intensity on the temper aturo (displacement of the two iutcnsiby 
maxima outwards being proportional to the square root of the absolute 
teniperature, of. Colby and Meyer, loc, cit.) correspond, apparently, 
perfectly with the Maxwell-Bo Itzmann law. 

On aooonnt of the presejico of the intensity ininiminn in the centre 
the rotation- vibration spectra Avere called double bands, before they 
Averc aiiceossfiilly resolved, to distinguish thorn from the simple bands 
of rotation spectra, Avhich exhibit no such gap. 


3~>2 2-5^1 l->0 Vo l->2 2->3 

Ji'ia. 138.— Belafeion of tho linos to tho transition s j -> i 1 for absoiptiouj 
for omission tho transition arrows aro to bo I'evorsod. Tho gjij) at Vq donotos 
that nogativo vahioa of j aro forbidden. 

Tho explanation of tlie gap in Eig- 138 is given directly by the 
wava^mechanical expression for the Deslandrea term (eqna, (6) and (Ga) 
of tlic xn^eoeding section), but give rise to considerable diffloiiltiew from 
tho point of vioAV of the older qucmlnm theory (oqn. (4) of the jn'oeeding 
section with an integral m). In tlie previous Gorman edition of this 
book equation (4) Avas used Avith half -integral values of m, and this 
agrees with tl\e transition to equation (0), as avo see from the conclud- 
ing remarks of § 1, Hero, as every Avhoro else, the ilCAVor quantum 
theory leads Avithout arbitrary assumx^tiona to the hypothesis demanded 
by exiierimental results. Tho assunix>tion (6) is confirmed most direotly 
by the rotation bands of Czerny (see above), wlio could successfully 
I'eprosont tho results of measurement only by a formula of tho form 
of equation (4), Avith integral values for j (halfdntogral m, as Czerny 
remarks). 

Tlie equidistance betAA'een tlio successive band linos, whioli is 

* More acciiratoly, in absorption tho n'* liuo of the positivo branch donoios 
tho transitiioii n — 1 ??, tho lino of tho nogativo branch clonotos tho traii- 

sitioii 7i—> n -- 1, cf. Fig. 138 and § 7B, whoro tho abovo data aro oxproHsod inoro 
procifloly. 
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expi'GSfcjed l)y tupiatioii (0), is only iinpoilect, m wo soo from Kig. VM ; 
actually there k a definite changcy namely a tleoroiiso ot the distanet! 
Av in the direction of short waves. According to ICvat'/or,* tlic reason 
is as follows : whereas hitherto wo simxdy sux)or posed rotation and 
oscillation on one another they actually exert a mutual iidlueneo <m 
one anotlier. In consequence of the oscillation, the moment of inertia 
J of the molecule is no longer constant but variable. Its mean vulius 
is dilferent from the original J when tlioro is no oscillation. In couho- 
quence of the rotation, on the other hand, the position, of eqxiilibrimii 
of the nuclei, and hence also — ^iiitho case of the anhciT^noiitc osoillatoi'"— 
the strength of the bond becomes changed. 

Let denote the energy of the molecvdc which belong.^ to tlio 
rotation quantum j and the oscillation quantum v, and. lot Wo^ 
sx)ondingly denote the energy of the rotation loss moloeule, the oscilla- 
tion quantum being v. In the harmonic case wc have (p. SO, c‘(in» 

(m) 

Wo. = (V + 

In the aniiarmonio case we have, instead, an expansion of the form 

Wo. - + i)H(i - -l-l) + < - ) • ‘ 

which advances in i)owers of aj(i^ -h -J). Tlio small constant x {lopendB 
on the law governing the anliarnionic bond. 

On the other hand, the formula for runs : 

= w„„ - + 4)*(v + i) + §^(( j -h -I- ■ . ■) • (0) 

The last term is the rotational energy, and coiTosponcls to the BcslandroH 
term. The dots in the bracket indicate that if wo take into account 
centrifugal effects additional terms become added that apparently 
alter the moment of inertia J (of, § 1, oqn. (2), where tlm coiTospon cling 
change is indicated by AJ.^^). The term immediately before the lust 
expresses the interaction between rotation and oscillation. ^J'ho ot:>- 
effioient a contains the moment of inertia J, and the vil)ration number 
Vq. We must leave the derivation of (9) to Vol. II. In Note III avo 
give the necessary preliminaries for the proof. 

The explanation of the variation in the distances betAvoon tlio pcalcH 
of the absorption bands is noAV easy to give with the help of equation 
(9). We must note that by pp. 669 and 660 the initial value of v mml 
be taken equal to zero in the absorption process. If wc rejjrosont tlin 
same process as before as an emission process, avo must set the fliial 
value of V in it equal to zero %kI the initial value equal to v. In tho 
difference between the initial ancl the final state Ave obtain from («). 

* A. Kratzer, loc, cii,^ Zeits, f. Physik (1020), Wo give Kratzor’a result with 
tlio changes that roault from tho application of wavo-moohaiiica. 
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if \vv> write down only the terms that depend on j and use the earlier 
vnhu* ol B, equation (4), p. 558 : 





Hone(? wo have for the distanoo between aucoeasive peaks : 


Ar 2B[1 -t' a[2( j + l)i; 1], positive branoli\ 

Av 2B[1 ‘b • • • ] + oc[2^v — 1], negative branch 




(10ft) 


\V\\v> eonataiit diataiice | Av \ calculated in ((]) is thus, on the one band, 
UH indicated by tlio brackets [1 . . . ], sliglitly changed by the 

^centrifugal actions of the rotation, and, on the other hand, and prinoix)- 
nlly, is systeinatically diminished by the interaction between oHcillatioii 
and rotation in the positive branch as j increases, but increased in the 
nogativn branch. It is just the latter that is shown in Big. 137. 

Wlicnoas by equation (3) only changes of the oscillation quantum 
by 1 was possible for the harmonic oscillator, any arbitrary changes ^ 0 
iirn permissible for the anharmonic oscillator at xu'esent in question, 
cu>rrosxK>nding to its overtone vibrations. Honce, it follows that in 
cuination (5) the first term on the right-hand side is in general to be 
ro])lace(l by 

V(,v(l — (« + l)a: + • • ■ ). • • « (11) 


fcl>at is, for v === ] , 2, 3 . . .by 


i;„(l ~ 2a!), 2s„(l - 3iB), 3v(,(l - 4a:) . . . 

Wo iiifoi' this dii’cotily from equation (8) by assuming for tlie final 
Htfito of the ojnission proooss (initial state of the absorption process) 
V 0 and for tho initial state of the same process v — 1, 2, 3, . . . 
b\'oin (11) wo SCO two things ; 1. Besides tho “ ground hands ” liitherto 
oonsidoi’ed, which also occur in tho harmonic oscillator there aro 
“ overtone bands !’ of approximately twice, three times, . . . tlie wavo- 
nirmbor of the centre of the band, 2. Those wave-numbers aro not 
oxaotly in the ratio 1 : 2 : 3 . . . , but aro out of tunc according to 
tlio vttluo of the quantity 

Mandorsloot (Dissertation, Amstordam, 1914) appears to have been 
Ulio first to look sucoessfully for such overtone bands (in the ease of 
( lO). Next Brinsmade and Kemble * must bo mentioned, who cstah- 
liKdiod tlie presenoo of an overtone band in measurements made by them 
with HCl. Hottnor t hivs given, a comprcliensivo tabulation of his own 
o.iitl otJier moasuremonts of infra-red bands which have now in part 
lieen resolved into lines. Wo supplomcnt them by results given by 
(ilonienH Hclulfer and Max 'rhoinus.t HMie following nnml)ers denoto 


* J . lb Bi'iimmailo niul B. C). Komblo, 
I Zoits. f. .IMiysIk, 1, 361 (1920), 


J^rod. Nat. Ac., 3, 420 (1017). 
XlbuL, 12, 330 (1023), 
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liomm (avfi nifaUon-vihmMnn linndH Miat arn »ninnwliai di^plm?c»fl rvk 
Mvnly in oim anntlim\ 1'lm Huhaidiary maxima ilimnin ilm bniid nf 
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i 'Y- laminiH, AMlrnnliya, Jninn., 5^, 'Mh (IH^iinh 
t A. kraiw, f. rhyiiHt^ B, lOM (lUan). 
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CI3S, corresponding to the ratio 1 : 3 in which CI3, and GI3, occur quanti- 
a ivo y (0 . p. 41). Moyer and Lowiii were also successful in proving 
the isotopic cllect iinainhiguously in the ground-band at A = 346 
whereas It is not yet visible in Eig. 137, which ivas taken with a 
Wider Hilt. 

The dilfei-once between the two nuolear vibrations is obtained theo- 
rctically as follows. The formula for calculating the proper frociuenoies . 
runs : 

Hero J is the tightness of the binding, which is the same for both types 
of chlorine, and /r denotes, as in equation (3) on p. 91, the “ re- 
sultant ” iriasH of H and 01, thus ; 

— i- = 1 -I- JL 1 4_ ^ 

^ 35’ ia3,~^ + 37- 

It wo use to denote the relative difference between the vibration 
frequencies of HCI35 and HCl3^, and 8A/A to denote correspondingly 
the relative wave-length dilforonce, we obtain 

8 r 1/1 1\ 1 

V 2V36 37/ ~ 1296' 

'Tluis 

8A = - yA = - ^ . 10-1 ^ (12) 

Tho nogativo sign denotes that the lines of OI35 have the shorter wavo- 
longth, that is, that the iioalcs corresponding to Clg? are superposed on 
them on the longer tvave side ; this agrees with Fig. 180. The value of 
8A in (12) likewise agrees with the results of experiment in order of 
magnitude.* Wo have already referred on p, 142 to this beautiful 
spootrosoopic confirmation of Aston’s observations of isotox:)es,t 

Whereas wo have hitherto oonsidored only v — 0, as the initial state 
in the absorjotioii process, with rising temperature an increasing number 
of molecules will bo in the state ^ 1. Accordingly, an absorption. 

l)and can then occur that corresponds to the transition 1 2 in the 

oscillation quantum number, One suoli band has actually been 

* 111 Phys. Ilov., 34, C3 (1920), Colby gives an oxaob formula for fcho moasurG- 
monts of Moyor aiul Lowin. It is thoro shown that tlio isotopo effoot comes out 
not only in *tho oseillation torin of tlio baiuls but also in tho rotation term (on 
a(«t!ount of tho fllUovont moinontfl of inertia of the isotopes). 

t H, H. Mullikon INnturo, 113, ‘123, 489 (1924)] has tieseribed isotopo ePfoGli 
in BO, SiN and tho so-eallod Ou-bands, mid has drawn iiifovoneos from thorn about 
tlio carriors of thoBO bands. Of. also tho moro recent papers by Birgo, Mullikon 
and thoir pupils on isotopy in band spectra, iupartioular in 0,1^, 0 (Phys. Bov., 
1020-31), 
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observed ; * it can be calculated beforeliand from the absorptioji 
bands 0 -> 1 and 0 2 by simple combination. 

Lastly, we inquire in what other gases besides the halogen acids 
Ave may expect infra<-red absorption bands that may bo roKSolvcd into 
individual series by the means nowadays at our disposal. .By (jquation 
(6) this is a question of tlie moment of inertia. Only if J is sulTioicntly 
small does A v become siifhciontly great. In HCl the centre of gravity 
lies very close to the heavy atom Cl ; hence J becomes essentially equal 
to where I denotes the distance between H and OL .Honcho Ave 
see immediately : in order that a suifloiontly small J should occur lha 
molecule must coniam only ILaioms besides the atoms ihai lie next to 
the axis. This condition is fulfilled, for example, in OH4 and NHg, 
Actually, resolvable bands have been found in these two molecules 
that show themselves to be particularly simple ; in CH^ they Avore 
found by Cooley f and in NH3 by Sohierkolk,! and Barker.|| The 
simplicity is no doubt duo to the fact that the H-atoms are arranged 
symmetrically about tlie heavy atom. The next molecule of tliis 
series, Avhich would be the bridge to HF, is H^gO. But in HgO the 
infra-red absorption bands are considerably confused. Honoo avo must 
infer that tlie two H- atoms do not lie diametrically with respect to the 
0-atom, os is also to be assumed from chemical data, so that we are 
Iiere dealing Avith a triangular configuration Avhioh gives rise to three 
different moments of inertia. 

§ 3* Visible Bands* Significance 0 ! the Head of the Band 

To transfer our attention to the visible region Ave must add to the 
tAVo transitions in the rotation and oscillation an electronic transition 
as a third factor, that is, Ave must add a change in the structure of the 
atoms or ions tliat constitute the molecule. The simultaneous ooouv- 
rence of these three partial processes is demanded by the Corrospondonoc 
Principle (of. Note 7 {g))^ at least for a non-polar molecule such as N^. 

Hence, in the initial and in the final state we are now dealing in a 
certain sense Avitli different molecules, wliioh differ by just the required 
change of configuration of their component parts. The result is that all 
constants that depend on the details of the molecular etruoturo, in 
particular the moment of inertia J and fundamental frequency of tlm 
nuclear vibration vg, become different in the initial and the final state, 
We denote the values (analogously to j\ j and v\ v on p. 560 ) by J', J, 
v'o, ro» so forth. 

We first consider the rotation component, and proceed to obtain 
from it an understanding of the structure of a partial band in tlie 

Bronk, loo, oU,, and also Colby, AstrophyB, Jonrn., 
68, 303 (1923), who ovon at that timo conohidGcl that thoro must bo half -in tcizral 

valuoa of J from tho oombiiiaWon-rolation. 

t Phya, Rov., ai; 378 (1023), 1 Zoits. f, Physik, 89, 377 (1084), 

II Phya. Rev., 83, 684(1929), ' » \ 7 
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visible region. Thus we form the difference of the BesHndres term, 
equation (0) in § 1, for the initial state {j\ J') and the final state ( j, J) : 

Hf + hjj + ir 

SnSr 8772J • * ’ ‘ ^ ^ 


and also add the contributions that result from the oscillation transition 
and tlie change of configuration in the oleotronio structure. Let v^i ho 
tlic contribution by the electronic transition, l^he contrihution by 
tlio oscillation transition, which we called under the simpler 

cjoiiditions at the beginning of the preceding section. 

We distiiTgnish the throe ca>sea (the nomenclature is that of 
Hourlinger) : 

f -- ? d- 1 • - • Bj'branoh,^ 

j'-j - 1 . . . P^branohA . . . (la) 

j' = j . , ♦ Qdnanoh.J 

In Note 7 (g) we prove that the tlnird ease must be added to the two first 
oases alone eonaidorod in the preceding section when an electronic 
transition oeours simultaneously. Prom (1) avc obtain 


B 

P 

Q 


+ 2B( j H- 1) + C( j + 1)'". 

V = A ^ 2Bj -h Cj^ . 

V = A + Cj + , 


The constants A, B, 0 have the following significance : 


( 2 ) 

(3) 

(4) 


A ~ -I- + }0, 2B = + J), C - - J). (61 

For J' — J (no electronic transition, case of the preceding section) » 
C becomes equal to 0, B^ == B = ?t/ 87 r^J. The equations (2) and ( 8 ), 
as should bo> then become transformed into the equations ( 6 ) ot tlio 
preceding section, whereas equation (4) loses its moaning. 

In Pig. 140 we have drawn the three parabolas (2), (3) (4) ; j is 
plotted on the axis of ordinates, v on the axis of absoissm. Tliis kind 
of graphical rqjrosentation api)oars to have been first used by Fortf at.* 
The parabolas are drawn continuously as far as the axis of absoissce 
j = 0, and thenoe onwards partially dotted. The E-branoh intersects 
the horisiontal j =— * 1 at the point == A ; at the same point of axis 
of abscisses the P*-branoh and the Q-branoh intorsoot the horizontal 
lino j = 0. We project the points of intersection of tlio parabola of 
tlie P-branch Avith the horizontals j 1 , 2 , . . , on the axis of ahsoissso. 
In this way wo obtain in the loAver sivi]} of the figure the observable 
arrangoinent of the hand lines 1 ^ of the P-branch. The lines tliat arise 


* li. li'oitvat, Thbses (Parifl, 19H), p. 109, Cf. also O, HiggB, Ih'oc. Hoy. Soo, 
64,200 (1803). 
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from the Q- and the B-branch and that would intcrxjoso thomHclves 
between the lines of the P-branch have been omitted for the sake of 
clearness. 

In onr figure it has been assumed that 0 > 0, that is, by equation (5) 
that J' < J. Honco in the P-braiieh a band head appears ; the band 
is shaded off towards the red end.’^ In the converse case 0 < 0, 
J' > J, the band lioad arises in the B-baiids, because in the analy ti(5al 
representation of equations (2) to (4) in this case it is tlio B-band and 



Fio. 140. — The parabolas (2)i (3), (4) of tho P-, Q- and K-branohos for 0 > 0* 
Til© points of intoraootion of the P-branoh parabola with the liorizontal 
linos y *== 1, 2, 3 . , . are projootod on the v-axis, and give direotly tho 
positions of tlio linos of the band. Tfie linos of tho Q- and H-brnuolioB 
could bo obtained similarly. 

not tlio P^band that exhibits a varying sign in the terms involving j, 
For small values of j + 1 the positive linear term first predominates 
and is compensated by tho negative quadratic terms only when j + I 
has rather great values ; the corresponding parabola first I’uns towards 
greater v^s and later bonds round to smaller v'b. In thi.s ease the band 
is shaded off towards tlio violet.” ^ 


* H, Liulloft draws conolusiona about tho eonatitution of tho associutorl iiiolo- 
cule from this ooiitracliotory behaviour. Naturwiss., 14, (1026) j 16. 400 

(1027). * \ * 
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Wo calculate the position of the band head by (2) or (4) (j being 
treated toinixnarily as a continuous variable) from the condition 


1 ? + 0 ? == 0 • • • 0 > 0 1 
2dj t B + G(j+1) = 0 , , . O<0f 

.. SI 


or j + 1 


B 

0 


Vrcspoofcively the nearest integer 


(G) 

( 7 ) 


The hand head is not, like the limit of the linc-serios^ a natural point 
of accumulation, hut in a certain sense an aoeidental point. The 
drcumstanco tiiat the band lines run partly towards the band head and 
partly away from it apparently disturbs the regularity of the sequence 
of the lines, T\) J. N. Thiele goes the oredit of having pointed out the 
view that the band head is an accumulation of lines that is con- 
ditioned by the scale of the v*s and is rather accidental 

bo able to draw inferences from the expressions ( 2 ) to ( 4 ) for the 
hand about the properties of the emitting molecule it is essential to 
count the position number j of the band lines correctly. If we were 
to displace the zero-point of the counting we should change the signifi- 
cance of tlm constants A and B in (6), The position number j must 
not be caloulatod from the band head, as was done by Deslandros ; 
rather, it advances continuously as it approaches the band head and 
also svibsec^uontly when it moves away from it, since this corresponds 
to the ciroumatanco that the band head denotes no real singularity of 
tlvo band law. . 

]'o arj’h^o at a natural way of counting j when a partial band is 
empirically given wo revert to Fig, 137 of the infra-red bands. In 
tliis case the striking dip in the course of the intensity found the 
l)onndai‘y between the positive and the negative branch, the B- and 
tlio P -bran oil in our present notation, and served as the starting-point 
for counting. Wo may show that even in the case of the visible bands 
tlioro is a similar dip in the intensity distribution ; it is likewise dc- 
oisivo for the numbering. The intensity of the line to be expected at 
this point is zero ; on both sides of it the intensity first inoreasos and 
tliGii deoreasos, likewise agreement with Fig, 137 and the explanation 
there given according to the Maxwoll-Boltzmann law. If we numbei 
thc linos from the zero line the intensities of lines bearing the same 
number become equal in the B- and the P-branoh, But in the scale 
of tlie vH this symmetry becomes more or less unrecognisable. The 
tbicknoHH of the linos in the lower row of Fig. HO indicates the increaso 
and decrease of the intensity of the lines. As a result of the eireinn- 
stance that in our (Uagram as well ns in many real cases one of the two 
intensity maxima come to lie near the band head, ivo find^^that^ this 
often appears emphasised in the total spootriun as a strong fluting 
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{hannelienmg). But this oircumstanco is accidental and, moreover, 
depends on the temperature. 

The qualitative intensity criterioji here developed for tin? niimlKudng 
of the lines, that is, for counting is due to Heurlinger, loc. cit. lli\ 
derives another criterion from a discovery of .Fortrat (loc. cit.) : in tin? 
regular progression of band lines disturbances, anomalies of tJio vilmi- 
tion number, occur, and, indeed, in pairs. Heurlinger was then abb 
to show that in his choice of the current number opposite current 
, numbers must be allocated to the disturbed lines. Hence in addition 
to the intensity criterion we also have an equivalent disturbance crilerioti 
for the choice of the current number.* Moreover, this criterion h^d 
of necessity to the half-integral numbering (in the older notation 
w = j + i-) of the rotation quantum number oven before waY(». 
mechanics. 

The classical example of the theory of bands is given by tlie so -called 
cyanogen bands, Their lines consist of very close doublets that ar(^ 
separated only for the higher values of j. Their ( 3 entres of gravity 



S88i 3372 3602 3856 3850 


Fig. 141. — Tlio cyanogen band A == 3884 of tho carbon arc. Al; tlio otlgoH (ho 
lines that are no longer resolved appear na continuouR baiida, TnUon in 
the second order of a largo concave grating, 

obey the band laws (2) and (4) paiticularly well, and a simplifying 
circumstance is that here the Q-brauch, equ. (3), is not present at all. 
Heurlinger has subjected them to a new exact study and, in -juirt, now 
measurement. In several of tliese bands there are approximately 
one hundred lines ; for example, in one partial band of the group 
A “ 4216 lines up to y =-}- 97 have been measured by Heurlinger ; 
the whole complex of lines is arranged in systematic order. 

Runge and Grotrian f ascribed tho cyanogen bands, in spite of their 
names, to the Na-molecule. The majority of tho other observers :[: 
established that the presence of C« atoms is necessary to produce tho 

* In atomic spec tin, too, thoro aro similar clistui'baneos at dodnito points of 
an otlierwiso regular series, in such a way that the resolutions of tho aGnas.i;ot‘inH 
suddeiily incrooso anomalously and afterwards rosumo normal values again lof, 
i:)p. 689 seq. of the 4th Gorman edition of this book, and K. Schrdclingor, Ann. 
d, Physik, 77, 43 {1926)]. Tho reason in both cases is probably to bo found in 
a resonance with other quantum frequencies of tho atom or molecule. 
tPhys.Zoits., 16, 646 (1914). 

I Cf., for example, G. Holst and E, Ostodiius, Proe. Amstordain Acad., 23. 727 

sa m ^ ® 
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cyanogen hands and that the (uii'rior ol Uw cyanogen bands condenses 
tit a far higlua* tinniiemturo than Ng. We shall therefore regard the 
jnolce\ile (/N as the earner of the cyanogen bands. 

Our Fig. 141 represents the group of five band heads already men- 
tioned on p. fifiO. Tlio one furthest on the long wave side has the 
wave-length A — U8R4. 'I'he sceoiul head lies at A — 3872, the third 
at A — 38(12, and ho forth. The partial band belonging to each head 
reBC)lv(^H itself into a P- and an R-brancli. Heurlinger has determined 
the /ero-lines belonging to the three band heads mentioned, and has 
eahndated the cjonstants B and C. The result is (if we use the more 
exact lunmn’ieal values), 

2B -- 3-843 em.“h 0 = G-73 , 10-^ cm.-h 

'riuiH C) is oHSontially less than B. This is to he expected by equation (5), 
Hi nee 

n n i-L 

JLJ "p jj jy ji 


tluvb i.s, Hhuio C iTUiHfc bo small compared with B, as it is Ijho difference 
hotwceii two (]uantitios that luxisHinably differ but little from one 
anoth(?r. — 

A furfcluu’ tost of tlic tlieory is given by the absolute value of B. 
By assuming J and J' os almost equal, wo calculate from the given valvie 
2,B and from equation (5) a moan value J (the factor c must be 

included on aooount of the transition from vibration-numbers per 
second to wavc-mimbors per second) ; 


J It Q.’11 


0*55 ■ 10 ^ 10 -ao giYi, oin. 

^ rrTTio TTviTi •*’ ® 


( 8 ) 


' 87r*cB "" r27r‘'‘ . 3'8‘13 . lOi® 

On the otlier band, without introdnoing an appreciable error, wo may 
write J 2 . 13 . mu . i®, where I donotoa half tlie distance between the 
two atoms (! and N and 13mn, the moan of their masses. Hence we 
obtain 




2. 13 . l'(l(5 . 10-“ 


2,1 = MO . 10-® cm. 


We tlius .irfive at the well-known order of magnitude of n*olecxdar 
quantities. The bands * of KiN,,«s is to bo expected, show a complo ■ 

W. Loiv/. t in photograjjbs of iodine fluoresocnoe taken by R. W. Wood- J 
Wood ilUiminaUwl iodine vapour at a low ^ rpj 

Hg-line R4((l (fundamental term of the sharp subordiimto 
iodine moleovdo. by absorbing the onergy-quantum hv m question, 

♦K. S. MulUkon. NaUivo. IW, 14 

t Pl.ys. Zcils.. 21. 001 (1020). t B'.l. Mag,, 36, 2.10 (1018). 
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Becomes transferred to an excited state. This heloiigs to n {piite 
cleiinite value of the rotation qnantiuii j. The iodine nudtuuth^ re*- 
uniits tliD absorbed onorgy, by passing from the exeitod state into one 
oX less energy. But the selection princii>le * allows ojily tluj transition 
j — I and j~^j -|- 1 (the oscillation quantum and the electron con- 
figuration being changed simnltaneonsly). Hence the re-oinission takes 
place as a doublet or, in consideration of tlie fact that in an iin harmonic 
oscillator the oscillation quantum is capable of any arbitrary transitions, 
as a systexn of doublets that are scattered over the s])ectr\niT. Wood 
observed about twenty such doublets. As pointed out by Lonz, eacli 
of them proclaims in a very delightful way the ruling of the seloetifui 
principle for tlie rotation quantum ; each shows us tlie way in winch 
a partial band originates from two of its members. If, on tbc other 
iiand, we make the iodine molecules collide with each othei’ very 
frequently (at higher pressure) or with other atoms (by using an 
admixture of inert gases) in the interval between absorption and 
re-emission f then other values of the rotation quantum j arc also 
produced. Every doublet then couples itself to a more extended 
partial band : in these cii’cumstances, Wood’s fliiorosconco pliotographs 
approach the ordinary band type, 


§ 4. Law of Band Edges and Band Systems 

Hitherto we have spoken only of the coeflicionts B and 0 of the 
band formula, which contain the influence of the rotations. To explain 
still fuitlior the general arrangement of the band syatojns, W) must 
deal with the coeiKicieiit A, which contains the inliuenoo of the osoillatiou 
and the electronic transitions. 

We are interested first of all with the oscillation eontribution. 
which we must analyse by equation (8) of § 2 j lot the oleotroiiic ccjutri- 
bntion be comprehended again in tlio syjnbol v^i and rcnifiin umuuvlysed . 
Thus Ave assume that the o.scillation quantum leaps from V to v. In 
this transition the coefficients and jr of equation (8), § 2, ohango, say, 
from X* to The application of Bohr’s froqiionoy condition to 

(8) then gives : 


We must insert this value of in the ooeffioient A, oqn. (5) of tlio 
preceding section. According to the values of v and v' we thus obtain 
a doiible manifold of A-values whioh defiiio the m'o lines of a doubly 
iiifiyiriie sy stein of bands ^ the so-called band system. ” 

Wo consider the second row of equation (1) more olosoly. Its 


which Qorresponcls to tho Q-brnnoh, doos uot ooenr 


* TJm transition j 
here either. , 

t adopting this view of tho process Lon5^ soos a possibilitv of ostiinnl hia* 
tl.o tmm of stay ” {Vm^cttzcil) of the l,-mo)ooi,lo in its Lilotl stnt^ 



§ 4* of Bfind Edges and Band Systems 575 

individual terms arc arranged in order of magnitude. The first term is 
the principal one. It dcj^cndH oiily on the quantum Iramitioii v* -• v. 
The Hocjond term in small compared with the first, since the change 
^'0 ” ^0 »Hu\Jl ixiiantity and depends on the absolute value of the 
quantum number v. The third term is in general still smaller, since 
tlie caefiioienta x and x' are individiially small (of. p, fi64, and Note ],3), 

The principal term has dilTcrent values for the quantum transition 
0 or the quantum transition 1 fundamental vibration ^*) or 2 (** first 
liarmonic ”), and so forth. By keeping tlio princix)al terjn fixed (that 
is, the quantum transition) and varying the value of v, wo obtain a 
Mngly infi7iite sequence of partial bands, and so forth, or xcro lines, 
wliioh belong more closely together among themselves, and are neigh- 
bours within the band system ; wo call thorn a band group, I'he 
sepai’ate individuals of the band group arc distinguished by the secoml 
and third terms of equation (1). 

Fig. 142 is concerned with the system of cyanogen bands. It 
slvows lour groups, whioh, from left to right, correspond to the 


4600 4400 4200 4000 3Q00 3000 



4600 4663 4616 4210 4101 4103 8G04 3062 3B50 3000 3684 

4676^4532 4197^4108 ^ ^3871^3066^ 36^86 


t'la, 142. — Tho hand groups Av=^'~' 2 to 1 of fcho oyanogon bands. 

Tho linos in tho figure aro tho edges of tho partial bands, whioh togothor 
constitute tho individual band groiips in question. 

quantum transitions v' — v — Ati — — * 2, — I, 0, H- 1. Tho group 
At) — 0 at A 3884 is already known to us from Fig. 141. It embraces 
five band heads, for whioh, from left to right, u is equal to 0, 1, 2, 3, 4. 
Thus these five band heads belong (on account of Aa^ = 0) successively 
to tho " quantum transitions ** 

lH.1, 2 -->2, 3 ->3, 4 -->4. 

The zero line v = corresponds (of. Fig, 140) to the value 
/ A = -h 0/4, 

and hence arises from the first lino of (1) if wo add on both sides 

d" 

Vn - -h OM + iv' d" i)/o(l d- id d- . ■ )\ 
-(^d-i)ro(l-a^(M^i)d- . 0 

In tins equation wo have already essentially derived Deslanftres’ 
<*Law o£ Band Edges,’* which is a quadratic law in v and ti'. Oon- 
oerning its name, wo must mention that the laAV accurately represents 



57^) Cliapter IX. Band Spectra 

not tho positioji of tho hand edges or of the hand, i leads, hut of the 
corresponding zero lines, avIiosc importance in the soli nine of hands 
had escaped Beslandrcs’ attention. 

Table 63 * .shows ho^v accurately equation (2) roprcsoiits tho position 
of the zero lines in the “ cyanogen hands.” Tlic horizontal ih)wh in it 
denote the same initial quantum v\ the vertical ruAVs the saino final 
quantum v. Hence the diagonal roAv corresponds to the quantum 
transition v' v, and represents the group 0 of Fig. 142 ; tho 
parallels to the diagonal toAvards the right TipAvarcls correspond to the 
groups Av * 1, — — 2, and toAvards the left beloAV, to A?; •••- 1 . 

Ttie five available constants of tho laAA^ (2), namely va + 0/4, ro, v'o, 
.T, i\'/ have been chosen in such a Avay that, in parfcionlar in tlie first 
horizontal roAv of the table, Avhere the empirical data are most exact, 
the agreement Avith the measured zero lines is perfect. I.'ho deviations 
in the other iws remain very small. 

Tablu 03 



t) 0 

1 

04 

, a 

«' = 0 1 

■ { 

’ 1 

(3884) 

26,797'83 

26,707-83 

(3690) 

27.921- 3 

27.921- 38 

(4216) 

23,768-44 

23,765-44 

(3872) 

26,879-0 

25,878-90 

(3680) 

27.002- 7 

27.002- 04 

(4000) 

21.730- 64 

21.730- 66 
(4107) 

23.803- 0 

23.803- 10 
(3802) 

26,046-6 ' 

26,040-16 

(-1678) 

21.873- 4 

21.873- 71 
(4181) 

23.060- 6 

23.060- 70 


lat lino : Wave-length of tho odgo, 

2tul ,, Wavo-length of tho ompiricnl zoro lino. 
3rcl „ Wave-length of tho calciilatofl zero lino. 


The values of v„ shown in Table 63 at the same time give tho values 
of the coefficient A for tho cyanogen band system. In addition, wo 
show in Table 64 the values B and 0 of the same system . Tho mothod 
of arrangement is the same as in the preoeding table, 'Hms miinbers 
that belong to the same group are in an oblique row sloping towards 
^le left or towards the right : corresponding to fclio group Au ™ 0 of 

Fig. 142, for example, we have the numbers i 

2B = 3'843 ; 3-804 ; 3'764 ; 

1000 = 6-73; 6-3.^; 6-99. 


^^ = 0 applies to nil 

teiras of this and the remaining groups.. But still more; the value 
of B is appreoiably the same in the whole system, that of 0 varies 

* A. Kratzor, Ann. cl, Phys,, 67, 127 (1Q22). 
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Tablk O'i 



V ~ 

0 

1 

2 

a 


2 B. 

j 100 a 

2B. 

1 100 C. 1 

an. 

100 0. 

2 n. 

100 a. 


3-S43 

(i*73 



3’807 

10*33 



_ 

1 


4-55 

3*S(M 

0'3f> 

:!’78» 

8*15 

:i-7fl8 


2 

— 

1 

3-7 B2 ! 

4'ltt 

3'7(H ' 

^ 

5*00 


7 -74 


much move. Thia, too, may bo understood from equation (5) on page 
i)Q9. i\ being the dijfm 7 ice of the vooiprocal moments of inertia J' 
and J with resi)eot to changes of form of the molecule in passing 
from the initial to the flnal state, is much more susceptible than B. 

Wc now need only to connect the law (2) for the zero lines with the 
law for the individual partial band (eqirs. (2), (3), (4) of tho preceding 
section), in order to arrive at the com 2 )hic law governing the lines of the 
^vJiole baTid system. In aooordanco with equation (5) in § 3 wo divide 
tlio value of 2B into the amount of tho initial and the final term, 
Avhich we call W and B ; in IV and B wc at tho same time take into 
account tho interaction between tho iiiitial and the final term, which 
is reproaonted by tlio oooflioient oc in eqtiatloa (9) of i)ago 664, so that 
B' and B become dependent on v* and v, so that we find it bettor 
to write B(ij^) and B(t>) instead of and B ; 0 is now equal to 

B('y') — By eollooting together tho terms in B(ij) and B(v') we 

then got 


P 

Q 


V - A(^;, V') ^ 3(v)jU + 1) + W)U + l)(i + 2) + . , d 

V A.(v, V*) -- -h 1) -h B(v') j(j - 1) + » , . \ 

V ^ A{v, v^) ^ B(v)j(j + 1) -b W)j(j + 1) H- . . . J 


( 3 ) 


Here 

B(i>) = _ «(« + ^), BK) = g^, - «'(«' + 4), ' 

A(v, v') = -I- 40 + (t.' + 4)3 /o(1 - x'iv' -1- 4) + . . .) 

~ (« 'h 4) ''o(^ - + i) -!-••• ' 


(4) 


Our law (3) thus contains throe quantum numbors j, Vt v' and nine 
disj^oaablo constants ; 

V Q, ftj, cr , J, J , oc, <x , 

of whioh the q^nantity v^i may yet bo resolved into its torm-differenoo, 
that is, into the amount of tho initial and tho final state. With tho 
help of these formal po and oonstants wo may represent over 1000 
lines in the system of oyanogon bands, for example. In tho case of 
greater values of j we must, however, also take into account tho higher 
powers of j denoted by . . . in (3) if wo wish to achieve numorical 
von. I.— 37 
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agr(3omeiit ; tlioao powora in tlae first iilaco take account of tlie cluingc 
ill fclie inonienfc of inertia (cf. p. 604). 

But wo liave not liiiisliod with sotting up the Inw (H) for the 
general system . One and tJio same niolooule may Inive severnL liand 
systems, since its electronic frequency v^i may assume several difToront 
values ; these band systems may lie in quite separate spoctral regions, 
like the violet and the red cyanogen bands. Wo arc led to surmiHo 
that the different values of v^i may arrange thonisolvoH similarly to 
tlie manner in whicli the different electronic transitions arrange tliem- 
selves in tlie line series of the atoms, although wo are hero dealing 
not with atoms but with the more complicated electronic systems of 
molecides. The band systems that are arranged together into scries 
in this way may be called ” system series.** We shall bocomo ac- 
quainted with some examples of them in the next section, 


§ 5, Many-Lines Spectra 


We have already mentioned on j)age 76 the band spectrum of 
hydrogen, the so-called many -lines sjieotrum. It is only tiro groat 
number of these lines and not their arrangement that recalls tlio hand 
character, The band lieada are absent altogether. The Ifiilolior * 
bands have been known longest of all, one in the red and one in the 
green, both having only a few lines ; four bands disoovorod by (Jvozc 
have about 12 lines each.f The sequence of lines in tlio partial 
bands is so widely separated that the lines no longer ajqmar at Jirst 
sight to belong together. Merton f has tested these linos as regards 
their behaviour Avith varying pressure, temperatiiro, admixtvin^ of 
lieliuin and so foi'th. 

We shall show that this general character follows naturally from tlio 
small value of the moment of inertia of the hydrogen niolccuile and (its 
as a limiting case into the general theory of band spectra. 

Ill equation ( 6 ), § 2 , ive saw that the distance of noigbbouring 
band lines is 


Ar = 2 B = 


47r^J 


( 1 ) 


In the case of the cyanogen bands (cf, Table 64) 2B = A?^ :h 8 cm 

corresponding to a value AA = 0*6 A, In the ultra-violet absoiption 
bands of Hg analysed by Hopfield || the distance betiveen the lines 


_ * The Fulolior bands have been extended by B. Goliroko and :E, Lau, Borlinor 

Sitz un gab er, 1922, p, 463, end 1023, p, 242 ; a third band oonaisting of six members 
was added 111 the blue region. Concerning fcho grouping of those bands, of, 
G. H. Dioko, Amaterd, Akad., 38, 390 (1924). 

tpie two Buloher sorios have been rocogniaod ns nssooiatod P- and R- 
branohes and have been supplemented by a Q-branoh. Proc. of the Phvsioo- 
Mathem. Soo. of Japan, 6, 9 (1922), 

I Pi'oc. Roy. Soo., 1922, p. 388, Cf, also the similarly dii'octod invostigatioii 
by Riraura and Nakamura, Japanese Journ, of Pliys., 1, 86 (1922). 

II G, H, Dioke and J. J, Hopllekl, Proc, Nat, Ac. Wash,, 30, 400 (1927). 
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corvosponrlH to Hio value Ar ^ 100 cni/'^ Tho distance Av between 
tlie lines is tiuis fcvTMity-llve times as great hero as in the ease of cyanogen 
l)aiHls. Ily orpiation ( 1 ) it would follow from tliis (more exact data arc 
given later) tliat the moment of inertia of hydrogen would he twenty - 
five timo*s as small as in the case of the currier of the eyanogen bands. 

[\^]\{) value of the moment of inertia of the hydrogen molecule 
obtained in this way need not be the only one. Rather, we nnist 
])ietiire to ourselves that tlie Hg- molecule is capable of very many 
diflerent states and may thus also have difierent moments of inertia.* 
The estimate given above corresponds to tho ground-state of the 
molecule (absorx)tion bands 1 ). 

The small value of J explains immediately why there are only a 
few lines of observable intensity in each ] partial band. 

Let us recall the fact, first discovered by Euckon, that at Ioav tenn- 
poratures (below 200° absolute) tho rotation of tho Ha-molecule dies 
down more and more and that the hydrogen axiproachos more and 
more closely to tho monatomic gases in its thermal behaviour. The 
reason is, generally speaking, to be found in the Boltsimann faetor 
(cf. x^. 563). If we insert for the kinetic energy of tlie rotator its value 
from equation ( 1 ) or ( 6 a), § 1 , we obtain, cxcox)t for a weight factor, 

_ JL 4- 1) 

e . . , , . (2) 

^Tho product JT is tho decisive factor. The smaller JT, the less tho 
probability for a definite rotation-quantum j. At very low temper- 
atures all values of j except the smallest, namely j — 0 , become sup- 
Xn’Gssed statistically ; tliis is what Nornst x; 5 i-< 2 cliotcd theoretically 
and what Euoken proved exx)erimontally, But even at moderate 
and higher temx)eratures the x>roduct JT for hydrogen is, on account 
of its small value for J, much smaller than in the case of otlier gases. 
For this reason in tho case of hydrogen greater values of j arc statisti- 
cally suppressed oven at higher temperatures. 

Numerically we find that if J* is twenty-five times smaller in. 
than in ON wo must also make j(^* -p 1) twenty-five times smaller, to 
make the weakening due to the Boltzmann factor keex) within the 
same limits as in ON. Whereas the cyanogen bands liad partial 
bauds of about 100 lines the partial bands in the many-Unes sxmctruni 
of Hg will consist roughly of only 20 lines, 

T'his explains tho general character of hydrogen bands ; secxuencos 
of lines in small numbers with wide distances between tho linos, in a 
certain sense, torsos of normally develox^ed bands. In those circum- 
stances there can bo no question of tho grouxfing together of tliOHO linos 
into band heads. If many such short sequences of lines ovorlax3 wo 

* XI, T. Birgo [Broo, Nat. Ac. Wash., 14, 12 (lH28)h and O. W. Bichardson and 
K. Das [Bi’ocj. Boy, Soc,, A, 103, 088 (1029)] give nnniovical valuoB for tho inomonta 
of inertia and the othor charaoteriHtio eonatanta of tlio H^-molooulo in din'oront 
Btatoa, 
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obtain the impresHiou of the iiianj^-lines spectrum, a confused mass of 
lines Avitbout flu tings and Avitliout apjiarent regularities. 

As regards details the folknving results have been fouiuL Lynuin ^ 
and Werner j‘ proAi^ed tho existence of tAvo hand systems in. the ultra- 
violet, having a clifFerent initial state but the same final state of the 
olectronio configuration. This final state is at tho same time the 
normal state of the liydrogen molecule. Until we introduce the sys- 
tematic band notation, Avhich must be postponed till § 7, we shall (jail 
it the 1 -state ; this is in harmony Avitli the symbol given to tho 
ground-state of He (Hg is, lilco Ho, a two-eleotron system), Precisely 
as in Ho there aro not only singlet but also triplet terms, the 1 
term, however, being absent; this term avouIcI not lead to molcoulo 
formation. Tho initial state of the Lyman bauds belongs to the singlet 
»y stein ; let it be denoted by 2 ^S, T?ho initial state of tho Wernor 
bands is tho 2 ^P-term in the singlet system. Tho bands of the 
ordinary inany-linea spectrum in the visible arise if Ave oombiuo tho 
more highly excited term steps Avith tho terms 2 hS, 2 ^P Avhioh are knoAvn 
from the ultra-violet bands* In addition there are combinations of 
higher triplet terms 3 ^P, 4 ^P, 5 and so forth Avith tlio loAvost triplet 
term 2 . The electron transitions that then result follow tlio analogous 

electron transitions of tho Balmoi.* lines omitted by the atom and arc 
denoted by the same letters oc, y, 8 . . , . Cf. the scheme of levels 
in Fig, 143, which has been taken from a paper by lliohardson.:|: 
Intensive Avork by v;ariou8 researchers, Witiner, Uloko and Hopfield 
(in tho viltra-violet region), Mooke and Finkclnburg, Piolmrdson and 
many of his pupils, W(3izcl and Fuchtbauer (in the visible region), 
has made it possible to trace tho majority of tho strong lines back to 
definite electronic, oscillation and rotation states, and hence to divide 
tij) the apparently confused mass of lines definitely into short individual 
bands (P-, Q- and R-brancho.s), Consequently avo may noAV also deter- 
mine the moment of inertia in the manner mentioned at the beginning 
(the correction term a being taken into account, of. p, 664) and thence 
also the distance 21 betAveou the nuclei. Wo obtain for the ground 

state II J = 4*67 . 10"^i gm, cin,^ 21 ^ 0*75 . lO"”® cm. ; 

for the excited states we find greater values for J and 2i, as is to 
be exjDeoted. 

Ill finding the interpretation of the (experiments on electronic 
oollisions and in applying it to the Ha-moleoule a point of view luts 
bocomo important Avhioh deals Avith the variable distance 21 between 
the two H-iiuclei. The true explanation of tho figure used in this 

* Til, Lyman, Astrophys. Journ,, 00, 1 (1924). 

t S, Wonier, Proo, Roy, Soo., 118, 107 (1020). 

126, 487 (1930). 

!jT. Hori, Zoita, f, Pliysik, 44, 834, 1927 j of, also E, C. Kemble and V. 
Guiiiemin, Proc, Nat. Acad,, 14, 782 (1928). 
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ntiHn (uiniiot bo given until avo come to wave-mecluinics ; it forms the 
(^Hstsntial content of an imi)ortaiit x^aper by Heitlor and Loudon * on 
bho^constitution of the Ha>moleoulo. 

Iho lowest ourvo in Fig. 144 represents the energy in the state 
i *iS for a Variable nuclear distance 21, Its lowest value corresponds 
bo th(^ stable ground-state with 21 0-7o , lO"® oin. (cf. above). The 

higher curves denote excited states, for oxanixdc, 2 ^S, 2 ^P, , * • * 



Fro, MB. — Tho most important torins of Hj (acoordiug to Btohardaou), The 
lottoi's A, B, oc> P, y rofor to tho old band notation. Intor-combinationa 
hotwoaii trip lota and single ts ai'o not known (of, § 7, Ai7 — 0). Tho ground 
term lies far below tho remaining terms, ao that its diatanco from them could 
not bo shown to scale, 

Whci energy curve for tlie grouiKhstato of tho Ha-ion is also shown at 
tho u]rper end of the Hguvo. Tt is to bo observed that the lowest 
points of the dilTcrent energy stops lie at dilTei’ent valva^s of tho 
abNoissoi, Heiujo it follows tliat if we excite tlie Ha-moleculo in tiio 
g ro 111 ul -state, eitlicr by electron ic collisions or by eollisions with photons 

* Xoita. f. Thysik, 44, iM (11)27) i eh also Y, Buginra, ibid,, 46, 484 (1027). 
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(that is, by the absorption of light), we do not arrive at a state of equilib- 
rium but at a higher point of the energy curve, from whicli a vibration 
of the nuclear distance sets in about the lowest point of tlic energy 
curve in question, that is, about the equilibrium value of 2L Wo 
thus at the same time excite a higher electronic state simultanoovisly 
with an oBcillatioii state. In the figure the quantised oscillation states 
Lire indicated by horizontal straight lines ; these indicate the region 



1^1 a . M4. — Potential curves of certain terms (from Buark and Uroy). Tiio 
low oat our VO 1 corrosponds to the ground term 1 ; above the zoro- 

lovol are shown oscillation -levels in tho potential trough, juat ns with tho 
higher stable terms. D — dissociation potential of two unoxoitod H atoms. 
1 '’S likewise belongs to tho configuration 1 and provides tho repulsion 
between tho two H atoms. The curves 2 and 2 ‘P have tho configuration 
ls2p (of. Fig. 143), At tho very top tho ground- stato of Ka+, 1 is shown. 

within which the nuclear distance 21 varies. The fact that tho region, 
is delimited just by the energy curve is connected with the ciroumstanco 
that each point where the oscillation reverses the potential energy has 
the samo value. 

In Fig. IM we liavo drawn the excitation arrow in a direction 
exactly vertically upwards. This is based on tho assuni];)tion that 
the gravitational system of the nuclei has no time in its collision 
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with the light electron or the still lighter photon, to alter its nuclear 
distance or its nuclear velocities. This explanation is clue to J. l?ranck * 
and has been worked out further by E. U. Condon, f 

Tlio same conditions as in excitation also obtain in the case of 
ionisation. Hero, too, wo obtain, as shown in the ligiiro, not the 
equilibrium state of the H 2 ‘*‘-ion but a higher oscillation state. This 
Gonlirms our remark on page 377 that " the electron collision experiment?^ 
in tlie case of H 2 and of molecules generally give by no moans such 
sharp and unambiguous results as in the case of atoms.” The value 
of the ionisation potential, 15'34 volts, given in the same part of the 
text has now also been inolnded in the figure and its precise mean- 
ing oluoidatod. Likewise tlio moaning of the dissociatioii-potonbial, 
D — 4*34 volts, is clear* from the liguro. 

We have an instructive intermediate stage between tlie many- 
lines s])ectrum of hydrogen and the ordinary band spectra, namely 
the many-lima spoMrum of helhm. It was discovered by Goldstein J 
and W. E. Curtis |1 and measured for the first tiriio by A. Eowlor,^[ 
Several oharaotoristio parts of it have been studied by Curtis,** 
Woizol'|*i‘ and others, Whereas in the niaiiy-linos spectrum of 
Ivydrogeii the band oharaotor was found to have disax^peared entirely, 
in this helium spectrum it can still bo recognised but by no means so 
strikingly as in the case of, say, the cyanogen bands. The sequences 
of lines are i^artly without a band head and partly with a band Iioad, 
Tire maximum number of lines is 11 , the distance between the lines 
in the neiglibourhood of the zero lino is of the order of magnitude 
Ap ===; 30. By ( 1 ) tlio moment of inertia that would result would 
then bo 

J - 1*8 . 10 -^^ 

tliat is, about four times greater than for Hjj. 'I'his number oxiwosscs 
the intermediate position of our spectrum with rosx>oot to the hydrogen 
many-lhxos spectrum and the true band speotra. 

What are we to assume the ** moment of inertia of holliim stands 
for ? It can only refer to the moment of inertia of a transitory He- 
molooule.” Eor a molecule of; this kind to aviso at least one of the 
atoms must be oxcitod. WavG-meoliaiiioal eonsidorations taken in 
eonjiinotion Avith the disoussion of the band sx^ootrum sIioav that one 
of the two Ho-atoms is in the ground- state and the otlier in an excited 
state, 

T'ho excitation conditions for H and B'o are oppositely directed. 

^ Cf, 'Fmnok and Jordan, Anrognng von QuanlonBx>rungon duroh StCRBOi 
11 . 2r>li. Hpringor, l^orlin, 1020, 

I l>hyH. Rov., as, 11H2 ( U)20), t Vovh. d, D. PhyB, Oob., 16, '102 (1013). 

II ProiJ, Roy, 89, MO (1013). 1! Jbul, 91, 208 (1015). 

** IhuL, 388 (1022) ; 103, 315 (1023). 

ft %oitH. f. Miyflik, 66, 107 and 727 (1020). 
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In H tlie mauy-lines sx)ecfcrum is produced more easily (at lower poten- 
tials) than the Balmer spectrum ; in the cose of Ho, howovor, the in any- 
lines spectrum requires higher excitation than the ordinary spectral 
series, This is quite compatible with the above viow, according to 
which a preliminary condition for the production of the Hoa-inoloculo 
is that one of the Ho-atoms be considerably loosened.” 

Visually the structure of the He many-lines sx^eotriun appears to 
be subdivided into fairly largo units, groups and systems. Fowler 
succeeded in isolating within those larger units such series as satisfied 
a quantitative series formula in the manner of Rydberg, a foi’inula in 
which the Rydberg number R occurs directly, This iioints to tlie 
” system series ” of which we spoke at the end of the xH’Cccding section. 
We are thus concerned with energy steps of the electronic configuration 
in the Heg-moleoule ; in our general system formulae ( 3 ) and ( 4 ) of the 
preceding section they occur in the term 

§ 6. Gyroscopic Motion of Molecules 

TJie assumption we have hitherto made that the molecule rotates 
about a fixed axis is very special and permissible only it the axis of 
rotation coincides with a principal axis of the mass distribution . The 
general motion of the molecule is not the rotation but tlie g^/roacopic 
{top) motion. It is usual to distinguish the symmetrical and tho 
unsymmotrical top, according as the ellipsoid of inertia of tlio mass 
distribution is an ellipsoid of rotation or a tri-axial ellipsoid. Tho 
diatomic molecule (Hg, HCl and so forth) roinosonts a synimotrioal 
top and one that has a very special mass distribution : the moment 
of inertia K about the line connecting the nuclei (axis of tho figure, 
cf . the beginning of § 2) is vanishingly small compared with tho moment 
of inertia J about the axes perpendicular to it (‘'.equatorial axes ”), 
namely, small in the ratio electron mass to micloar mass. On the other 
hand, tho tri- and multi- atomic molecules are os a rule (for oxam])lo 
in the case of HgO) represented schematically by an unaymmetrical 
top (unless, as in the case of COg, the throe atoms lie in ono straight 
line). Whereas the general motion of the symmotrioal to])S under 
no forces is a regtdar precession, the general motion of the imsymmofcrioal 
top is called a Povnaoi motion ; the latter cannot bo ropresontod by 
elementary formuloe but only by elliptic integrals, In tho case of tho 
” spherical top ” * the general motion under no forces morgos into 
simple rotation. 

We next consider a symmetrical top in whioli tho moment of inertia 
K about the axis of the figure is not, indeed, vanishingly small but 
nevertheless small compared with the equatorial moment of inertia J. 

^ ♦ This case is presumably realised in tho case of CI-I.j in tho grouml-stato 

(tetrahedral structiiro) ; this would explain tho particularly simplo In fra -rod 
speotrum jnentioaod on p, 668. • * 
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If we denote the momentum about the axis of the figure by N and the 
total moment of momentum by M, the component of the moment of 
momontiim that is left for the equatorial plane is V | M * W, and 
the associated amounts of kinetic energy are 


2 K 


( 1 ) 


and 


■2J 


( 2 ) 


Lot UH make the quantum assiiin])tion ^ 

. (3) and' [M == j(j -Ki)(A)!. (d) 


where and j arc the oorrosponding quantum numbors, To excite 
the rotation about the axis of the figure or the equatorial axis, respec- 
tively, we therefore require the amounts of energy : 




(6) and 


UU + 


( 0 ) 


On account of the ratio assumed for K/J the former amount is very much 
greater than the latter, if and j are of the same ordoi: of magnitude. 
8iimiltanooasly with the energy also the angular velocity aiiout the 
axis of the figure beoomos very groat. It is only when the excitation 
is very high, that is, at very high temperature, that a rotation about 
the axis of the figure should bo able to take place, and oven then only 
in comparatively small values of At moderate temperatures no 
rotation about the axis of the figure takes ])laQe. TJiq molecule does 
not then funciio 7 i as a top biit as a simple rotator about an equatorial 
axis ; there is no doubt that Ave are allowed to assume the diatomic 
molecules (K — > 0) as such. 

The method of dedaotion is precisely the same os in the preceding 
section for the hydrogen moloculo. There it was the small value of J 
in the Boltzmann factor which made the rotations of. the liydrogon 
molcoulG die away ; here it is the small value of 'K which in particular 
supjDrosses the rotations about the axis of the figure or restricts it to 
small values of j^. What is essential in both oases is the disoroto nature 
of the quantum number and the finite height of tlie first energy stop ; 
if the possible states wore continuously distributed, this deduction 
Avoiild not hold. 

The total kinetic energy of the molecule of rotational symmetry is, 
by (6) and (6), 


p _ ju -I- 




\K j) 


( 7 ) 


Por jo — 0 it morgos, of course, into the expression for a pure rotaliou 
(of. oqn, ((kt) of § 1). There is an important application of equation ( 7 ) 
in the beautiful roHoarches by Victor ITenri on the al)Horption spectrum 


*^,rho (lifforont timtmoiil: of KT and ‘M in limiinod by wavo-moohanitjs, of. 
Oh. VI, p. 833. 
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of formaldehyde,* H , GOOH. Henri calls this molecule the Y-in o 1* < * ' * ^ - 

attributing to it the structure indicated in Fig. 146 which lutH- l»*^**i* 
deduced from the band spectra. In this form the model is, 
speaking, an unsym metrical top.” One of the principal ax(>H 1 

through 00, a second is xierpendieuhvr t 

piano of the diagram, the third lies in thi ^ I > 1 1 1 n * * 
of the diagram parallel to the line ooun<’<* ^ 
the H-atoms. But the mass of tlic^ i\\%* 
H- atoms is very small compared with tli < ■ ' » * t 

of the otlier two atoms. The mass di»strl 
is only slightly changed if avc allow tl i * * i * * 
H-atoms to rotate about the axis iH ' 
distribute its mass uniformly over the oi ^ 
orbit. In this way we replace Fig. 146 f li** 

simplified model of a symmetrical to]), I 
shall use equation (7) in our calculations. 
the moment of inertia K about the axirt * I i 
figure 00, which arises only from the two H-atoms, is small com | ® 

with the moment of inertia J about the equatorial axes, * 

essentially determined by the 0- and the O-atom 

K<j . , . . . . 



Fia. M6,- 


Saliome of 
tho Y-moleoule 
HjCO, DimonaionB 
in Ang8br5m units ; 
CO -= 1*09, on 
1'3^ HH 1^38. 


From (7) it follows that if we allow j to change wo obtain a baud 
of ordinary dimensions, of tho same order of magnitude as, for (^xi viii I » 1 
in the ON bands, such that Av becomes inversely proportional Irt* t I 
great moment of inertia J. If we allow to change wo obtain n % i i * 

wider structure, of the same order of magnitude as in the liyt I j*f * * 

many-lines si:)Gctrnm, suoh that Av is inversely proportional to t)ici wi 1 1 1 1 

moment of inertia K, Wo thus expect a system of relatively w ii 
sejmrated band linos, corresponding to the quantum numbci\7(, of I l 
Xn'oper moment of momentum (Eigenhnpuls) about the axis i>r I 
figure, which has superposed on itself a much narrower lino « 

Gorrospouding to the quantum number j of the total moment of in c > r » i ^ i i • 
turn. Both sequences of linos consist not only of P- and 
Un ± i ± I)j but also of Q-branches Oo j Jt 1 1« I 

the latter indicate, by pp. 568 aiKl 669, anclNotc 7 (17), that tlio niriclf-* I %m 
non-rigid (excited moments of inertia J', K' instead of the originuJ < J , K J . 

This \vhoIo line-struoturo now repeats itself more than ton ti 
in the region between A — 3600 and A 2600 A. (corresponding; I h 
various oscillation states of the model), every P-, Q- and n 

again being developed as a triplet (P, P', P", and so forth, partloi ili% 
in the more separated soqnonGc^s of lines ; Hio uanrow ones oaiu iol. 
resolved). Henri particularly emphasises a fiiiidamoiital chittigir,* In 


* Conixarohonaivo account in contaiuod in Zoits. f. Pliysik, 49, 774 t 

Honri and SvGiid Aago Schou. 
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the appoarauce of the bands as the oscillation increases (increasing 
vibration number v) which expresses itself in a blurring of the band 
lines and is interpreted as “ pre-dissociation*’' We have not space, 
hov^over, to enter into this question any more tliati into the detor- 
ni illation of tlio works of dissociation from Viand spectra by the 
method of J. I^ranck, 

Since after tlioir introduction into the equations (1) to (41 N and jp 
are respectively components of M or j, it follows that 

io 

From tills wo oonclndo that in tlio case of a gyroscopic molecule ivith 
jo > 0 not only will tlio zero line bo missing in the l>and numbered accord- 
ing to j, as in our Fig. 140 , but that on both sides of the zero line other 
adjacent lines must also be missing. Lonx * was the first to enunciate 
this conclusion. Heurlingor pointed it out in liis dissertation in the 
case of coii;ain band spectra of rather complicated carriers, and Bunge t 
showed that several band lines adjacent to the zero position were 
missing in certain O^-bands, 

§ 7. Multiplet Structure 0 ! Band Spectra 

III the preceding sections of the present chapter wo studied the 
influence of the rotation and the osoillation of the nuclei, but did not 
analyse the oloctron term in detail. It is to be ox];)0oted that this 
will exhibit a finer subdivision that arises from the composition of the 
orbital and the spin momenta of momentum. Wc shall now investi- 
gate this strnoturo and shall restrict our attention to diatomic molecAdes. 

A. The System of Quantum Numbers and Term Notation 

We may imagine Uio molcoulo to bo formed by allowing tlie two 
atomic nucloi to coincide in the first place ; we may tlum consider the 
field that acts on the radiating electron {Le^ichtehUron) to bo centrally 
symmetrical for diagrammatic purposes (of. Oh. VIII, § 2). If wo 
now allow tl.10 nuolei to move apart until they have reached their 
position of equilibrium, the elTcctive field clearly becomes axially 
symmetrical about the lino connecting the nuclei. Wo may imagine 
this resultant field as arising from the original cojitral field (in tlio case of 
united nucloi), and of a superpoaed axially symmotrioal olootrical (iold. 
The latter must usually bo assumed to be very strong if wo are to be 
able to represent the tr\io conditions in the molecule, :|: 

^riie electric field acts on the orbital motions of the oleotrons, that 
is, on the moment of inomontuin which wo may ascrilie to the elec- 
trons in the central field (without fclio superposed axial field). The 

* In (bo 3 >a|K>r quoiod in § 1. 

t Zooman Jiibiloo Ninnbor, PhyHioii, 1, 25't (11)21), 

\ V, Hund lias oHibnaiod tbo Hold al> JOT to 10*^ voltB/om. (ZDits. f. 86, 

mi ( 1920 )). 
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result is that the resultant L of all the vectors I orientates itsoli with 
respect to the field ; * the projection of L on the axis of the field, tlmt 
is, on the straight line connecting the nuclei, remains constant as a 
first approximation ; we call it Ml- . It has the values Mn — — L, 
“■ (L — 1), . . . + L. All this is analogous to the behaviour of the 
atom in the magnetic fiekb The intex’action between L and tho total 
spin moment of momentum S is small comx>ared with the interaction 
j list considered (L, field). For (L, S) gives resolutions of the order of tlie 
distances between the multiplet lines in the atoms : tho (Tf* held)- 
resolutions are in general much greater* (Li S) comes into considera- 
tion only in the next approximation. Here S will orientate itself with 
respect to the magnetic field ; but on account of tho very rapid pre- 
cession of L about the line connecting the nuclei, wo find that for S 
only the component of L parallel to this line becomes appreciable, that 
is, S orientates itself with respect to the molecular axis, and in such a 
way that the projection Ms of S on this axis assumes tho values — S, 
_ (g ^ ^ g. Let the total projection of L and S on tho mole- 

cular axis bo M, where M = Ml + 

The interaction (L, field) makes a oontrihutioii of tho form F(Ml) 
to the total energy of the molecule, the intoraotion (I^, S), as in tlio 
strong magnetic field (cf . p, 646, oqn. (14)) makes a contribution AMlMs* 
or, in all, 

W ^ F(Ml) + AMlMs *.**(!) 
The function F(Ml) is symmetrical in Mli so tliat we have f 
F(Ml)-F(-Ml). 

Hence W remains unchanged if we reverse the signs of both Ml and Ms ; 
at the same time M becomes changed into — M. 

In place of the quantum number Ml, we here introduce tho usual 
symbol A, and we are to have A — | Ml |. To a first approximation, 
if A is neglected, W is determined hy A alone. The terms with A ^ 0 
are called ii'-terms, tliose with yl =? 1, 2 . . . are correspondingly 
called J7, A, . . . terms. To the next approximation, in which A is 
taken into account, Ms also becomes of importance. Wo write Ms — 
where 2 is to be positive if Ml and Ms have the same sign, otherwise 
negative, 

* Tho oloctric field ia often stronger than tho mutual aotioii of tho Vb nmong 
thomBoIvos, so that there is no aonse in speaking of a resultant L of tho Ta. The 
total projection of all t 1 u> Ts on tho straight line connoctiug tho luioloi, however, 
then always I'omains constant Mj,), 

t Proof : tJio floid is axially symmetrical, so tho pianos through the axis of 
tho field are pianos of symmetry of tho motion. If Wo doscribo a piano through 
tho axis of the field and through tho rotation vector L, tho motion which corre- 
sponds to tho position of the rotation vector L with tho projection -f- Mj;, bocomos 
transformed when roflocted at this piano into the motion win oil corresponds to 
the jiosition of tlio rotation vector L with the projection — Mj,. I'hus tho energy 
is of equal amount in both cases. Honco tho term L resolves into only L 4 - 1 
different energy-levels M,, through the action of tho field if wo disregard the term 
AMi,Ms in ( 1 ). 
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n, in partienlar, A -- 0 [\\^^ intrraetiou (L, S) vanialioH, and S haw 
iin nit'auH of taking ii[) (Icrinite [umitions ; tlie ([imntiim muubora S and 
M (luai [urn tlioir moaning. 

As an illustration, we give in Table (>5 the quantum numbers for 
the eas(^ .h r-,; .... column we have the term-symbol, 

with the upper index 2S 1, which spocilies the nuiltiplioity,*‘ and 
^vith the lower index A h If' clear that wo here need different 
Hy m hols only for terms whicdi are different in energy, In the column 
before tlu.% last we have the number U | id -j- ^ 1* 

'rh(M'(^ is an Ifixohange Tjaw for molooulos precisely as for atoms. 
An {\vv[) number of electrons (integral 8) gives odd multiplicity ; an odd 
munber of ideetrons (halt-intogral 8) is the condition for even multi- 
;|ili(dty. ''Pluit is why we have singlet and triplets in Hg but doublets 
ill (IN. 
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The resolution of nndtiplet ” tmm is obtained from (1) it wo keep 
A tixeci, and allow to vary. First wo can put (1) witliout amlnguity 
of sign into the form 

W - F(/t) A/li; . . , . {la) 

but since H clmnges by Az I bi iiassing from one level to another (cf. 
iilso Table 05), we find that in tlio molecule terms all refiokUmia betiveen 
miccfmive levels are equal and of the same (mler of magnitude as the 
atomic rcsolvitionB, because A arises in both cases from tlio magnetic 
iiittu'action (L, S), 

The iolal energy of tire nioleoulo is composed now of the following 
oomponents : *** the greatest contribution is made by the energy ol the 
oleetnms in their orbit (?i, ?). Tliis is followed by tlio energy of the 
nucliair oseilUition and tlion the fine resolution of the multiplot4drms 
just descrilied. The contribution of the rotation requires closer 
attention. 

* We aivt) only tho normal grading of the ortlom of inagnitiKlo \ in many 

inoltM'ultiH Iho fine resolution in groator than Iho osi? illation resolution, Wo do 

ni»l onler into HU(!li tlolailH, 
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Tlio v(?(5fcoi* of ik inomoiit of moinentinn wliicli Htuiuls jierpon- 
clioularly on tlio molecular axiw and wliieli wo nhall now call O will 
aujrploiuonli ikeU hy uioan« of bite moinonb of jiioinontuin Q about 
■the inolcsoiiiar axis to form a vosiiltant of tlio total jiioinent of jnonionbuin 
whicli wG shall suppose to be denoted by its cjuantum number 
J is constant in magnitude and direction and has tlie values Qy Q -h I, 
+ 2, . , which are integml or half -integral according as S is integral 

or half -integral, that is, according as the number of electrons in the 
nioleculo is even or odd. l^^rom quantum -raeelianical considerations 
we have for J : IJI^ == J(J ~\- 1) (of, p, 333). Following Hiind * we call 
the case of the coupling of the vectors which has liero been described 
and which occurs most commonly, the case a ; Hund was tlic iirst to 
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it'ia. 140. — ^Multiple t afcvuRturo in 
band spootra. Coinbiiiabion 
of two ^//doririB difforing 
somewhat in thoiv con figura- 
tions. Each of tho two 
^i7'torms is subdividod into 
oscillation lovols (v *=0, 1, 
2 . . .) and oacli oscillation 
lovol is double, corresponding 
to Q — i, ill winch tlu^ 
doublet nature of tho terms 
manifests itself. In conso- 
cpionoo of this, tho oscilla- 
tion bands (bolow) avo also 
doubled. Tho relation to tho 
transitions drawn above thorn 
is indicated diagrmmnatically 
by similar positions in tho 
f roqiieney scale. Tlio divisioi i 
into rotation lovols has boon 
omitted. Each of tho lovols 
shown should again bo split 
up into many discroto levels 
(J ^ Q). 


investigate the various cases of coupling theoretically. The typical 
appearance of the band in this case is illustrated by the Fig. Idd. 
It represents tho combination of two ’^/J-terms. For each of tho two 
there is a series of oscillation levels (quantum number v)^ each of whioh 
further exhibits a fine resolution into two levels, corresponding to tlie 
character -j* of Finally oaoli of these two lovols is to be imagined 
as again resolved into close levels that are to bo numbered according 
to J.J This last structure has not been given in the Figure, At tlio 

* E. Hund, Zoits. f. Idiysik, 38, 057 (1926). 

f By setting up a table aimilar to Table 05 it is easy to verify that ^/J-turiiiB 
always consist of the two lovols that is, Jf? ~ f and 

t Tho J of tho molecules corrosponda to tho J of tho atoniB only in so far m 
it represents tho total momoiitnm, For tho rest, tho J of tho atoms is roprcHontoil 
by the Q of tho rnolooulos. 
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lower we moo rnproHontocl diRgmminutically the line Hpoctnun 

thill) roMiiltM from the (jojiibiiuition of the Lavo yj-terniM. Here, too, 
tlio Hul)(liviHiou ariMing from J-transitiouM in not shown in the Figure. 

Jf S — 0 and /I = () ('Z'4orms) J reduces to the inoiuont of 
inomontiim of the nuclear rotation, which wo called j earlier (§ 1 and 
tlie mibMoquent sootions). The total energy then consists only of the 
contribution of tlie oleetronic motion (?i, /) of the oscillation and of 
■tlie rotiition. A multiplet strnoturo does not oocnr because ii7''terma 
tw’c Himple. ’^I'liis scheme of the ntolecule Avould correspond to the 
conskhwations of the preceding section. The case A 0, S > 0 
demands sjiecial consideration, wliich avc shall, however, suppress 
Jiore, 

Lastly, the Jdcvels may also resolve into two components. In 
C(j nation (1) we showed that the energies + Ml and — Ml coincide (for 
11 fixed 2) ; every state Avith /I > 0, J (of. Fig. 14G) consecpiontly 
luis tim statistical Avoight 2. The rotation of the micloi causes these 
states to h(\ resolved into tAvo levels, Avhich are in general very close 
together. They form a so-called yl-cloublet. Only the terms A ^ 0 
do not rcsoh'-o, corresponding to the oiromiistance that here the states 
Jiave only the AVoight 1 : Mi, can only =; 0. 

Besides the case a other schemes of coupling are conceivable, 
according to the order of magnitude of the interactiona in the 
^nolooule ; cf . tho paper by Hniid and the specialised literature quoted 
on page h/jf), 

' B. Intensities of Band Lines 

Tho sdecfdon rules for our molecular model may be road oil from 
the kinoinatical character of tho vector motions. For Ml, Ms wc have, 
(kH in tho case of a strong inagnotio field, that AMi, — 0, i 1, AMs = 0, 
or, Avritton in terms of A and 2* : A A — 0, i L =0. The 
a elect ion rules of the atomic spectra for L and also those for I in the 
case of a very strong intra-molecular field are then no longer valid, 
mnilogously to tho Stark olToot for atoms (cf. Oh, VI, § 1, p» 299, and. 
(ih. VII, § 2, p. 308). For tho total moment of momentum J avo 
liavo, of conrso, that AJ = 0, i 1- transitions J J form, iir 
siiuilogy Avith tlieir earlier behaviour, tho Q-branoh, J -> J -I- 1 tho 
l?-branoh, and J J — 1 the B -bran oh. Lastly, ni the case of 
molecules there is an exact analogy with Laporte^s rule for atomic 
spectra : tho terms may be divided into tAvo classes in such a Avay 
that only terms of tho one class may combine with terms of the 
other class. The /l-donblot levels boforo-montioned have the property 


* \V(^ inay oaslly coiivimfo oiirsolvos diat thoBD two formulations nro oquiy- 
alont. To make tho solootioii nilos moro in^ecise wo must noto tlmt ; U 
A 0 for Olio of tho two combining states or for both, thou X losoa its moaning j 
rathor avo have A/1 0, 0: 1. (2) Ai?> 0 occurs (aa in atomic apootra AS > 0) only 

for groat (L, K)-roBolutiona, that is for hoavy atoms in tho moloculo. 
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that one level always belongs to the one class and the other In the 
other class. That is why the combination of two /I-d{)nl>lels, J J j 
loads always and only to two band lines. 

As at the end of the preceding sootion the rcstriotiou J iJ {mm 
written as j ^ j^) canses the absence of certain band lines around tire 
*^ 55 ero line^^ {NuUinie), Let us consider, say, the combination, 
1/7 W. Here A ^ II = Oy Q ^ I in both terms. in^ both 

terms J has tlie possible vahios 1, 2, 3 , . . J J --- 0 i>s missing. Conse- 
quently the first lines 1 and 1 0, respectively, are missing in 

the P-hranoh and tho R-branch. In the combination -> 1/7 tlu^ 
first line would be missing in both tho Q- and the R-brancli ; in tlic' 
P-branch the first two linos would bo missing. 

Por the inteimties of the lines similar summation rules * liold 
as for the atoms. The sum of tho intensities of all the linos that 
start out from a fixed initial level is proportional to the statistical 
weight of this level ; the same applies mUaiis mutandis for a fixed 
final level. The intensities of the individual band lines may bo re])i'e- 
sented by formulae which were first derived from corroHpouclence 
consideration by Houl and London. f We give them without proof. 
'Let 12 J' be the quantum mnnbers of the initial state, 12 those 
of the final state. In tho formula wo must always insert the greater 
of the two quantum numbers J^ J" and O', 12" for J, 12. 


(1)12' -12", J'-J": 


(2J + 1)122 
J(J + 1} 


J - ”'* ; 


( 2 ) 


Tlie intensity suras in each ease show proportionality witli 2J H- L 
if J denotes the quantum mniibor of tho fixed lovoL Actually, tlu^ 
statistical weight of each JJevel is given by tho 2J + 1 possible positioiiH 
of the total moment of momentum J in tho magnotio field, i^rooisoly 
as In the case of the atom.J lu the notation of page 627 tlio first row 


* appliod to band spectra by B, H. Fowler, Mag., 49, 1872 (1026)* 
and G. H, Dioko. ZoHb. f. Physik, 33, 101 (1026). 

t H. H6nl and F. London, Zeita. f. Phyaik, 33, 803 (1026). 
i Here wo must note that in tho case yl > 0 every Jdovol (without ii field) 
is resolved into two levels (cf. p. 63 h /I-doiiblet), so that tho atatistlenl weight 
amounts to 2{2J + 1). Every band line thou foji'ms a yf-doublot o£ linos whicli 
are of equal intensity ; tho intensity of each individual is to bo caloujatod from 
the above forninla}. 
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in (1) and iho Heconcl row in (2) denote parallel transitions,’’ tlio third 
ill (2) “ anti“puraU(d ” transitions, the others “ indilTcrent transitions. 
.Lliis (expresses itself in the magnitude of the intensities in question. 

In the intensity of tlio band lines an important part is also pjl^i'yed 
by the Boltzmann factor (of. Cli. VIII, § 9, p. 638). lienee wo 
must also multiply the values given above by the factor 

to arrive at intensities that are com])arable with those obtained by 
experiment. For E we must substitute the energy of the initial state 
in eaeli ease, that is, in the ease of emission the higher of the two 
combining levels, in tlie case of absorption the lower, If wc consider 
tlie Un<JH of a rotation baud, whore we keep the electronic transition 
and the oscillation constant, E is given by the formula (6a) on page 558 : 

E const, H- BJ(J d- 1) . . . (3) 

For example, for ^2 ~> ^2’-bands (no moment of momentum about the 
inoleoular axis, so that wo may write o — 0) we obtain in emission 
from (2) and (3), * 

IMminch J J + 1, I ^ (J + i)c- W + 

ll-branob J J ^ 1, I j * 


Lines which, if counted from the zero line, have the same number in 
the P-branoh and the ll-branch (of. Fig, 138, i). 503), have a J which 
is greater by unity in the ll-branoh than in the P-branch, It then 
follows from (<!:) that linos that correspond to one another in this way 
liavo the same intensity in both branches, if the Boltzmann factor 
makes no ossontial diflercnco, This has already been mentioned on 
])ago 603, If the Boltzmann factor does exert an ai)preoiable influenoo 
the linos of the P-branoh are stronger in omission than the ooiTespond- 
ing linos of the same numbor in the R-branob. In absorption tins 
rolationshii3 would boooino inverted. These assertions are confirmed 
by experiment, 

U’lio question of the distribution of intensity for the ti:ansitions 
that arise from oscillation has boon disoussed by Condon, f 

If the two iiuoloi of the diatomic molecule are exactly similar and 
if the nuclear spin vanishes, alternate linos droxi out in tho bands, 
as Hoisonberg J has shown from wavo-mcchaiucal oonsideratioiis, 
!ldio absonoo of these linos has been confirmed experimentally in the 
speotra of IlOg, (Cj^ 2 ) 2 » (^io) 2 » J thus th& uiotifis He, ^i 2 > ^^02 

have no If the nuclear sx)in is not equal to zero tho linos exhibit 

a charaoteristic ohange of intensity, every alternate line being weaker 
than tlio normal line ; from tho experimental intensity-ratio of 


* Tlio Q*brancli vanishoH on account of =0, 
t K. U, Coiulon, Phys, Bov,, 38, 1182 (1020), 

J W. HoiRonborg, Zolta, f, l?liysik, 41, 230 (1027). 


VOX*. I. — 38 
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neighbouring aaaociateci linoB we may again draw condusionH ahovil 
the magiiifcucle of the ntielear We made a brief alliiKiou to thiH 

method, of dotermining tiio iiudoar luoniout of moinentiiiu on page 
554. On the other luind, inoleouics tlmt eonsint of tivo isotojjes of the 
same element, such as CI35 OI37, or Ojo do not exhibit, either experi- 
mentally or theoretically, anomalies in intensity. For further dotailH 
about the spectra of molecules consisting of similar atoms wo refei* 
to the literature cpioted on x)age 555. 

C. Zeeman Effect of Band Lines 

Zeeman * himself looked unsuccessfully for a magnetic influoiieo 
on band lines ; likewise Becquerol and Deslandres.t It is only fairly 
recently that an effect could bo shown to ooour in the bands of C^, 
OH and so forth. The resolutions in the neighbourhood of a zero lint5 
of a band were nearly of the order of magnitude of the normal Zeeman 
resolutions and decreased with increasing distance of tlie band lines 
from the zero line, Many bands were altogether insensitive to 
magnetic influences, and exhibited a quadratic effieot only at greater 
magnetic intensities ; very often only a diffuse widening was observal)lo^ 
and so forth. 

For the ease of the coupling a the theoretical Zeeman effeot may 
easily be given in a manner analogous to that for atoms. ;{; 

I). Electronic Configuration of Molecules 

Tlio problem of the allocation of molecular terms to certain elec- 
tronio configurations may he treated similarly to that used for atoms. 
We sui)pose the interaction between the electrons to be sin all so that 
the electrons in the atom may be oharactoiised by the quantum nninberH 
71 f I, In the molecule the numbGring according to 71 and A (= absolute 
value of the xn’ojeotion of I on the line connecting tho nuclei, = 0, 1, 
2, , , , 1) will have a physical meaning in the ease where tiro nuoloi lie 
close together. We distinguish between a-, tt-, 3- , . , electrons, accord- 
ing as A = 0, 1, 2, ... . By p, 691 every state A = 0 has the weight 1 
and hence is not degenerate ; tho states A > 0 are, liowover, singly 
degenerate and have tho weiglit 2. The electron spin doubles each 
of the states for each electron. It follows from Paulies Exclusioi\ 
Principle (tliat each state may only be associated with one electron) 
that for a fixed I there are 2 cr-eleotrous, 4 7r-electrons, d: 
S- electrons, and so forth. The arrangement of tho electrons is then 

Zeoman, Astrophya. Joufu,, 5, 332 (I8t)7) ; Phil. Mag., 43* 228 (1897), 

t H. Becsqiierol ami H, DoslanclroB, Comptos Renclus, 126, 997, and 127» IH 
(1S93). 

J According to J". K, van Vlock, Phys. Rev., 28, 080 (1020) j D, M. Dennison, 
ibid,i 28, 318 (1020), . Experimentally invoafcigated by E. C. Kemble, B. 8. 
Mullikou and F, H. Crawford, ibid,, 30, 438 (1927). 
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(^haraotorittcd, «ay, by ^fior}. The ‘Symbols 

J.-^, 2fty , . . rofer tt) tho /-valucH of the clectrom. SIicIIh with o■^ rr'b 
(5'^ and MO forth lUHi (joinjiletti ; taken alone, tlioy give /I 0 and a vaniah- 
jng (jJeetron spin H, Our arrangoincnt { } bolongs to a niolcoulc having 
11 el(?etroiiH, of which 10 have been doniiciled in closed shells. 
In general wo obtain tho resultant terms most rapidly by adding 
{juantuni numbers veotorially exactly as in the case of the atom. 

al)ove oxanixile woidd give a ^ii’-torm ; the inner shells with Is, 
2s, etintribiito nothing to A and 8 ; the 3.9-eleotron gives S — a- 
and A ---■ A -- 0, Using a nietliod copied from Bohr’s theory of the 
lieriodie system of the atoms Hand * made qualitative statements 
about the term-scheme of molecules. 


* Of. l«jrgol)niHHO tier oxakUni Niitunviss., 8, 100 al Mq* Springer, 1020, 
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A BRIEF refereiico may bo nuulo to some recent advano<?« 
wl'iicli liavo been made in the interval between the appearanoo 
of the last German edition, of tlie present book iviicl tlio now 
English edition, 

A groat deal of effort has been expended in recent years to deter- 
mine whether cosmic radiation is wholly undulatory or wholly cor- 
puscular in charaoter or whether it is oomj)osed of a mixturo of both 
types of rays. A historical summary of the earliest work on cosmic 
rays has been given by Wigand *|’ who describes the early balloon flights 
arranged by Gockel, Hess and Kolhdrster between December, 1901) 
and 1913, It was Hess who first recognised that there was a hard 
type of radiation which was to bo distinguished from the y -radiation 
omitted by radioactive material in the earth’s crust, MeasuromentH 
at increasing hoiglits from the ground showed that whereas the y- 
radiation from the earth decreased in intensity diii'ing ascent the 
cosmic ’’ radiation increased in intensity, In recent years many 
measuromonts have been made at groat heights in manned balloonB 
(Piccard and Kipfer) and unmanned sounding balloons (sent up by 
Regenor to a maximum height of 17 miles) to determine whether 
these highly penetrating ultra-y-rays were produced in the strato- 
sphere or in outer .space. At the present time the evidence seeniH 
rather in favour of a cosmic origin for these rays, Moasiiremonts of 
tlie decrease of intensity of cosmic rays at various depths in snow-fed 
lakes (Millikan ; also by Rcgener in Lake Constance) have also beon 
carried out in order to isolate the hardest components of tlio radiation 
and to-determino their absorption coeffloient (by applying the Klein - 
Nisbina formula), The results suggest that a part of cosmic radiation 
is eleotromagnotio in character. J Regener’s measurements indicate 
that the ionisation curve of cosmic rays approaches a maximum at 
the highest parts of the atmosphere hitherto GxiJored, 

The investigations into the nature of the rays are complicated 
by the socondavy and probably also tertiary rays whioli are produced 
by the passage of the rays through tho atmosphere. It seems to be 
definitely established that a considerable portion (perhaps 80 -poi' 
cent.) of the cosmic rays that arc detected at the earth’s surface are 
corpuscular in character, although it is too early to state with certainty 
whether they are members of the primary stream of cosmic rayB 
coming from outer space or whether they are secondary rays produce cl 
in tho upper or lower air. The intensity of cosmic rays, whether 

* Atlded by tho translator, 

t Phys. Zeits,, 25, 445 (1924). :SoO also Hofmann, Phys. Zoits,, 38, 033-C02 
(1932), which oontainfi 307 roferoncos, 
t Bogonor, Katnre, 132, 698 (1933). 

69ft 
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undiilatory or corpuj^cuilar, Ih measured by their ioniwiiig power. Up 
to 1928 an ordinary ionisation chamber had alone been used to 
measure the intensity. A coiiHiderablo improvement was effected 
when Geiger and Mill lor * invented their tubular counter for the 
express purpose of recording the arrival of individual corpuscles or 
photons. A third method, introduced by Skobelzyii, involved the 
use of the Wilson cloud ohamber, iu which the track of ions caused 

the passage of a cosmic ray corpuscle, or, iiidirootly, by a cosmic 
ray photon, could bo pliotographed. The appearance of the tracks 
(mabies conclusions to bo drawn about the nature of the ionising 
agent. By applying magnetic fields up to 20,000 gauss to the ionising 
particles it is possible to determine their velocity and cliargo.f The 
interesting fact emerges from those oxporimonts that some of the tracks 
are found to bo due to electrons moving at a speed only a little 
less than that of light (corresponding to a volt-velooity of the order 
of 10^°) whoroas other tracks that aro equally curved in tlio opposite 
direction to that of tlio electrons had necessarily to be ascribed to 
particles having a mass of the same order as that of the electron but 
carrying an opposite charge, Iu other woitls, the long- sought -after 
positive elootron (or 2>osiiront as it is now called) first clisolosed its 
exist once iu oxporimonts performed with cosmic ray.s. It suggested 
itself to various workers $ that positive oleotrons might also be pro- 
duced by the interaction of radiations oxoited in beryllium (y-rays 
and neutrons, seo p. 598) and matter. Observations of the ionising 
]U)wor of the resultant radiation in the gas in the expansion ohamber 
and loss of energy in an interpoHod metal plate wore found to justify 
the assumption that the mass and magnitude of the charge of the 
positive particle omitted are tlio same as for the nogative electron. 
Later oxiierimonts confirmed tliat y-radiations from a thorium active 
deposit (tlie strongest component being a ray of hv — 2'(12 x 10^) 
can also produce positrons wlieii tlioy aro made to impinge on a load 
target. Curie ami Joliot liave shown that when positive and negative 
oleotrons are produced by the impact of y-rays from different sources 
on various metals (Al, Cu, Pb, U), the ratio of the yield of positrons 
to that of electrons increases with tlm energy of the y-quantum and 
witli the atomic weight of the substance. In some casos an electron 
originates simultanoously with a positron, a fact whioli has led to the 
jiroposal that the two corpusoloH wore not originally present in the 
target but wore- created from the ineident y-radiation (energy of 
radiation corresponding to J million oloctron- volts would bo necessary 
to create an electron and tlio same ambuiit to create a positron). Tins 
theory, liowover, has yet to bo confirmed), || 

X<^urthor light has boon shed on tJio nature of certain compononts of 
cosmic rays by the results of investigations into the possible variation 

H'Phyn. Zoilfi., 29, m\) (1928). 

t AiulorHoii, J’hyH, Eov., 41, dOfi (ltni2) ; BhiokoU> anil OtKOnahiii, Proo. 
Eoy. 099 (IU99); Kuuzo, Zml«. f. Pliymk, 79, 209 (H)92), 

*1 CIiathvi(3k, BlmtkoU aiul Oocliiuliiu, Naturo, 131, 473(1033); Moitnor and 
Philip, NttlnrwiHH., 21, 280 tuul 408 (1933) ; (Jnrio and Joliol), CoiupioH Koudns, 
198,1106(1933). 

II Por fiu'thor dotalls sou BoUio, Dtie Noutron uiid das Positron, Naturwlss* 21, 
825-831 (1938). 
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of the intensity of cosmic rays with latitude,*^ In. 0110 gJ’oup of 
experiments curves connecting the intensity with latitude at 00 
representative places on the earth’s surface wore obtained. These 
not only show a rapid increase of intensity with altitude hut alsu 
greater intensity at each altitude for higher latitudos tlian for thoH(^ 
near the equator. Tiie variation observed follows blio goomagnotio 
latitude rather more closely than the geographic latitude. 1^1 ) 0 varia- 
tion over a range of 40° on either side of the equator amounts to 1 2 
or 14 per cent, at sea-level. This latitude olTect ” of cosmic rayn 
indicates that a certain fraction of the primary cosmic rays consistH 
of corpuscles which are deflected from eqiiatodal regions by the ex- 
tensive if weak magnetic field of the earth. Tliis is analogous to tlio 
deflection of the streams of charged pax’ticlos from the sun wliicli wor(} 
assumed by Birheland in order to account for the occiirrenco of the 
Northern Lights, The theory of the motion of suoli streams of (iliargcd 
particles in a heterogeneous magnetic field has been worked out ])y 
Stormer.f 

Summaries of the present position regarding our knowledge of 
cosmic rays have been given by Blackett, Eogener and Kolliorstor.:|: 

In the realm of nuclear physics rapid and valuable progress is also 
to be recorded. In 1931 Bothe and Becker observed certain anamalioH 
in y-radiation which was emitted by light elements after bombaanl- 
ment by a-par tides (cf. Eutherford’s first disintegration oxpoi'inumt;, 
p. 166). These anomalies were confirmed by Curie and .Toliot as woU 
as by Chadwick. It was Chadwick, however, who first rcoognised 
that a new type of neutral particle appeared wlicjx, say, beryllium was 
bombarded by a-particlos thus ; 


where the ripper indices denote approximate atomic weights and blic 
lower inchces the atomic numbers (or net nuclear olungos). This 
new particle called the neutron and denoted by 71 in our nu clear 
equation is regarded by Chadwiok as consisting of a proton and eleotrou 
in very close association ; its mass is approximately I and its atomio 
number zero. Neutrons are characterised by their groat polio tni ting 
power. Dee has shown that the primary ionisation along the traoJi: 
of a neutron is less than 1 pair of ions per 3 metres longtli of path . 
Massey has calculated that it may be as low as 1 pair of ions per 10® km , 
Whereas tlie proton dissipates its energy almost entirely in oollisiona 
witli electrons, the neutron loses its kinetic energy in collisions with 
nuclei. The actual yield of neutrons in the case of boryllium is about 

every million a-partioles of iiolonium which fall on a 
thick layer of beryllium. 

It has been suggested by Curie and Joliot that tho proton, hithortn 
considered an elementary particle, is composed of a neutron and a 
positron held m close union. Although this assumption has tho 
advantage of explaining difficulties that occur in cortain niioloar 


, 43 , 387-403 ( 1033 ), 


* Seo report by A. H. Compton, Phys. Rov.j 
t Uandbuch der Kosmischer Ptya/Jfc, Vol I 
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roaetionB Uio gonoral viow is that the nmiron is tlio composite element 
01 struoturo and that the proton is a real unit,* 

Another landmark in nuclear physics was reached in 1932 when 
(^oekeroft and Walton f devised an apparatus capable of producing 
pro ions having energies of 700 kilovolts. With these protons they 
bombardcfl Li, .B and F ; the process was accompanied in each instance 
by the ojootion of an a-partiole, for example, 

The neutrons themselves have been used in their turn to ofleot 
ntick^ar changes. Feather % has shown that when nitrogen micloi 
ai’o bombarded by neutrons a-particlos are ejected and nuclei of the 
boron isotope 11 are formed : 

V+W^->1VM-He/, 

'.rbis translormation is reversible, since it has been found tlxat when 
nncloi ()i the boron isotope of atomic number 11 are bombarded by 
a-i)articlos neutrons are prodxiccd togetlior with nuclei of nitiogen, 
Transformations of this typo allow the mass defect of the neittron to 
b(^ calculated ; its value comes out as about ’0011, which correspondH 
to an energy of sliglitly more than a million electron-volts (about 
I’O.IO”*^ erg), This binding energy is consistent with Chadwick’s 
vhnv that the neutron consists of the proton and electron as elementary 
constituontB. 

l^lio discovery of the neutron has given rise to new theories concern- 
ing tlio composition of the nucleus. The most fruitful appears to bo 
that suggested by IIoiaonborg,|| according to which the nucleus is 
composed of protons and neutrons but no free eleotrons ; when two 
neutrons and two j)rotonsform a close bond we have the oc -par tide (soino- 
times called hdion)y whioh is a particularly stable configuration. The 
addition of one or more neutrons to a nucleus gives rise to one or 
more iso topes, certain conditions of stability determining the number 
of possible isotopes in any given case. The mass-defect gives informa- 
tion about the dogroc of stability of the nucleus. In the case of 
a*i)artiolcs the packing fraction (— energy equivalent of the mass 
d<v(bot) amounts to 28 . 10 ® electron-volts, which is very considerablo 
in comparison with the energy cliitorcnces that ordinarily occur in 
nuclear processes. This tends to oonfirm the viow that the a-particlo 
is itself a sort of intermediate element of struoturo of nuclei, The 
stability of the a-partiolo exceeds that of the neutron, as may bo aeon 
by comparing their mass-dofoots, iPor further remarks on tlieae 
(jucstions the reader is roferrod to Bock (loc. cit,), 

Th(s last important advance to bo recorded is tlio disoovory of 
tlu^ lioavy hydrogen isotope. With oxygon (isotope 16 ) as the standard 
tlm iitomie' weight of hydrogen, as deduced from Aston’s resiiltn 

* An adinirablo account of tho ijroportiofl of noutrone is glvon in Ghadwklds 
Halua’Jan looturo, Roy, 14S, 1 l^otho’s account {loc, ciL) 

nlighlly mon) nimmt. 

t Urn(! Roy. Sihs, 1D6» 010 (10,‘i2), 

I Jhidiy 136, 700 (1032), A list of 22 nucloar reactions, inoluding many duo 
to JUHitrou bombardment, is given by Bock in Marx, Handb^lch dor UadiologiQy 
Vol. v;i;, Part I. p. 386. 
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(obtaiuod mth a mass spootrograx^h) comes out at .t'00778. Chemical 
detorriii nations lead to a slightly higher value. This fact led Birgo 
and Monzel to suggest that the disorepancy was probably duo to tho 
exist enoo of an isotopo of hydrogen of mass 2 and nuclear cliargo 1 . 
This conjooture was confirmed expei'imeiitally by TJroy, Briokweddo , 
and Murphy,* They distilled six litres of liquid hydrogen in tho 
neighbourhood of the trix>lo point under a pressure of a few millimotrof* 
of mercury and obtained a small fraction (few cubic centimetroB) 
which contained tho heavy hydrogen isotope in the proportion of .1 : 500 , 
Tho existonco of this isotopo was also confirmed by these authors 
in tho first satellite wluch accompanied each of the spectral liivow 
Ha, Hy, HS of tho mixed hydrogen. These spectral results woro 
accurately confirmed by Bleaknoyf and BainbridgG,:|: who used tho 
mass spectrograph. Methods of preparing ” heavy water, that iw, 
water composed of the lieavy hydrogen isotopo combined with oxygon , 
are briefly described in Nature (Oct., 1933, p. 636), where numorons 
references are given. Since there are two isotopes of hydrogen and 
three isotopes of oxygen there arc six possible typos of pure water ; 
if wo take miclear spin into account, as expressed in the existonco of 
para- and ortlio^hyclrogon molecules, this number becomes doublod. 
The name deuion (or deutoron) has been given by some writers to tho 
ionised heavy hydrogen isotopo, that is, to the mioleus of lioavy hydvogon> 
which, according to Heisenberg’s theory, consists of a neutron and iv 
Xiroton held in close union. Otlier terms (used oluefly in American 
publications) are : proHum gas, namely hydrogen molecules oonsiat- 
ing of nncloi composed of two iDrotons ; proHum^deuiernm gas, namely, 
liydrogen moieoules consisting of one proton and one deutoix ; and lastly, 
deuterium gas, each molecule of whicli has a nucleus composed of two 
deutons. Apart from the interest attaching to the general pliysical 
and chemical properties of the new heavy liydrogon gas and its com- 
pounds (for example, heavy water "'), important information aboxii 
nuclei in general may be gained by using tho deuton as a now sub- 
atomic projectile. Thus Rutherford and Oliphant |j have used nucloi 
of tho heavy hydrogen isotope to bombard lithium, obtaining a-par- 
tiolos and neutrons as follows : 

Lij'^ + Hejj'* + Hcg^ + 

In addition to investigating the constitution and stability of tho 
various atomic nuclei, it is important to ascertain the various stationary 
states (a-ray enorgydevels) of each nuoleus, A study of tho ^-rayfl 
ejected photo-oleotrioally under the action of primary y-rays ax^poara 
to jxromisG the best results in this field, which is being actively exxflorofi 
by Ellis If and his collaborators. 

Not tho least interesting feature of these fasomating rosoarohos 
is the way in which complementary and confirmatory results are olv 
tained in tlie two extremes, the smallest regions of apace (the interior 
of the atom) and the moat distant parts of space where we >supposG 
cosmic rays to be formed in regions of vast extent, 

* Phys. Rovm 89, and 40, I (1982). t 41, 32 (1932). 

} Ib{(L, 40, 130 aud 42, 1 (1932), 1| Proc, Roy. Soc., A, 141, 722 (1033)- 

II So 0 , for example, C. D, EUis, " ^-rays and y-mysf * Realo Academia Italia. 



MATHEMATICAL APPENDIX 

1, Scattering by Bound Electrons 


I F the olectroiiH of the radiator arc not asaiinicd to l)o free but 
bound to the position of rest x — 0 by a restoring force — /a*, we 
obtain instead of equation (5} on p, 30, if we take the a;-axis as 
tJie direction of motion, 

vi^+fx^-^eE^ ( 1 ) 

To integrate we must now resolve E„ and x spectrally, Let 





(continuous sx^ectrum), 

Also, let ~ wq bo tlio proper frequency of tJio elastic ennneotion. 


Wo assume that it lies, say, in tlio ultra-violet Solium aim region, 
then follows from (1) tliat 


1e, a; = - - — §Ep>' dw,' 

' ® ^ m ' mj coq^ — o)^ 




~f 

mj 


mj — (o^ 




I 


It 




as given in equation (6), p. 30. 

To arrive at a scattering formula wliicli is also comparable with 
the results of oxxoorimont in the visible region it m best to proceed as 
follows. We roatriot ourselves to monochromatio light of frequency 
0 ) = 27tc/X ; the following relation thou holds quite indox^ondontly of 
the value of the froquenoy : 

t) = — * . . (3) 

Lot the inoidout x^ano wave of dirootion OP in Fig, 147 ho assumed 
to bo unpolarised. Wo consider a definite dirootion PQ, starting 
from P, of the soattorod radiation (P is the scattering x^t^i’tiolo, Q 
the point of observation, the longtli of PQ — r) and divide the inoidont 
wave into two eonix)onoiits PI and P2, the former being xierpondioular 
to the xfiane OPQ, the otiior in this plane porpenditudar to OP, llie 
former Pl forms tlio angle 0 ^ 7r/2 witli r, the other P2 the angle 
0 — 7r/2 + 0, whore (j) denotes the angle QPQ between the incident and 
the scattered ray, 
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If W 0 substitute (3) in equation (2) on p. 24 and proceed to fcako 
tlio average value over the time, we obtain 


S- 


47r(/^r® 2 


.For the component 1^1 we Imve 0 = 7r/2, sin 0 ^ I \ for the coni' 
ponent P2 we have 0 ~ 77/2 + ^ ^ Hence wo obtain as 

the sum for both components 

1 -\- GOS^ (j) 


He^)^ 




which represents tlic effect of a single scattering particle. 

Under the ordinary conditions of optics the electrons that belojig 
to the same molecule vibrate coherently ; hence 
it is not their radiant energy 8 but their mnpU- 
lude ^ that superposes itself. Hence we luive in 
(4) instead of (e^)^ the term (Se^)^ if wo pass 
on to the whole molecule and take S to stand 
for the summation over all electrons of the 
individual molecule, On the other hand, tlio 
electrons that belong to different molecules 
vibrate non-coherentlyi so that in summing 
over different molecules we must superpose on 
one another not the amplitudes but tlio energies , 
111 this way we obtain for tlio radiation scat- 
tered by unit volume 



47r®c 1 + oos^ ij>' 




(f5) 


Si - 

when wo \rate o) = 27rc/A, 

The symbol 2^ denotes the summation over all molecules of tlio 
unit volunio ; is thus the electric moment per unit volume, and 

by the definition of the index of refraction n in a sufficiently rarefied 
gas which is traversed by a light-wave of electrical amplitude E tliiu 


is equal to 


477 


1 — li 

~E, (In a dense gas or a liquid of density ^ ■ 


occurs in place of ^ U) From 2Scf = ^ -^E it follows that 

477 


Se^ = 


71‘ 


1 . 


B. £(S3i)^ 


(k» - 1)2. 


■E2. 


4^1, - 

where L denotes Losclmiidt's number for unit volume. 
Henco from (6), 

5 _ iro .pjl + cos* {m* — 1)2 

Ol ‘ — s r^= 


AV2" 


4L 


By equation (2) on p, 24 tlie time-mean of the incident energy i,s, 
if we cnleulato the sum for the two directions of polarisation, 



I. Scattering by Bound Electrons 

Hence 

Si _ 77^ 1 + cos^ 0 — 1)^ 

% ^ * § L ‘ 

‘Equation (fi) is identical with Ilayleigli’s formula for the intensity of 
the scattered light from the sky. The factor 1/A^ explains the pro- 
doniinanoo of the short Avaves in the scattered light, that is, the bine 
colour of the sky, and the predominance of long wavodongths in the 
transmitted light, that is, the red colour of the setting sun. The for- 
mula may serve to determine Loschmidt’s number. Observations 
on Peak Teneriff gave 

2*89 . 

whereas Planck obtains from the tlicory of ratliafcion 

L = 2*7(5 . IQio, 

The above discussion, taken froin optics, is appropriate for pointing 
out the limits within whicli the equations (4) to (10) on pp. 30 and 3l 
are alone valid. Por optical purposes we were able to superpose in 
tlio case of the oleotrot\s of one molecule not its radiation (intensity) 
but rather its iiold (amplitude). The interest in the earlier calculation 
in fcJio X-ray region consisted in the fact that it gave us the total number 
Z of the electrons of an atom ; this was possible because in that case 
the intmsUyjol these Z olootrons became siipcrposocl. In the optical 
case the wave-length is great compared witli the inner molecular 
electrons and that is why tliese electrons vibrato oohorontly. In tlio 
X-ray region tlio wave-lengths must ho small if we wish to oaloiilato 
with the complete non-coherence of the waves, that is, with tlib super- 
position of tlie intensities. Hence our inothocl of calculation applies 
only to sufficiently hard X-rays. 

For softer rays there is a conically limited region in the noiglibour- 
liood of the primary ray, in which interferences, that is, superposition 
of the ani]}lUude8y occur, Bebyo has investigated this theoretioally 
and oxporimontally.t 

In contrast with this our calculations of -p-p, 30 and 31 slunikl 
hold for sufflciently hard rays, particularly those dealing with the mass- 
absorption coolTiciont s/p, according to which the value 0'2 (eqn. (12) 
on p. 31) should hold for all elemoiits. It is found, however, strangely 
enough that it is just in the case of very short wave-lengths, tiiose of 
y-rays, that deviations from the classical valuo 0*2 occur. 

For Kohlraiisoh % found in the case of y-radiation from a Radium 
jnxqmration that the total weakening oocfficiont (true absor])ti(m 
eoelTiciont scattering coefiioient) has a value less than 0*2, But 
according to Richtmyer {[ there is no sign of a value less than that given 
by classical theory in the case of the hardest X-rays of X about Od A. 
Hence tlie transition to smaller values occurs only at wave-lengths of 
t-he order ()f magnitude {)f tlie Avave-lengtli A — 0'()24 A (of. ]). 47) 

* or. Donibm*, Ann. <1. PhyH., 49, 009 (1010), 

t Ann, ti, Phya., 43, 40 (11)14). 

{ K, W. l^ Kohlraiiaoh, AVion, Bor., 126, 441, 0H3, 337 (1017). 

II Pliys, Bov., 18, 13 
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wliicJi ia decisiye iii the Compton eifeot, and this is a inanifostniinii 
of the dotible nature of light (light quantum and light wave) wliieli 
expresses itself in the Compton effect. Hence the question may \n\ 
treated quantitatively only by means of the methods of -wave-irioelmnit^K* 
(^nth Dirac’s elaboration of it). 


S, Proof of the Invariance of Hamilton’s Equations for Arbitrary 
Transformations of Co-ordinates. Contact Transformations 


From Hewton’s foundations of mechanics we inferred on pp. 77 and 
78 tho validity of Hamilton’s equations : 

where wo used I’eotangular co-ordinates qj. = .'Tj z for an indiYidiiiil 
point-mass and assumed that the potential energy depended only (ui 
the But, as already remarked on p, 78, what holds for onr 

poini- 7 nass also holds for a system of point-masses between whioli <?oii- 
servative forces act, The equations (1) hold for each of them if ^vi^ 
take to stand oonsecutively for the rectangular co-ordinates of (^neh 
individual x^oint of the system, We now show that the form of ilir^ 
equations (1) remain preserved also if wo introduce by means of iviiy 
arbitrary xioint- transform ation (one that does not, however, con- 
tain tlie time) the new position coordinates 

Qt=A(<?i. ffa • • •) ■ . V • (‘‘i) 


instead of the reotangular co-ordinates, 

To show this wo consider the to be calculated from (2) as funo 
tions of the Qfc*s. The derived in tliis way by differentiatiiig Avjtli 
res^Deot to I become linear functions of the (^;/s with cocfliciontH tJuit 
dex^ond on the Q^*s. The kinetic energy expressed in tho rectangular 
co-ordinates of velocity is a liomogeneous quadratic function of 
tho Wo called it in (j). If wo now 'insert tho vahios of 

the qf/s exjDresaed in terms of the and we obtain a homogon<^- 
ous quadratic function of tho with oooffioients that depend on 
the QkS, We call this Q^) and have by definition 

®lrfn (Qa;> Qa:) ((?a0* - » « (•^) 

From the homogenoity of the expressions it follo^vs that 


* k OW- 


PreoisDly as in fche equations (1) j)* was defined by differentiating 
BO we now define P<. by the convention (of. also Chap. 11, § 6, p. DO, 
eqn. (9)) : 


P 


fQfc ’ 


W 


* 0, JCleiu and Y, Nishina, Zeitu, U Physik, 6^, 853 (19^8) ; Nature, 1213, 398 
(1028). 



2. Proof of the Invariance of Hamilton’s Equations 605 
Wothenliavo 

“ ^2P/cQ/j • . (5) 

and conelndo from (3) 

^P Ak "= ^Pk^Ic^ * . . , ((i) 

^rhis oq nation may servo to (lofinc tho P^.’s ins toad of (4). Por by 
dilVorontiating (2) witli rospoot to I, oalonlatiiig as a linear funotion 
()f tlio Q;/h, substituting in (0) and coinpaiing tlio ooolTicionts of 
Qfc on both^ sides we obtain tho P^.’s as linear functions of tlio 
udth eoelTioionis that depend on tho Qj^’s. 

If wo reverse the last relationships and substitute the expressions 
for the 'ih' tlio values of tlie obtained from (2) in the Hamil- 
tonian function PI {?), wo obtain the expression for Hamilton’s 
function in tlio co-ordinates P, Q ; wo call it H (P, Q) and luvve by 
definition 

H(P,, Q,.) - q,), . . \ . (7) 

Our assertion now implies that for tho quantities Pj;., Q/^., H(P, Q) so 
defined the Hamiltonian equations again hold : 

Hi 

dt ■ SPfc’ dt ~ iiQt,- * ' • 

To make tlio proof capable of being generalised as far as possible 
we apply the method of the oalcnlus of variations. Although wo have 
nothing now to say about this oalouhis wo shall ejiitomiso tho essential 
features here for tho convenionco of the reader, We first imagine the 
dilferential equations (1) of point mechanics to bo compressod into tlie 
form of d'Alomherb’s principle : 

Ip* 8!Z*,|‘ = jW, .... (9) 

of, Oliap, TI, § 0, p, {)8, ocpi. (4). But, as proved on pp, 08, 00, this 
equation holds for arbitrary oo-ordmatos and momenta and may there- 
fore bo written in tho form 

— f where E == f/fc) (10) 

lo Jo 

As shown in p. 98 wo obtain Ilainilton/s Principle from tliis equa- 
tion, This prinoiplo is oommonly used to derive the general Lagrange 
equations, wlioro L is then regarded an a function of the Q/s and Q’s* 
We shall use it here to arrive at tho Hamiltonian oquationw for general 
co-ordinates momenta P^^., Prom tho definition of L and H 

it follows, in view of (5), that 

E(Q. Q) - H(l>, Q), 


. ( 11 ) 
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VVe may therefore also wife Hamilton’s Principle in tiio forjii 

sf\H(P,Q)-2?PA:i<^ -0 . . . (12) 

J a 

aiul may further choose the as those qiianlilies with TPfipeH 

to which we 'perform variation. From (12) we obtain 

slid - - si w 

* k k 


If we integrate tlie last integral by parts, taking into aoeoiint that 
at the limits we must have = 0, we transform tlio last equation 
into 

We must now bear in mind that the SP’a and the SQ’s are not inclo- 
pendeiit but are connected by the equation 



It is therefore not permissible to set the coeflioionts of and 
SQ;, in (13) individually equal to zero. But we may sliow that tlio 
factor of 8P^, in (13) vanishes on account of (13«). For if we vary (11) 
with respect to one of the quantities P^. wliilo keeping Q;.. niicl tlio 
remaining P;. fixed, we obtain 



On account of (13a) the left-hand side cancels out witli the micldlo 
term of the right-hand side. Hence wo clednco from (14) 


Qfc — 


m 


(Ida) 


If we now return to (13) we obtain, since tJie SQ//s arc independent 
of each other, ^ 

= • • • • 

'The hivariance of Samilloti's equations with respect to arbitram noint 

consequence of their derivaimi from the 
(moatjied) SaimUoman Principle. 

If we glance back over the above proof we see that we assxuiied 

eSuSwsrbwrr'Twf namely 

equation (8). In (6) and (7) we assumed that 

^ ^PkSk H :=; H, 



z* Proof of the Invariance of Hamilton’s Equations hoy 

Un(- Id ho ahjo to write down Hamilton’s Principle in tlio form (12) 
U' is niiiy ncMtoHsary to tHwtriilato inatoud of ihLs that 

- n . (15) 

(hno I* t ha lo t ( ;h im arid trary function, f<n* oxaniple, of tho avji^uinonts 7;, 
Cjl, aiKl I ; if in coinploto diHorential cooffieiont witli roHpoot to /. 
Atd-iiaily the additional term that ommivs on (12) on aceoiint o£ I*' drojin 
v'n iiitojrratn with ruspoot to r ninco it reduces to tlu^ valutas 

of at the limits \viiieh for their i)ai*t vanish, just like 8(^, 8Q, 8/. 
ill onr spcsu’al point-transformation (2) we clearly Jmd P 0, .But 
nnudi mort^ /^imeral trails form at ions of tlie following form are comiiatible 
ivit li tln^ <M|itation (15) : 

-- Afe, Pi, 1 ) ; 1\ - ihiqi, Pi, 1), P - l^Qi, Q,, 1), (10) 

^lliis method of writing .P expresses tit at, as already remarked, we 
may eonveniimtly n^gard q, Q and i as variahlos of p'(if, instead, wo 
had chose q, p, i as our argumonts as in the first equation (10), we 
slnnild Jiav(^ Ikhui alile to ealonlate p,- from tlio iirst equation (.10) and 
to HiihstituUnt in P). The chokie of q, Q, t as indepondent variables 
makes it (aisier to specify tJic oonditioim whioh arc innjioscd on the 
transformations (10) throngli tlio. presonoo of (15). clunoo is, 

Imweyin*, possibh^ only if thore is no analytical rolationsbip botwoeii 
the (i\ Q/s and i ; it becomes impossible if, as at the beginning of 
this section, equations of the form (2) liokl. 

We arrange equation (15) according to the difl'orcubials of Hie in- 
(hqKmdeiit variables, call dt the difl'orontial of / and indicate by means 
of 8 tlumi' (lilTorontiations Avith respect to q and Q in whioh / is not 
HiihjiuUed to variation. Accumlingly Are set 

t(U =--• -I- sxr, 

Vv 

nml wi'itts (15) 

(i I ■ ’ h: f )<« -I- - Sl-VSQ,. -- SF =- 0. . (17) 

'fo HiKKiify uur transformation (1(5) avo now demand tliat this condition 
hIiuH 1)0 ill Killed for all virtual cJiangos Sjr, 8Q„ dL On acooiint of 
tlu^ indepejulonce of the varhibloH /, q, Q (17) may bo Hoparate<l into 
two groups of postulates, wliioJi tho transformations (15) m ust satisfy : 

.... (17n.) 

2 .?>A«= - 5 : + 8 F • . . ( 17 *) 


l'J(|Mu(;i()n (17*) hIkiwh dii'cctly, if wo vary only ono of blio quuritilinH 
flh< lit. iifiol’ 









(17r.) 


liold. Ill tlio ))iH'tioul(H' (!a«(' wlioro tlio iidditioiial Iinustion '.If Ih oIiohou 
na indo|Kiiidoiit of I tlio oqtiabion ( 17 a) j'odiiooH to tlio oavlior o(|iiati(n) 
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( 7 ), Equation (17^) is, hoAVcver, more general also in thin than 
equation ( 6 ) since here tlio tom SF is also jn’csoni* 

The equations (IG) evidently do not represtmt a point trans I tn'J na- 
tion/’ since as tliey no longer, like ( 2 ), eonuoot the point- and position- 
co-ordinates, Q with each other but with the monionbtim oo-nrdinaU^K 
p, P, Since, moreover, in sucli a general transform iition the im>idianuuvl 
signifioanco of the momentum co-ordinates hccomes bhuTutl it is huttui" 
to eall the pairs of variables q, p), on the one hand, and Q, P, on tlu^ oiheu*, 
canonical mriables. P is canonically conjugate to Q, HUewjso p to q. 
The general transformation of canonical variables, wldeli is thus va- 
strioted only by the existence of the condition (17)> is called n caiumiml 
iramfomation. We shall discuss at the conclusion of this stusbion to 
what extent the term contact Iransfomation may bo used synoiiynuumiy 
with this berm. In the most general cose, namely when blu^ tumdinii 
P depends on t, the canonical transformation comuJctH t()goth(U' not 
only the quantities q, p with Q, P but rather the quantitioH (/, py II 
with Q, P, H. 

In certain oirouinstances it is convenient to use as onr bnsiH instiuid 
of Q, t the quantities q^ P, t as indepondont variables, f<u’ eLxaniidcs 
in the cose above excluded, where tliero is an mialytuHvl roiationslup 
between the j’s, Q’s and t. It is easy to rewrite equation (15) in huoIi 
a form that it becomes adai:)ted to tliis poin| of view, 'It is only iums^h- 
sary to add on the' right-hand side with a ijositivo and a 

negative sign, and to consider instead of P blio modified ” fuiudiuii 

+ ( 18 ) 

Equation (15) then assumes the form 

+ . , ( 1 ») 

Prom it we obtain as analgons expressions to the oquatioim (17a, 5), 
if we now treat ty q and P as indepondont variables : 

H = , . . . (Ito) 

+ i?Q*SPi. = Sir*. . . . 

Prom this point of view we obtain the quantities Q that ai’o ** can* 
onically conjugate ” to the independent variables q^ V by moans of the 
rormulffi 

that are analogous to (17c), 

The expression “ modified fimotion ” F* is intondod to servo as 
a reminder of tlie in-ooess that is commonly used in dynamioH and ther- 
modynamics in changing the independent variable, a proooss whiolt is 
in its abstract form due to Legendre and is called a Legendre Iraiw- 
formation. " 

It now only remains to give a reason for the term " oontaot traim- 
formation, 

Let us oonaider a ‘‘surfaoo’’ s = a {q^, 5 ,, . . . j,, (/•„)_ m. 
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cXiinoiJBional wpaco by interpreting as reotaugular point 

cjo-ordiiuites in a plane ” and perpendicular to it. The quantities 






JLA 

then rletonnine Mio ])osition of the tangential piano at the .surface 
a nd may therefore be ealltHl “ planG^co-ordinatos.'' The following 
“ eoiulition of unified jiosition ’’ (Bedingung dcr mrainiglm Lagf^) 
holds between the point- and piano-eo-onlinatos ; 

(U = ( 20 ) 

1 

Loi; us introdiioo now co-ordinates Qt, Pj. by means of the equations 
(l(i), but to make posHiblo a simplo geometrical iiitorprotation let vis 
Kiipposo that the finictiims/ and g are inclepondont of t. ISxjnessing 
the q*’s in terms of Q/ and Pf by moans of equations (16) wo form 
, 9 (q) =71 S(P, Q) and demiuul that the now conilguration S should also 
j’O|ir(> 80 nt a surface, that is, that it should bo touched by the planes given 
liy 1’ at tho points determinod by Q. As a consequonoo of (20) wo inimt 

thou have . 

dH = i?PtdQfc, .... (20ff) 

that is, if p denotes an arbitrary function of tho q, qh f’l' Q> 

(IH-2i\dq„^p{cU-I!pidq,). .■ . (21) 

'I’hia is tho condition wliioh must bo fulflllod if v'o are to bo able to call 
t>nr transformation (10) a conlad Iransfomalion in the geometrical, sanxe, 
Altliougb tho condition (21) looks difforont from (17)— in (17) the 
friotor p is almont, and, on tho other hand, tho tonn in dl wbioh as 
tihsonb in (21). is prosont in (17)— both conditions arc malhemaUcallj/ 
tif/nivalenL 'i’lio dill'orvmcos may bo eliminated formally. "Wo may 
rognvd tlio most goneral otuionioal transformation of a probloin ol 
/' tlogroes of froedojii as a ooiitaot transformation iii Hpaco of J *‘b f 
(Hinimsions, In tho saino way wo may regard tho most gonorid oon- 
tntcb transformation in space of / dimensions ns a oanonioal transfornm. 
bitni of a problem of / -) 1 dogroos of freedom. 

3, Conocniing the Ratio of the Kinetic to the Potential Energy in tho 

Ooulomb Field 

At tho oloHG of Ids limt paper in Phil. Mag.,*" Bohr nialcos tlio follow- 

i HI/ Htaioinont t ^ k 

‘‘ In every system of nuolci at rest and oleotrons that niovo in m re lew 

■\vitli velooitiofl which arc small compared with c tho Idnotio energy is, 

oxoopt in tho sign, equal to half the potential onorgy.’ 

We shall show that tliis theorem applies inuch inoro widely : it 
Itolds not only for oiroular orbits but also for arbitrary forms of motion, 
i ll ivliioh (for Varying klnotio and potential energy) tbotimo-monn vaUios 
of both onorgies Wo to take tlio places of tho oiiorgy valiios thomsclvos 

♦ Vol, 2C, p. 24 (lOl.'t). 


von. 1 .— 30 
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ill t]ie enunciation of tlio theorem. It also romaiiis valid except Cor 
a small change if we allow any arbitrary central force to act in pJucio 
of Coulomb’s law of force.* It is not necessary nor even conveiiiont 
in the sequel to nssumo the nuclei at rest. 

We take as our basis rectilinear co-ordinates //, z wJiich we din- 
tinguish by affixing numbers for the electrons and nuclei and donoto 
hy ^ ^ qf. bo the corresponcling momenta. U'lien 

the kinetic energy of our system of nuclei and electrons can, by equation 
(♦)) of the preceding note, be put into the form 

^kin == • * * » ( 1 ) 

k 


Let the potential energy be a homogeneous function of degree 7 i *^1 - 1 , 
of the co-ordinates qj^. This is the case, for example, if central forcoB 
proportional to act betAveen the point-masses of the system, that is, 
beWeen the and point-mass (no matter Avlietlier it be nucloiis 
or electron), a force acts in the line connecting botli, its amount being 

{n is the same throughout but C may under certain oiroinnstaiKios 
change from point-pair to point-pair). Then avg get (cf. cqn. (») on 




'not 


n + 1^ 


^ 

iff* n 


1 ^ . 

irilMk- 


Wo next form 


(a) 


= 'ZPk4k -f- '2i2Mk 


( 3 ) 


ancHak© the mean value in time, whicli we denote by n horizontal bar. 
it the motion is iieriodic or at all stable in the aenso that the position 
oi the point-masses does not systematically deviate from its initial 
coiiJiguration to an extent that increases indefinitely with the timo. the 
tiine-inean on the left-hand side of (3) becomes equal to zero. 'J'Iiuh 


= - Xmx.' • . . . (4) 

must hold. By (1) and (2) this means that 




ra + 1 


:e„ 


•pot* 


' • ■ (fi) 

E*,„ — — JEj,,,. . , . . (0) 


Diaa. Haarlom. 1018, p. 108. 

.Coulomb’s, acta. This extension alrfinrlv^ merely 

Dynamik, p, 22. occurs m Jacobi, Vorlosungon Obev 
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4. Integration with the Holi) of OohidIox Variables 

It i« known tliat tlni inotluxl of coinplox va.ritil)lcs Im« fclio 

u< I vaiifca^c^ ()£ (jinibling u*s to (^vnluatt^ intograJ8 ovor a cloHod path oi; 

I 111 o/jf nation without tho uso of .npeoial devicen. An Kfcated on p. lOii it 
in iiitiiiulfcoly oonneeted with the probloins of tlio nnantum theory. 

(f) 'riio intogml 

.T-(j)^A + 2^d-pA • • • (1) 

onimti tu toM fch(^ luitural imsiH for tho trcatmont of tlio radial quantum 
ofHMlitioM jdao pp. Ill and 25()). q'lie constants A, B and 0 liavu 

II Honunvluit <d(foi'tmt moaning in tlio rolativistio and non-rolativistio 
cNiHCH. Ju tho diagrain c)f Ifig. 148 wo take them so that tho branch 
ponihH (kC tho inh^gmnd— -wo call and the periholiou and tlm 
upluduni iliHtuuco on p. 11 1 " Juivo real positive valiios. The path of 
nitr^mtion. origiJiaU 3 '^ ran fremr to and l)ack again to 

of. px .1 11, and, as sliown in 148, it is drawn out into a closed oinwo 

III tlic'. ciomplox f-phuio. Tliis is jiossiblo because ther (3 are certainly 

no HingulariticH in the immocliato noighbourliood of tho ijutially real 
pntli <>C integration. The ?'-plano is to lie imagined slit between 
HIM I and ropresonts tlio 

npjjor Hlioot of a two-slicetort 
iMcniuvnn surface. On ao*- 
<s>unt of tho positivo char- 
aoCnr t)f tlm piiaso-intograls 
l lio Higu of tho square root is 
to ho takon as if dr 

JH pnsitivo (lower edg(3 of tho 
nlit)* nnd n(*(i(Uim if dr is 
nogntivo (iipjKJr e(lg(3 of the slit). Hence it follows immediately that 
Mio H<|iiare root outside tlu3 slit on the real axis of the r-plane is 
iii iagimit' 3 ^, being posfhre ajul imaginary for r > and ^uigaikm and 
injuginiiry for 0 < r < as is likowiso indicated in th(3 /ignro. Wo 
KUO t il IK ii: wo start from tho pOxsitivo or negative side of tlio Inuncliing 
kIH uihI iiuvko half a revolution around tluj brancli-points r ==== or 

Wc^ ciojvtinu(3 the process of extending the patli of integration and 
oniilmot It around tlio poles *•* of tlio integrand, The.sc ai-u tho points 

r 0 and r — oo, 


rwD \ ^lin I’maxv^ r«ca 


r — plnntt 
Pun P.IS. 


^Vt tlio point r 


0, J boliavoH like 




Tho inOogration is to Im takon, as the liguro sIioavs, in tlio clockwise 
(UriH^lion and tlio first momber of tlie series thoroforo gives the viiluo 


* To invostigato the boliuvioiu' of a funoltou at innuity wo iniist, as wo know, 
iMuioffc tlio ijoint at iiiHiuty into flnito rogioim. TIiih ih doiio by nuaiiiH oi the 
traiiHforinaia'on h l/r, In tho notation usufl in tho text. 
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~ ] the subsequent terms, howcA^’er, vanish in tlio procosH of in- 

tegration. Hence the contribution of the point r — 0 iu, all in all, 

27rl\/G (^) 

Tlie point at infinity is indicated in the figure in the liiiite iH^giini. 
We set 

1 y (U 

and obtain from (1) 

J = -|v'A + 2Bs + 

=- va|(h-|«+. . .y~. 

The residue of this integral for the point = 0 is determined solely 
by the term in s - ^ ; this term has the coeflicient 

B 

a/a’ 

Hence the contribution of tlie point at infinity hccninoH (of. tho 
sense of travei^e in the figure) 

+ ♦ (2fl) 

From the sum of (2) and {2a) avo obtain as the A^alue of J 



We add a supplementary remark about the sign of 
A\'as defined as tlie residue of the expression 




1)1 (2) VC 


for r = 0. TJiis expression is. as has already been indicated in tlio 
figure, imaginary and negative in the neighbourhood of tho '/.ei'o- 
point when r is i«al and positive. For this reason VO must also Ijo 
reckoned as imaginary and negative in (3). We infer correspondingly 
that VA is imaginary but jiositive. 

(6) We add a oorreotion term Dr under tho root sign of tlio integral 
J. We call the resulting integral 

• ■ • w 

The position of the branch-point is not essentially altered by tho 
correction term. Hence we may take over Fig. 148 with its doter- 
minatioiis of the sign and path of integration. 

To bo able to perform the integration wo shall expand tho root in 
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power series after tlio correetioii term. ^Por this purpose it m necessary 
to cloforin tlio patli of integration in. given cases in such a way that 
the expansion is possiblo along its whole course. If D is siiiTioiently 
small this is always possible. Any now branch-points that may bo- 
ooine acTdecl owing to the correction term must ho circuin vented by 
tho (lofornKMl path of integration. If we now perform the integration 
tenn hy^ term we may proceed with tho path of integration for every 
term as in Pig. 148, sineo in the individual term only the branch seotion 
^\uin tho poles T = 0 aiicl = 00 occur. 

'I'lio iirst torni that results is tho earlier integral J. We call tlio 
integral of tho hcooikI term 

K=:J+^Ki . . , . (fi) 

by setting 


K, 



rHr 

'\/0 + 2Br + AfS* 




Here wo are concerned only with tho lioint r -- oo ns now the inte- 
grand is regular at tJie point r — 0. We introcliico tho new variable 
o:f integration .v — 1/?' and J)ave 




Va 

Jiy oxpiuKling in a power HorieH an far na wo obtain 


Ki 

^ jsWA 


■ B , /3 B2 C \ , 

/ a“"'\ 2 A 5 


and Ity (iontrivoting tlio path of intogratioii about s = 0, 

27r?:/3B2_ j(J\ 

‘""VAV2A* 2AA 

Acoordingly avo obtain from (5), in view of (3), 


(7) 

(H) 


We sluill apply tliis in the theory of the BtarJe effoet, 

(c) We shall also require (in the quadratic )Stark ellect) tlio sceoncl 
term in tho expansion of the integral (4) in powers o£ J3. TJiis sceoncl 
i:orm is 




L, I. 




■rHr 


( K , 2B , 0\H 

(A + --+r.) 


■ (») 


As in (b) tho zero-point makes no contribution, 
form to infinity and obtain 


1 (ch 


nV"' ^ 


Hence wo trans- 


/IfU 


B . 0 
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Expanding by means of the multinomial theomm -wo caaily ohttiiu 
as tlie factor of a® in the miraerator (the second and tlnrd ijowor ol 
the multinomial expansion also contribute) : 


15 ^_ 36 ^ 6 B 
2 A* 2 A» 




(M) 


By forming the residue at the point 5 — 0 (factor — 2'ni) tlnn’ofcR’o 
obtain for L 

, ■ ■ 

and as the contribution of the term (0), 'vvliioh is quadratic in .1), i<} 
the integral (4), 

. ( 12 ) 


‘ 2iTi 


.6 BD2 


“’(30 -,f). . 


16 A? 

The formula (8) when corrected by tlie amount of this torju thorcfoi'c 
runs : 

B D /3B2 ^,\ 5 D«B/_B« n-U 

K- -0) -n Arl’x-*')/' 

(d) We next consider (for the jnirpose of the theory of Hpectrn 
unlike that of hydrogen) the integral 




(M) 


We again expand according to the correction term. If \vo rotnin 
only the first power of Dj, the exj^ansion runs : 


4‘ 


, 2B , 0 , Di /. , 2B , C , . 2B , 0\"i .1), 

/A + v+^ + F=V^ + T + ^+(^ + T + f5) •2^ 

Witli the integration anticipated in (14) it gives 

= J + J* = f(A + ^d4a)"* % - (16) 

Jg behaves regularly at the point r = oo. For if sot 5—1 /r oh above, 
WG obtain 




sds 


I VA + 2 B 5 + 

At the point r 0 we then have 


= + 2iti 


. B 


0VG‘ 


^ (ICrt) 
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Hence in virtue of (3) wo obtain from (15) 

. . , 10 ) 

(e) In Jj wo add a second correction torin liaving tho small factor 
Da, which is to bo of the same order of magnitude as Dj^ and consider 


“I" . . (17) 

Fig. 148 again applies in respect of path of integration and sign. 

Wo now expand, cancelling all powers that are higher than D,, 
Di^ and 1\-. 


V 


a+^2 4:+’^+^>->+4-i-? 




and obtain 








..0 • 


( 18 ) 

( 10 ) 

(20) 


In calculating J 4 and .Tj wo need again consider only tho point r = 0 
since tho point r — 00 again behaves regularly iiere. Thonoo wo find 

“ V(i\^ “ 


and, further, 


■Ir, 


3wi /A 


cVeVe 


iJV' 


With tho values of J and Jj from (3) and (l5o) this oauscs (18) to 
bocome 

„ .( „ B 1 B 3 DgB , 15 DiHJs 

J3 - -- 2 oVOV*^^ 2 0 ¥ (> j 


6. Further Remarks on Hamiltonian MeohanioSi Angle Co-ordinates, 
Theory of Perturbations, Forces without a Potential 

(rt) Angle Co-ordinates.— -'i'o elahorato the conception of clogoncraey 
used on p. 115 avo shall folknv Mcliwaraseliild niunnti’odueo the angk 
co-ordimlea tliat are ordinariiy used in astronomy. 

'I'o arrive at a general dolinition of aliglo eo-oidinakss avo must ask 
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whether it is not possible to describe the motion of a iniiltiido periodio 
system by means of ** oyolic co-ordinates alone. A cyclic oo-ordinato 
is one which does not occur in the energy- expression and whoso corre- 
sponding momentum co-ordinate is therefore cons taut during the motion. 
Hence ^‘cyclic co-ordinates are also “forco-freo co-ordinates atid 
this is the characteristic 'winch makes them peculiarly approj)riatc for 
describing the coiu*se of the motion. The simplest example of such a 
co-ordinate is given by the angle of rotation <[> about an axis, witii 
respect to which the moment of the force is zero. TJiis example gav(! 
rise to the name angle co-ordinate altliough it is not really tJio 
angle (which increases irregularly with the time) but the surface de- 
scribed by the radius vector (which increases regularly in aeeorclaiuio 
with the law of sectorial areas) that plays the part of the angular 
co-ordinates in problems with axial symmetry. Actually, tlio 
angular co-ordinates are defined analytically by tlio linear increase in 
ime. The constant factor which is disposable in the process is chosou 
in such a way that the angular co-ordinate is dimensionless and bocomos 
of t\\Q period 1, that is, the position co-ordinates are all to return to 
their initial values when the angle co-ordijiates are changed l)y 1 or by 
any wlmle number. 

We next show that we arrive at the desired angle oo-ordinates in 
conformity %vith this requirement if we introduce our 2)^e.4niegrah 

as momentum co-ordinates ♦ and look for the positmi co-ordinates that 
are canonically conjugate to them. To prove this wo must take as our 
basis the scheme of the canonical transformations, 

In a multiple periodio system the J;j,’s are pure fuiiotions of tlio 
constants ajt and W, cf. p. 106 (they are independent of the otlior 
constants that enter into the equation of the orbit and tliat wo have 
denoted by ; thus we may express the a's in terms of the and 
substitute them in equation (21), p. 102. This equation then runs 


and gives 


s = S{ffi . . . <7^. Jj . . , J/) . 




( 1 ) 


( 2 ) 


I! we substitute for — by means of equation (18), i). 101, and 


* “nQ 

introduce in place of ^ the symbol 


tou- 




• • ' « - (3) 

btomeT^ abbreviation, thou (2) 

8S =: -f ^ 

■‘angl^vU-ables.’-’ » (Schwar^soliild) analogously to the 
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transformation, 

if wo £0 ” by nils' S-fr mf ff -- J. i« «atisfiod 

P, Q in tho ill rS, 0 .l;.e fltSr 

RnTif.fv) liv ihn. ii% ' 1 iunction of action S is there roin'o- 

JN iiuJ<H)c»iiflfen/' fif / special case 'whore 

P 14 LT ^ equation (19a) on p. 008 as^iimea the 

ns idoiitieai pi‘caont equation ( 3 ) now reveals itself 

rr oarli( 5 r equation mh) Accorflmir in Nnin »> 

f il nSrn'Vf J. Now, Hamilton ’s 

a nnro funefum if iit! constants of integration a^.) is 

.:.LLaZ^^ u>« », « lndcpo,„ta6 „( tfo ,„„, j. 


(KriiHtant (iuring the motion. 

t^H 

(ll TiiVij, 


Houco Wo have 
-I), 


_ ^)H 


~ = const. 


dl JiJ 


( 5 ) 


of «"‘y constancy 

Hon tilt 1’ ’I l f <=“" >>« oalcnlated 

iml] , *Y 7 ^ fhP H'sooiid equation states tJmt tlio W/.'h do in fad 
Micrrasfl untformly wilh ihp. lime,, a.s wo clcninndcd in cloflniui? the anclo 

V wo golf''**' o» <>lio right-luuKl side by 


% “ V,/ -| - S,„ Vh 


W 


( 0 ) 


rx pl«y« P^i't of a constant 
nimber lav tlu> cyclic co-oixlinato tv„ wliich con-esi)onc1s witli 
t.li(^ oircuniHtanee that was to ho dimonsionloss, * ^ 

""// /”!/*"' angle, co-ordinate w* increases by nnity 

p'im) f/twiouc.'! once to aiuljro between Hit Ubralion 

U wo inako tlm cio-onlinato make a coniploto rovohifci(»u witJiin 
Its ( onuun of valiioa wlulo the otlior q^’s aro kopt fixed the notion 
iiinotioii S oiiangcH liy the amount of its periodioity modulhs J,, (cf. 
ciqii. 22, p. 102), Hf’iiw wo have that if wo donoto liy I and 2 the iiiitial 
find fclio Jinal point of tho olosod rovolution, that is, two poinhs given by 
equal valiiOH for all tlio y's, ^ 


= . . . , (7) 

If, as in cipmtinn (1), wo imagino « to bo a fnnotion of tho w's and 
J H, we inay diflbrimtiato (7) imiiially with rospocb to J,,, koophiK Urn 
I’onuuiiing J^s and alt (f’s oonstant ancl obtain in eonsoquoiico (of. (3)), 

«’a !1 — Wki 1 , Wft ~ W/i = 0 , i A- Ic. , , ( 8 ) 

-llojioo il: tho oo-ordinato i/*, rotunis to its initial value after a oomnloto 
Ji'o volution, tho values of tho otlior roniaining nnohangod, tho oorro- 
Bponding angle oo-ordinato iaoronses by 1 while tho values of tho 
other angle co-ordiiiatos roiiiain pmsorvocl. And convomoly : Jf ono 
of tho angle co-ordiiiatos inoroascs by 1 while all tho otlior angle co- 
ordinntos ronuuii unohauged tiio co-onlinutos q rotiirn to their initial 
values. The q's are ’periodic functions of the angle co-onlinnlea of ’period 
1, as was donmiidod abovo. 
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Besides the q's also the ‘’modified action fuwlion’' ii* Juxn tho 
same property of periodicity ; we define this modiliccl notion functioi 
from the action function S as follows : 

For if we increase lOj. hy 1 in the sense of the eqTifitioiis (8) l)ui> ninko 
all the other w/s return to tlieir initial points, then ohaiigoH )y 

the amount J;.. Thus we see from equation (0) tliat 
the the simultaneous change of S* is equal to that of h climims uu 
by Jj,, Since by equation (7) the change of S was equal to tho 
change of S* becomes equal to zero. Whereas the action f. i 

behig a function of the has the additive jyenodicity vioduh lnc>^ 

modified aciion function S* becomes a periodic function- oj ih(- 

iv's of 2)^i‘iod %iniiy. . 

It follows directly from the periodicity of the q'n that, ^ ns liuiotionH 
of the they may be expanded in an /-fold infinite oiirior hoimoh 
of the following form : 

q, — (SyG^ g g -}' * 1 1 * 1 - , . ( 10 ) 

The are constant coefficients, that is, tlioy clopond only oil 
the integration constants Jj., or, in quantum language, only on fciio 
integral quantum members The time occurs, namely liiioavly » 
only in the Wj/b. The siiminations extend over the s^i * . > Sf from 
— 00 and + co* The corresponding expression liolds, after whafi IniH 
« been said, also, of course, for S*. If we substituto the exprosHkm 
(6) for the to*B in (10), it follows that 

q, _ g g + -h - • - -f* . « (11. ) 

with the folloMung meaning for the coefficients .D ; 

j)i = C* -h Ma + • • ‘ *1’ Vd, < (12) 

^1^55 « ► ^ • « 4 Sy 

The dependence of the q^s on the time is, in contradiatinotion to tlnit 
of the angle co-ordinates, not periodic^ but corresponds rather to tbo 
condiiioncdly periodic characler. In general the orbital point never 
returns accurately to its initial point ; nor does the individual no- 
ordinate qf. in general assume its initial value after equal ])oriocls of 
time. The individual factor 


appears to indicate the period = l/r^t > hut the co-GxiKtc?nc;o of 
f different factors of this land and the irrationality of the Vffn on the 
whole prevents any periodicity from coming about. Our oxamplo 
of the Lissajou motion, p. 106, was characterised by the circiiniRtance 
that from the point of view of every co-ordinate taken individually 
there was perfect periodicity in time (thanks to the fact tliat Jiorc^ tho 
infinite Fourier series in every co-ordinate reduced to a single term). 
But the character of the motion is on the whole also completely npcyriodic 
in this case, as Fig, 25 shows, unless some of the Lissajou freqmmcios m 
become equal among themselves or commensurable to one another. 
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We are now in a position to formulate rigorously Scliwarzsohild^s 
definition of degenerate systems. The general ease of non -degeneracy 
oeours when in the equations of definition ((>) of tlie angle eo-ordinates 
all tlio froquonciea Vj, that occur in it are in conn neusur able with cacli 
other. The exceptional case of degcnoracy occurs when one or several 
relationsliips of the form 

-I- ^1- 0 , . , (111) 

nro obeyed for integral values of the coofTioionts a. The case where, 
in particular, two of the p’s become equal, is clearly included in equation 
(L'l), If r suoli relationships hold tlien the orbit does not, as in the 
general case, completely iill an /-fold oontinunm in tlie /-dinionsional 
s]n\co of the r/j . , . hut only an (/— r)-C!ontinuum. In this case 
wo may speak of r-fold dogonoracy. Coinploto degeneracy occurs in 
the case of a completely periodic orbit ; then there must he (/— 1 ) 
rclationsliips of the form (13) or, in particular, when all the vj,\ are 
equal (Kepler ellipse witliout relativity), 

( 6 ) Theory of Perturbations, — ^!Lot us consider the fundamental 
astronomical problems of the theory of perturbations : given the 
unperturbed Kepler orbit, such as is described by a planet w))on under 
the influonco of the sun’s attraction alone, and let cca-, pi, (of, Cluip. II, 
§ 0 g) he the elements of the orbit ; and siipposo the Xicrturhing poten- 
tial <I> to be superiniiioscd, which is duo, say, to tlie attraction of Jupiter, 
T^ho method consists in describing tJio orbit at every niomont us a 
Kepler orbit but with vanabh orbital elements, as a so-called osculating 
Kepler ellipse that approximates as closely as posniblc to the actually 
perturbed motion. 

The following procedure corresponds generally witli this method, 
We calculate the unperliurbed motion witli the help of tlie canonical 
cdementH W and introduce these as variables in the perturbation 

problem, Ifor those and the co-ordinatcH ??, g, by means of which wo 
nmy desoribe both tlio perturbed motion ami the unperturbed motion 
tlie equation (37) of p, 107 holds : 

SR - -!- /3i8W -h i/3,8aj., . . (14) 

2 

whore H signifles the action funotion of the unperturliod motion. The 
Pk^ W are thus canonical variables not only for the iinpor- 
turbed hut also for the perturbed prohloin and oonsoquontly satisfy 
Hamilton’s equations. Wo write the Hamiltonian function of the 
porturhed problem in the form 

, (15) 

Ho is the Hamiltonian function of the unporturliod problem, that is, 
the W of tlio osoulating orbit ; O is given as a funotion ^ of the phase of 
motion p, q and is transformed by moans of tlie orbital ocpmtions 
(43), p. lOS, and the momentum equations (18) on ]i, 1.01 into a . function 
of our co-ordinates and W, 

111 gciuu'nl 0 will also ilopond oxplieijiily on i ; but wo may <li‘HrPgnrd this 
fur our prosont purpose, 
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If we now form the Hamilton equations nocording to the model of 
(416) on p, 107 with tlie expression (16) for H, wo liavo 


^ „ 


and hence 




(It 




dh. 

dt 


Jt0 


k = 2, , . . /. 


(Id) 


Time equations teach us how the orbital elements vary when Ike jier- 
lurbalion Junction is superimposed. 

Oil tlie other hand, we obtain after tlie model of (41n), p. 107, 


dW 

lu 


¥i’ 


^ = 1 I ^ 

bt sw 


( 1 . 7 ) 


The second of these equations shows how the original linie-eqiinlion 
(42) of p. 108 becomes changed by the perturbation. If dons not cloponil 
explicitly on t, the first equation, taken in oonjunction with tlio otlior 
equations (16) and (17), contains the obvious assertion : H = const. 

Wo shall now endeavour to get an insight into tho munorioal valuo 
of H in (16). Since H is constant in time we do not ohango tho nuinoi'i- 
cal value if we ^erage over the time on the right-hand side. From 
we then obtain <P, the time mean of <P, taken over the perturbed orbit cn‘, 
if we assume 0 to be small to the first order of small quantities and 
neglect quantities of the second order, over tho unperturbed orbit- 
We are now concerned with the numerical value of = W. This 
Variable in time and its change is given by the first equation 
(17). We shall now express H* as a function of the J^’s and w.’n, H,, 
becoming independent of the w^’s. The J^,’a being orbital olomoiitH 
of file unperturbed motion are themselves, indeed, variable in Mmo 
m the perturbed motion. Their change is obtained from tho first fif 
the equations (16) if we replace in it by J,., ^8, by w^. It is not tho 
Jts of the unperturbed motion that are constant in tho porturbod 
motion but rather the phase-integrals— let us say J'^’s-that boloiig 
to the perturbed motion, and that differ from the jys by small periodic 
components.* In forming tho time-mean of the latter cancel out, 
smeo we may expand m a Fourier series and neglect higher terms. 
W f perturbation to bo adiabatic, that is, to bo offootod 

by a sufficiently slow superposition of the perturbing field, then tlio 
miiuoncal values of the J'j,’s will be identical with those of tho J..’s of 
the impeiturbed motion, sinoo both are equal to n^h (of. Note 10 oil 
adiabatic invariants). Thus the time-moan of H„ Is constanl d -in r 

the wTm? transformation and may bo sot equal to 

the of the uiipcrtiirbed motion. Hence our result is flnallv • tka 
numeriad value of the HamilUmum function H, that is, the enerqu of the 
perturbed motion, is,m the adiahaiic transition, equal lo the energy W of 

* Further details are given in Born and Pauli, Zeits. f. Pliysik, 10 , I37 ( j 022). 
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(e) Forces without a PotoiitiaL — It i« eusy to extend the Hainiltoniau 
linmj'y to tho ouho udicro tiin{3 ocjcvirs explicitly, either in tlie poten- 
lijil energy (j'o|v exaniphs perturbation of the ])lanetu.ry orbit throngli 
tho j notion of J upi tcr)» what (loines to the Haine thing, in the ofpiations 
of condition. Wo luvvo then to take up i among the independent 
variabloH and to ro])la(!(3 W in the Haniilton-Jaeobi ymrtial differential 
otjuatiou (20), p. lOl, by — hS/tiC. 

^ ^ Uie c?aso in morn diflnailt wlien the active forces have 7to j^oieniial. 
riiere is thou no gtnioral method of linking the iirohlein np with the 
Ilainiltoii-daGobi tlioory. The only general rule that can he given is 
this : bring the equations of motion into the form of a variation prob- 
loin ; the integral to ho varied, regarded in the sense of p. 100, then 
hocoines the fnnotion of action 8 and the function under the integral 
nlgu aHsunios tho part of the Lagrange function L of p. 98. 

'’.I'liis rule actiuifly loads to tho desired objective in the case which 
interests \m horo, if tho olToetivo force is 7 nag 7 ietic in origm and hence 
lias the form gJc (vH). For Scliwarzsohild * has shown bliat the motion 
ol: an oleciron in any arbitrary eloctromagnetie field is represented by 
tlxi variation prinoipU^ 

8)'{lfi«»-Ep„tH-|(vA)}di = 0. . . (18) 

A is tho vector potontial of the field at any given point occupied 
by the oloctron and </> is taken up in tlvo potential energy and contiL 
InitoH tho amoun t e(j> to it. In (18) tho position and velocity is to be 
Huhjooted to variation, und the oloctromagnetio field is to bo regarded 
as given and is not varied. It is to be noted that tho combination 
.p Odours in (18) is a relativistic invariant, namely 

the four-dinumsional scalar product of tho 4-p()tential ” (A^;, A^, 
A.,t i<li) of tho field anil the 4-cuvront eje (Va.t V;^, v^, ic) of tho electron. 

As agreed above, wo denote tiie quantity under the integral sign 
in (IS) by L and transtorju tho integral by means of tho energy equation 
(tho magnotic fiold dnos not enter into the energy balance) : 

S = |‘{2E,,„-|-2(vA)}*. . (19) 

IE we fii'st retain tho delimtion of 7?/,. = write in 

plae(5 of (10) 

ircrc is tho ooinponont of tho vector potential that belongs to the 
oo-ordinato (wliitjli m lud: nceesHarily rectilinear) ; Aa, is defined by 
tlu^ identity 

(vA) = SAj^Qk (21) 

'".rhe qiiairtuni oonditions now result as modidi of periodicity of 
H and aro, on account of (20), 

■Ifc “ ij) {ih-. + |Aib)(i2fc = «i*, 

* (PHtingor Naohr,, Jahrg. 1003, 


( 22 ) 
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wlioro tho integration is to taken over one complete libra tion of the 
co-ordinate q,:., Tliis form of the quantum conditions lias been dis- 
cussed W. Wilson * and 0. W. Richardson, -I- 

But .wo must emphasise that the iiitrodueetl here is not the 
moinentinn co-ordinate canonically conjugate to We shall clis- 
tinguish the latter by calling it ; it is to be (lefiuod by tl>e 0 (|uatloii 

. 'bL 

As a result of the meaniug of L and in view of equation (21) wo obtain 

HenGe> by using the canonical co-ordinate p the phascAntegral roiavns 
the form familiar to us. Our formulation of tlie quantum conditions 
on p. S3 holds in this sense also for systems without a forco-potontial. 
With regard to the choice of co-ordinates we must of course main tain 
the postulate of conditioned periodicity. 

If, ill particular, the magnetic Jield is homogeneous as in the Zeeman 
effect, H — = H, we may write, since H — curl A, 

Ao; — — Ay — JiuH, Ag = 0, 

If wo use polar co-ordinates r, 0, in tlie rest system (the notation is 
tlio same as on p, 327) we have 

(vA) = ^{xij — yA) = ^>'2 sin!^ Ox. 

From equation (21) it then follows tliat 

A, = Ao = 0. A^ = 3in2 0 . 

Further, it is clear that 

— ixr^ sin^ fly. 

Equation (23) then gives, if we consider tlio negative electron and 
replace e by — . e, 

• • • ( 24 ) 

Here 

ju 2c 

is the Larinor precession ; hence tlie brackets in equation (24) flonoto 
the angular velocity measured in the i*otatiiig system of referonco, wliioli 
we nailed ^ on p, 327. Accordingly our oanonical becomes idontical 
with the moment of niomentura in equation (16) on p. 327. d'ho 
geometrical meaning of the eanonioel Px =Py, is simply that of tho 

* Proo. Koy. Sod., 108, 478 (1022). t Phil. Mug., 46, 011 (1023). 
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7 }io 7 ncnt of mo7nanlu7)i in ihd rolaiing fij/sUm of rpfemice. WJicn ^vo 
stated eai'Iier that we hud to apply the qiuintiiin conditions in tho 
accompanying rotating system, this denoted directly the iutroductioii 
of the canonical in the sense of equation (!2ll). Whereas earlier 
wo based our procedure on the adiabatic hypoiheMs wo liave now linked 
it up directly with the general fundamental law of Hainillo^i's Iheory, 
It is ovidont that onr present procedure lias the advantage over the 
earlier prooedure in that it may be applied analytioaliy in gonoraL 
We nuist mention that the first quantum tveatinent of the Zeeman 
effect started out from this general analytical scheme, botli in the 
paper by Debye, where the partial differential equation for S is sot 
up directly and integrated, and in the simultaneous paper by the author 
whore the analytical and geometrical meaning of the canonically con- 
jugate inoinontum is cm]diasiscd. We also refer to an exi)osition by 
Laue, in winch the appearance of the vector pot(5utial in the equations 
of motion of tlie electron is discussed in general (also for the relativity 
theory). 


6* Hamilton’s Theory in Relativity Mechanics 

In tbo theory of relativity the momentum eo-ordiuates are (cf. 
cfpn (1) on p, 251) : 


mdi — 


nin 


Win 






(1) 


In ordinary mechanics they arc represented us derivatives of the 
kinetic energy with, respect to the corresponding volooity oompononts. 
This is not feasible in the relativity theory. !lhit we may confirm im- 
mediately that tl)oy are derivatives of tlie following quantity with 
respect to (6^ ih 

^ q.. const,, , , . (2) 

wliero it is convenient to choose the constant as follows ; 

'const, = (2a) 

Wo may follow Holiuholto and call !<' the “ kinetic potential,” If 
wo number the momentum components by ineans of pg, . . , 
, more than one point-mass possibly being ])resent, and if wo 
call the (30i'ro,si)onding rectangular co-ordi’natos r/^, , , , , 

the corresponding velocity co-ordinates ♦ . • Qia • • • the rolation- 
shfp in qviostion between F and the momentum co-ordinates is ex- 
pressed as 

(3) 

On the other hand, by equation (2) on p. 251 the relativistic ox- 
pvoHsion for the kinetic energy is, in particular, f(jr a point- mass 


“ ”^’(71^ " ‘) 


( 4 ) 


^ Hiiadb, th Kfidiologio, 6, 1924, 
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Since equation (1), when expressed and runs 


it follows tliat 


V ^ 


W?»i 








(4a) 

(H) 


Hence wc may confirm directly from this the relation 

= f .... («) 

cf. (2) and {2a)* Since in classical mechanics is eqnal to twice 
^kin (^) P- hut not in the mechanics of the relativity 

theory, we see that in the classical case F becomes identical with 
but must differ from it in tlie case of relativity. 

We now run through the developments on pp. 07 et seg.^ which led 
to Hamilton's theory, D’Alembert's principle, expressed in tho form 
(1) on p. 97, remains valid also for the relativity theory, and like wise 
the connected equation (3) if we replace in it by F, (vonsoquontly 
equation (4) also remains in force except tliat we 'must now take the 
Lagrange function ” as standing for 

L^'F-^'R^ou * ^ - • ( 7 ) 


and it is expedient to include in the “ rest " energy 
example, in the Kepler problem, 


Sjwf = ■ 


ZC2 


+ WoC^ 


j foi' 
, (7^0 


This is the only change that must be applied to tlie earlier develop- 
ineiits. Prom (6) and (7) it now follows that 

L ==: 2pq — E, . . . . (Th) 


where E = denotes the total energy (inoluding tlio rest 

energy). The aotion funotion S is defined by this L by inenns of 
equation (IS) on p, 99 : 


Ldr = Ft, 
0 



(H) 


And now the following relationship holds not only for rectangular 
but also for any arbitrary oo-ordinatos : 


Ph = 




(») 


If wo now set tho left-hand side of tho energy law 

®Wn 4- Ejot — E, , . . , (3 0) 

expressed as a function of the p^’s and fi'*’s, equal to H (“ Hamilton’s 
funotion ), the 3 }artial differential equation of relativity inoohanics 
becomes, in formal agreement with equation (20) on p, lO’l, 
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Hetiec nil oilier ctinclusions, in ])L\i'ticulai‘ thoso concerning the 
sopavatioii oJ: variahlcH, hold lEnchaiigcd also in tlio relativity case, 

It must bo observed that our transposition from classical, mechanics 
to relativity inoehanics could be eiTeotod smoothly only beoaiise we 
Avroto d’Alembert’s principle from the outset in tbe rational form (I) 
of p. 1)7, wlioro the changes of momentum the iiroduets 

of the mass and the acceleration mfjj}, occniTod. Written in the latter 
form the inertial resistances cannot be generalised for relativity pur- 
poses. We must further note that in aooordance with tlie moaning of 
H equation (76) may also bo written 


L = — H. . . . . (12) 


This relationship wliich wo have already encountered in classical 
mechanics in ecpiation (11) on p. 606 is not bound by the circumstance 
that H is constant in the motion and is a complete quadratic function 
of tlie p'h. It may serve to doflno Hamilton’s function H and also to 
set up the canonical equations, if the problem is given originally in 
variation form, that is, if L is laiown initially. Conversely, if the prob- 
lem is originally given by means of canonical equations, it may servo 
to calculate .L and to transform the problem into the variation form. 
We shall express the energy equation H(p, (?) — E in yot another 
form which will bo of use in the next volume, which deals until wave- 
meohanics. By (4a) wo have 


and lienee 


+2J/ = 



7/lQ*j9®C* 


[v/ -I- -I- \ _ 1 

Y mo’V 

Hence by (4) and (7a) wo have for the ease of the hydrogen electron : 

I pi -Ml "“I" I 1 

This is the total energy expressed as a funetion of p, (?, and hence is 
the Hamiltonian function li (ji, (?) of the problem. It is nuinericaUy 
equal to tlio energy- constant E, that is 

= IS -i- 


Wo square to remove the root sign and obtain 

-I- -I- -h -h . 


(13) 


The equation (6) on p. 253 of the text is idontical with equation 
(13), If wo introduce hero the eleetromagnetie scalar potential 0 
in place of the s]3eaial Coulombian potential, cejuation (13) runs (for 
the xiositivo electron with the charge -h c ; for the negative oleotrou H- e 
must bo replaced by — e) : 

• • (13a) 

VOL. I. — 40 
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Our object is to genoraliae equation (13a) in such a miy that it 
gives Its the energy equation for the case of an arbitrary external 
electromagnetic field with the potential A, Wo acconiplish this 
most simply by moans of a Lorontz transformation. l<\)r in ref even co 
to any otlier arbitrary Lorentz system equation (13a) runs : 






(14) 


Here A, ^ now denote the potentials of the oloctrom ague tic fiultl) 
such as it appears to the observer from the new co-ordinate system, 
which is in motion relatively to the old system. By means of our 
arbitrary choice of the co-ordinate system we may clearly describe 
any arbitrary electromagnetic field with the help of (14) ; tliiis equation 
(14) is the required energy equation in the arbitrary external field. 

We may here supplement our remarks on the motion of Mercury's 
perihelion referred to on p. 264, We use the expression (14), p- 264, 
for (<f) now, of course, denotes the azimuth in the orbital plane) 
and take the value of y from {13a, b) on p. 253 ; to a siifiioiont degree 
of approximation we have 


1 r IZV . , 


■ 27r 


4-0 


* 


nJi 


Supposing the Newtonian law to act instead of the Couloinbian 
we replace Ze^ by and take m to stand for the mass of the planet 
and M for that of the sun. Further, we express the momentum con- 
stant p of the planet by the geometrical surface constant / r 

p = 2mf, /= — ==.: 


(t is the (leriod of revolution of the planet, nab the surface dcsoribed 
in the time t, e the numerical value of the eccentricity). Thus 






47ra'^(l - €«)c2' 


(16) 


Finally we give an expression of the sun's mass by means of Koplor’n 
third law, equation (18) on p, 113, and obtain 




47rW 

t2(1 €5^)c2* 


(Ifl) 


If the data for a, t and c in the case of Mercury are substituted iii 
(16) we obtain the value A0 = 7" per centiu'y mentioned on p. 265, 
The general theory of relativity leads to almost the same forniuia (10) 
but with the numerical factor 24 in place of 4. According to the latter* 
theory then the value A^ = 43'^ which is six times as groat and whicli 
agrees perfectly with the value obtained by Newcomb, which was also 
mentioned on p, 264. 


7, Bohr’s Correspondence Principle 

We have already given an account of the oiigin and signifioancQ 
of the Correspondence Principle in Chap. VI, § I, in dealing with tJio 
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Balnier neries. Wo proecod to genoralist3 this acoount for inultiide 
periodic systeniB. 

(«) Wo ooiiaidor tlio orbit of a nuiltiplo or ooiiditionaily periodic 
aystoni witli its / vibration numliors Vf. (see oqn. (11) on p, 018) or the 
associated periods of vibration = l/iq.. Hero denotes the time 
in whieh the co-ordinate (jf,^ moves to and fro between its li brat ion 
limits. According to ec|iiati()n (0) on p. 017 Ave have 


= vT 




a) 


the energy W of the conditionally periodic system being siqjposecl a 
function of the phase-integrals JijJg, . . . J/. 

According to the classical view the system built up of moving charges 
emits radiation in the periods of tho motion : thus the mechanical 
frequencies are al the ^mne time oqHical freque^icies ; in addition to 
the Vfc’a themselves their multiples (liarmonies) and linear combinations 
of the multiples (combination vibrations) also occur as mechanical 
and optical frequencies : 

V 8j,v^ and V ^ . * • (2) 


where s denotes integers, order numbers ” of the vibration process 
in question. On account of (1) wo therefore obtain for the overtone 
vibrations and combination vibrations 




and 


^ sj, 


,i)W 


: (2a) 
. (26) 


Aviloro cHndicates “ according to classical theory.” 

The result is cliiforout if we adopt the quantum vioAv, Here tho 
system does not emit radiation in the stationary orbits ; imliation is 
omitted only in the transition from one orbit to anotlier, If AW is 
the energy difference botAveen tlie initial orbit and the final orbit, 
Bohr’s asaxunption holds ; 

AW ... 

’'==-7r 


We shall first assume that in a transition only the one quantum 
luimbor %. changes by A??.fc, Since that is, AJ;, = An^. . /q avc 

may Avrito instead of (II) : 

AW, 

• • • • (•“') 

Avlioro qu means ”aooording to the quantum theory,” 

Wlien A?!'/!, — 1 Avo have tlie unalogoua expression to equation (1), 
when A% == expression analogous to equation (2rt). The quan- 

tum transition unity is analogous to the fundamental vibraiioni the higher 
quantum iramiiions to the overtone vibrations of the classical radiation. 
But there is also an analogy to tho combination frequencies (26) if 
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we take into consideration quantnin transitions in wliieli several quan- 
tum munbevs change simultaneously. Wo resolve the total eliange 
of energy AW into steps (cascade- like) of partial oluingon AW^, AW^, 

. , . AW/ that are to correspond to the quantum transitions A?i' 2 > 

» . . A??./ exeouted in suceession. In the partial ohango of energy AAV^ 
all the , Uf have their initial values and only ohanges from its 

initial value by the amount A?ii. In the case of AW 2 
value and . . . ?i/ tlieir initial values, and 712 changes hy and 
so forth. Hence if we write instead of (3) 

AW AWi . AWa . . AW/ 

’' = -r=-7r''-ir + ' • • +"r’ 


or according to tJie model of (4a), 


t-AW. 


(4/;) 


AW, 


then the quantities ^ 4 ^* are true ‘^partial differential quotients/’ 

defined individually by the change of the one phaso-intogral J;,. ami 
the invariability of the remainder, some of which retain their initial 
value and others their final value. Hence with An^r. = tlie equation 
(46) is exactly analogous to (26). The general quanUm Immilion 
correspo^ids to the general combination vibration of classical mdiaiiofi. 
The characteristic feature in this analogy is that the greatest of differ- 
ences is replaced by the differential coefficient ; this has already 
been emphasised on p. 293. The equations (2a, 6 ) and (4a, b) aro the 
generalisations of equation ( 6 ) and equation ( 4 ) on p. 293. 

( 6 ) There are conditions under which the two sets of ideas and for- 
mula not only correspond but coincide. These conditions arc 

A?ifc < %, (5) 

that is, ike change in each quantum, number must be small comqHtrecl iviUi 
the quantum ?mw 6 er itself . We then have asymptoticaUy 


AJjt 


(«) 


that is, the difference between the quotient of the differentials and tlio 
differential coefficient becomes small compared witli the absolute valuos 
of these quantities, so that the frequency calculated according to the 
quantum theory by equations (4a, 6 ) merge into those caloxilated on 
the classical theory by equations ( 2 a, 6 ), 

To illustrate this we recall the example of tlic rotator. Wo hero 
have 


2 0 8jr*@’ 


whore p denotes the moment of raomentmn, 0 tlio moment of inertia 
of the system rotating about a fixed axis. J = 2Trp clonotes tlio phiiso- 
integi-al for the rotator and is set equal to mh. Now, in the oliango 
of m by the amount Am and of J by the amount AJ, 

A(J») = 2JAJ -I- {AJ)», 
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and 80 

AW _ J /. . 1 AJ \ _ I 1 Aiwa 

AJ "" 4n^0\ 2 J ) 4^e\ 2 ’“m J’ 

But this quotient of diAeronooa diffors by an arbitrarily small amount 
from the diifcrontial ooofricicnt, 

^ 47r20^ 

only if the condition (b) is fidfdled. 

Another oxainplo is given by the Balmor seiues considered in Cliapter 
VI, § 1. Wo shall show by means of it \\o^v it is possible by transposing 
the classical into tlic qnantiini spectnnn to deduce the iniPMsiU/ and 
the 2^olarmUio7i of the spectral lines, We must now pei'form this for 
general conditions, 

(c) As a preliminary to tins we vshow how the emission of a single 
partial vibration in an orbital revolution m found according to tlio 
classical tlieory. Wo must take our start from equation (1) oji p. 24, 
in wliioli the product of the charge and the accolonvtion ev of the electron 
there considered occurs. By summing this product over all electrons 
(including the nucleus if it also vibrates) in the ease of a composite 
atom wo obtain a vector which is decisive for the emission, 

Q 27 ± cv, 

which we may resolve into its tlivee rectangular coinpononts Q.^., 

Q;j. Instead of it wo may rather more ooiivonkmtly consider the veotoi 
P of tlu5 variable electric moment of the atom from which we obtain 
Q by two siiooossivo differentiations Avith respect to I : 

P - r :1: cr , , , , (7) 

witli its throe components : 

P^ ± Pt/ ^ rl: «//> ^ ::l:: * (7a) 

We must now resolve the whole eoiiiplex of vibrations Avliidi is contained 
in the atomic orbit and is lienco reproduced in P into itn indivicliial 
])nrtial vibrations, becariso according to the Oorrespondenoe Principle, 
tlioy have a physical moaning, namely that of the individual s])Gctral 
lines. Hence the spectral resolution of the emitted light doniands as 
its analytical counterpart tlio resolution of P (or Q) into its ])eric)dio 
oompononts, Bub we j)erfornuHl. a resohibion of this kind on an earlier 
oooasion ; it is acconipliKlied by the angle co-ordinates. Ih equation 
(10) of Note 5 we found for oacb separation variable a Pouricr ex- 
pansion and from this avc may ;pass on to ti corrosponding expression 
for every rectangular co-ordinate of the charges that participate in 
the structure of the atom since each such co-ordinate is for its part a 
definite function of the (jTj, If wo substitute these expressions 

in (7a) avo may Avrite generally : 

P,. - ' V/l'. . . (8) 

Tins is an /-fold siimnuition whieh. extends from --- 00 to h go. Com- 
& 2 } 07 iding to each indivichial sjmlral line given by lha (pumbmi IrctMilwn 
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. ii^nf WehamtliaimEmherofiUsseTiiisforiDhichs^ An^, ; 

it is the associated coefficient D, Avhich is in general complex (cf, 
eqn. (II) on p. 618) that interests ns hero. I£ we pans from the 
vector P by means of two-fold differentiation with rospoot to^ I to the 
oinission vector Q the coefficient D of 01 ir term becomes multi plied hy 
the real factor : 

— 82^2 + * • • + 

Hence, when multiplied by this factor the complex coefficient .1) 
gives a measure for the classically calculated amplitiulc and phase 
of our partial vibration and, according to the CoiTespondenco .l?rinciplo, 
also a measure of the true quantum amflihide and phase in the com.- 
sponding spectral line. By determining the ampHtudo and the phase 
separately for the a;-, y- and ^-direction we obtain at the same time 
a measure of the polar isatioii of the emitted radiation, 

(iZ) We take as the simplest example the Lissajou vibration flgurca. 
Thanks to the particular simplicity of tlie quasi -elastic binding tho 
infinite Fourier expansion here reduces (of. pp. 618 and 102) for every 
component of P to a single frequency : 

P^===DjcW, . (0) 

where in each case we must suppose the conjugate imaginary term of 
the same frequency to be added. Com2)ared with tlie general expres- 
sion (8), then, of all the values between — 00 and -|- 00 only tho ono 
value 1^1 1 — 1 occxirs for Pj^, whereas Sg =: 5g — 0 ; a similar result 
holds for P^, Pjj. Hence we conclude in virtue of tho Oorrospondonco 
Principle: none of tlie three quantum transitions A?ii, An^, A??'a 
can combine Mth the other ; if makes a transition, and remain 
unchanged, and conversely ; moreover, (and likewise n^) can 
change only by unity. The light emitted in tho transition of Hi in 
linearly polarised in the oj-direetion, that in tlie transition of % is 
linearly polarised in the y-directioii, and so forth (it is assumed tliat tiiere 
is no degeneracy, that is are all supposed different). According 

to this the whole spectrum of the quasi-elastic ally and anisotropioallj^ 
bound oscillator consists of only three separate lines polarised in tho 
a:-, y- and 2:-direotions respectively. In this case wo also Jiavo 
the peculiar featme that the quantum determined p>*s conio out us 
identical with the vg, given by classical theory (on account of 
the quantising of the energy of the oscillator W = that 

is, that the correspondence becomes a coincidoneo here not only for 
great frequencies but also for small frequencies. Nor is tlioro any 
arbitrariness in the application of the Correspondence PrinoiiDlc (of. 
p. 296) since we have the same form of expression in all three co-orclinatoB 
for the initial and the final orbit. 

Under the heading of Lissajou motions we must, of course, inohulo 
Planok^s linear harmonic oscillator. 'If tliere were a vibrating system 
of this simplicity in nature its spectrum would have to conBiat of a. 
single hue of the frequency given by the classical emission thoory and 
It Avould have to be produced solely by the quantum transition -h 1 
In tJie case of a linear anharmonic oscillator (for example, witJi a supple- 
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men t ary cpuidratio term in the roatoring force) the overtone vibrations 
would also ooouv. Tlie formula then runs 

.... (Oo) 

— CO 


where ia tlio fundamental frequoncy of the oaeillation and the ,T-axis 
is the direction of the oscillation. Hence according to the Corre- 
spondence Principle we have arbitrary transitions = -h s in the 
case of the anharmonie oscillator, Wo made use of this result iii 


Ghax^tcr IX, §§ 2 and 4, and in dealing with band spectra, 

(e) Wo now come to the cu.so where one of the separation variables 
is cyclic. Wo call this cyclic variable ^ and the others (Z3, • . * (//. 
From the definition of cyclic variables (energy cxiirossion indoiiondent 


of corresponding impulse 2 ^ 
expression for S 


constant) we obtain as the 


s = . <l> -1- 8(q^, , . . qf,J), 


. ( 10 ) 


where s is now indoxiendont of 0 and deponda only on <72 • ♦ * U/ 
the jihaso -integrals J (including, in general, J,/,). According to the 
definition of the angle co-ordinates in Note 5, equation (3), wo obtain 
by differentiating (10) with respect to for ^ 2, 3, , , , 

• * * !7/> J). 

whore wo have sot fj. — convorso expression, respectively, 

Qk - • ■ • W/. J)' • • • (11) 

But for A; = 1 wo havo by difiorontiating (10) with respect to J./,, 

«>,,,■-= -h '/'{(Ts. .-.([/• J). 

whore i// Iras boon sot equal to (1^) write 

0 27TH>^ + V(tV2i . * . Wf, J)* . . (lU) 

The case of a cyclic variable also occur.s in tho <5aao of a force-free 
atom, Piero wo shall find it convenient to refer the oo-orclinatos of its 
pointunasscs to the invariable iilane desoribed thvougli its centre of: 
gravity and to denote them by ?•«> ‘/^a (^ct 

point-mass from tho invariable plane, ™ ayfimuth in this plane, 
and so forth), Then wo may regard one of tho (for example, 
f/j) as a cyolio co-ordinate and may express the relative azimuths 
<l>a — <h ^vhlch are alono of inpiortaiico foi* tho inner forces, and also 
the nnd Za,'H by the r(miaining Hcparation varialdes q. If w(i con- 
sider the combination Xo^ b % of the point-masses w<,i obtain 

a!* + %« -•= e'* • J«e‘(+a“« e'*/(fo • • • Qt), 
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and Jience alHO 

^ ^ + '^V«) === ^ ' • d/h 

Pjjj ™ Z* dn —/afej ♦ . . {2V). 

If ^VG substitute from (H) and (11a) and sot io,{, = vl -j'- S, ™ pJ -f S/^ 
and write /j and/g in Foiirior scries by means of equation (8), wo obtain 

K -h ^Pj, = -K . . -i- . (12 ) 

P, = + , (13) 

Hoi’c wo must note particularly that the summation letter (wo shall 
call it 5i) corresponding to the oyolio azimuth occurs in (12) only with 
the value = 1 [and also with = — 1, if we form the real of 
(12) and hence add the conjugate imaginary part], but in (13) only with 
the value — 0. By tlio Correspondence Principle it tliorcfore follows 
tliat if we denote tlie quantum number assigned to the cyclic co- 
ordinate by j then ihe quantum transition in j is only able to have the 
values ih 1 or 0, Corresponding to the qmnhm transiiioii dz 1 u)e have 
circular polarised vibraiions parallel to ihe invariable plane^ tohereas for 
the quantum iransition 0 there is a linearly polarised vibration perpen- 
dicular to ihe invariable plane. 

We have niado no mention of electron spin. If wo incluclo it then 
Ave take J (as in Chap. VIII.) to stand for the quantum miinbor that iw 
assigned to the veotor sum of the orbital moments of momentum I 
and spin moments of momentum s, tliat is^ to the total moment of 
momentum of tlio atom, For this J (tlie so-called inner quantum num- 
ber) the polarisation and seleotion rules derived Just above apply equally 
well because they depend only on the existence of a oyolio angle. iPi'oni 
the point of view of the veotor model wo actually have in the case of 
the RiisselhSauiiders coupling, for example, a uniform precession of 
the total moment of momentum L about the axis of J (of. Ohaj^. VI, 
§ 5, and Chaj). VIII, § 6, at tlie boginniug). We lay dovm a first co- 
ordinate system y, I in such a way that the gf-axis coincides with L, 
and a second system a;, y, z so that the ^;-axis falls in the J-direobion. 
If we disregard tlie i>recession for a moment we may make tlio y-axm 
coincide with the y-axis. Lot the angle between z and £ bo f?. Tlioii 

a; = ^ cos ^ — J sin 6, 
a; =: f sin ^ -f- J 003 0. 

The uniform precession (radian frequency a)j) changes the^io equa- 
tions so that ill place of x iy we now have (a; d- ^y)cS^ while z 
remains unchanged. Thus we see that the frequency wj occurs in 
X + iy with the factor dr Ij but not at all in Zy and hence we may con- 
clude that AJ = dr Ij 0, 

In a similar way we obtained the selection principle for I in Chap. 
VI, § 1, p. 299, by fixing our attention not on the whole atom but on 
an outer eleetroii (valency or series electron), On the assumption that 
the action of the atomic core on the series electron may be deseribecl 
as a central field the orbit of the electron becomes plane and the aziimitli 
of the revolution becomes cyclic. It follows from equation (9) on 
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J>; aOH. which m analogous to equation (12), that tho azimuthal quantum 
nurabor, wlneli ih n.s.signca to the moment of momentum of this cyolio 
iwolvition cl.eys tho se ection rule - i 1 ; A1 == 0 is to be ex- 
oliHlod in tlie ease of a plane orbit, In the case of a non-plaimr orbit 
and lixjimo partieularly m the held of an external force Al = 0 is por- 
m 1 ttod,* We clq not enter into tho question of the basis of Heisenberg ’s 
seltHition rult^ for doiiblo traiinitions ” (p. 444), 

We obtain the ndecMon ruk for tho L’s and S’s as follows ■ if avo 
Ilgam assume (np])roxiinato) normal couplings then J is produced by 
veiitiuial aihlition of .b and S. If tlie interaction (L, S) is very small, 
ns m the ease in the limit whei-o tho coiqiliiig is purely normal, the spin 
trequeneies assigned to K will not occur appreciably in the expression 
for the eleetrie moment of tho electronic orbits, that is, then AS = 0 
Avill hold. In the, jnire, liwtsdlStt.iinde,rs coupling there are no inter- 
eitmhinntion linen. Hor tlic resultant L of all tho orbital motions the 
same eonsidorations now apply ns in equations (12), (13), because L 
is diivetly equal to the,; tliat occurs there. Wo have AL = 0, -hi; 
eorreaponding to AL ^ : () we have linoady polarised vibrations along 
L, and to Ab ; | 1 vibrations polarised oiroularly in the piano por- 
jieiKlioular to L. 

'I'o ealeiilate the nitenxilies of suoh transitions avo AA'ritc down in 
full i.lio moimmts of inomontmu corresponding to tlie x, y, z (normal 
eoupling again Imiiig assumed) : 


d iPw (Pf 0 I iVr, — Pf sin <l)e'“j‘ ; 1 
~ - Pf 008 0. J 


Pg Pf sin 0 


(14) 


Tho moments o[ momentum P(, P„ P, 
maimor similar to that used in (12), (13) m tlio form 

Pi -1 I'P, = eS,' . (E H- iH), 

Pf :...l Vu 


P(> Pni Pfi niay bo represented in a 


(15) 


Avlieixi S, 11, Vi are aelf-explanatory abbreviations. If avo substitute 
the values of Pj, Pq, P{ to bo calculated from (16) in (14) avo obtain 


P„ -I- iPtf 

P* 


-f- (3 — iH)““^-^ — ~ Z sin 
iS -I- {3 - tH)~e--K' -\- Z oos 0 


(16) 


* Horo \yo aHnigii /, iik i'h (lointiiulod by tho fipiii modol of the electron and by 
wavo-inoclianifiH, to tho orbital njoniont of momontiim. This I plays exactly tho 
part of in (lliap. :i 1 , iwjopt that it is 1 loss lhan«(/t [of. oqn, (2.1), p, 115]. Tho 
orbitK ni/t 1 have I • (l iictfonling to this view and have a vniiiahingly Riimll 
oridtal inoinoiit of inoinontuin. 'riusloatls to inomisistonoy with tho Htriot orbital 
vimv* as wf'Hhowofl in ll> and iiumuft that woi mist apply a correction in tho 

Hoi iHM nf wav<»-nioeluuut‘H ami the wpin-inudol, as has boon omphnsised ropcatetHy, 
■[* Of. A. Honmiorfold aiul W. Hoiewborg, Zeits. f. Phys., 11, 131 (1922)* 
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We are interested in transitions in L and J ; the transition in the 
other quantum numbers is fixed once and for all ; it is represented by 
a definite set of niiinbers 5^ in the expansion (15). From them is 
composed the corresponding Fourier frequency S wliioli wo shall 

call w for short. 

We first consider the case AL — 0. We then have to take into 
account only those terms in (16) wliioh do not involve that is : 

— • • . 2 sin 0 e’V, . . . Z 00 s 0, . (16a) 

We distinguish between the three subordinate cases : 

(!) AJ - 0, ( 2 ) AJ = -b 1, (3) AJ L 

(1) By (16a) the Foxirier term Z cos 0 belongs to AJ = 0, tliat is, 
by (16), the term b cos B (e*“*-he“’^J actually the frequency 

4 ' O'CJUL + O'doj occurs with a positive and a negative sign in P^. 
on account of the second of the equations (16) ; moreover, since Z is 
real in oliaracter we also have 6 — 6 *, if the star denotes tlio conjugato 
complex value. For brevity we xvrite 6 without an index, and likewise 
a, further below. 

(2) For AJ — + 1, Pip + ify in (16a) gives the Fourier term - Z 
sin By namely, by (16), —6 sin + (q^ho frequency + wj 
occurs only once in + iP^.) 

(3) For A J — 1 we obtain from — ip^ by (Ifla) and (15) 

— b sin 

From the Fourier coefficients we are now to oalonlate the intensity 
observed in any arbitrary direction. For the purpose avc introdiico 
a new frame of co-ordinate axes Uy ■!>, tv and lay the t^-axis, say, in tho 
direction of observation. Then only the vibrations in tlio (Uy ^;) direc- 
tion contribute to the observed intensity (of. Chap, I, p. 26). Wo 
resolve the vibrations in the {x, y) direction into thoir components 
In the (it, v) direction, whicli we shall call P^„, and P^„, P^^, Tho 
intensity then becomes {P^„ + P,ti)^ + i^xv + This intensity 

must now be averaged over all positions of the frame-work of axes, 

Vs ^ with respect to v, w. To do this we introduce Euler’s angles 
and finally obtain (denoting the mean by a horizontal bar) 

Wxu + ^vu)^ + (?xv + ^y,)^ - f(P' + vl) - f 1 P« i iP^ p. (Ha) 

In an analogous manner the ^-vibration contributes 

+ |P^ . . - 

Hence^ for case ( 1 ) we should obtain according to (176) the intensity 
I ^ |o oos^ ^ , 4 cos^ Oil, But it is evident that we have yet to form 
the mean of this expression, so that we obtain finally 

'(1) A J ~ 0 : 1 = 46 ^ oos^ 0 * ' ' 

and analogous values for tlie other eases, by (I 7 a) : 

(2) AJ - + 1 : 1 = 16^ 0, ‘ (1 

d3) AJ — — 1 ; I | 6 ^ sin^ $, 


AL-=0 
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'^t'hese formulflo have been applied in Ohaptor VIII, § 9 , p, 530 , Wo 
:iexb consider the cases AL ~ -|- I AL =:r — - 1 : 

(1) AJ“0. Pouriercoelh ofPg: 

J4 

AL=-|- 1 . ( 2 )AJ = -[-l „ ,, 

( 3 )AJ --1 .. „ 

L ^ 

According to ( 17 a, b) wo obtain (it is again necessary to form tho 
time-mean in the ease of P^) ; 

(1) AJ = ();]: ^ 

AL = + 1- (2) AJ- -1-1:1 == lift . . (10) 

( 3 ) AJ = - 1 : 1 = § I a 


Analogously for AL — — 1 ; 

'(1) AJ-='0;I = .U«r^^. 

AL=-1. (2) AJ=-t-l::[ = ||ttP ^°°‘^^~ 

(3) A.T == - 1 : 1 ; = f I a ^ 

(/) The selection rule lor the magnetic quantum number M (of. 
p, 299 ; for m we write M in order to keep the notation uniform) 
may also be dod\iccd more rigorously now, Besides the axes 2/, z 
fixed in the atom we also use axes 7^', fixed in npaco, whore I* — 
the direction of tho magnetic liue.s of force, 7^' being porpondioular 
to and 0 being the angle between tho f'- and tho 2-axifi, that i«, 
between the direction of the field and of the normal to tlio invariable 
piano of the atom, which is at tho same time tho axis of tho moment 
of momontiim J 7 i/ 27 r, 

Withoxit loss of generality wo may make the y- and the T^'-axis 
coinoido with tho oominon perpendicular (“ lino of nodes '*) to the axes 
and z for t ^ 0 , For this moment of time the transformation for- 
inulDo ho tween ly', and xyz are : 

X cos 0 ^ z sin 0 , V = 2 /> ^ x sin 0 + z 00s 0 , ( 21 ) 

The whole atom is now turned out of its position at the time I — 0 
about tho direction £' of the linos of force with tho uniform processional 
velocity 0 (for example, with tho Larmor precession in tho normal 
Zeeman oiTcoli), I'liis denotes that d* Imeoivu^s multiplied l)y 
whereas is not changed by tim prooossion. Honco for any 
arbitrary t we tiave in place of ( 21 ), 

f ' -f iTj' ;==: fl'oi (^x cos 0 f iy -- z sin 0 ), ;v »in 0 - z cos 0 . ( 22 ) 
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The tranaforiwatioii foriniilfD for tho electric nioniont in tlie two co- 
ordinate systems avo then similar, accowling to (7(i) : 

Pf< -j- = e*°‘(PxOQS & -h iPy — PjSin ©I,! 

P^' = Pj, sin 0 -|- Ps cos ©. J 


m 


Tho Fonricr scries P„,, P^, P^ may, by (14), clearly bo written in 
tho foi'iii 


or 


Pg, + iP„ = e‘'"j‘-SAp eS', P, — 

P P 

P P 

iVy — ^ ^P ■” ^ ApC'^S^], 


. (2ia) 


. (246) 


P, - I!3,aHK 


Tho frequency o is to be assigned to the quantum mimhor M. Hence 
equation (23) teaches ns tliat the qimiirm transition AM is mimbla of 
having only ihe values i I and 0. Oorresponding to the guantxm tran- 
sition i 1 we have circularly polarised vibrations perpenclicxilar to tha 
magjietic Imes of force {a-comp>onenis)y and to the quantum transition 0 
linearly polarised vibrations q^^^rallcl to the lines of force {7T-compone7iU'), 
This is our selection rule of pp. 299 and 480. 

It is also easily possible to give intensity formiilaj for tlie /?ceinan 
olTecfc, which coiTespond with the equations (18), (19) and (20). Wo 
see immediately that the equations (14) and (23) on the one hand, and 
the equations (15) and (24a:) on the other are fully analogous. Foi* 
the sequel it is important that in these equations x and f', f and 
and so forth, wj and o (for whieli we may now also Avi’ite coj, and 
ojj, a and A, 6 and B, d and 0 correspond. In place of w we now liavo 
one with the frequencies o)^, which we shall denote briefly by H . Con so - 
qiiently we may immediately take over the expressions for tho Fourier 
coefficients from the above expressions in e), if we make the speciliod 
substitutions and observe that L, J are replaced by tho quantum niiiu- 
bera J, M. Let the direction of observation be perpendicular to tlio 
field ; then our co-ordinate system Uy v, w lies so that lo is perpendicular 
to C'< The intensities (P{-„ + P,'„)® + (Pf® + P,-*)* and P|-„ Pj^ 
must again be averaged over all i)Ositioiis oi C respect to 

Vi tVy the f'-direction (— direction of the field) now remaining fixed 
ill space and always remaining peiqDendicular to w. Wo obtain 


(Pf'u + Pv«)^ + (Pt'» + = i I Pf' ± il\ P. 

+ Pf.)“ = Pr 

For the (obser^^ed) intensities we thns obtain 

f(l) AM=< O;I = 2B»cos2 0, ] 

AJ = 04 ( 2 ) AM ^- 1 - 1:1 = iB^'sin^®, I 
[ ( 3 ) AM - 1 ; I = giiia J 


. (2d) 
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(1) AM 0 : 1 2 1 A 1^ 

AJ =• -1- 1 ^ (2) AM' =- -1- I : I = 4 I A* I . . (20) 

(3) AM - 1 : I == *• I A . 

(1) AM = 0 : I = 2 1 A 

(2) AM = -1- 1 : 1 « J- 1 A p , . (37) 

(3) AM :r: - 1 : i: = I A 1* 

T/ie addUional exchmm rule on p. 480, namely 0 0 forbidden /o>’ 

M if AJ = 0, may easily bo deduced from (2[)j. Horo I ^cos^ & 
and cos © ^ M, since M denotes tlio projection of J on the direction 
of the lines of force and © the angle between this direction and the 
J-axis. Tims in our case cos 0 is zero for the initial, and the iina] 
state. By the first eqnation (25) we deduce from this that I — 0, 
This makes the exclusion rule in question comprohonsiblo from the 
point of view of the Oorrcmpondence Principle.* 

It is evident that the soleotion and ])()lariHation rules for M are in- 
dependent of Avlietlier we use a model witliout spin or one with spin, 
because J oxocutcH a precession about the direction of the field in both 
models, and it is this ])rcce8siou which lies at the base of oiir argument. 
But wo must note that the M of the spin model is of course assigned to 
the J of tlio same model. Thus if tho spin of tiro electrons exactly 
coinponsates itself (S — 0, L ™ J), then M denotes tho “ projection 
of L on the field-axis and not, say, the projection of ^4, ns wo might 
expect from the idea of orl)its. Onr treatmont of tlio normal Zcoinaii 
oft'Got in Chapter VI, § 4, still retains the old viow-])oint of orbits, whereas 
tho disoussion of tho next section on the anomalous Zeoman oflect is 
based on tlio modern ]>oint of view. 

Tiio soleotion and polarisation rules for M become narrowed down 
^ in tho X^aselum-Baok clTeet to the form, given in the text on p. 494 : 

' AMt, = rlr. I» 0, AMs — 0 ; AMl — :\z 1 gives eireulav polarisation 
])or])endioular to fl, AM j, — 0 gives linear polariRation pai'allel to H. 
Tho xu'oof runs exactly asm Cliapter VI, § 5, p, 3138 : L and S avo im- 
coupled, so tliat H has no influenoo on the pro cession al motion of h 
about :B;. Honco the Fourier expansion of tlio orbital motion does not 
contain tho frequencies which correspond to tho preccasion of 
S about H, but only the frcq\ioneioR ojml* Consequently wo have 
AMs — 0, From tho kinematieal character of the precession , 
whioh GoiTCHponds exactly with the preoession 0 — in (22) and 
(23), wo may dodiioo the given rules for M.j, in a manuor similar to 
that above given for M. 

*Wc may of oourso alHo road it out oC [ormulin ( 11 ) 011 ]i. fiiiH. ^ 'I.'lioro tho 
obBovvod iiitonsity is tfonotod by A instead of by I as horo. 
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Finally we remark that it is easy to predict from the inoclel M’lion 
the selection rules suffer exceptions. Thus besides AL = 0, rh -f 
greater transitions will also occur as soon as the (L8)'in tonic ti on luv 
comes appreciable. For the rule AL = 0, 1 dopcndorl on assiiiriing 

a oyclic angle about the L-axis^ that is^ on a uniform precession about 
L ; cf, the analogous calculations in the case of (12). If tbo motion 
about L becomes disturbed the precession becomes irregular and highov 
frequencies in oii, occur."' In the case of S, too, we have besides AS -- 0 
also the transitions AS — i I» which present themselves when tho inter- 
aotion (LS) and hence the term resolution increases. 

Ill spectra there are transitions as far as [ AL | = 3 and | AS | — 2, 
blit of course in these cases, wliioli occur only when the rosohition i« 
very great, the allocation of L and S values becomes queationable 
from the physical point of view, cf. p. 469. 

For tho Z’s the most general selection rule would be : SAlf, ^ odd 


number (cf , p. 444). In spectra we find Heisonberg^s rule for double 
transitions ” ((6) on p. 444) to be adequate in almost all cases. 

If no field is iiresent there are theoretically and exiwi men tally no 
exceptions to A J = 0, i 1. For the angle belonging to a>j und counted 
around J is always oyclic, because the law of areas about J always holclrt 
in the force-free atom. For an analogous reason tho selection rule for 
M ill tho magnetic field may never be transgi’essecl. 

{g) We pass on to band spedm, dealing first witli the oscillation 
component. Wo must not lose sight of the fact that tJie CoiTcspondoiioo 
Principle is concerned with the emission from electric charges and tliafc 
P in (7) is expressly defined as the moment, variable in time, of snoii 
charges. In tlie application to band spectra we thus fix our attention on 
an oscillator with variable e?ec^nc moment » Gorresponding to this 'wo Jiavo 
a polar dipole such as Cl” or more complicated configurations suoli 
as 0” ” ; in apparent opposition to such dipoles wo have non- 

polar molecules such as Og, N 2 , Hg, CI 2 . The latter liave no electric 
moment and no emission according to classical theory whon thoii* 
equally charged constituents vibrate with respect to one another ; Jience 
also according to quantum theory they should not radiate, But non- 
polar molecules that consist of unlike atoms have a variable olootric 
moment because then the centre of mass does not in general coincido 
with the electrical centre of gravity. 

Nevertheless a non-polar configuration, such as O 2 , N 2 - » * may' 
also acquire an electric moment as soon as one of its ooinpoiionts in 
electrically excited by disturbing the electron orbits. The oscillations 
(and also the rotations) of the molecule then become effective, btii onli/ 
in conjunction with electron transitions ^ which yield an electric moment, 
We now give a formula which represents the simultaneous action 
of the oscillation and the rotation. Let the axis of tho rotation bo 
the ^f-axis, and its angular velocity co ; let the oscillation (which will 
in general be anharmonio) take place in the a; 2 ^-plane, and lot its funda- 
mental vibration be denoted by Vq as in equation (9a). By multiplying 
equation (9a) by we obtain 



8. Conscrvntiou of Moment of Momentum 6^p 

If uliocato tlui (tuaiitimi muuberH v to the oscillatjon^ iiml tiw qm 22 - 
turn iiumborrt to the I'otabiona, we read ofl from eguatiraa thf? 
Cj^uaubtmi -( ‘S' are arbitrary and are always connected 

Wth tlio quantinn transitions Aj r- ± L THf conlaim the aekcHoU' 
pmmjh for (he roftUum cml iha oacUlalion quanta oj the band speclm^ 
iViiUKUU) t(M’in (KHUivs that does not contain the factor Is 

ixii‘ bidden. /( zero Ovaiich doea uot occur 'imdcv the conditionfi lio^a 
^nvisancii. dlumo usmnnjitions omToanoncl to infra-red spectra, for 
n^:ainj)le, of HV\, 

l)(it wo ciocitfco that a y.cro hranoh is possible under one of the fol- 
loAving conditionH : — 

L The oHuilhition tloen not occur perpendicularly to the axis ol 
rotation. We thou have, if we again regard the axis of rotation a» 
the g-axiHt a component which differs from zero and which indicateiS 
tfm possiiiihty of tvi*anfiiti<ni9 Aj 0. The case occurs in the infra- 
rG<t spectra (if polyatomic Uioleculea, for example, of OHj. 

2. Tho eieotroido motion becomes added to the oscillation and the 
rotivtioix. Ihis may entail a which diflfora from zero^ no matter 
(io\v the axes of (mcillation an\d rotation arc situated with respect to 
one another. Tfiin is the general case of bands in the visible spectrum, 
It occurs even in and Ho^. 

3- The g;eneral imJCOHsionai motion of Chapter IX, § B, takes the place 
of the simple rotation, If we jdaee the ;s-axis tliroiigh the axis oi the 
total mouKuit of momentunn the projection of. the oleotric moment P 
m\ the 2 :-axLrt or on the .'rj/-plane is cgual to JP) cos 0and)P )sln0 
(fi deiuitca tl\e angle between the axis of precession and the " figure 
iikU '' of tlie top,*' which is assvnnecl to be symmetrical or nearly 
synunetritiiil), and we obtain, if <ij now denotes the prcoessional velocity 
of the top, in place of (28), 

K - 1 • ( P I ahi P, I P 1 cos 0. . (29) 

The second ecpiation again denotes that the zero branch occum, We 
have a ciiHe of thin kind in the bands of lormalclehyde ip. 

Mho aljuve remarks will suffice to show the groat irmtiififiess oi tW 
Corresijondence IMuoijjle. 

8. Oousei’Vation ot Moment of Momentum during Emission'^ 

There are three elementaiy laws of conservation in mechanics i 
ooiiservatUm ot energy, of momentum (oonaorvatlon oi centm 
and of moment of momentum (law ol areas). We shall 
t(\o coupled systoni atom -[ ether (that is, siirromulVag oi 
tlon). MMie energy law domands that 

hr Wa - Wa 

On the Ieft-l>and side we have the energy omitted in tlio field, on the 
riglit the energy given \ij) by the atom. , ,1 ^ 4 ? 

The conservation oi mnmnntnm Iwlftlkid antomatieally n v/o 

^ A. Kubinowic^, miys. 19, HI and m (lOlB). J3olu' also gives in- 

dloatlouB of this discuasioh ivt Vbo end oi tot ot liia Ciuautum theory o£ 
Hue Hpocirtij lou. oit., p* I '^9, which appeared at dw same t\mo. 
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describe the rnduition field as a cont-rally Hyjninetrical spherical wavOj 
that is, in tiio sense of tlic classical theory. The oiniHston in one direc- 
tion is then coinpcnsatGd by that in the opposite direction, and tlio 
resultant momojitum of the radiation is zoi'o. Tlie law of conservation 
of the centre of mass Iiolds for the stationary states of tJie atom both 
in the final state and in tlie initial state. Let vis recall, for example, the 
hydrogen lii the ease where wo take into account the relative motion of 
the nucleus* In the system of reference tJio total luomentnm of tlio 
atom is zero and no change occurs in it. The conservation of momen- 
tum thus leads to the eq^iiation 0 0. 

The position is different with the moment of momenkim. We denote 
this> so far as it is due to the orbital motion of the electrons, by ; if 
wo take into aoconnt the relative motion of tlie nucleus we must take 
p to stand for the total orbital moment of tlie electrons + tJio nii clous 
about the oentro of gravity. This p is a wliole multiple (L) of A/27r. 
In addition wo must take into aocoimt the spin of the electrons. Tlie 
'total moment of momentum thou becomes JA/27r, where J is half- 
integral or integral (cf. Chap, VIII, § 2) according as the number of 
electrons is even or odd. 

Thus every change AJ in the quantum mmber J denotes a change in 
the total moment of momentum of amount 

AJA/27r (2) 

This amount of mennent of momentum mud not get lost but must be trans- 
ferred from the atom to the radiation if the atom' is coupled during the 
emission process with the sunounding field. Wo also remark that AJ 
in (2) denotes the algebraic difforonce of the quantum miinbors J* only 
if the moment of momentum before and after tlie transition ha-s tlio 
same axis ; otherwise AJ is to be reckoned as a geometrical difforenco. 
How are we to interpret the moment of momentum of tlvc radiation ? 
Wo must fli'st define the individual momentum present in every direc- 
tion of the rays, Calculated per unit volume this is equal to the enorgy- 
donsity of the radiation divided by c, of, the law of the inertia of energy, 
1 >. 44. But the energy-donsity is, if caloulatcd in appropriate (so- 
callod rational) units, 

W == + pi 

In the field of radiation E = H in magnitude, and in direction B H 
and both are perpendicular to the direction of the ray. Instead of 
W we may thereto re also write 

W E2 = - EH. 

Let the moment bo called G, rcelconed jier unit volume. I'ivon 

0 c ‘ 

Tlie direction of tlie momentum lies in the direction of propagation of 
tlie energy, that is, in the direction of the ray. Wo express this by 
writing 

a_H_S 


Here S — ^[EH] is the ray veotor. 


( 3 ) 
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*\:\\r luomunl of moimmtiim |mr unit volume of radiation in oalcnlatod 
UH tlic^ vcH.tor produet ol the momentum ft and it« pornendicidar 
from tlio etmtre ol tln^ sphevicml wave 

M:..[rG], . . , _ . (4) 

1 denotea tiu' rudiUH voetor from the centre to the unit volume 
iti (pH'Htion. Knnn tlu» moment of momentum per unit volume ^ye 
on (o the moment of tnonumtuni emitted in the Bplierical wave in 
nil clireidioiiM, by forming 

N-Wd(rM» . . . , ( 5 ) 

thci lirwt inleKra! iudng taken over the whole duration of tl\e omission, 
ilie siKumd (»ver tlm whole sjihmaeal surface of radius r. 

It appeai^s at (irst sight us if the momentum M should vanish for 
e\'ory individual dirtuition, and lienee also the total momentum N. 
For if, as we said, ft is in ttie direetiou of the ray and if this is in the 
I'adial dir^sdinn, the i»erpendi<ndar from tlie centre of the apliere to 
Gt would lu^ ispml to z.ero and hence M would vanish. But it must 
1)0 olisin ved tluvt this <letermination of tlio <lircction of ray and momen- 
turn is <ady asymptotie and does not hold oxaotly for finite values of 
t* I'buns^ in tlu' intc^gral ( 5 ) M is difTovont from y.oro for finite values 
i)f r ; fejr an r tliat increases indefinitely M does, indeed, decrease to 
•zero, but at the sami^ time the r{?gion of integration inoroaso quadratically 
Avitb an imuHMising splun'icavl raditis. This enables us to understand 
bow both inlluenees may eompensate one another and that in the limit 
for nillnilely imu'easing distaiieos, a« well as for finite distances, a finite < 
amount may vesidt for N. The inoinmt of mmneniim of the fipftmcai 
mam ifi fthlo to lake up and keep (he amount of moment ofmome^tlum given 
up by the atom, ^ 

'rins brief diseusHioii shows that the oaleulation 01 the moment of 
monuudum of tlu^ radiation requires a more detailed method of pro- 
oeeding to the limit. We shall furnish this at the end of the present 
no(:(^ wo slmll assume the result. We calculate the emitted 

monumt of momentum N from the emitted energy W and tlie frequency 

V by means of tbt^ [r)rmnhe 

^ W sin (y fi) ^ W 2 ca sin (oc — y) 

^ W iab sin {fl -- a) 

l[er<^ xyz are thr(‘e mutually porpendioular axes winch wo shall for 
the present fix arbitrarily through the point at which the emitting atom 
is Hiluabsl, aiul we shall resolve the moment of momentum N into 
Oil m laments along these axes. Wo obtain the most general solution 
of Max well’s lajuations eovresponding to a spherical wave if we make 
throe ehuitrons vibrate along these three axes Avith the same freqnonoy 

V blit witli arbitrary amplitudes and phases, namely 

. < • • ("7) 

iVo curding to tlio views of the classical electron theory these electrons 
Avon Id tlnm give rise to a splierical field of radiation of the same 
froqueivoy, 
von, i, A \ 
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If the process of emission occurs in an external field oP forot? (as in 
the Stark elTect) the axes of the field are orientated uecording to the 
.field. But if we are dealing witJi the emission from a for<M.^fri^e atom 
\v(i place the axes in such a way tliat one, say tlie third, of these 
vibration amxditudes ( 7 ) vanishes. The otlier two then doflmi,^ in 
classic al language, a vibration ellipse with a and b as xirin<fi])iil 
axes and jihase difference jS — a, which wo shall call y in future. On 
account of s === 0 the equations (6) reduce to 




W 2ab mi y 

27TU ’ 


No: = Nj, == 0, 


(«) 


The moment of momentum and with it tlio s])heric)al wave in this 
way acquire a favoured axis and also a favoured plane, tlio piano of the 
vibration ellipse. Does this not contradict the oonoox)t of the sidxorioal 
wave A spherical wave is usually taken to stand for an event which 
XJrop agates itself symmetrically in all directions from tlio source of 
light. This concept corresponds with rough optical ox]30rionco. 
According to Maxwell's equations (as well as the older ideas of an 
elastic medium) a spherical wave always has a favoured axis botli for 
tlie distribution of intensity as well as for polarisation. Only tlio plmso 
of the light is distributed xvith spherical symmetry and only tlic wave 
surfaces, that is, the surfaces of equal j)hase form a system of conceutrie 
spherical surfaces in the case of a splierical wave. On the oUior hand, 
the surfaces of equal intensity are by no moans spherical surf aeon. 
Consider, for example, the siinjilest case in which according to tho mode 
of exx>ression of the classical wave-tlxeory an electron whicli vibrates 
linearly emits a spherical wave, On account of tlio general oliar actor 
of traiisversality of light vibrations no intensity is emitted in the direci- 
tion of vibration. The intensity is a maximum jierpendieiilar to thin 
direction (of. the innermost curve in Fig. 11, p, 33, which ro])VOH(mtH 
this case of emission). Hence tlie surfaces of equal intensity by no 
means liavo a spherical shax)e, rather the direction of vibration of the 
eleotroii is at the same time a favouvdd 0/ the inUnsUy dislTibulioii , 
In a similar way in the case of our vibration ellqiso with x)rinoix)al axes 
a, b the normal is a favoured axis for the intensity and x)olariaation. 

From our present point of view we distinguish between the various 
eases of polarisation in the following way : 

We have linearly polarised light when tlie iuonient of inomontuni 
N vanishes. According to (8) this occurs when either a or b or sin y 
vanishes. The vibration ellijxse then degenerates into a straiglit liiu5 
which lies either in the direction of b (li a ^ 0) or of a (if b == 0), or 
in that of the one or otlier diagonal of tho rectangle ub (when sin y = 0) . 
This straight line is the of syrmneiry of the spherical wavo. From 
its position we may determine, by means of the rules of the wavo-tlieory, 
for every radius of the spherical wave the direction of the olectrio force 
and the observable plane of polarisation, 

^Ve have circulwrly pol(iri$ed light when the moment of mo3nonl;Um 
N attains the maximum value of which it is capable for a given fixed 
intensity of the light (fixed given value of -p 6^), This maxinniiii 
occurs when b and sin y = 4- 1 (phase-angle y == d:: 7r/2) ; tliu 
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fnotor in (H) (.liiib <lo]M)n(1a 011 a, h, y heeotnos equal to 1 in this case, 
'.[.'he vil (ration ellipse eliaiiges into a viliration circle. I'u the direction 
tlio axis of the inoiuonb of nioineiituin we liave cii-culnrly polarised 
light, and it is left or right circularly polarised light according as 
y « -j_ ■jrj2 or 7r/2. In all other directions the light is ollipticnlly 
€ir in partiovilar linearly polarised ; in the latter case, porpendionlarly 
tt( the axis of the inoinent of inoincntuin, 

In. bias general case when N neither vanishes nor attains a maximum 
wo luwe ellvpticaUy folariml light, which degenerates into linearly 
polariHod light only for special directions. 

We now sot tlm monunrt of inomcivtinn (8) of the radiation equal 
to the ohaiige (2) wdneh the moinont of momentum of the atom experi- 
en(!C(s in tlic transition in question. In this way we obtain, if we siunil- 
taneoiisly i'e](lne(5 W hy hv in (8) and oanoel hj'in on both sides. 


AJ 


2ab sin y 
a* 4- ' 


( 9 ) 


^l.'his equation liolds both for magnitude and direction. If AJ is to be 
csaleulated as the (ilgp.braic dilfomnco between the initial and the final 
ntate (<»f. tlie remark made with reference to equation (2)), wliich we 
shall assuiiu! for the pro.soiit, tlion AJ is certainly integral. 

But Ike rigkt-haiul aide, of equation (9) is, taken absolutely, less than or 
at mofil equal la 1. Actually wo have, on account of (a — b)^ > 0, 

+ b^>2ab . . . . (10) 

and Hfcill moi’c is 

-\- b^ > 2ab sin y, ... (lOo) 
111 plane of this ineijuaUly we have the cqualion 

-I - b^ = rl: 2ab sin y. . • • ( lOf*) 

euly in the ease where a — b and sin y = dr 1, y = ± ir/2. In this 
'pakicitlur ea.sp. the, right-hand side, of (9) becennes equal /oil. Hence the 
left-hand side of (9) is, taken absolutely, also not greater than 1. 

Thoro are, however, only three iutogei-s wliose absolute values are 
not gj?eater tluvu 1, namely, 

AJ=.:-il, AJ-0, AJ = -1. 


In blui case AJ :1: 1 equation (106) holds. The corresponding values 
nt < 1 , b and y are completely doterininod and have already been given 
ill equation (106). In the case A J = 0 the numerator on the right- 
hand side must, according to equation (9), vanish. Hence it follows 
for a, b and y that we must have either a = 0 or 6 = 0 or sin y — 0 
(y =: 0 or tt). 

Hence, we have the. following three possibililtes ; 

-\- I a 6 and y — + nj^, I 

0 rt — 0 or 6 = 0 or y = 0 or 


AJ =••= 


. 1 a-~ 6 and y = ~ 7 r/ 2 . 


■J 


( 11 ) 


Iir the first and third oases the omitted light is left or right circularly 
qiokirised light, in the second ease it is linearly polarised. 
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In thi« way, by nieantj of a voni arl^ably rigorouH line of reasoning, 
tliab I'ocalls the methodH of the theory of mini hers, we luivo ar, rived from 
tlio conservation of niojiioiit of moincntuin at a nckclion principle and 
a polarmilion rule, 

selection rule atatcs : the quantum number of the moment of 
momentum can change by at most unity in changes of configuration of Ike 
atom. The polarisation rule demands that ; if the quauhm number 
chariges by ± I the light is circularly polarised^ b%it if it does not change 
it is linearly polarised. The general case of elliplie polarisation is sup>‘ 
pressed by the laws of conservation. 

In the above we have assumed that the moment of momentum of 
the atom rotaina its axis in changes of configuration, that is, that AJ 
is to be calculated algebraically from and Jg. We shall now sliow 
that our oonclusions are correot also in the contrary case. 

Let 0 be the angle between the axes of the two moments of momeiv 
turn before and after tlie transition ; let the corresponding quantum 
numbers bo and Jg, Then we have for the geometrical clifTeronce 
of JjL and Jg 

AJ VJi“® + J? - 2 JiJ, cos 0 . . ( 12 ) 

and by a theorem of elementary geometry 

AJ^lJi-J^I . , , . (13) 

The equality sign here holds only if the triangle degenoratos into a 
double straight line, so that 0 — 0 ; which is the ease already con- 
sidered of similarly directed momentum axes, 

According to equations (9) and (10) we now also have 

AJ g 1 (14) 

and, in addition, from (13) 

(ir.) 

But — J 2 is a whole number ; by (15) the whole number is again 
capable of only the three values ; 

J^~~.Jg— -pi, J^^Jg = 0 , JjL — Ja—— 1 . 

Hence our selection principle, also ai^plies without change under the 
present more general assumption ; the quantum number of the moment 
of momentum cajv change by at most unity in changes of configuration of 
the atom. 

In the first and the third cases we also have A J — 1 on account of 
the double equation which follows from (13) and (14) ; 

I Ji - J 2 1 g AJ ^ 1, 

hence in these cases, as remarked in connection with (13), 0 = 0. Wo 
then again have the conditions considered earlier and our 2 ^olarisation 
rule also applies unchanged. The light is circularly polarised ; ihe axis 
of the moment of momentum necessarily has ihe same direction before and 
after the transition. 

On the other hand, the second case Jj — J 2 — 0 may be reduced 
to the earlier case A J = 0 only with special assumptions ; we shall 
pass it by hero. 
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now to add Koine nnnarka about tlic emissmi in a field 

tlio field of force to be eloctrioab On account of the order 
do of atomic dimensions it may certainly be treated as 
IS. The moment of the force about the direction of the 
iisly vanislioa. According to mechanics the moment of the 
nines the till an go in the moment of momentum, the latter 
latcd as the gt'omoiric sum of the moments of momentum 
mm parts of the atom. Its components in the direction of 
lius roinains constant whereas the component in the plane 
lar to it is pormanently changed. Hence the law of areas 
1 special form, us the tlieorem of the conservation of areal 
ily for the direction of tlio force itself. It is only for this 
Ivat wo may demand the conservation of the moment of 
, wlicn the atom is cou])lod with the radiation, 
inponont of the moment of momentum, and not the whole 
[ in omen turn, now becomes a multiple of fe/27T. We call 
Ic tluj eqtiatorial quanhm number of the moment of momentum^ 
itrast with the earlier J wo denote it by M. We take the 
C t)i(‘. linens of force as the z-f\,xk and call the perpendicular 
>qunforial plane. Lot be the component of the moment 
mm of the omitted spherical wave for the direction of the 
oxprcHRion in terms of the amplitudes and phase -constants 
^rical wave has been given in equation (C). If wo here sub- 
hv, it follows tiuvt 

h 2ab sin (j3 - a) nQ. 

+ + 

t 1)0 equal to the change in the corresponding component of 
if momentum of tlic atom, that is, equal to AM/t/27r, &o 


AM- 


2ab sin (j3 — a) 


(17) 


^2 „|, ^2 ^2 

Imroloro oonchulo precisely as before. n ^ i 

isoluto value of the right-band side of (17) is necessarily ^ 1 ; 

H in equation (10), 

*h 

' still more, 

ff i q, /;« -|- > 2ab sin — a). 

■Jiand Hido of (17) can accordingly become equal to ± 1 only 
/o siinidtancoiiHly 

a h, c == 0, Hin — a) = ;b 1- 
dv the left-hand Hide of (17) must necessarily lie between the 
’l Hinco it is integrai, being the difference between two 
it may assume only one of the tliroo Amiiioa : 

AM ---1-1, 0. -1- 
M — 1: I W(^ liavo 

« = sin (^ - «) = :h 1. 
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We have a {left or right) circularly polarised sjulierical wave. Its 
2 )lane of vibration is the equatorial 'plane (perpondicnlar to the direction 
of tlie force) ; Us favoured axis coincides with the direction of the force. 
The vibralio7i component in the direction of the forcCy as measured by ike 
amplitude c, vanishes. The vibration ellipse changes into a vibration 
circle lying perpejulicularly to the direction of the force. 

For AM = 0 we have, according to (17), oithcr a ^ 0 or b = 0 or 
sill ^ a) = 0. But since all axes are of equal value in tlio direction 
perpendicular to the lines of force we cannot have a = 0 and 4* 0 
as otherwise the ^/-axis would be favoured os compared with the aNaxis, 
If,^ on the other hand, we had sin (j9 — a) ~ 0, wo should have a rec- 
tilinear vibration in the direction of the resultant of tlic t^vo ampli- 
tude vectors a and b and then this direction would bo favoured ns 
compared with the other directions of the equatorial plane. TJio 
required equality of the equatorial directions is assured, liowovor, if 
we assume a ~0. We are thus left with only the vibration ampli- 
tude c, which is favoured by being in the direction of tlio linos of force. 
The resultant spherical wave is then linearly polarised and has its lines 
of force m the direction of the axis of symmetry of the linear , polarisation. 

All in all, then, we may also confirm tlie polarisation rule and the 
selection rule when an external held is present, inalciiig only tlioso 
changes which are due to the existence of a favoured iicld of force. 
The selection principle now refers only to the equatorial quantum 
number M of the moment of momentum, wliich is allocated to tlio 
component of the moment of momentum in tlie direction of tlio lines 
of force, just as the earlier quantum numher J of the moment of momen- 
tum was assigned to the whole moment of momontnm. 

As already remarked on p. 300 the line of reasoning horo followiMl, 
^vlllch we owe to Rubinowicz, has lately excited renewed iiitei’c.st o\\dng 
to its relationship to the mucJi-dispnted problem of the olectrodynamioB 
of quanta. The question involved is : how is quaiituni inochanioB 
(wave -mechanics) to be connected organically with the, ])Ossibly, 
modined electrodynamics ? In the above discussion wc used electro- 
dynamics in Maxweirs form and the quantum theory in its form 
before the advent of wave -mechanics. The laws of conservation fvir- 
nished the connection between the two. It is evident that these lawn 
will also be essentially contained in quantum electrodynamics. Thoy 
furnish neces.sary, even if not sufficient, conditions for the inoro intimate 
connection between the atom and the electromagnetic flokl wliicli is 
required but is as yet unknown. 

We conclude by adding the promised derivation of equation (6). 

JtxteiicUng Hertz’s assumption we write the solution of Maxweirs 
equations which correspond to a spherical wave which starts out> 
from r 0 (a simple dipole) in the form 

B = curl curl 11 = grad div 11 - A/7, H — i ourl fl 

c 

Po, = «e'« 
p„ = be‘P 
P, = ce‘y 




(18) 
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i’T(M‘0 k ^ in the wavo-.minibor for 2tr units of length, w = — 

is tho fr(U{uoncy for 2it units of time. The solution 1ms six integration 
oojistants r/, a, /;, c, which, together with the time of vibration 
r ' - 27r/<o, just surtieo to represent the most general process of mono- 
chroma ti(? (unission of the spherical type. TI satisfies the wave-equation 

= A/T (19) 

Tn lluA [(illowing (aileulation of the field wo must make frequent 
use of w(^U-known formulae of vector analysis, which we give without 
cxjdaiuing tlunn in detail. The calonlation of tho momout of momentum 
is duo to Abraham,* but our quantum view demands an expression 
tluit <liIToi’s from his, 

From (ujuation (18) it follows that 

.Uv n ». (P.)i^.(5“), .«H n = - 


grad div U P 




I'he oqiiationH (iH) tlvon give, if wo take (10) into account, 

W"W(‘’ + ii + 4-'i)‘T’ ' [ ■ <“> 

|\u’foj‘ming the dilTcroutiationB and neglecting the higher powers 

of - we obtain 
T 


E 




Qikr 


(rE) “• 2ik{vV)-^. 


'.rUo inoincmt nl! momentum por unit volutiKt at a distance r from the 
coiitro iH, by (uiuabionH (!)) and (4) (concerning the factor in in the 
douominator ef . what was said about equation (/)), 

M > 

or, in view ot (tH) - 0, equation (20), 

M iH(rE). . . . • (22) 


* "‘UMm Moment of Momonl-um of Liglit," rliys- J^oits., 16, OU (19U). 
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Lot ns multiply M hy the clomont of volume in polar 00 -ordinates, 

dr dOfy 

wiiero do, denotes the conical aperture (solid angle) seen from the 
centre j and lot ns set dr = cdt and integrate over all the d^l's i wo then 
obtain the moment of momentum contained in the spherioal shell of 
radius r and of thickness dr or, otherwise expressed, the moment of 
momentum transported in the time dl — drje through the sphere of 
radius r \ wc shall call this integrated moment of momentum dN ; 

dN = - . . , (23) 

The moment of momentum transported through this sphere during 
the whole duration of emission T was called N on p. 641 : 

N = pdN (24) 

Before performing tho integration in (23) we must pas>s from our 
complex representation to its real part. We wite, say, 

Q-Re(Pr/*"}, Q' Re{ . (26) 


= a cos {hr — wt + a), Qa;' — a sin (hr — wi + a),! 

Qy — b cos {hr — + ^), Qy' — b sin {kr — wi P)A 

™ 0 cos {hr — wi + y), Q/ — c sin {kr — wi + y), j 

By (23) and (21) wo have 


Now, 


dH. = 2fj^ 0Q.' +*«,'+ J«,-) («.5 

r® j ‘in r® J 4 


f 


dU a;® 
4ir r® 


4:71 




xy _ yz _ ^ — n 

J 47r r® “ J 47r r® ~ J 47r J’® ~ 

Conseq^uently we obtain 

= ?/cnQQ']» cu. 

By equations (25rt), however, 

[QQ'L=-6c8in(y-^),| 

[QQ']» — ca sin (« — y), ^ 

. [QQ'],-a6sin()3-«)J 


(2Ca) 


(26) 


(27) 

(28) 


Hence the moment of momentum omitted through the spherical surface 
r during the whole duration of emission lias, by (24), (27) and (28), tho 
components 

N„ = ^mc sin (y - pU 

N„ — iik®!7'ca sin (a — y), I- . . . • (21)) 

N, = ^h?Tab sin (/3 ~ «). J 
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upanBon wc ako calculate the total energy emitted. In the 
^ following amount of energy is emitted through the angular 

^ t 

dW = 8,rHadt = . . (30) 

this we obtaiiij on account of equations (21) and (25a), for 
on taken over all diroctiona during the time cU^ 

it of (2<5) tills is 


(JW-§*:W = PM^-!-Q^I-Q?). . • (31) 

now still to perform tlic integration with respect to I ; on 
f (25a) this gives, when T > r, 



(111) and (32) the total energy emitted is 

W av + 6M- c2). . , . (33) 

Hating T we obtain from (20) and (33) the equation (6), that 
it to prove, if we reidaoe oj by 27rv : 


_ W 26c sin (y — J3) ' 

® ^ 277V ’ 

W -- ^ 2ca sin (a — y) 

^ 277M + 6^ + c® 

N = 2afc sin (jS — g) 

^ 27rv + 6® -j- \ 


(34) 


9. Stark Effect of the Second Order 


alculate the stark effect of the second order wo must carry the 
ment of the quantum condition (24), on j). 308, a step further, 
wo must also consider terms in D®. 
ising equation (14) of Note 4 (under c) we obtain 


irms of B, 






ianing of A, B, 0, I) is the same as in (24a, 6) on j). 308, 
IS xn’oportional to F ; hence Ave may substitute in tJie latter term, 
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■jvhieh is quadratic in F, -the approximation of tlie first order, given 
in equation (26a) on p. 309. In this way we obtain 


JB 

Va 


(7^’ - 30) _( VC - ^)(iC - 14 VO^^ - 7^). 


(2) 


The term before the last in (1) is of the first order in F. Hence wo must 
here use the second apiiroxiniation, which folloM's from equation (27) 
ou p, 309 for B^A. Heglecting D^, wo easily calculate 


3B^ _ Q _ 20 — 


(S) 


Wg insert the values (2) and (3) in (1) and collect in powers of D : 




) 


B = VI( VD - - ^(20 - 

+ ^Vc - 2C) 


3 D®/ nM\/BnVi^ 


5 A® 
16 


^(VO- ^)(40 - il^'VC - 


in which the last two ternia may bo collected together as follows : 


5! 


7iJd\/11 , n nU 0\ 


_ / 

2A»\ 


.OVO + ^C^^^xVC^^- 

4-77 O 7T^ 


n n%H\ 
8 


V- 


Let us imagine this equation witten down twice as on p, 300, once for 
n — B = Bji, I) — D^, and again for n = B — B^, D — \y^ 
(the A and 0 have the same values both times) and form half their 
sum. The separation parameter on the loft-^nd side becomes 
eliminated in the x^rocess and we obtain 




2A^ 

17/ 


Wo Iiero set (cf. p. 309} 


../p nifj/d 

^ 2Tr’ 


w = Wf + 
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and Avrite, taking V A over to the left-hand side 
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27r 


m 


Va‘ 

The expression niidor the curly brackets may be divided by 

n -p 71^ -h \ 

{ -I- jMn + «») + ^(«| + w® - ) • 

Hence avo may take out the factor — on the right-hand side (4) ; 


/xe^Z __ nhi\~^ 3 /xeF^ 


Jii 


( 6 ) 


JXV 9%/iVVi ^ - rj / Ktvv 

"■ ^wO‘v. + 

Finally Ave must substitute the value of the first approximation, 
equation (20), p. 309, for A in the last term on the right-hand side, ami 
in tho term before the last avc must insert the value of the second approxi- 
mation, equation (29a), p, 309, We Avrito the result thus : 

VA " 2w{^ 32wV®c®Z»” (327rV®c'’ZV ” J ’ 

Avliej^e Ave have used the abbreviation 

N = 27K - - 271® - + Jt,) - 17(»| + (7) 

li’rom (6) we obtain by squaring 


A = - 


47tVVZV, , 3 ¥¥ ,, . 

nW 16 7rV®e«Z»’*' 


( 8 ) 


If, as in (30) on p, 310, wo divide by — 2/x/t and arrive at the term 
— W//^, Ave find that the first tAVo terms on the right-hand side are the 
same as on p. 310 ; the third term, which gives the quadratic Stark 
affecti becomes 

nwQ 

8(277C)VZi 

The factor Q here introduced is 
Q -:27(?^--7X^)^-2N 

= — 27(n, — + ‘^2 + 17%(»f + 71,) -\r 34(?i| -|- 7if77,) j. (lo) 

= 1{IW ~ 3(7,,, ~ 7lt)« - !)7 i2}. 
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As remarked on p. 320 tlie wavonneclianical calculatiou dilTera from 
this. Instead of (10) it gives 

Q =- - 9^2 ii)Y , . (11) 

For the connection between m and n^, see p. 310, 

10» The Adiabatic Invariance oJ Phase-Integrals 

In the adiabatic ohangegj of state wo consider a paramo tor whicjii 
enters somehow into the equations of motion of the system (as the length 
of a pendulum, charge of a point-mass, external field of force, and ho 
forth). This parameter becomes changed in time, but by condition 
(1) on p, 342, it mvist he changed infinitely slowly {mvemibly)^ For 
every value of a the equations of motion must remain valid in the form 

(It dt \ f 

whore H is the same function of 7^, q and a as when a is kept fixed. 
We mean this when, in the conditions (2) on p. 342, wo demand that 
tlio adiabatic action is not to attack the co-ordinaks of Iho syskm 
directly. We shall revert to the condition (3) on p. 342 [unsystematic 
change, of a) below. 

Integrating the equations (1) by using a function of action B, 
keeping a constant, S becomes a function of u, and thus if wo insoit 
the time variation of a, it also becomes a function of i. From B wc 
derive the phase-integrals J and the angle variables xo for a flxe^d a : 

■ ■ ( 2 ) 

The quGsiio7i is whether by vsing a iniermediaiely, J also becomes a 
function of i. If the assertion of its adiabatic Hypothesis, that the 
quantum conditions Jj^ = should remain adiabatically invariant, 
then J must be indci)endent of i. 

Wo answer this question by deriving the canonical equations for 
J and 10 as on p. 017. Wo are no longer dealing with the special ease 
that P* — 8 is independent of I (of, p, 617). Hence 

H H 

no longer holds for the transformed Hamiltonian function H, but 
rather, by equation (ila) on p. 607, 

H-H + f , , . . ,3) 

By equation (18) on p. 608 tlio relationship between F and F* is, 
■with Pj = Jj, = Wfr, 

F = F* - SJkWl; 

* The first proof was given by J. M. Bnrgora. of. Ann. d. Pliysik, 62, lOfi (11)17), 
or Arrifit. Akad., 1917, p. 1056. \Vo hero follow aaimpio method also duo tn Bm iiorji, 
(jf. hiR Jwoydon diSBOVfcatfon, 10] fl> p. 2*12. 
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hliui iw, on aceount of I'''* = K, 

P K _ ==: S* . . . . (4) 

e()mitiou ((») on p. «18). 

iHiuiition (»). p. 01.7, wo therefore have on neconnt of (3) 

(II- i)”)!- <>wt, sr ‘ • 

_ term bH/SiOj, vanishes, hecanso H, regarded as a function 

the variables . . . Jj,, uij . . . Wf., is independent of the la's. 
'c ' into account further that S* = like S depends on I only 

* tovnicdiately throiigli a, we may write 


liS* 

If 

. (6) 

M'ibh the abbreviation 

(p = 


• (7) 

(5) and (6) it follows that 




dJ^, _ ‘ b(/> 

di 

jJ 

i 

r T 

= — Utr (U, . 

J 

[» 0 

. (8) 


We now also take into account that a by our condition (3) on p. 342 
iH to bo changed unsf/slmafzi^cill^/*) that is, not in phase with the course 
of )uotion of ti\c system, It is in accord with this if, for examxde, 
wo keep d constant and write instead of (8), 

T V 



0 0 

Like S* (of, p, 018) <P is a periodic function of the and may 
therefore be represented as a Fourier series in the ti>’s. Hence 
i& a Fourier series without a constant term. Since the + 8^ 

(13qn. (6) on p. 617) are linear functions of i, the integration with 
I'OBpeot to I on the right-hand side of (9) may be performed in the Fourier 
terms and it leads to a value which remains below a finite value even 
when T increases indefinitely. 

'Pho circumstance that the frequencies themselves still depend 
on a, that is, also on t, makes no essential difference to these conclusions, 
l)Ut only has the effect of changing the value of the integral by terms 
ni tlio order dT, But dT denotes the total change in the parameter 
a In tlie interval of time T and as such is finite. Hence, on the right- 
hand side of (9) wo have d multiplied by a quantity which is finite 
oven for T — oo. hi the limit d ^ 0 and T -^oo the right-hand side of 
(9) becomes equal to zero, ihai is, J is constant, 

* Cf. K. Knosois Math, Ann., 91, 160 (1924), whore the oonrlition is expressed 
an gon orally an posBildo, 
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On tlio otherdiaiid, this conclusion does not liold if tlio Hystoin passes 
throng li a degenerate stivto in the course of the adiabatic change, 
Theiij oil account of the relationship = 0 (oqn. (IJJ) cm |). lUO) 
constant terms ivill occur in tlie Fourier series and tliose will give quan- 
tities of the order of T wlxen we integrate with respect to t. The adtabalic 
invariance /or all qua 7 ttiUes J therefo 7 'e onii/ lo general syMcmfi and 

not to degenerate systems. 


11 » The Spectra of Atoms Unlike Hydrogen. Effect of the Supple- 
mentary Atomic Field in the ease of Non-penetrating Orbits 


In Ohapter VII, §§ 2 and 4, wo took as our scheme for the Hupple- 
montary field of tlie electronic configuration that belongs to tlio atomic 
complex a pwe central field independent of time. Let its potential 
energy for the outer “radiating electron (AufeleUroyi) in a non- 
^penetrating orbit he 






( 1 ) 


Tlie sign of V is in conformity with the remarks on p. 388, according 
to which V < 0, The constants of the atomic field 0^,02 • • • are 
written .here as pure numhers and are related to the constants ^2 « * * 
on p. 362 in the following manner : 


where a denotes a comparison length which we find it convenient to 
choose as the radius of the first Bohr circle of hydrogen : 


47r‘‘*we2‘ 


( 2 ) 


Equation (1) denotes the special case of spherical symmetry of tlie 
general expansion of the potential in Bessel functions for the exterior 
of the attracting masses. 

Jh 

If we substitute the value (1) of V and the value p = in tlie 
radial quantum condition (2) of p. 387, we obtain 


+ 2^ + -I- ^ . * • dr = nji, 


(3) 


with the abbreviations : 

— ^ 27,2 ^ 

A=-2wW, B=mZc^ G = -^+ 2 mC^e%\ ^ ^4^ 

Di = 2 m 0 ^eWf = 27^036^^^, ... 

TJie integration is to be taken along the complex route in the piano 
around the real branch points and of the integrand. 

From (3) we determine the “ quantum defect A by moans of equa- 
tion (5) on p. 388. 

To a first ajyproximaiion (C^ = Og = , . . = 0) avg have A = 0. 
The term then has Balmer's fowl* 
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To a second apjjroximalioii 

(G, 0, G, - C, 0, B, ^ D, = 0), 

(3) I'ctaiiiH tins same form, as in Uio lirst ap[)roximatiou but with a 
noAV meaning for 0, For, by (4), we have 


Vo 


. h L 87r%6^0ia 

- *”<aV’ - 

. h /, Gj 1 Cl" 1 0i» 

^’^*27rV n" 2 • 2 w« 

<f> </» tii 



In tlio last transformation a is expressed by means of (2). In this 
approximation we shall retain only the first term with Oj, in the next 
approximation wo shall retain only those in and and so forth, 
supposing that , . . are of the same order of magnitude as 

the coefficients Og, 0^ . . . in (1), 

The evaluation of (3) in our second approximation is effeoted accord- 
ing to Note 4, equation (3) : 


Let ns pass on to the quantum defect A in equation (5) on p. 388 ; 
til at is, we form the difference of two integrals of the above form J,., 
one of the two_integrals being hydrogen-like (all constants 0^, — 0) 

and B and VA having the same values, only VO being dilforent. It 
then fallows on aooount of (5) that 

C 

A = -d, that is, iiHlopendent of . ♦ (^i) 

7^<{i 

•^rhe corresponding term has Rydberg's form. 

We arrive at the same form for the term if we retain besides Cj^ also 
Cg, that is, if we set 0, — Da — , . , = 0. The integral (3) 

that is to be evaluated in this case is then, by Note 4, equation (16) : 

. . (7) 


In the quantum defect A we again cancel out B/VA and obtain on 
account of (6), (4) and (2), 

0 , 0,^ (27r)^BD, 

and, in view of the meaning of B^, 


n.^ 




(S) 


Since this quantity is also independent of n,, the term assumes, as 
was assorted, Rydberg's form. 




Mulhemalical Appciulix 


lull' till Ihiiil ii[iimu'iiiiu(iiin wi’ rt'lniii Cj iiiuM',,, mi> (I'Hil now 
l)| < 0 itiiil I tl. Uy Null' -1. rt(iiiiiiiin (t!!), Hii' iilli'Hl'iilion |i'iviv> 



h 

V'A 


I 



a H 
•2 "(1 


’"iv'!.') 

K ' <•>/ 


I A 
■I ( 




a 

1 ( ; M 


b'lir A AVI! iilitiiin, liy i'liriuiiix llii' ilitVi’i'vni’v imliniii'il in I’ipntlittii 
('i), p. :i«K, 


A 


. . . I 


2wiA 



a 

.1 r )■ 


'I'lti! li'i’iuH il(!niili!il liy . . . ili'pi'iiil Hilly uii a,«, ; vvr hIihII wiili* 
till! Hyniliiil If fur llii'iti. VVi' Imiwfuriit Uiu IhhI li'ini liy iiuikiiiK 
HidwtiluliuiiM frmn (•(), (u) uml (2). Wi'ki’I 


A 


1 


•I I • u . 
iM a \ 

2 u\ I 




llvw l:-hn laHl Irnii iIo)hhmIh un hui uIhu un Hinor \V//^ 
tho niagiuUulu of IIm? tniu, 'I’lio fudlnr wiMi whioh W/A in 

H itulo|H‘julMil {»t ; WM Khali (?nll it 



Til tliiH approxiimitiun wo arrivo prooiHoly al Hitz m fuini nf llu* \v\ui 
im in iitinalion (*lr) un p. IU1!1. 


18 , Rosolutlons of tlio MuUiplot Torma 

(1) Ktpuitinn (2) t>u |»i HiO iimy hn doiivtul m follnwH \ 

Among llio intomoiionK cif Uio Th ami wn havo (hoKO holwoon 
llm //w anil h/h of thn Hinno oloolron ninl Uujho ImUvooii I In* //a ami t* 
ot ililTomnt ohmtronH (i, k imlox of llu^ oliM^tronw), Wo lirwt Imat 
tho intcmmlunn Hf), 

Wo may rogiml llohl H priHltmtHl hy tho rovolul itm of iho 
(tif. p. an |n'oclu(i<Ml In Hiioh a way that tin' ohmlnm \h n\ ival whih* 

tlio nnolouH movoH rmiml iti M'lio inc»Uon tif tlm nuoloMM llnm mia Uko 

■ 

II imm'iil .1 u[ Htwmglli wlii'n* {» llu* miulfiir diuiHU lluil 

lUitH on till! nUiiitiiHi and V in tlic urliiUil vrluiiil^y of Uiu tninlviiN. Ai'viiril 
ing to Biot anil Savivrl'n law lliia iniriniit iniidnisuH at tin* puiiil wIiiti* 
llm olwttfoii Ih Mitimtod it iniigiiMtiu IU»|il (mniimni'il in tin' i>li'«'ti'ii'fil 
HyNtoni of iinilM) : 

-?«Vv!. ... Ill 

Hurt) r ia tiiu mdiiiH vi'iitcir tlriiAvii fiiiiii lliu nmiliMw In tin- I'luuthuii . 
On till! iitliur Itiuid, tliu iiy,iinnt|inl tfiiinilinn uuiuUtiuii inid lliu Invv of 
iivuna givi! 
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^vIlere ™ mas^ of Wio electron. Tho minus sign on the left- 
hand aide of (2) is necessary bcoaime our v refers to tlie moving nn clevis, 
wliereas equation (2) applies to the moving electron, whoso velocity 

mnat therefore bo set equal to — v. Winting I on the rightdiancl side 
of (1) in place of corresponds with the ideas of the vector model. 
It follows from (1) and (2) tliat 


rriffir^ 27r 


(3) 


In this field the electron takes its position with its own moment of 
momentum s . Its magnetic moment has the value of a Bohr 

magneton, }i ^ ■ = ~ (since s =5 The first factor 

^ 4.7m^c m^fi 27 t ' 

ejm^c corresponds to the magnetic anomaly ” of the spin (cf. also 
oqn. (3), p, 332). The direction of fi is opposite directly to that of 
the moment of momentum, because fx arises from the rotation of the 
negative charge of the electron. Consequently we obtain for the total 
energy of interaction i, s of an individual electron 


W(U) = (HM) = -^.^.^^.(;|(s|eos(t-T}, . (4) 

where the horizontal bar denotes the mean-time value. We take over 
the mean-time value of i/r^ from wave-mechanics.* For a hydrogen - 
like “ orbit '' of nuclear charge Z^ff we obtain 

X (K\ 

r» ~ + 1) ' ’ ' ■ ' ^ 


* Tho caloulat/ion aocording to tho oUlor theory given in this volume would 
ho us follows, q'ho onorgy (‘i-) roproaents only a small part of tho total on orgy 
of tho olootron in its orbit, Hoiioo wo may regard tho intoraotion (b js) as a slight 
perturbation and may nso tho result of Note 6, p, 020, for Galoulating it ; according 
to this result the onorgy porturbatioii for tho first approximation is equal to tho 
mean -time value of the perturbation function averaged over tho unperturbed 
orbit. Thus our 1/r® denotes averaging over tho import urbod oloctron orbit, 
which we assume to bo hydrogen-like (t = time of revolution of tho oloctron in 
tho unperturbed orbit) : 


T 



{») 


0 


?li|) 


Hore we may GxjDrosa dt by moans of d<L by using tho law of aroas = 

dt ^7T 

(lor the present wo calculate hero according to tho oldor theory ; houco 
Wo obtain 


2?r 


J, 


2ir 

tJ r 


0 


27r 

An^i 




(&) 


With tho help of tho oi’bital equation, cf. (1.2), P* 263, wo may write 1/r in tho form : 
1/r «= G -j- A cos (jj (y is here equal to 1 ; it is sufftoiont to calculate witliout taking 

[Oontinnaiion of note on next pa(/e. 


voii, I. — 42 
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From (4) it then follcnva that 

Rflc^Ac . Zjff 


W(/, s) 


nH{l -I- -i)(/ + 1) 


I i I I s I cos {/, «), 


Ci) 


wl)OI' 
2Tre\ 


ro (b. = Rydborg’R number = a (ino-ati-notiiro ooimtiuil. 




li^ ) ' pointed oiifc by Thomas,* an import aivt eor- 

leotion must be apjDlied hero. The rigorous relativity treatment of tlm 
problem leads to an additional term for the intoraotion energy, which 
is half as great as (6) and lias tlio reverse sign. We give a simplified 
deriyation of this correobion under (7) in the present Note, Taking 
this into consideration we finally obtain 

W(/,. \h\ |s*l 003 {X \IA |^,1 cos £. ?) (?) 

where we liave used the abbreviation f 

„ _ RaVto • ZtjT, i (8) 

+ m< + 1) ■ ' 

and Avhere the indices i have been added to indicate that the ([unntities 
in question refer to the eleetron. 

The second of the above -mentioned interaotions, namely 
may now be easily estimated. We have now to calculate the magnetic 
field that is produced by tlio motion of the electron in plaoo of tlio 
electron. In (1) we then have simiily e instead of ; in 
other respects (1) remains unchanged at anyrate in order of magnitude. 
The same holds for the subsequent equations as far as (8). W<^ also 
obtain an energy expression (due to the interaction (lit t’JA-))) which 
eontnins instead of Ztff as a factor but whioli is otlierwise of the 
same order of magnitude as the expression (7), For sufficiently gr(uit 
values of Z we shall tlmroforo have to cancel the terms (1^ .v^.) for a 
first approximation. 


relativity into account). The intogral (6) thou givos dirootly 

1 ^ , 27 rC. . 


(«) 


If wo substitTito tho vnliioa of C and r from (lOi), p* 263, {with c oo) and (17), 


p. 113, (ao — 




47r%tnG^ 


= radius of the ilrsb hydrogen orbit), this gives 


1^ 

7-3 




a^Vnl 




id) 


[!; » sGiui-minov axis of tho ollipso, of, (lOo) on p. 113]. Wo boo that tho oxpros* 
sion differs hi a charao tori s tie maiinor from tho wavo-moohanloal viiluo given in 
tho text, 

* L, H, Tiioinaa, Nature, 107, 014 (1020). 

t According to Landd, ZeitB. f. Physik, 05, 40 (1924), wo may, in tho enso of 
ponetrafcing orbits, use instead of in (8), whoro Zf, Z„, donoto tho 

mean nuclear ohai'ge on the inner and outer loop of tlio orbit, 
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Hejice rotaiu only torniR of the form (7) and obtain for tlio total 
energy ariBing from the intcraotioii {I, 5 ) precisely the formula (4) 
on p. G4() of the text, cc^ having the meaning of (3) on p. f)40. 

( 2 ) In tim case of the pni-G Russell- Saunders eoiipling equation 
(14) on p. 545 gives that amount of energy in the l^asohen^Baok effect 
which is due to the (2, s) -interaction. By the discimsion of § 7, Chap* 
VXIT (of. (5), p. 494), we must add to this the amount 

( 2 Ms + 

of the interaction hotweon S or L, respectively, and the field H. All 
together then we liavc the amount 


{2M«j + -\- Mi^MsA. . , • (9) 

The first part easily predominates over the second, by the definition 
of the strong field. By 494 the first gives tluj normal Lorentz triplet ; 
lieirce the second represents the fine-resolution of the energy level in 
the Paachen-Baok efiect produced by the interaction (I, s). For the 
ease of the^ doublet (S — we easily obtain from (9) the results of 
p. 495, which were tliere deduced from Voigt's theory. In doing 
this * we must make use of the selection rules ou p. 494 and take 
into aocount that the torm-resohitioh (9) is calculated from the centre 
of gravity of the term (L, S) (of, p. 542) and not from its centre, as in 
the case of Voigt's formula. 

Equation (9) clearly onabloa us to deal with any arbitrary combina* 
tions for the case of strong fields. The fine-resolution is in each in- 
stance of the order of magnitude of the field-free term resolution 
(on aocount of the factor A in the second term), This places the 
qualitative reflections of p, 496 on a quantitative basis. 

In addition to (9) we wito down for the sake of completeness 
the corresponding formula for a weak field (by equ. (7) on p. 541 
and § 6 , Chap. VIK) : 


J(J T I) ^ L(L + 1 ) S(S -h 1 ) 
2 


. A -b Mg , he^v^am* • 


( 10 ) 


the sequence of the expression agaiir being that of their order of magni- 
tude. 

(3) Law of Permanence for Arbitrary Fields.— Let the magnetic 
field be so strong that all couplings between the 1/h and s/s are released. 
It then follows from the spherical triangle which the vectors l^y H 
cut out of the unit sphere (of, pp, 540, 541 and 545} that 


008 (If, Si) 


mij m-ij 


( 11 ) 


I:i this way we obtain from equation (4) on p. 540 

I'verv sirotiii ~ 2 ^’ ’ ^ , • . ( 12 ) 


* It'd’ Avo, the total resolution (in wo obtain for from equation (7), 

p. 641 { /icAvo ^ ^ . A. 
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To ol)taiii “ pornianent Bums we must olearlj^ auiii over tlio quantum 
numbeiNs, wlilcli lone ihoir meaning, namely L and 8 ; M rotaiuH its 
ineauiiig and is defined by 

^ (sum over all olectrojis of the eonflgimitit^n), (Ki) 

i 

LaAV o£ Ponnanence states : for a given electron configuntiion 
the mm over all the r-vahtexs that belong to a fixed M is hulependent of 
the Jielihslre 7 igth, By our assumption this P-suin 1ms the same value 
for all couplings, 

(4) The last remark leads directly to the r'-sum rule. In a weak 
field there is a series of J- values for a given configuration, and these 
J- values will in general occur several times. Let bo present 

times, and let — Ic + I be present times. Thus all 

J- values together are repreaented by , . . Jx'^\ 

. . , . Now let us imagino the that belong "to the iiKlividiml 

J^s be Witten down, say, as in the following table, arranged in order 
of M t (let M' be the greatest of all tlie M-vahies that occur) : 

Tablu 60 





M' - 2 


-M' 

.Tl« 



rfl ■ • 

. ■ 

4? 4? 




4 ? . 

• • 4’ 

4? 4;’ 

4'’'5 

rM 

•'1 


47 ’ • 

■ • 47’ 


4«» 



/’il’ • ■ 

• 4V 

4’ 

4-») 



47’ • 



4'» 



41’ . 

. 4^ 


2:r 

Cl 

Ca 

Cs 

. * C 3 

C/j 0 | 


TJie jT-siinis taken over each vortical column are denoted by 
Cfc, They may bo ealoulated from (12) by means of the Law of 
Permanonco and are independent of the coupling. The equations 
that follow from the Table arc 




P = 1 


p^l 


P“1 


(14) 


* S, Goudsmib, l?hya. Rev,, 31, 946 (1928), An analogous law Imids for iho 
(/•values, W. Pauli, Zeifca, f. Phys., 31, 766 (1926). 

t Xn a weak field tho P*a avo oqxml for any coupling for all M- values (by p, 646), 
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fn’ 

fl ra I 

and in goneml 


Cj.. ifl';' = C, ~ c, = CJ,. = ^ c, = cj., 

p •= i p ^ 1 

•'it 

= = . . , (15) 

p 1 


TIio tiro, of course, like the o^’a independent of tho coiijdin/'. 
Ho 2 iec the jT-stun rule of p. 5^16 follows from (15) : in a weal^ field 
(hcncc also for a liokl zero) the sum over all P’s thal belong for a given 
CQufiquraUoii to the same J is indejomderit of the coupling, A P ^^'liose 
a appears only once is thus oaloiilable even if alone, independently of 
tlio oonpling. 

(b) For the case of one electron ^ve obtain from tlie aquations (4), 
(3), (7) and (8) of pp> 540 and 541, 


Roc* . ]ic7,l„ j(j + 1) _ m + l) _ s(s + 1) 

77 ^ 1(1 -mt ' 3 


m 


ainou (’.lowly li = lk identical with L, and = s with S, Moieoyer. 
j ^ I We obtain for the resolution of the term, sinco 

th’o numerator of tho second factor (jf (16) assum(3a the value I for 
j X I ^ and tho value — J — 1 for j = i — 


^v■ 


Ra*Z^ 


he 


nH{l + ly 


(17) 


that is, the formula for the regular resolution of doublet terms (of. 
((i), in 418). This is the reason why we were able to apply these for- 

mulm to optical spectra there. , . i , , 4 . 

lu Ohapter V we. derived tho fine-structure of the hydrogeji terms 
from relativity considerations and by using the “ old ” (|uantum 
number «*. But here we adopt a totally different standpoint. It 
wo wished to wi’ite down the energy of the H-atom here, jt w(iuld bok 
as follows. First we should have the energy of the central motion 
wXut spin and without relativity ; this gives the Balmer formula. 
Secondly ,\ve should have the relativity correction for a model ivith 
the wavo-meohanioal quantum-number 1; it nmkes an adthtion to 
t o eneSv which depends on I and not 0,1 j. Hence tins correction 
is the same for two j-lovels having the same terms 1. As a third con- 
tribution we have the energy that arises from the interaction (/, s), 
t uK wMch is produced by the spin. This furnishes the additional 
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This causes the ftnc-»tnioture formula of the old theory to remain 
fully preserved ; only the vieAv of the quantum numbers is modified 
and approaches tlie idea of spin. These remarks will sufiioo to establish 
the connexion with the earlier considerations. 

From Table 60 on p. 647 we may now draw the important conclusion 
that the resolutions of the terms that arise from equivalent dec Irons 
are governed by the formula (17) of the regular doublots. Actually, 
wo may use Table 00 to express the total resolution by means of tlu^ 
factor a of the olootroii, that is, also by moauH of tlio doublet formula 
(17), on account of 

(of. (8)). 

’ The doublet formula may also be iised for two non-oquivalcnt 
electrons, namely always when one is an .^-electron. Wo easily find 
from equation (12), p. 644, and (7), p. 641, as well as from the preceding 
equations (18) and (17), that the total rosolution of the triplet terms 
that may result from this oonfigiiration, is sinijdy equal to the resolution 
(17) of the doublet terms, which is produced by the second dcotron 
(not an iS-elcotron). If the quantum, numbers of the latter are I 
and if Zej;f is the nuclear charge of its orbit, then we have * 

Total resolution of tlie triplet term = f 

^ nH{l + 1) 

This is the theoretical basis for* the oxporiinental observation mentioned 
on p. 418 that the doublet formula often holds also for triplets, if wo 
inquire into the total resolution. 

(6) The Gap Law for L-values, wliioh was deduced from ^'able fiO 

for normal coupling, runs generally (we shall not give the proof) ; in 
a weak field and within one mid the mone confignralion the stim of allPs 
that belong to the same J is, if there are z electrons m an (n, /)- 

ahelli equal and oppoaite to the F-amn for the case where there are z 
electrons ^nissing in the same shell ; this holds for any conpling whaisoemr. 

Special case \ z Then there are only two J-valuos, J — 2 rb A 

for I and each oeours only once. Hence for an eleotroii that is 
present is equal to — Fj for an electron that is missing, independently 
of the coupling. The latter case is realised in X-ray terms. For an 
elootron that is present we obtain regular terins (of. p, 641, a > 0), 
hence all X-ray ieima are inverted. We also sec that for X-ray imns 
the same doublet formula (17) must hold as for the one-eleclro 7 i 2??'oWam. 
The doublet formula in Chapter V ha>s been applied in precisely tliis 
sense. 

(7) To derive the Thomas factor wo note first that the olcotric 
force that acts from the mioleus on the electron is equal in magnitude, 
direction and sense to 

- Z,;)r , e* . ^ 


* Since the first oloctron has ^ — 0, the I4 of tho triplet tonus is, of course, 
equal to the I of the second eleotroii, ' 
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On the right4iand side v denotes the acceleration of the electron in its 
•notion around the nucleus. Instead of (1) ^ve may therefore write, 
It we now take v to denote the velocity of the electron and not, as 
earher, that of the nnoleus, 

H=jnvvi (10) 

ill is magnotio fiokl acts on tlio magnetic moment jx of the electron 
and produces a precession of angular velocity ; 



( 20 ) 


As a proof of this we recall the analogous discussion in the case of the 
Barnett effect, p, 619, H and o) are equivalent,*’ The factor iS 
given in equation (14) in p, 519 differs from our factor in (20) only 
in that we now suppose e is measured in electrostatic units and that 
we have taken into account the magnetic anomaly of the electron 
(cf,j for example, equation (16) on p, 620), that is, we have used the 
true value of p, given under (1). 

By combining (19) and (20) we have 


■ • • • ( 21 ) 

We must now specify more closely the ^lystem of reference in which 
this w is measured. It is clear that w refers to an allowed ” system 
that is attached to the electron, that is, that participates in its momen- 
tary ^ velocity. Allowed ” here means allowed in the sense of 
relativistic mechanics,"' since the value of co (cf. the denominator 
in (21)) goes beyond the order of accuracy of Glassica\ meolianics. 

Now, at tlic time t the electron has the velocity v relative to the 
nucleus j and at the time t + the velocity v + vdi. The systems of 
reference in question differ from one another and differ from the rest ” 
system of reference wliioh is attached to the nucleus. Thus we dis- 
tinguish between the systems 

Eu Eg, K, 

Svliioh have the relative velocities 

Ej with respect to IC = v 
E2 ,, ,, vdti 

We call the ordinary Lorentz transformation (parallel displace- 
ment) a “ rotationless ” transition. We suppose the transitions 
K Ej and E^ to be performed -without rotation and we assert 
tlien that the transition K ^ E2 is not folalionless. The proof may 
be performed analytically by compounding Loreutz transformations,* 
We prefer, however, to give a shorter geometrical proof. 

As a preliminary we recall Einstein’s addition theorem of two volo- 
cities ^ and which are in Ike same dmetion. As wo know, it assumes 


♦This was clone in an unpublished lecture by P. Langeviu in Ziirich, 1920. 
I am indebted to W. PauU for a reconstructed report of this lecture. 
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its wiinplcHt form if wo introdiico two imaginary angles tj}^ and (j )^ : 

tan tan ^ , , (22) 

c c 

and if wo (ItdiiTo tlio rcHultiiig volocitj' Vy by 

tan <^3 = == ^ + ,/, . . , (23) 

O 


'ri HI H lCiiiB tain’s addition thcorm is shown to bo klentical with the 
addition tlicorain of tangent functions in demeiilary irigonomeiry, 
hnb applied to imaginary angles, 

We shall next oonsidox' the cjompositioji of txvo vclooitics and V 2 
thal cm 'pGrpe7i(Uo7ilar to one another. We have then to iiso the for- 

iniiliD of spherical trigonometry,’^ like- 
wise applied to imaginary angles. We 
illustrate this in Fig. 140, wlien and 
02 defined as in (22), and ^vo mark 
ofi 0^ on a groat cirolo (for example, 
the equator of the unit gpliere) from 
the point IC, 0^ is then the end-point 
15 of <f)^ in the perpendicular great 
oirolo (meridian of longitiulo). The re- 
sulting spherical triangle KEiE^ lias 
the side 03 as its liypoteniiso. This 
side defined the resultant velocity t;3 
for us, namely by moans of the first 
Fici. MO. of the equations (23). Instead of the 

aecond equation (23), liowovor, the 
ooHine law' of spherical brigonomotry now holds : 

cos 03 = 00s 0^ . cos 02. . , . (24) 



We shall also need the sine law for the angles ai, of our right-angled 


triangle : 


sin aj 


4>t 
sin 03* 


Hin ag 


«hi 0a 
sin 0g’ 


(25) 


fiMiese sines (being quotients of two purely imaginary numbers) are 
real and < 1 ; thus the angles and ag also bocome real. Since 0g 
r op resell ts the resultant velooity (hi magnitude mid diroetkm), and 
likewise 0^, 0^, the oomponont velocities wo see that oci gives tlio 

angle hotweon Vq and in -Eg and ocg tliat between and in K. 

Wo now follow out the rotaiionless transitions K ->• and Ej^ -> ISg. 
For this purpose wo draw two mutually poriiondicular axes of the 
syslioms of roxcronco in quostion. Wo call then xy for K., for E^ 
and a’2|/fl fur E2, and wo shall draw x in the direction of Vi and lionce 
l/y in the direction of v^. In the rotatioiiloss transition K— >Ei as 


'* Of, A. Soinmorfoldi Phys, 10* 826 (1000). Sx)horioal trigonometry 

with iinaginary aroB inonna goomotry or a aphoro of rntliiiB i or, what amounts 
to Dig Hamo thing, xfiano Lobatsohoffaky trigonomotry (nogativo ourvativo), 
We muBb picture the bangoiitiei! piano of tho splioro (or tUo Lobatsohoffelcy piano) 
bo bo iiorpoiulioular to both tho and tho imaginary time -axis ict, 
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points in the direction of the Equator, in tlio transition Ej, ^ Eg y 
points in the direction of the longitude. But if we wish to carry out 
the rotationleas transition K E^ we must pass along the great circle 
KEj in the direction of the resultant preserving tlie angle ag. We 
tJicn arrive in Eg with a position of the system of reference that differs 
fi’om \ shall call this new position 

Wo call the angle between X2 and 6 , As Fig, 150 shows, we have 

0 7^/2 — oci — ag, 

sin 0 = cos (ax + 

In view of (26) wo obtain 

Vsin^ f/ig — sin^ f^x Vsin^ sin^ <^2 ^ ‘/h ^2 

' 


sin B 


sin^ ^3 


But according to (24) we have 

V sin® 03 — sin® 0i == Vl^ 0i cos® 0^ — "sin® 0x 


Likenviso 


Vcos® 0x (1 cos® 02) — COS 0xSin 0^, 
V sin® 03 — sin® 02 “ cos 02 sin 0^. 




Hence by (26) 

/) ^ ^2 (COS 0x OOS 02 — 1) 

sin U ■ ‘ ■ I - n- - 

sin® 03 

If we transform the denominator by means of (24) we may write 


sin d — 

On account of (22) this becomes 

11X^2 


sin 0x sin 03 
1 cos 0x 008 02* 


sin B = 




(27) 


To be consistent 'wo restrict ourselves to quadratic terms in c 
(equation (21) was also only of this order of aceimioy) and obtain instead 
of (27)» 
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Before wo ai)ply this to our electron problem wo muRt mention a 
deduction which has been particularly emi^hasised (loc, cil,). In 
the theory of relativity the succession of velocities in different directions 
docs not allow of commutation ; the result of compounding and V 2 
is different from that of compounding and (of. Fig. 151). By 
first drawing and then we obtain as before tlio jioint E 2 , hut if 
we first draw (f),^ and then <j>^ we obtain the arcs of circles K15/ in the 
direction of the meridian of longitude through K and in the 

direction of the great circle which runs perpendicularly to the meridian 
of longitude KE/ in E^^ The points Eg' and Eg are different points, 
that is, the velocities mid may not he commiitaled. And, indeed, 
the direction of the resultant velocity is different in hotli cases ; 
tl\e magnitude is the same since in both cases' V 3 is given by the formula 
(24) which is symmetrical in Wo also see this from the fact 

that the two triangles KE^Eg and KE^'Ea' are congruent. At the 
same time wo see tliat the angle between the two results is, except for 
the sign, exactly equal to our angle 0 (of. Fig. 151), namely, equal to 
+ aa — 7 t/ 2 , whore aj and 0,2 have the same meaning as hofore. 

This angle is nothing else than the spherical excess of the triangle 
KE il\ (or KE^'Eg'), and this emphasises its imi)ortanco in the theory 
of surfaces. Actually the spherical excess of our right-angled triangle 
is defined by 

(/•i ■"h oCg -f* — TT =5 — d, 

III our case (Lobatseheffsky’s geometry) it is negative. 

Reverting bo our olcotron problem we first remark that the ( 5 oni- 
position of two velocities in tho same direction may not only ho cominn- 
tated but is also rotatioiiloss. Hence we need not trouble about the 
component of the additional velocity vdi which is in the same direction 
as V. Hence in our equation (28) we sot Vg equal to the component of 
V dt which is porpoiulicnlar to v ; let ho equal to v. But this means 
that 

I [V V] \ 4t (29) 


Since 6 becomes infinitesimal simultaneously with = vd 6 we 
write do in place of sin 0 in (28) and obtain^ in view of (29), 


I ([vv] I _ .1 

dt 2 '2 



m 


Here w has tho same moaning as in (21). If in Fig. 150 we now imagine 
the olcotron to be rotating or processing about the 2 j-axis (direction of 
the magnetic field H, normal to the plane of tho figure in threo-dimon- 
sional space) with tho angular velocity oj in the system of roforenco 
then it rotates or processes in the system of roferonce that is, 
regarded from the nucleus, only with the angular velocity ai/ 2 , lieeause 
this system acoompaiiie.s the former in its rotation with tlie angular 
velocity dOjdt — |cj. In this way we have derived the Thomas fuel or in 
the simplest way. As our method of deidvation shows tho first half of 
equation (30) has nothing to do with electron spin hut is a direct eonsc- 
quenoe of tho kinematics of relativity. It is only the relationship with 
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tlie electron proceBsion w in the second half of equation (30) that is 
connected with the spin anomaly of the electron. 

The equivalence of m and H (see above) causes the same factor | 
to occur in the interaction energy W (cf. eqn, (4)). Hence the factor 
2 in (0) is to ho oancellcd and ( 6 ) must bo replaced by (7). This justifies 
the calculatioiiB of this Note, 
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Lot us fix our attention on HGl, say, and let the two ions have the 
charges + c, — e and the masses Their centre of gravity 

remains at rest and may serve as the origin of a polar co-ordinate 
system, cf)^ and (j >2 being the co-ordinates of and According 
to the theorem of the persistence of the centre of gravity we may intro- 
duce in their place the two new, co-ordinates r, ^ of the pair of masses 
by means of the equations 


As in p. 667 fi denotes the ** reduced mass of the two ions and r 
the distance between them : 


(I Ml 


r fi + ^ 2 * 


TJie kiiiofcio energy is easily expressed in the co-ordinates r, : 


Tiie potential energy is expressed eleotrostatically and depends only 
on r = ri + i\ \ 



The coefficients take into account the action of the electron systems 
that surround the ions and are to be regarded as arbitrary quantities 
between which the following condition of equilibrium holds : 

= 0 for r = r*. , . . (3) 


Here denotes the normal distance between the two ions when the 
molecule, in which the electrostatic attractions and repulsions between 
nuoiei and electrons are in equilibrium, is at rest in space. We set 


r 

Instead of (2) we write 

^ === p ~ 1, . 

■ (4) 

/ ] 


. (6) 


Accordmg to A. Z^its, f. 8, 28 f| ( 1^)20) . 
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This assumi)tion already satisfies the condition (3) and is just as 
general as (2) ; it has the advantage over (2) that the “ correction 
terras having the coefficients 6, c, . . . are small in the neighbourhood 
of the position of equilibrium and that the principal terms wliich 
precede them may be taken into exact account when tlie quantising 
is effected later. Wo see that the expansion in ^ in equation (5) had 
to begin with tlie term and not Avith P or ^ if we consider tlie mutual 
force til at acts beWeen the ions. This force is 


K- 


dr 


E 


))0t ' 


-L£v 


or, on account of (4), 


K 




36^2 — -|- . 


)■ 


. («) 


Avhere avo may set — (I in the denominator, Since all tlie 

poAvers of f are represented liero and are proAdded Avitli arbitrary C50- 
officients avo have by adopting our assumption actually found the 
law of force of the most general an harmonic oscillator. 

From the first term of the series (6) Ave may obtain the frequency 
Vq for an infinitesimal amplitude : 


27TVq = 



. ( 7 ) 


If Ave take as onr definition of the moment of inertia of the molecule 
in the equilibrium state 

J = -I- mgrjs*)* = • • • (*^) 

Ave may also Avrite (7) in the form 

27tvq — a = . ( 0 ) 

On account of (4) and (8) (1) becomes 

. . . ( 10 ) 

Hence it folloAvs that 

I Ifere p is constant and is equal to mlij^TT in consequence of the azhmUhal 
qtianium comlition (in the other form, cf, p. 557), The energy equation 
runs 

a(l>.‘ + ^)+E„,-W. , . 

Hence it folloAvs that 


( 11 ) 
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and wo liavo m the radial quantum condiiioyi (again in the older form^ 
wlioi’G n takes tlio plaeo of D, of. p. 560), 

= (J)^ 2J(W + oa) + ^ - i{a3 -j- j)^) .dp = nh. (12) 

Tho terms of this equation so far as we have written them down have 
the form 



+ = — 27rt^V'c 



winch is familiar to rifi from Note 4a, equations ( 1 ) and (3). And if 
wo divide ( 12 ) by VnJ the A, B, 0 have the meaning 





(13) 


Consequently (12) becomes 


nh 



47T^aJ 



(U) 


Here Z contains the terms indicated in ( 12 ) by dots ; they arise from 
the expressions with 6 , c ... in the expression assumed for the poten- 
tial in ( 6 ). For the term i/VA which, by (13), contains the energy 
W and hence is the unknown that interests us, wo wite y. 

Wo obtain the successive approximations th * • * foi' V 

I/a ^ 1 -h mi, 
ml + 

y, - I + WM + - «*(~6 + |e -I- - Wnm.%. 

Here u stands for the expression which we may also -wi'ite in 

the form — , where Vg is explained by (9) and Av = J^j ^^uotes the 

distance between neighbouring band lines (of. ( 6 ), p. 661). Hence 
It = Av/v() is at anyrate a small quantity with respect to which we 
may expand. This has already been done in the preceding formulce* 
Tlie last approximation 2/4 appears to be inconsistent inasmuch as 
liere a tenn in 'ii^ has been taken into account whereas in the other 
approximations we Avent no further than the term in u®. The reason 
is this : although -w is a small quantity m may in given cases assume 
great values in fully developed bands, so that may not be neglected , 

It is easy to show that even if wo take into account higher powers the 
term m-itten down is tho only one in with the factor 
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To arrive at fcho energy expression W we now form 
1a ^ , W 1 , , 

2^^^ "" ^ ^ ~ oj ^ ^ 2 " 

-I- l^lj + ?c -j- j _|„.3„.„,,a (1. .|- 2/)) -h . . . 

By (0) wc have 


(ir^) 


Hence we obtain from (15), except tor a constant quantity, timtiB, one 
tliat is indeqoendent of 71 and m, ' 

w = nhvo -f- - hvoun^ (| +^b + -c + jb^ 

— g hvg uhm^{l + 26 ) H- . . . 

.[f we set 7?t = 0 we obtain the pure oscUlalion eiiergy^ which Avas on lied 
W(,„ in equation (8), p. 564, namely, 

Wot, === — xn q- . . • • (W) 

Tor the abbreviation x that wo introduced earlier we now obtain from 
(10) the following meaning : 

/3 , 15, . 3 . 16, o\ .-.nv 

+ 4^r • • ■ 

Tho pure rotaiioiial eiiergij is ropresonted by the second term in the 
right-hand sitlo of (lO). It has the form of the Doslaiidres terms. 
Finally, the last term in (16) represents the iiiieracHon {er 7 n belwcm 
fM rolaimi^ ami lha osdllaiiQiu If we write — 7nhi(f}i for it a has the 
signifioaneo 

« = |v„nMl-l-26-|-, . . . . (1») 

Tile wave-meohanioal formula for the total energy given on p* 564 
of the text (in oqn, 0) differs from (16) ip having 7) q- } in place of 
n and j q~ ^ in j>lace of 7?^ ; v and j are the true (wavo-meohanical) 
quantum nnmbors, whoso range of values inoludos all positive integers 
0 , 1^ 3. , . . Tho wavo-mechanioal meaning of oc and x is the same as 
in the preceding ocj^uations (18) and (19), We shall prove this in 
tho volume on Wave Mechanjes. 
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